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Question 1 (25 %)

Binary treesof integerscanberepresentedasvaluesof typeinttree:

datatype inttree =
Lf

| Br of int * inttree * inttree;

Theintentionis thatLf representsanemptytree,andBr(x, t1, t2) representsa treewith rootnodevaluex, left
subtreet1 andright subtreet2.

Question 1.1

Draw thetreesrepresentedby theSML valuesboundto variablesta andtb:

val ta = Br(23, Lf, Lf);
val tb = Br(42, ta, Br(56, Lf, Br(78, Lf, Lf)));

Question 1.2

Write anSML expressionthatrepresentsthis tree:

45

44 47

46

Question 1.3

Thefollowing functiondoubl : inttree -> inttree multipliestherootnodevalue(if any) of thetreeby 2:

fun doubl Lf = Lf
| doubl (Br(y, t1, t2)) = Br(2 * y, t1, t2);

Modify thefunctionsothatit multipliesall nodevaluesin thetreeby 2.

Question 1.4

A binary treeBr(x, t1, t2) is ordered if all nodevaluesin t1 arestrictly smallerthanx, andall nodevalues
in t2 arestrictly greaterthanx, andthesubtreest1 andt2 themselvesareordered.Thebinary treeLf is trivially
ordered.For instance,all threeexampletreesaboveareordered.

Definea function contains : int * inttree -> bool so thatcontains(x, t) returnstrue if x
appearsin t, andfalseotherwise.Thetreet canbeassumedto beordered.

In outline,thefunctionshouldlook like this:
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fun contains (x, Lf) = false
| contains (x, Br(y, t1, t2)) = ...

Question 1.5

Definea functioninsert : int * inttree -> inttree so thatinsert(x, t) returnsanorderedtree
in whichx hasbeeninserted.If x appearsin t already, thetreeis unchanged.Thetreet canbeassumedto beordered.

Definea functioninsertlist: int list * inttree-> inttreesothatinsertlist(xs, t) returnsanorderedtreein
which all elementsof xs havebeeninserted,exceptthosethatappearin t already.

Question 1.6

Definea functionordered : inttree -> bool sothatordered(t) returnstrueif thetreet is ordered,and
falseotherwise.
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Question 2 (20 %)

Question 2.1

Thefollowing regularexpressionrecognizescertainstringsconsistingof theletters� ,
�

and � :
������� ���
	 ��� � ����
 �

Indicatewhich of thesefivestringsarerecognizedby theaboveregularexpression:��� ��� , � � � � , � � , � � � � � � � � � � � � , ��� � � ���
Also, show threemorestringsthatarerecognizedby theaboveregularexpression.
Finally, show threemorestrings,consistingonly of theletters � ,

�
and � , thatarenot recognizedby theaboveregular

expression.

Question 2.2

Constructanondeterministicfinite automatonthatrecognizesexactly thesamestringsastheaboveregularexpression.

Question 2.3

Hereis partof thelexerspecificationfor micro-Java:

rule Token = parse
[‘ ‘ ‘\t‘ ‘\n‘ ‘\r‘] { Token lexbuf }

| [‘0‘-‘9‘]+ { case Int.fromString (getLexeme lexbuf) of
NONE => lexerError lexbuf "internal error"

| SOME i => CSTINT i
}

| ...

Thesecondclauserecognizesintegersin decimalformat. However, in Java, therearethreedifferentkindsof integer
constants:

� decimal(base10) constantsthatdonot startwith a zero,andwhich consistof thedigits0–9,for instance117;

� octal(base8) constantsthatstartwith azero,andwhich consistof thedigits 0–7,for instance0117;

� hexadecimal(base16) constantsthatstartwith 0x, andwhich consistof thedigits 0–9,a–f, A–F, for instance
0x02BFCD.

Modify theabove lexer specificationto acceptanddistinguishthesethreekindsof integerconstants.You canignore
theconversionfrom lexeme(string)to token(integer)in thesemanticactions{ ... }.
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Question 3 (20 %)

In a text-baseddungeons-and-dragonsgame,a playermayissuesimplecommandssuchasthese:

buy dagger
cross chasm
pick up axe
slay dragon
kill guard
open door
examine coffin
get coins

andsoon. As canbeseen,everysimplecommandconsistsof averbanda nounwhich is theobjectof theverb.
In addition,compositecommandsareallowed,for instance:

get horse, and then cross chasm
pick up axe, and then slay dragon
pick up axe, and then slay dragon, and then drop axe

So a compositecommandconsistsof a commandfollowed by a comma,the word and, and the word then, and
anothercommand.

Finally, to helpcreaterobotplayers,conditionalcommandsarepermitted:

if door is closed, climb ladder
if dragon is awake, pick up axe, and then slay dragon

A conditionalcommandconsistsof the word if followed by a noun, the word is, an adjective, a comma,anda
command(whichmayitself becompositeor conditional).

Question 3.1

Write an informal grammarfor commands.It shouldpermit a commandto be simplecommands,composite,and
conditional.You mayassumethatnonterminalsVerb, Noun, andAdjective for verbs,nounsandadjectives.

Show atleastonewaytoderivethecommandif dragon is awake, pick up axe, and then slay
dragon from yourgrammar. You shouldrewrite only onenonterminalin everystep.

If possible(if yourgrammaris ambiguous),show two distinctderivationsof thatcommand.

Question 3.2

In anabstractsyntaxfor commandswecanconsiderverbs,nouns,andadjectivesto besimplystrings.For instance,in
SML:

type verb = string
type noun = string
type adjective = string

Write an SML function isKillable : noun -> bool that returnstrue if appliedto a noun that represents
somethingcanbealive (youmayrestrictthis to beadragon,guard,or horse),andreturnsfalseotherwise.

Also, write anSML functionisOpenable : noun -> bool thatreturnstrueif appliedto anounthatrepre-
sentssomethingthatcanbeopenedor closed(you mayrestrictthis to bea window, door, or coffin), andreturnsfalse
otherwise.
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Question 3.3

Giventheabove definitionsof verb, noun andadjective, anabstractsyntaxfor commandscanbewritten like
this in SML:

datatype command =
Simple of verb * noun

| Compos of command * command
| Condit of noun * adjective * command

Write anSML functionnouns : command -> noun list thatreturnsa list of all thenounsthatappearin the
givencommand(andits subcommands),whetherit is simple,composite,or conditional.

Question 3.4

Write anSML functionisMeaningful : command -> bool thatcheckswhetherall partsof a commandare
meaningful,andreturnstrueif they all are.

For simplicity wedefine‘meaningful’asfollows: A simplecommandis meaningfulif theverbsopen andclose
areappliedonly to openablethings,andif theverbkill is appliedonly to killable things.A compositecommandis
meaningfulif bothsubcommandsare.A conditionalcommandis meaningfulif theadjectiveclosed is appliedonly
to openablethings,andtheadjectivesalive anddead areappliedonly to killable things;moreover, thesubcommand
mustbemeaningful.
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Question 4 (35 %)

This questionconcernsa simplestackmachinefor building binary treessuchasthosediscussedin Question1. The
stackmachinehasaprogram� , aprogramcounter��� , anda stack � holdingintegersandtrees.

Theinstructionsof theabstractmachine,andtheir effecton thestack,aredescribedby this table:

Instruction Stack before Stack after Effect
CST � � � ����� Pushintegerconstant�
ADD �����
������� � ��� �"!#�$�&%'��� Add integers
SUB � � �
� � ��� � ��� ��( � � %'��� Subtractintegers
DUP )*��� � )+�,)-�.� Duplicate
SWAP ) � �,) � ��� � ) � ��) � �.� Swap
POP )*��� � � Pop
GOTO / � � � Jumpto /
IFNZRO / )*��� � � Jumpto / if )10243
CALL / )*��� � )+�,56�7� Call functionat / , pushingreturnaddress5
RET )-��56��� � )+�7� Return:jump to 5
PRINT )*��� � )+�7� Print )
STOP � � _ Halt themachine
MKLEAF � � 879-�.� Make leaf nodeLf
MKBRANCH : �;�,:��<������� � =7>?����@A:B�C@$: �&%'�.� Make branchnodeBr ����@A:��C@A:��&%

Thestackmachinemaybeimplementedin Javaasshownonthenext page.Thearrayp containstheprogramcode,and
executionstartsatp[pc]. ThestackcontainsIntegerobjectsaswell asTreeobjects.Theinitial stacks[0..k-1]
containsthek commandline arguments.

TheinterpreterusesacommonJavarepresentationof trees:

abstract class Tree { }

class Leaf extends Tree {
public String toString() {

return "Lf";
}

}

class Branch extends Tree {
public final Integer i;
public final Tree t1, t2;

public Branch(Integer i, Tree t1, Tree t2) {
this.i = i; this.t1 = t1; this.t2 = t2;

}

public String toString() {
return "Br(" + i + ", " + t1 + ", " + t2 + ")";

}
}

Question 4.1

DeclareanSML datatypeinstr to representtheinstructionsof CST D , ADD, etc.of thismachine.

Question 4.2

Show thetreethatwould bebuilt andprintedby executingthis program:

CST 42, MKLEAF, MKLEAF, MKBRANCH, STOP

Also, write codeto createandprint thetreetb in Question1.1a.
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static int execcode(int[] p, Object[] s, int pc, int sp) {
for (;;) {

switch (p[pc++]) {
case CST:

s[sp+1] = new Integer(p[pc++]); sp++; break;
case ADD:

s[sp-1] = new Integer(((Integer)s[sp-1]).intValue() + ((Integer)s[sp]).intValue());
sp--; break;

case SUB:
s[sp-1] = new Integer(((Integer)s[sp-1]).intValue() - ((Integer)s[sp]).intValue());
sp--; break;

case DUP:
s[sp+1] = s[sp]; sp++; break;

case SWAP:
{ Object tmp = s[sp]; s[sp] = s[sp-1]; s[sp-1] = tmp; } break;

case POP:
sp--; break;

case GOTO:
pc = p[pc]; break;

case IFNZRO:
pc = (((Integer)s[sp--]).intValue() != 0 ? p[pc] : pc+1); break;

case CALL:
s[sp+1] = s[sp]; s[sp] = new Integer(pc+1); sp++;
pc = p[pc]; break;

case RET:
pc = ((Integer)s[sp-1]).intValue();
s[sp-1] = s[sp]; sp--; break;

case PRINT:
System.out.println(s[sp] + " "); break;

case MKLEAF:
s[sp+1] = new Leaf(); sp++; break;

case MKBRANCH:
s[sp-2] = new Branch((Integer)s[sp-2], (Tree)s[sp-1], (Tree)s[sp]);
sp -= 2; break;

case STOP:
return sp;

default:
throw new RuntimeException("Illegal instruction " + p[pc-1] + " at " + (pc-1));

}
}

}

Question 4.3

Write stackmachinecodethatcreatesthis right-lineartree:Br(3, Lf, Br(2, Lf, Br(1, Lf, Lf)))
Thenwrite anSML functionrl : int -> instr list thatfor a giveninteger EGFIH generatesstackmachine
codeto build andprint a right-lineartreewith E branchnodes,of this form:

Br( J , Lf, Br( J (LK , Lf, ..., Br(2, Br(1, Lf, Lf)) ...))

Question 4.4

ThemachineinstructionsCALL a andRET areusedto implementsimplefunctionsthat take oneargument(on the
stacktop) andreturnoneargument(on thestacktop).

Whatdoesthis stackmachineprogramcompute,given that the integer42 is on the stacktop whenexecutionis
startedat instructionaddress0 (CALL)?Notethat4 is theaddressof thefirst MKLEAF instruction:

CALL 4, PRINT, STOP
MKLEAF, MKLEAF, MKBREAK, RET

Question 4.5

Write astackmachineprogramthat,giventhat ELFMH is onthestacktop,buildsaright-lineartreeof theform indicated
in Question4.2above. Hint: youwill needto usefunctions,implementedusingCALL andRET.

7


