Logical- and Meta-Logical Frameworks

Lecture 2

Carsten Schirmann

August 8, 2006

Carsten Schiirmann Logical- and Meta-Logical Frameworks Lecture 2



Recall from last time

Summary
» Judgments. A true
Evidence. D :: A D ——A true
» Principle of structural induction:
If D:: Atrue and € :: dn(A) = A’ then
F o A true.

v

» Inversion.
» Generalization of induction hypothesis.

Homework

» Finish the proof of cases impE, negE, orl, and
orE.
» Finish the proof of the substitution lemma.
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Challenge

How can we use the computer to carry out such arguments?
While minimizing human intervention?
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Historical Overview

Theorem prover.

v

Ngthm, Otter

v

Hereditary Harrop formulas.
Isabelle, AProlog

AN (LF). Automath, LF, EIf, Twelf

Substructural logical frameworks.

v

v

Forum, LLF, OLF
Equational logic, rewriting. Maude, ELAN

v

v

Constructive type theories.
ALF, Agda, Coq, LEGO, Nuprl
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Representation function

Domain Informal mathematical domain

Range Computer internal format
» Binary
» Base types, e.g. integers, strings
» Datatypes
» Logical Framework
» Logic
Notation ™71
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Representation function (cont'd)

Definition The representation invariant states explicitly what is
not in implicit in the representation

Example x integer, but —3 < x < 9.

Observation The more expressive the representation language the
less need for representation invariants.

Example x € {y|int(x) A =3 < x <9}

But The more expressive the representation language the
more human intervention is required.

Question Can we strike a blance?
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Representation function (cont'd)

A representation is adequate if it is

injective
> "' ="J2"implies J1 = Ja.
> "D J1'="Dy . Jo implies J1 = J> and
D1::J1 =Dy Jo,
surjective

» For every type A, there exists a judgment 7,
sucht that " 77 = A exists.

» for every M : A, there exists evidence D : 7,
suchthat"J"'=Aand "D: J'=M:A
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Representation M

Logical Framework

Judgments and Evidence Representation
\ O

Cancnical forms
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Representation function

Lemma: If 7.7 is adequate then its inverse exist.

Definition -1 is the inverse of the representation function.

Cwffly = wif
LTAtrues = Atrue
LT=—puwffls = ——p
r A
u v

A true —A true

negkE
p true
impl*
——A true pv
——— negl”
L D= AD-—Atrue o = D AD—-—A
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Advantages of adequate encodings

» Proof checking can be reduced to typechecking

» Example: Proof carrying code, typed assembly language.
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Logical framework

» Type theory
» Dependent types

» Functions, definitional equality On.
» No impredicativity

» No polymorphism

» No type constructors

» Signatures

Our goal is to understand all of this today.
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Logical framework LF (Part 1)

Simply-typed
Types A,B:=a|A— B
Objects M,N :=c|M N

Signatures ¥ ==-|X,c: A| X, a: type
Contexts [ :=-|T,x: A
Validity

» Valid types: = A: type
» Valid objects: ' M : A
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Example (Part 1)

Twff? = wiff wff : type

T—A7 = neg A" neg : wff — wiff
TAANBT = and"A7"B7 and : wff — wff — wif
"TAVB' = or"TA'TB? or : wff — wff — wiff
TADB' = impTAT"™B" imp : wff — wff — wff

Lemma " is adequate.
Proof By structural induction.
But: How do we represent arbitrary p?

u
A true

p true
negl?"
—A true
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Motivation (Part 2)

Terms with holes The best way to represent a formula with a hole:

Tp o wff = ——p o wff™
= p:wff - neg (neg p) :: wff
iff -+ Ap: wif. neg (neg p) :: wff — wiff

The substitution principle

"[-A/p]-p”
= Mpuwffk-p?T=A"
= (Ap: wff.neg p) (neg "A™)
= neg (neg"A")

AT
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Logical framework LF (Part 2)

Simply-typed
Types A, B:=a|A— B
Objects M,N :==x|c| M N|Xx: A M

Signatures ¥ = | X,c: A| X, a: type
Contexts ' i=-|,x: A
Validity

» Valid types: = A : type
» Valid objects: TF M : A
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Logical framework LF (Part 2) (cont'd)

Definitional equality

(MX:AM)N = [N/x]M (1)
(M:AMx) = M (2)

(1) is called 3-rule. Does substitutions.
(2) is called n-rule. x not free in M.
Example "[A/p]B™
Example T[D :: A true/u](E(u) :: B true)™.
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Representation Methodology

Judgments and Evidence

Property (Subject Reduction) If T'= M : A and M = N then

M=N:A.
Property (Subsitution) If I, x: A-M:Band '+ N : A then
M= [N/x]M: B

Definition (Canonicity) An object in 3 normal 7 long form is
called canonical.

Property (Weak normalization) For every object M there exists
an canonical object N, such that M = N.
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Canonical forms (cont'd)

Question Can we write uncountably many functions from
wff — wff:

with 1 constructor Ap : wif. p
with 2 constructors Ap s wff.neg p

with 3 constructors  Ap : wff. neg (neg p)
Ap:wiff.and p p
Ap:wff.orpp
Ap :wif.imp p p

Observation No, there are only countably many.
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Canonical forms

Judgments
Canonical forms Fr’EMA A
Atomic forms FrNENJ]A
Rules
x:Ael c:Aex TEFM|A—-B TEN{A
lN-xJ]A TFclA r’-MN | B
rN-Miyja Nx:AEM1{Q B

r’-Mfa THFM:AMAHA—B
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Hereditary substitution [Watkins '02]

We write M for canonical forms, N for atomic forms, and P for
either. We assume that all variable names are renamed away.

Judgments [M'/x]M = M", [M'|N = P".

Rules
M'/xly =y
M /x]x = M

[M'/x](\y : A. M) Ay A M/ xIM

[([M'/x]M)/yIM" if [M'/x]N = Ay : A.M"
[M'/x](N M)

N ([M/XIM)  if [M!/x]N = N
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Hereditary substitutions (cont'd)

Logical Framework

Representation
™, O

Ganonical forms

Judgments and Evidence

Observation Hereditary substitutions allows us to stay tangerine
sets.
We do not consider ill-typed objects,
We do not consider non-canonical objects.
We do not use [ reduction for computation.
Conclusion We do use 3 reduction for substitutions.
Logical frameworks provides syntax for judgments
and evidence.
It is a meta-language for deductive systems.
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Motivation (Part 3)

Representation of schematic judgments

TAtrue’ = true
true @ type
r B
u
A true
D
p true
negl?!
—-A true = negl "TAT (Ap : wff. Au : true."D7)
negl : wff — (wff — true — true) — true

Carsten Schiirmann Logical- and Meta-Logical Frameworks Lecture 2



Motivation (Part 3)

Problem: Adequacy is broken

negl "TAT (Ap : wff. Au : true. u)

does not correspond to a real derivation.
Thus: ™-7is not surjective.
We need to fix this.
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Motivation (Part 3)

Central idea: Dependent types.

TAtrue!' = true
true :  wff — type
r i
u
A true
D
p true
——— negl”"

—A true = negl "TAT (Ap : wff. Au : true "TAT.TD7)

negl : TA: wff.(Mp: wff.true A — true p)

— true (neg A)
Carsten Schiirmann Logical- and Meta-Logical Frameworks Lecture 2



Logical framework LF (Part 3)

Dependently-typed
Kinds K :=type | A— K |lNx: A K
Types A/ B:=a|A— B|lx:AB
Objects M,N :==x|c|MN|Xx: A M

Signatures X i=-|X,c:A|X,a: K
Contexts I :i=- |, x: A
Validity

» Valid kinds: T+ K 1 kind
» Valid types: T A K
» Valid objects: T M { A
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Canonical forms

Judgments
Canonical forms r-M1 A
Atomic forms FrNENJ]A
Rules
x:Ael c:Aey TTEM|Nx:AB TENQA
lrN-x]J]A TFkclA FrEMN | [N/x]B
r-Mija Mx:AFM1{ B

rMN-Mfa TEMXAM{IMNx:AB
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Implicit arguments
r al
D, Dy
A true —A true

negk
B true

— negE I_A—l I_B—l ,_D]_—l I_D2_|
and thus
neg : MA : wff.true A — B : wff. true (neg A) — true B

we can infer A from from the first argument, so from now on we
will abbreviate

neg : true A — B : wff. true (neg A) — true B
That's how we implement it in Twelf.

neg : true A — {B : wff}true (neg A) — true B



Rules for conjunction

D1 D>
A true B true
and|

A A B true
= andlTATTBT ™D, D,

andl : true A — true B — true (and A B)

D

A A B true
andE1
A true

= andE; TATBT D™
andE; : true (and A B) — true A



Rules for disjunction

r il
A true
———— orly
AV B true
= orly TAT"B™ true A — true (or A B)
orly : true A — true (or A B)
r A
u v
A true B true
D Dy D,
AV B true C true C true
orEY¥"
C true
— OrE I_A—I I_B—I I_C—l I_D—I; l_Dl—l ,_DZ—l
orfE :  true (or A B) — (true A — true C) — (true B — true C)
— true C
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Implication

impl : (true A — true B) — true (imp A B)
impE  : true (imp A B) — (true A) — (true B)

That's the signature you need to feed to Twelf.
Let's look at it!
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u v
A true —A true

negkE
p true

impl"
——A true v

T neglP

A D ——Atrue

= negl (Ap: wff. Av : true (neg "A™).

impl(Au : true "A7. negE u p v))
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Some syntactic comments on Twelf

Mx : A. B is written as {x : A} B.

Ax 1 A. M is written as [x : A|M.

_is stands for any object.

Often you can omit type labels, Twelf will infer them.

Capital letters meta variables.

vV vV v VvV VvY

The result of type reconstruction: [T closure.
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Adequacy

Theorem (Adequacy)
1. Ifin py o wff, ... pp oo wif, ug 0 Ap true, ... uy o2 A, true we
can provide evidence D :: A true then there exists one unique
M, such that py - wiff, ..., p,:wff,ug s true"A1 ... Uy :
true A, TETD T true TA™.
2. 18 iprowff oo pp o wff g s trueTALT L um
true A, 'F M 1) true T AT then there exists evidence

D :: Atrue in
p1wff o py wff ug o Ag true, ... U i Am true, such
that "D = M.
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Adequacy (cont'd)

1. Proof by induction on D.
u

A true
D/
p true
Case D=——— neglP¥
—A true
Assume p :: wff and v :: A true.
,piwff u:true"TATE D A true Tp”
by ind. hyp. on D’

c,piwffFE Ay trueTAT.TDT

M true "TA7 — true Tp™ by canlam
= Ap i wff. Au i trueTAT.TD'T

M MNp: wff.true"A™ — true "p™ by canlam
- negl (Ap : wff. Au : true "TAT.TD'T)

1} true (neg A7) by cansig and atmapp
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Adequacy (cont'd)

2. Proof by induction on £.
Omitted (do the negE case as homework).
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Conclusion

Conclusion LF, the dependently typed logical framework
One corner of the A-cube.

No imprepdicativity, no induction principles thus
adequate emcondings possible.

Canonical forms inductively defined.
All implemented in the Twelf system.

Homework Complete one case of the adequacy theorem proof for
negE in one direction, and negE D; D> 1) true B in
the other.
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