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Question 1 (25 %)
Binary treesof integerscanberepresentedsvaluesof typei nt t r ee:

datatype inttree =
Lf
| Br of int * inttree * inttree;

Theintentionis thatLf representanemptytree,andBr (x, t1, t2) representatreewith rootnodevaluex, left
subtree 1 andright subtree 2.

Question 1.1

Draw thetreesrepresentetly the SML valuesboundto variables a andt b:

val ta = Br(23, Lf, Lf);
val tb = Br(42, ta, Br(56, Lf, Br(78, Lf, Lf)));
Question 1.2

Write an SML expressiorthatrepresentshistree:

Question 1.3
Thefollowing functiondoubl : inttree -> inttree multipliestherootnodevalue(if ary) of thetreeby 2:
fun doubl Lf Lf

| doubl (Br(y, t1, t2)) = Br(2 * vy, tl, t2);

Modify thefunctionsothatit multipliesall nodevaluesin thetreeby 2.

Question 1.4

A binarytreeBr (x, t1, t2) isorderedif all nodevaluesint 1 arestrictly smallerthanx, andall nodevalues
int 2 arestrictly greaterthanx, andthe subtreeg 1 andt 2 themselesareordered.The binarytreelLf is trivially
ordered.For instanceall threeexampletreesabove areordered.

Defineafunctioncontains : int * inttree -> bool sothatcontai ns(x, t) returnstrueif x
appearsn t , andfalseotherwise.Thetreet canbeassumedo beordered.

In outline, the functionshouldlook lik e this:
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fun contains (x, Lf) = false
| contains (x, Br(y, t1, t2)) = ...

Question 1.5

Defineafunctioni nsert : int * inttree -> inttree sothati nsert(x, t) returnsanorderedtree
in whichx hasbeeninserted.If x appearént alreadythetreeis unchangedThetreet canbeassumedo beordered.

Definea functioninsertlist: int list * inttree-> inttreesothati nsert|i st (xs, t) returnsanorderedreein
which all elementof xs have beeninserted exceptthosethatappeain t already

Question 1.6

Defineafunctionordered : inttree -> bool sothatordered(t) returnstrueif thetreet isorderedand
falseotherwise.
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Question 2 (20 %)

Question 2.1

Thefollowing regularexpressiorrecognizegertainstringsconsistingof thelettersa, b andc:

a((ab)|(ac)) * c

Indicatewhich of thesefive stringsarerecognizedy the above regularexpression:
aacc, abac, ac, ababababacac, aabacc
Also, shav threemorestringsthatarerecognizedy the above regularexpression.
Finally, shav threemorestrings,consistingonly of thelettersa, b andc, thatarenot recognizedy the above regular
expression.

Question 2.2

Constructa nondeterministidinite automatorthatrecognize®xactly the samestringsastheabove regularexpression.

Question 2.3

Hereis partof thelexer specificatiorfor micro-Jaa:

rul e Token = parse
[©° “\t° “\n" “\r'] { Token | exbuf }
| [*0°-"9']+ { case Int.fronString (getlLexeme |exbuf) of
NONE => | exerError |exbuf "internal error"
| SOME i => CSTINT i

The secondclauserecognizesntegersin decimalformat. However, in Java, therearethreedifferentkinds of integer
constants:

e decimal(basel0) constantshatdo not startwith a zero,andwhich consistof the digits 0-9, for instancel17;
¢ octal(baseB) constantshatstartwith azero,andwhich consistof thedigits 0—7,for instanced117;

¢ hexadecimal(basel6) constantghat startwith 0x, andwhich consistof the digits 0—9, a—f, A—F, for instance
0x02BFCD.

Modify the above lexer specificatiorto acceptanddistinguishthesethreekinds of integer constants.You canignore
the corversionfrom lexeme(string)to token (integer)in thesemantiactions{ ... }.
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Question 3 (20 %)
In atext-baseddungeons-and-dragsgame a playermayissuesimplecommandsuchasthese:

buy dagger
cross chasm
pi ck up axe
sl ay dragon
kill guard
open door

exam ne coffin
get coins

andsoon. As canbeseengvery simplecommancdconsistsof averbandanounwhichis the objectof theverh
In addition,compositecommandsreallowed, for instance:

get horse, and then cross chasm
pi ck up axe, and then slay dragon
pi ck up axe, and then slay dragon, and then drop axe

So a compositecommandconsistsof a commandfollowed by a comma,the word and, andthe word t hen, and
anothercommand.
Finally, to help createrobotplayers,conditionalcommandsrepermitted:

if door is closed, clinb | adder
if dragon is awake, pick up axe, and then slay dragon

A conditionalcommandconsistsof theword i f followed by a noun,the word i s, an adjectve, a comma,anda
commandwhich mayitself be compositeor conditional).

Question 3.1

Write an informal grammarfor commands.It shouldpermita commandto be simple commandsgcomposite,and
conditional.You mayassumehatnonterminals/er b, Noun, andAdj ect i ve for verbs,nounsandadjectves.
Shaw atleastonewayto derivethecommand f dragon i s awake, pick up axe, and then slay
dr agon from your grammar You shouldrewrite only onenonterminaln every step.
If possible(if yourgrammaris ambiguous)shaow two distinctderivationsof thatcommand.

Question 3.2

In anabstracsyntaxfor commandsve canconsideverbs,nouns,andadjectvesto besimply strings.For instancejn
SML:

type verb = string
type noun = string
type adjective = string

Write an SML functioni sKi I l abl e : noun -> bool thatreturnstrue if appliedto a nounthatrepresents
somethingcanbealive (you mayrestrictthis to beadragon guard,or horse) andreturnsfalseotherwise.

Also, write anSML functioni sOpenabl e : noun -> bool thatreturnstrueif appliedto anounthatrepre-
sentssomethinghatcanbe openedor closed(you mayrestrictthis to be a window, door, or coffin), andreturnsfalse
otherwise.
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Question 3.3

Giventhe above definitionsof ver b, noun andadj ect i ve, anabstracsyntaxfor commandsanbe written like
thisin SML:

dat at ype command =
Si npl e of verb * noun
| Conpos of command * conmand
| Condit of noun * adjective * command

Write anSML functionnouns : command -> noun |i st thatreturnsalist of all thenounsthatappeaiin the
givencommandandits subcommandsyyhetherit is simple,composite pr conditional.

Question 3.4

Write anSML functioni sMeani ngful : comrand -> bool thatcheckswhetherall partsof acommandare
meaningfulandreturnstrueif they all are.

For simplicity we define'meaningful’ asfollows: A simplecommands meaningfulf theverbsopen andcl ose
areappliedonly to openablghings,andif theverbki | | is appliedonly to killable things. A compositecommands
meaningfulif bothsubcommandare.A conditionalcommands meaningfulif theadjectvecl osed is appliedonly
to openabldhings,andtheadjectvesal i ve anddead areappliedonly to killable things;moreover, thesubcommand
mustbe meaningful.
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Question 4 (35 %)

I T-C, F2002

This questionconcernsa simple stackmachinefor building binary treessuchasthosediscussedn Questionl. The
stackmachinehasa programp, aprogramcounterpc, anda stacks holdingintegersandtrees.
Theinstructionsof theabstracinachine andtheir effect on the stack,aredescribedy this table:

Instruction Stack before Stack after Effect

CST+ s = 48 Pushintegerconstant

ADD f2:d1:8 = (t1+id2):s Add integers

sSuB i2:i1:8 = (t1—1i2):s Subtractintegers

DUP v:is = wv:v:S§ Duplicate

SWAP V21018 = U1:U2:S Swap

POP v:is = 8 Pop

GOTOa s = s Jumpto a

IFNZRO a vis = s Jumptoa if v # 0

CALL a v:is = wv:r:s Call functionata, pushingreturnaddress:
RET vir:s = v:S§ Return:jumpto r

PRINT v:s = wv:8 Printv

STOP s = _ Halt themachine

MKLEAF s = VLf:s Make leaf nodeLf
MKBRANCH  ¢3:¢1:49:s = Br(iti,t2):s MakebranchnodeBr (i,t1,t2)

Thestackmachinemaybeimplementedn Jaszaasshovn onthenext page.Thearrayp containgheprogramcode,and
executionstartsat p[ pc] . Thestackcontainsintegerobjectsaswell asTreeobjects.Theinitial stacks[ 0. . k- 1]

containghek commandine arguments.
TheinterpreterusesacommonJa/arepresentatioof trees:

abstract class Tree { }

cl ass Leaf extends Tree {
public String toString() {
return "Lf";
}
}

class Branch extends Tree {
public final Integer i;
public final Tree t1, t2;

public Branch(lnteger i,
this.i =i; this.tl =
}

public String toString() {
return "Br(" +i + ", "
}
}

Question 4.1

Tree t1, Tree t2) {
t1;

this.t2 =1t2;

+tl o+ ",

Fr2 4 )

Declarean SML datatype nst r to representheinstructionsof CST 4, ADD, etc.of this machine.

Question 4.2

Show thetreethatwould be built andprintedby executingthis program:

CST 42, MKLEAF, MKLEAF, MKBRANCH, STCP

Also, write codeto createandprint thetreet b in Questionl.1a.
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static int execcode(int[] p, Object[] s, int pc, int sp) {

for () {
switch (p[pc++]) {
case CST:
s[sp+1l] = new Integer(p[pc++]); sp++; break;
case ADD:
s[sp-1] = new Integer(((Integer)s[sp-1]).intValue() + ((Integer)s[sp]).intValue());
sp--; break;
case SUB:
s[sp-1] = new Integer(((Integer)s[sp-1]).intValue() - ((Integer)s[sp]).intValue());
sp--; break;
case DUP:
s[sp+l] = s[sp]; sp++; break;
case SWAP:
{ Qoject tnp = s[sp]; s[sp] = s[sp-1]; s[sp-1] = tnp; } break;
case POP:
sp--; break;
case GOTO
pc = p[pc]; break;
case | FNZRO:
pc = (((Integer)s[sp--]).intValue() '=0 ? p[pc] : pc+l); break;
case CALL:

s[sp+1] = s[sp]; s[sp] = new Integer(pc+l); sp++;
pc = p[pc]; break;
case RET:
pc = ((Integer)s[sp-1]).intValue();
s[sp-1] = s[sp]; sp--; break;
case PRI NT:
Systemout.println(s[sp] + " "); break;
case MKLEAF:
s[sp+1l] = new Leaf(); sp++; break;
case MKBRANCH:
s[sp-2] = new Branch((Integer)s[sp-2], (Tree)s[sp-1], (Tree)s[sp]l);
sp -= 2; break;
case STOP:
return sp;
defaul t:
throw new Runti meException("Illegal instruction " + p[pc-1] + " at " + (pc-1));

Question 4.3

Write stackmachinecodethatcreateghisright-lineartree:Br (3, Lf, Br(2, Lf, Br(1, Lf, Lf)))
Thenwrite anSML functionr| : int -> instr |ist thatforagivenintegern > 0 generatestackmachine
codeto build andprint aright-lineartreewith n branchnodes of this form:

Br(m, Lf, Br(n—1, Lf, ..., Br(2, Br(1, Lf, Lf)) ...))

Question 4.4

The machineinstructionsCALL a andRET areusedto implementsimplefunctionsthattake oneargument(on the
stacktop) andreturnoneargument(on the stacktop).

What doesthis stackmachineprogramcompute giventhatthe integer 42 is on the stacktop whenexecutionis
startedatinstructionaddres®) (CALL)? Notethat4 is theaddres®of thefirst MKLEAF instruction:

CALL 4, PRINT, STOP
MKLEAF, MKLEAF, MKBREAK, RET
Question 4.5

Write a stackmachineprogramthat,giventhatn > 0 is onthestacktop, builds aright-lineartreeof theform indicated
in Questiord.2above. Hint: youwill needto usefunctions,implementedusingCALL andRET.



