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Abstract— Binary decisiondiagrams(BDDs)havebeenshown
to be a powerful tool in formal verification. Efficient BDD con-
struction techniquesbecomemore important as the complexity
of protocol and circuit designsincreases. This paper addresses
this issueby intr oducing thr eetechniquesbasedon working set
control. First, we intr oducea novel BDD construction algorithm
basedon partial breadth-first expansion. This approachhas the
goodmemory locality of the breadth-first BDD constructionwhile
maintaining thelow memoryoverheadof thedepth-first approach.
Second,wedescribehow memory managementon a per-variable
basiscan impr ove spatial locality of BDD construction at all lev-
els, including expansion,reduction, and rehashing. Finally, we
intr oducea memory compactinggarbagecollection algorithm to
remove unreachableBDD nodesand minimize memory fragmen-
tation. Experimental resultsshow that when the applications fit
in physical memory, our approach has speedupsof up to 1.6 in
comparisonto both depth-first (CUDD) and breadth-first (CAL)
packages.When the applicationsdo not fit into physicalmemory,
our approachoutperformsboth CUDD andCAL by up to anorder
of magnitude. Furthermor e, the good memory locality and low
memory overheadof this approachhasenabledus to be the first
to have successfullyconstructed the entire C6288multiplication
circuit fr om the ISCAS85benchmark setusingonly conventional
BDD representations.

I. INTRODUCTION

With the increasingcomplexity of protocolandcircuit de-
signs, formal verification hasbecomean importantresearch
area.Binarydecisiondiagrams(BDDs)havebeenshown to be
a powerful tool in formal verification[4]. Eventhoughmany
functionshave compactBDD representations,somefunctions
canhavevery largeBDDs. For example,BDD representations
for integer multiplicationhave beenshown to be exponential
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in thenumberof inputbits [5]. To addressthis issue,thereare
many BDD relatedresearchefforts directedtowardsreducing
the sizeof the graphwith techniqueslike new compactrep-
resentationsfor specificclassesof functions(KFDD [9] and
*BMD [6]), divide-and-conquer(POBDD[11] andACV [7]),
functionabstraction(aBdd[12]), andvariablereordering[19].
Despitetheseefforts, largegraphscanstill naturallyarisefor
moreirregularfunctionsor for incorrectimplementationsof a
specification.Incorrectimplementationcanbreakthestructure
of a functionandthuscangreatlyincreasethegraphsize. For
example,the *BMD representationfor integer multiplication
is linear. However, a mistake in the implementationof inte-
germultiplicationlogic cancauseanexponentialexplosionof
the resultinggraph. The ability to handlelarge graphseffi-
cientlycanenableusto representmoreirregularfunctionsand
to providecounterexamplesfor incorrectimplementations.

ConventionalBDD algorithms[2] arebasedon depth-first
traversalof BDD graphs. This approachhassmall memory
overhead,but poor memorylocality. To addressthe issueof
constructinglargeBDDsefficiently, therehavebeenmany im-
plementations[14, 15, 1, 10, 18] basedonbreadth-firsttraver-
sal. Thebreadth-firstapproach,whichexploitsits graphtraver-
sal patternby using specializedmemory layouts,hasbetter
memoryaccesslocality andthusoftenhasbetterperformance.
However, thebreadth-firstapproachcanhave a largememory
overhead,up to quadraticin thesizeof BDD operands.This
extra memoryoverheadcanresult in an increasednumberof
pagefaultsandthuspoorperformance.

To maintainmemoryaccesslocality with low memoryover-
head,we introducea new algorithmbasedon partial breadth-
first expansion. This algorithmimproveslocality of reference
by controlling the working set size and thus reducingover-
headdueto pagefaults. We describehow memorymanage-
ment on a per-variablebasiscan improve spatial locality of
BDD constructionat all levels, including expansion,reduc-
tion, andrehashing.Finally, we introducea breadth-firstBDD
garbagecollection algorithm which performsmemorycom-
pactionwithout incurring additionalmemoryoverhead. All
of thesetechniqueswork togetherto control the working set
size and have a significant impact on performanceof BDD
construction.As thesetechniquesexploit inherentproperties
of BDD construction,graphreductiontechniques(like*BMD,
POBDD,anddynamicvariablereordering)canbeincorporated
into our algorithmsto further expandthe usefulnessof these



algorithms.
Experimentalresultsshow thatwhenthe applicationsfit in

physicalmemory, our approachhasspeedupsof up to 1.6 in
comparisonto leadingdepth-first(CUDD) and breadth-first
(CAL) packages.Whentheapplicationsdonotfit intophysical
memory, our algorithmoutperformsbothCUDD andCAL by
upto anorderof magnitude.Furthermore,to demonstratehow
our techniquescanefficiently build very largegraphs,wecon-
structedtheoutputBDDs for theC6288multiplicationcircuit
from theISCAS85benchmark.To thebestof our knowledge,
thishasneverbeendonebefore.

Beyondthesequentialworld,anotheradvantageof thepartial
breadth-firstalgorithmis that it canbeparallelized[22]. This
approachachievesspeedupsof up to four on eightprocessors
of a sharedmemorysystem.

The rest of this paperis as follows: SectionII gives an
overview of BDDsandhow they areconstructed. SectionIII de-
scribesthepartialbreadth-firstalgorithmandothertechniques
for controllingtheworkingsetsize.SectionIV presentsperfor-
manceevaluationof our implementation.SectionV demon-
stratesthe usefulnessof this implementationby constructing
very large BDDs for 16-bit array multipliers. Finally, Sec-
tion VII summarizesthis paperand offers someconcluding
remarks.

II. BDD OVERVIEW

A booleanexpressioncanberepresentedby a completebi-
nary treecalleda binary decisiontree, which is basedon the
expression’s truth table. Fig.1(a) shows the truth table for
a booleanexpressionand Fig.1(b) shows the corresponding
binarydecisiontree. Eachinternalvertex is labeledby a vari-
ableandhasedgesdirectedtowardtwo children: the0-branch
(shown as a dashedline) correspondsto the casewherethe
variableis assigned0, andthe1-branch(shown asasolid line)
correspondsto thecasewherethevariableis assigned1. Each
leaf nodeis labeled0 or 1. Eachpathfrom the root to a leaf
nodecorrespondsto a truth tableentrywherethevalueof the
leaf nodeis thevalueof thefunctionandthepathcorresponds
to theassignmentof thebooleanvariables.
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Fig. 1. A booleanexpressionrepresentedwith (a)Truth table,(b) Binary
decisiontree,(c) Binarydecisiondiagram.Thedashed-edgesare0-branches
andthesolid-edgesarethe1-branches.

A binarydecisiondiagram(BDD) is adirectedacyclic graph
(DAG) representationof a binarydecisiontreewhereequiva-

lentbooleansubexpressionsareuniquelyrepresented.Fig.1(c)
shows the BDD representationof the binary decisiontree in
Fig.1(b). Sinceall subexpressionsin a BDD areuniquelyrep-
resented,a BDD canbe exponentiallymorecompactthanits
correspondingtruth table or binary decisiontree representa-
tions.

Onenecessaryconditionfor guaranteeinguniquenessof the
BDD representationis thatall theBDDsconstructedmustfol-
low the samevariableordering; i.e., for any two variables�
and � , if � hashigherprecedencethan � ( ����� ), then for
any paththat containsboth � and � , � mustappearbefore �
on this path. Note that theBDD sizecanbevery sensitive to
thevariableorderingwherethegraphsizeof oneorderingcan
beexponentiallymorecompactthanthegraphsizeof another
ordering.

Beforedescribingthe basisfor BDD construction,we will
first introducesometerminologyandnotation.

�����
0 and

��� �
1

are cofactor functionsof the function
�

with respectto the
booleanvariable� , where

��� �
0 is equalto

�
with thevalueof

� setto 0,and
��� �

1 is equalto
�

with thevalueof � setto 1. A
reachablesubgraphof a node ! is definedto beall thenodes
that canbe reachedfrom ! by traversing0 or moredirected
edges.BDD nodesaredefinedto beinternalverticesof BDDs.
Givena BDD

	
, thefunction

�
representedby

	
is recursively

definedby
��� �#" � ��� 0 $ �#" � ��� 1 (1)

where � is the variablecorrespondsto
	
’s root nodeandthe

cofactorfunction
� � �

0 is recursively definedby thereachable
subgraphof

	
’s 0-branchchild. Similarly,

� � �
1 is recursively

definedby thereachablesubgraphof
	
’s1-branchchild.

A. Basisfor BDD Construction

BDD constructionis a memoization-baseddynamic pro-
grammingalgorithm.Dueto thelargenumberof distinctsub-
problems,insteadof amemoizationtable,acacheknownasthe
computedcacheisusedtorecordtheresultof eachsubproblem.
Givenavariableorderingandtwo BDDs

�
and % , theresulting

BDD & of a booleanoperation
�

op % is constructedbasedon
theShannonexpansion

& �'�
op % � ( " �)��*�� 0 op % * � 0

� $ ( " �
�+*�� 1 op % *�� 1
�

(2)

where
(

is thevariable(top variable) with the highestprece-
denceamongall thevariablesin

�
and% , and

��* �
0,
��* �

1, % *�� 0,
and % * � 1 arethecorrespondingcofactorfunctionsof

�
and % .

In the top-down expansionphase, this Shannonexpansion
processrepeatsrecursively following thegivenvariableorder-
ing for all thebooleanvariablesin

�
and% . Thebasecase(also

calledthe terminalcase) of this recursive processis whenthe
operationcanbetrivially evaluated.For example,theboolean
operation

�,�-�
is a terminalcasebecauseit canbe trivially

evaluatedto
�

. Similarly,
�.�

0 is alsoa terminalcase.At the
endof theexpansionphase,theremaybeunreducedsubexpres-
sionslike

� �/"10 $ �2"10 � . Thus,in orderto ensureuniqueness,a
bottom-upreductionphaseis necessaryto reduceexpressions



like
� �3"40 $ �3"40 � to 0 . This reductionphasealsoneedsto

ensurethateachBDD nodecreatedis unique.
Fig.2 illustratestheShannonexpansion(Equation2) for the

operation & �5�
op % . On the left side of this figure, the

operationis representedwith anoperator nodewhichrefersto
BDD representationsof

�
and % asoperands.The right side

of this figure shows the Shannonexpansionof this operation
with respectto the variable � . Furtherexpansionof operator
nodescanbeperformedin any order. In particular, thedepth-
first constructionalwaysexpandsthe operatornodewith the
greatestdepth. Note that the depth-firstalgorithm doesnot
explicitly storetheoperationsasoperatornodes. Instead,the
operationis implicitly storedin thestackasargumentsto the
recursivecalls.

In the breadth-firstconstruction,the Shannonexpansionis
performedtop-down from thevariableswith thehighestto the
lowestprecedenceso that operationswith the sametop vari-
ableareexpandedtogether. Thereductionphaseis performed
bottom-upin reverseorder. Thus,all operationswith thesame
topvariablearereducedat thesametime.
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Fig. 2. ShannonExpansion:Thedashededgerepresentthe0-branchof a
variableandthethick solidedgerepresentsthe1-branch

For therestof thispaper, wewill referto booleanoperations
issuedby a userof BDD packageasthe top level operations
to distinguishthemfromoperationsgeneratedinternallyby the
Shannonexpansionprocess.

B. MemoryOverheadandAccessLocality

BDD constructionis often memory intensive, especially
whenlarge graphsare involved. It not only requiresa lot of
memory, it alsorequiresfrequentaccessesto many smalldata
structures(the nodesize is typically 16 byteson 32-bit ma-
chines). The depth-firstBDD constructionhaspoor memory
behavior becauseof irregularcontrolflow andmemoryaccess
patterns. The control flow is irregular becausethe recursive
expansioncanterminateat any time whena terminalcaseis
detectedorwhentheoperation iscachedin thecomputedcache.
The memoryaccesspatternis irregularbecausea BDD node
canbeaccesseddueto expansionon any of its many parents;
and,sincetheBDD is traversedin thedepth-firstmanner, ex-
pansionsontheparentsarescatteredin time. Theperformance
impactfor thedepth-firstalgorithm’s poormemorylocality is
especiallyseverefor BDDs largerthanthephysicalmemory.

Recently, therehasbeenmuch interestin BDD construc-
tion basedon breadth-firsttraversal [14, 15, 1, 10, 18]. In

a breadth-firsttraversal,the expansionphaseexpandsopera-
tionsonevariableat a timewith all theoperationsof thesame
variableexpandedtogether. Furthermore,duringthereduction
phase,all thenew BDD nodesof thesamevariablearecreated
together. Thebreadth-firstconstructionexploitsthisstructured
accessby clusteringnodes(for bothBDD andoperatornodes)
of thesamevariabletogetherin memorywith specializednode
managers.

Despiteitsbettermemorylocality, thebreadth-firstconstruc-
tion hasmuchlarger memoryoverheadin comparisonto the
depth-firstconstruction. The numberof operationsthat the
depth-firstconstructionkeepstracksof atany giventimeis the
depthof the recursion,which is at most the numberof vari-
ables. Sincethe numberof variablesis typically small, the
depth-firstconstructiondoesnotrequiremuchmemoryto store
theseoperations.In contrast,for eachtop level operation,the
breadth-firstconstructionwill keepall operationsgeneratedby
Shannonexpansionof this top level operationuntil the result
for this top level operationis constructed.Sincethenumberof
operationscanbequadraticin thesizeof theBDD operands,
thebreadth-firstapproachcanincura largememoryoverhead.
Thus,on someapplicationswherethedepth-firstconstruction
fits in physicalmemorywhile the breadth-firstconstruction
doesnot, theperformanceof thebreadth-firstconstructioncan
besignificantlyworsedueto pagefaults.

III. OUR APPROACH TO BDD CONSTRUCTION

SinceBDD constructioninvolvesalargenumberof accesses
of many small datastructures,localizing the memoryaccess
patternto boundtheworking setsizeis critical becausegood
memoryaccesslocality resultsin goodhardwarecachelocality
andfewerpagefaults.Thissectionintroducesthreetechniques
to control the working setsizeby limiting memoryoverhead
and by improving both temporaland spatial locality. These
arefollowedby abrief discussiononhow thesetechniquescan
work togetherwith variablereorderingalgorithms.

A. PartialBreadth-FirstConstruction

For thepurebreadth-firstconstruction(which normallyhas
good memory locality), if the BDD operandsdo not fit in
physicalmemory, thenthepagesof operatornodesswappedin
during the expansionphasewill be swappedout by the time
the reductionphasetakes place. Furthermore,as described
in SectionII.B, breadth-firstconstructioncan incur a large
memoryoverhead.

To overcomethesedrawbackswhile boundingthememory
overhead,we introducepartial breadth-first expansionbased
oncontext switch. Within eachevaluationcontext, thebreadth-
first expansionis useduntil a fixed evaluation thresholdis
reached.Upon reachingthis threshold,the currentcontext is
pushedontoa context stack anda new child context is started.
Theremainingoperationsof theparentcontext arepartitioned
into smallergroupsandthechild context evaluatestheseoper-
ationsonegroupat a time. This processrepeatseachtime the



currentevaluationcontext reachesits threshold. By keeping
theevaluationthresholdto bea small fractionof theavailable
physicalmemory, we can boundthe numberof BDD nodes
andcomputecachenodescreatedandaccessedandthuscon-
trol the working setsize. Note that by settingthe evaluation
thresholdto 1, this algorithmdegeneratesto depth-firstcon-
struction. Similarly, by settingtheevaluationthresholdto 6 ,
thisalgorithmis identicalto purebreadth-firstconstruction.

Fig.3(a)showsanexampleof acontext switch. In thisfigure,
thetoptriangledenotesthegraphof theinitial expansion.Upon
reachingthe evaluationthreshold,the remainingunexpanded
operationsaredividedinto twopartitions(shownastwo dashed
rectangles)andthenew child context is started.Thisnew child
context continuesto expandon the first partition. After the
child context finishesbuilding BDD resultsfor thefirst parti-
tion, it continuesto expandon the secondpartition asshown
in Fig.3(b). Notethatexpansionof thesetwo partitionsmight
sharesomeoperationsin common.For thesecommonopera-
tions,theexpansionof thesecondpartitioncanbenefitfromthe
resultscomputedfrom the expansionof the first partitionvia
thecomputecache.However, sincethecomputecacheis nota
completecache,somecommonoperationsmayneedto bere-
computed.Thisfigurealsodepictshow thepartialbreadth-first
constructioncanreducememoryoverhead.Theoperatornodes
createdfromexpandingthefirst partitiondonotneedtobekept
during the expansionof the secondpartition. In comparison,
thepurebreadth-firstconstruction(shown in Fig.3(c))needsto
keepall theoperatornodesuntil afterthereductionphase.

Expanding 1st Partition
Context Switch and

(a)

Expanding 2nd Partition

(b)

No Context Switch

(c)

Fig. 3. A Context SwitchExample.(a)Uponreachingtheevaluation
threshold,currentunexpandedoperationsaredividedinto two partitions
(shown astwo dashedrectangles)andthenew child context continuesto
expandon thefirst partition. (b) After thereductionfor thefirst partition,this
child context expandson thesecondpartition. (c) Purebreadth-first
expansionis shown for comparison.

Otherthanthememorylocality andthememoryoverhead,
theevaluationthresholdcanalsoimpacttheeffectivenessof the
computecache.In thepurebreadth-firsttraversal,theexpanded
operatornodesmust be kept until after the reductionphase.
This featureeffectively resultedin a completecachewithin
anexpansionphase.Similarly for thepartialbreadth-firstap-
proach,expansionwithin eachevaluationcontext maintainsa
completecache.Thus,a largerevaluationthresholdresultsin
a larger and more completecachefor the currentevaluation
context at thecostof highermemoryoverhead.

The rest of this section formally describesthis partial
breadth-firstalgorithm. Fig.4 shows the top level procedure

andahelperfunctionfor thispartialbreadth-firstconstruction.
For eachvariable,thereis anexpansionqueueanda reduction
queue.An expansionqueuequeuestheoperationsof thesame
variableto beShannonexpandedduringtheexpansionphase.
A reductionqueuequeuestheoperationsof thesamevariable
to bereducedin thereductionphase.Thetop level procedure
pbf-op()builds theresultBDD by repeatedlydoingtheShan-
nonexpansion(line 3) andreduction(line 4) until thereareno
moreoperationsin thetopcontext (lines5 to 8) anduntil there
arenomoreevaluationcontextsonthecontext stack(lines9 to
11). Procedurepreprocess-op()first determineswhetheror not
the operationis a terminalcaseor is cached(lines 13 to 15).
If not, this operationis addedto its top variable’s expansion
queue(lines 17 and18) to indicatethat further Shannonex-
pansionis necessaryfor this operation.This operationis also
insertedinto the computecache(line 19) to avoid expanding
redundantoperationsin the future. This procedurereturnsei-
thertheBDD result(for theterminalcaseandfor thecasewhen
thecachedresultis aBDD) or anoperatornode.If anoperator
nodeis returned,this operatornode’s field opNode.result will
containtheresultBDD afterthisoperatornodeis processedin
thereductionphase.

pbf-op(798 , : , ; )
1 opNode< preprocess-op(718 , : , ; )
2 if opNodeis aBDD node,returnopNode.
3 call expansion()
4 call reduction()
5 if topcontext of thecontext stackhasoperations,then
6 takeagroupof operationsfrom thetopcontext
7 addeachoperationto its topvariable’s expansionqueue
8 gotoline 3 andrepeatuntil top context is empty
9 if context stackis notempty,
10 popthetopcontext anduseit asthecurrentcontext
11 gotoline 3 andrepeatuntil context stackis empty
12 returnopNode.result

preprocess-op(798 , : , ; )
13 if terminalcase,returnsimplifiedresult
14 if theoperation( 718 , : , ; ) is in computecache,
15 returnresultfoundin cache
16 opNode< ( 798 , : , ; )
17 =�< topvariableof : and ;
18 addopNodeto = ’sexpansionqueue
19 insertopNodeinto thecomputecache
20 returnopNode

Fig. 4. Partial Breadth-FirstConstruction:top level procedureandahelper
function

Fig.5shows theexpansionphase.This top-down expansion
phaseprocessesoperationsqueuedfrom thevariablewith the
highestto the lowestprecedence.Here,all the operationsof
the samevariableareShannonexpandedtogether(lines 3 to
7). Thebranch0 andthebranch1 fieldsof anoperatornodeare
usedtostoretheresultsof Shannonexpansion,andasdescribed
earlier, theseresultsreturnedby theprocedurepreprocess-op()



canbeeitheraBDD nodeoranoperatornode.In thelatercase,
theprocedurepreprocess-op()wouldhavequeuedthenew op-
eratornodesto beprocessedby theexpansionphaselater. The
variablenOpsProcessedis usedto trackthesizeof thecurrent
evaluationcontext andwhenit exceedsa constantevaluation
thresholdevalThreshold, thecurrentcontext is pushedontothe
context stackanda new child context is started(lines9 to 13).

expansion()
1 nOpsProcessed< 0
2 for eachvariable> in thecurrentevaluationcontext

from thehighestto lowestprecedence
3 for eachnodeopNodein > ’sexpansionqueue
4 ( 798 , : , ; ) < opNode
5 opNode.branch0 < preprocess-op(798 , :@?@A 0, ; ?@A 0)
6 opNode.branch1 < preprocess-op(798 , :@?@A 1, ; ?@A 1)
7 addopNodeto variable> ’s reducequeue
8 nOpsProcessed++
9 if (nOpsProcessedB evalThreshold)
10 partitiontheremainingoperatorsinto smallgroups.
11 pushcurrentcontext with theseoperationgroups

ontothecontext stack
12 startanew evaluationcontext
13 return

Fig. 5. PartialBreadth-FirstConstruction:expansionphase

Fig.6shows thereductionphase.This bottom-upreduction
algorithmis the sameasthe purebreadth-firstconstruction’s
reductionphasewhereShannonexpandedoperationsarepro-
cessedtogetheronevariableatatime,startingfromthevariable
with the lowestprecedencemoving upwardsto the variables
with thehighestprecedence.Theresultsfrom thechildrenare
obtainedin lines4 to 11. Lines12 to 19performthereduction
andensurethe result is unique. The resultof a reductionis
storedin theopNode.result field of anoperatornode(line 13
and19).

B. MemoryManagement

As in breadth-firstBDD algorithms,specializednodeman-
agersarethekey factorsin exploiting structuredaccessin the
partial breadth-firstapproach. In our implementation,each
variableis associatedwith a BDD-nodemanagerasin [18]’s
breadth-firstalgorithm. Eachvariable’s BDD-nodemanager
clustersBDD nodesof thesamevariableby allocatingmem-
ory in termsof blocksandallocatesBDD nodescontiguously
within eachblock. Wefurtherextendthisclusteringconceptto
usingoneoperator-nodemanagerfor eachvariable.With this
design,wenotonly benefitfrom goodlocality of nodecluster-
ing, we alsoeliminatetheneedfor having boththeexpansion
andthereductionqueues,sincewe canaccessall theoperator
nodesof eachvariableby simply traversingmemoryblocksof
eachoperator-nodemanager.

Furthermore,we associateone computecacheand one
uniquetableper variable. Thus,cachelookup in the expan-
sionphaseandtheBDD uniquetablelookup in thereduction

reduction()
1 for eachvariable> in thecurrentevaluationcontext

from thelowestto highestprecedence
2 for eachnodeopNodein > ’s reducequeue
3 ( 798 , : , ; ) < opNode
4 if opNode.branch0 is aBDD,
5 res0 < opNode.branch0

6 else
7 res0 < opNode.branch0.result
8 if opNode.branch1 is aBDD,
9 res1 < opNode.branch1

10 else
11 res1 < opNode.branch1.result
12 if (res0 == res1)
13 opNode.result= res0
14 else
15 CD< BDD node( > , res0, res1)
16 opNode.result < lookup(uniquetable,C )
17 if BDD nodeC doesnotexist in theuniquetable,
18 insert C into theuniquetable
19 opNode.result <EC
Fig. 6. Partial Breadth-FirstConstruction:reductionphase

phasewill only traversenodesof the samevariable. Since
nodesof the samevariablesare clusteredby the nodeman-
agers,this resultsin bettermemorylocality. Combinedwith
per-variablenodemanagers,wecanperformrehashingfor each
variableindependentlyby traversingthememoryblocksof the
correspondingnodemanager. Again, this rehashingapproach
hasbettermemorylocality thanthetraditionalapproach,which
traversesthehashtable.

C. GarbageCollection

No BDD packageis completewithout a goodgarbagecol-
lector. Externalusersof aBDD packagecanfreereferencesto
exportedBDDsandsinceBDD constructionisamemoryinten-
sive application,reusingthespaceof unreachableBDD nodes
is important.Most BDD packagesusereferencecountingand
maintaina free list of unreferencednodes.This approachhas
severaldrawbacks.Most notablyit haspoormemorylocality
becausethe free-listapproachcanscatternewly createdBDD
nodesin memoryandthusreversingthe clusteringeffectsof
specializednodemanagers.

In our implementation,amark-and-sweepgarbagecollector
with memorycompactionis used. Unlike a copying garbage
collector, our garbagecollectionalgorithmperformsmemory
compactionwithout requiring any additionalmemory. This
compactionalgorithmis stable; i.e, thenodes’linearordering
is maintained.Thispropertyallowsnodeswhichareallocated
nearbyin time to stay together. This can help accesslocal-
ity becausenodesallocatedtogetherarelikely to beaccessed
togetherin thefuture.

Our garbagecollection algorithm consistsof two phases,
bothof whicharebreadth-firsttraversalfrom thevariablewith



highestprecedenceto thevariablewith thelowestprecedence.
The first phasemarksand compactsall the reachablenodes
andthesecondphasefixesall thereferencesandrehashesthese
nodes.

Fig.7showsthealgorithmfor themark-and-compactphase.
Line 1 marksall the rootsof exportedBDDs to indicatethat
thesenodesandtheirdescendantsareall thenodesthatweneed
to keep. The top-down breadth-firstmarkingof descendants
is performedby traversingBDD nodesin eachnodemanager
(lines 2 to 6). In this algorithm, ! denotesthe marked BDD
nodethat is beingprocessedand !GF�H denotesthenext target
location for compaction. For eachmarked BDD node ! , its
childrenaremarked(line7). Line8establishesthenew location
!GF H for node! bysetting! ’sforwardfield. Lines9and10copy
the relevant informationin ! to this new target location !GF H .
Line 11 advances!GF�H to the next nodein the nodemanagerI %J& asthenew targetlocation.Line 12advances! to thenext
markednodein this node-manager. This processrepeatsuntil
we have processedall themarkednodesin this nodemanagerI %J& ; after which, all the marked nodesare compactedinto
memoryblocksbeforenewandthusall theblocksafterneware
markedasfreeblocksto be freedafter thesecondphase(line
13).

mark-and-compact()
1 markall therootnodesof exportedBDDsweneedto keep.
2 for eachvariable> from thehighestto lowestprecedence,
3 mgr <K> ’sBDD-nodemanager
4 L/< first markednodein managermgr
5 new < first nodein managermgr
6 while L is still in nodemanagerM/;+N ,
7 markchildren L .left and L .right
8 L .forward < new
9 new.left <KL .left
10 new.right <EL .right
11 new < ManagerNextNode(mgr, new)
12 L/< ManagerNextMarkedNode(mgr, L )
13 put memoryblocksfor all thenodesafternew

into mgr.freeBlocks.

Fig. 7. GarbageCollection’s Mark andCompactPhase.Thisphasemarks
nodesthatwewantto keepandat thesametimecompactthememoryto
avoid memoryfragmentation.

Fig.8showsthesecondphaseof thegarbagecollectionalgo-
rithm. Initially, all externalreferencesareupdated(lines2 and
3). Thenit proceedsin a top-down breadth-firstmannerto fix
eachBDD node’schildrenreferences(lines7 and8) andrein-
sertthis nodebackinto theuniquetable(line 9). After all the
referencesof aBDD-nodemanagerareupdated,its associated
freeblocksarefreed(line 10).

For the purposeof explanation,the garbagecollection al-
gorithmshown usesanadditionalfield forward for eachBDD
node.In theactualimplementation,eachBDD node’shashNext
field,usedfor chainedhashing,is alsousedastheforward field
duringthegarbagecollection. This dualuseof thesamefield
is only correctif hashinsertionof a nodedoesnot occuruntil

fix-and-rehash()
1 clearall uniquetables
2 for eachrootnodeN of exportedBDDs
3 updaterootnodesof exportedBDDs to theforwardedlocation
4 for eachvariable> from thehighestto lowestprecedence,
5 mgr <K> ’sBdd-nodemanager
6 for eachnodeL in managermgr
7 L .left <OL .left.forward
8 L .right <OL .right.forward
9 insert L into variable> ’suniquetable
10 freeall memoryblocksin mgr.freeBlocks.

Fig. 8. GarbageCollection’s Fix andRehashPhase.Thisphaseupdatesall
thechildrenreferencesandreinsertstheBDD nodesinto uniquetables.

afterall thereferencesto thisnodearefixed. Thisconditionis
guaranteedby first fixing externalreferences(lines2 and3 in
Fig.8) andthenperformingthe top-down breadth-firsttraver-
sal,which updatesall theparents’referencesbeforeinserting
a nodeinto thehashtable. Thus,this two phasebreadth-first
garbagecollectionalgorithmis ableto performmemorycom-
pactionwithout requiringany additionalmemory.

D. VariableReordering

Dynamicvariablereorderingis an importantpart of BDD
construction.Even thoughwe have not yet implementeddy-
namicvariablereordering,thefollowing is anoutlineof poten-
tial problemsandtheir solutions.

1. Some variable reorderingalgorithmsrequire reference
counts. Since garbagecollection is generally invoked
rightbeforevariablereordering,wecancomputereference
countsduringthemark-and-compactphaseof garbagecol-
lection(line 1 andline 7 of Fig.7).

2. Dynamicvariablereorderingcancounteractthe cluster-
ing effects achieved by the per-variablememory man-
agers[16]. The solutionsproposedin [16] should be
directlyapplicableto ourapproach.

IV. PERFORMANCEEVALUATION

In this section,we presenta performanceevaluationof our
approach.The testcasesarethe ISCAS85benchmarks[3], a
collectionof tencircuitsusedin industry. Thevariableordering
we usedis generatedby order dfs in SIS [20]. To get more
testcases,wegeneratedifferencesizearraymultiplier circuits
basedon carry ripple adders[6]. For the restof this section,
we shall refer to this multiplier circuit asMCRA (Multiplier
basedon CarryRippleAdders).For ! -bit multiplier with two
operandsP �RQTSVU 1W �

0 2
W � W and X �YQZSJU 1W �

0 2
W 	 W , the variable

orderingusedis
� SJU 1 � � SJU 2 �\[][][G� �

0 � 	 SJU 1 � 	 SJU 2 �
[^[][_� 	

0. For all thetestcases,to minimizememoryusage,we
freedtheintermediateresults(thosethatareneitherinputsnor
outputsof thecircuit) immediatelyafterits thelastreference.



In thissection,we usetwo leadingBDD packagesfor com-
parison.Thefirst packageis CAL version2.0from UC Berke-
ley, which implementsthebreadth-firstalgorithmdescribedin
[18]. The secondpackageis CUDD version2.1.2[21] from
theUniversityof Coloradoat Boulder, which implementsthe
depth-firstalgorithmfor BDD construction.Botharethelatest
releasesas of November, 1997. All packagesare compiled
with gcc usingthe optimizationflag -O3. In this section,we
will referto ourpackageasPBF.

For both CAL andCUDD, we usedall thedefault settings
with the exception of dynamic variable reorderingfeatures
which we disabledfor two reasons. First, we have not im-
plementeddynamicvariablereorderingyet. Second,turning
off thedynamicreorderingfeaturesremovestheperformance
impact due to differentdynamicreorderingalgorithms. For
the CAL package,the resultswe presentare without its su-
perscalarityand pipelining features[18] becauseof adverse
performanceimpact. Thesefeaturesrequiredecomposingall
operationsinto a single operationtype. For the multipliers,
suchdecompositionincreasesthe runningtime by up to 60%
andsuperscalarityof 10with automaticpipeliningincreasesthe
memoryusageby 30% with little (< 1%) or no performance
improvement. For C2670andC3540from ISCAS85bench-
marks,the resultsarelessclear. Thus,for thesetwo circuits,
theresultsusingsuperscalarityof 10with automaticpipelining
will alsobeincluded.

A. EvaluationThreshold

In thissection,weexaminehow differentevaluationthresh-
olds impact the memoryusageand running time of our ap-
proach. Thesystemusedfor this evaluationis anSGI Power
Challengewith 1 GBytesof physicalmemory. This system
has12processorsrunningIRIX 6.2with 32-bitaddressspace.
Eachprocessoris a 196MHzMIPS R10000.We performour
experimentsusing oneprocessorunderlight load conditions
whereour processesare the only active processes.Timing
resultsreportedaremeasuredCPUtime.

In thisstudy, theevaluationthresholdrangesfrom 8 KBytes
to 6 wherethe 6 casecorrespondsto the purebreadth-first
case. The resultsfrom very small cases( ` 10 secondsCPU
timeand ` 10MBytesmemoryusage)areomitted.

The resultsin Fig.9 show that in general,the runningtime
variesabout10to20%,exceptfor theC2670.ForC2670,there
is a speedupof 2 for the 6 casevs. the caseswith smaller
evaluationthresholds.This is most likely causedby the fact
that a larger evaluationthresholdresultsin a morecomplete
cache(as discussedin SectionIII.A). This is substantiated
by the fact that the 6 casehasa total of 23 million Shannon
expansions,while thesmallerevaluationthresholdscaseshave
over135million Shannonexpansions.

Theresultsin Fig.9alsoshow that differentevaluationthresh-
oldscanhaveanimpacton thememoryusage;e.g,for C2670,
the ratio betweenmaximumandminimum memoryusageis
1.64. In general,this memoryusagedifferencemay be the
key factoron whetheror not an applicationfits into physical

memoryandthuscanhave a significanteffect on therunning
time.

Threshold CPUTime(seconds)/ MemoryUsage(MBytes)
(KBytes) C2670 C3540 MCRA14 MCRA15

8 277/ 169 254/ 158 979/ 134 3820/ 359
64 264/ 169 252/ 158 968/ 133 3726/ 359
512 268/ 169 241/ 157 884/ 134 3477/ 359
4096 240/ 180 251/ 165 837/ 139 3104/ 365
32768 147/ 213 234/ 198 953/ 175 3343/ 419a 102/ 278 229/ 176 964/ 168 3561/ 491

Fig. 9. Effectsof EvaluationThreshold.b casecorrespondsto thecasewith
purebreadth-first.

Note that overall, theevaluationthresholdof 4096KBytes
strikesa reasonablebalancebetweenmemoryusageandrun-
ning time. Since4906KBytes is 1

256 of thephysicalmemory
size(1 GBytes),for the restof theperformanceevaluationin
thispaper, wechoosetheevaluationthresholdfor ourpackage
to be 1

256 of thephysicalmemorysize.

B. PerformanceComparison– No Paging

This sectioncomparesour approach(PBF) to CAL and
CUDD whenthe testcasesfit in physicalmemory. The sys-
temusedfor evaluationis thesameasin theprevioussection.
The memoryusagelimit is set to 1 GBytes. The evaluation
thresholdchosenfor our packageis 4 MByteswhich is 1

256 of
physicalmemorysizeof 1 GBytes.

Fig.10showstheresultsof thisstudy. Theresultsfor smaller
casesareshown at the top half of this table. The resultsfor
the C6288and C7552casesare not available becausethey
both exceededthe memorylimit. Note that for CAL, C2670
andC3540havebetterperformanceusingCAL’ssuperscalarity
andpipeliningfeatureatthecostof 71%to84%highermemory
usage.Theseresultsaremarkedwith c in Fig. 10.

Theresultsshow that for thelargercases,PBFconsistently
outperformsbothCAL andCUDD,with speedupsrangingfrom
1.10 (MCRA15) to 1.60 (C3540) in comparisonto the best
of CAL and CUDD. For the smaller cases,PBF is slower.
However, sincethesesmallercasestake lessthan2 secondsto
finish,performancedifferencesamongthedifferentapproaches
arelesssignificant.

As for memory usage,PBF’s memory usagetracks very
closely with CUDD’s depth-firstimplementation. For small
cases( ` 10 MBytes), PBF’s memoryusageis higherdueto
thememoryoverheadof pervariabledatastructures.However,
for large caseslike C3540andMCRA circuits, PBF’s mem-
ory usageis actually slightly smallerthanCUDD’s memory
usage. In contrast,CAL’s memoryusageis up to a factorof
1.6(MCRA15) in comparisonto PBF’s memoryusage.

C. PerformanceComparison– Paging

This sectioncomparesour approach(PBF) to CAL and
CUDDwhenthetestcasesdonotfit into physicalmemory. We



Circuit CPUTime(seconds) Memory(MBytes)
PBF CAL CUDD PBF CAL CUDD

C432 1.08 0.94 1.02 5.5 3.7 2.7
C499 0.25 0.45 0.19 2.9 1.9 0.9
C880 0.25 0.23 0.11 2.5 1.8 1.0
C1355 0.74 0.83 0.57 5.4 3.0 2.0
C1908 0.39 0.66 0.30 3.0 1.9 1.6
C5315 0.90 0.86 0.32 5.5 3.1 2.4

C2670 240 573 795 180 217 148
292d 372d

C3540 251 658 403 165 176 169
536d 325d

C6288 n/a n/a n/a n/a n/a n/a
C7552 n/a n/a n/a n/a n/a n/a

MCRA14 837 2016 1004 139 207 152
MCRA15 3104 7383 3425 365 646 482

Fig. 10. Performancecomparisonwhenthetestcasesfit in physicalmemory.
BothC6288andC7552casesexceededthe1 GBytesmemorylimit andthus
theresultsarenotavailable.Numbersmarkedwith d areCAL’s resultsusing
superscalarityof 10with automaticpipelining.

repeatedthe experimentson a smallersystem— a 200MHz
PentiumPro with 256 KBytes L2 Cacheand128 MBytes of
60nsEDO DRAM. This systemis runningLinux 2.0.30with
32-bit addressspace.All measurementswereobtainedunder
single usermode. Timing resultsreportedare elapsedtime
andtime limit is setto be 24 hoursof elapsedtime. For this
experiment,we chosethe testcaseswhich usemorememory
thanavailablephysicalmemory(128MBytes).

Fig.11shows that our approach(PBF) consistentlyoutper-
formsbothCAL andCUDD with speedupsrangingfrom 1.51
(C2670)to 13.2(MCRA14) in comparisonto thebestof CAL
andCUDD.Thesignificantspeedupof MCRA14ismainlydue
to the fact that our approach’s memoryusagefor this caseis
only slightly morethanthe availablephysicalmemory. This
casedemonstratestheimportanceof limiting thememoryover-
head.Anotherinterestingpoint to notethatboththePBF(our
approach)andtheCAL (breadth-first)approachhavemuchbet-
ter paginglocality thantheCUDD (depth-first)approach.For
theC3540circuit, thislocality resultedin anorderof magnitude
differencein performance.

Circuit ElapsedTime(seconds) Memory(MBytes)
PBF CAL CUDD PBF CAL CUDD

C2670 1169 1773 7071 169 217 148
C3540 1058 1925 22629 157 176 169

MCRA14 1173 15506 22135 134 207 152
MCRA15 n/a n/a n/a n/a n/a n/a

Fig. 11. Performancecomparisonwhenthetestcasesdonotfit into physical
memory. MCRA15caseexceededthetime limit of 24hoursfor all three
packages.CAL’s numbersaremeasuredwithout its superscalitynor
pipeliningfeaturesto reducethememoryusageandminimizepaging.

V. ARRAY MULTIPLIERS

In thissection,wedemonstratetheeffectivenessof ourtech-
niquesby building very largeoutputBDDsof two typesof in-
tegermultiplicationcircuits. Thefirst typeis basedon C6288
from ISCAS85benchmark.C6288is a 16-bit arraymultiplier
usingcarrysaveadders.Basedonits design,wederivedcorre-
spondingcircuitsfrom 1 to 15bits. Thesecondtypeis anarray
multiplier with carryrippleadder(MCRA) asin SectionIV. In
thisstudy, wecharacterizebothmultipliersfrom 1 to 16bits.

Thesystemusedfor this evaluationis anSGI Power Chal-
lengewith 4 GBytesof physicalmemory. This systemhas16
processorsrunningIRIX 6.2 with 64-bit addressspace.Each
processoris a194MHzMIPSR10000.Weperformourexper-
imentsunderdedicatedmodeusingoneprocessor. Note that
for BDD applications,memoryusageon 64-bit machinesis
generallytwice thatof 32-bitmachines.

Fig.12 shows the resultsfor this experiment. Fig.13 plots
the memory usageof output BDDs and memory usagefor
constructingC6288andMCRA circuits in a semi-loggraph.
NotethattheoutputBDD sizesgrowsexponentiallyata factor
of about2.87perbit of wordsize.

Fig.13alsoshowsthatotherthantheinitial overhead,which
affectsthememoryusageof smallercircuits,thetotalmemory
usagegrows at the samerate as the output BDDs’ memory
usage.Thisplot is asemi-logplot to clearlyshow thenumbers
for smallcases.However, it is worth noting thateventhough
thetotalmemoryusagefor the16-bitmultiplier isaboutafactor
of threeto fouroverthesizeof outputBDDs,thissemi-logplot
deemphasizesthisdifference.

Tobetterunderstandthememoryusage,weanalyzetheBDD
constructionfor building the C6288circuit. The maximum
memoryusagefor building this circuit is 3803MBytes. The
maximum numberof BDD nodesthat exist simultaneously
duringtheBDD constructionprocessisabout 110million (3352
MBytes).ToaccommodatetheseBDD nodes,theuniquetables
have a combinedtotal of 48 million bins(366MBytes). Thus
thememoryoverheadof theoperatornodes,thecomputecache,
andotherauxiliarydatastructuresis 85 MByteswhich is only
2.2%of thetotalmemoryusage.This resultdemonstratesthat
our approachhasvery little memoryoverhead.As far aswe
know, thisis thefirst timethattheentireC6288circuithasbeen
built usingconventionalBDD representations.

VI. RELATED WORK

Therearemany researcheffortsbasedonbreadth-firstBDD
construction[14, 15, 1, 10, 18]. However, noneof thesepro-
posehow to boundthe memoryoverheadof the breadth-first
construction. To addressthis issue,we introduceda hybrid
algorithmwhich performsthebreadth-firstconstructionto ex-
ploit memorylocality andswitchesto thedepth-firstconstruc-
tion whenthe memoryoverheadbecomestoo high [8]. This
hybridapproachhasthedrawbackthatwhenaBDD operation
is muchlarger thantheswitch-over threshold,this hybrid ap-
proachwill be dominatedby the depth-firstportion andthus



# of OutputSize CPUTime(seconds) Memory(MBytes)
Bits (# of nodes) C6288 MCRA C6288 MCRA

1 3 0.01 0.01 0.4 0.5
2 14 0.01 0.01 0.7 0.7
3 46 0.04 0.03 2.7 2.0
4 140 0.06 0.08 3.9 5.2
5 404 0.10 0.10 5.9 6.0
6 1156 0.15 0.15 7.4 8.0
7 3256 0.27 0.23 9.3 9.3
8 9258 0.59 0.55 10.4 11.9
9 26,217 2.02 1.72 17.4 15.3
10 74,456 6.96 5.87 26.3 24.8
11 212,088 26.97 19.70 37.1 33.2
12 605,883 108.63 70.57 70.2 54.9
13 1,733,156 403.15 288.47 162.6 134.6
14 4,955,083 1483.66 996.63 438.0 320.5
15 14,181,971 5529.94 3378.62 1277.2 974.7
16 40,563,945 22175.23 12257.76 3803.7 2795.6

Fig. 12. Resultsfor multiplier circuits. Notethatsincea64-bitmachineis
usedfor thisstudy, thememoryusageis roughlytwiceasbig asresultsona
32-bitmachine.

have poor memorybehavior. Note that this hybrid is similar
to themixeddepth-firstandbreadth-firstapproachthatprunes
unnecessaryrecursionbranchesfor thequantificationandrela-
tionalproductoperations[18].

SMV [13]’s BDD packageusesmark-and-sweepgarbage
collectorwithoutmemorycompaction.In [15, 1, 17], memory
compactionis usedto avoid memoryfragmentation. These
threeapproachesareall basedon referencecounting. In [15],
thecompactionalgorithmis stable(i.e., linearorderingof the
nodesis maintained)anddoesnot requireadditionalmemory.
Ourapproachis quitesimilarto this. In [1], thegarbagecollec-
tion usesa free-listandwhenmemoryfragmentationbecomes
high,aseparatememorycompactionalgorithmbasedoncopy-
ing is used. In [17], garbagecollectionphaseis alsofree-list
basedandmemorycompactionis performedaftergarbagecol-
lectiononly whenmemoryfragmentationbecomeshigh. This
compactionisperformedby movingthenewestsetof livenodes
to fill theholesleft behindby theoldestsetof deadnodes;thus,
no additionalmemoryis required.This algorithmhasthead-
vantageof moving minimum numberof nodesnecessarybut
it doesnot maintainthelinearorderingof thelive nodes.The
performanceimpactof thistradeoff deservesfurtherstudy. Our
approachcombinesmany attributesof theapproachesaboveby
integratinga mark-and-sweepgarbagecollectorwith a stable
memorycompactionwithoutany additionalmemoryoverhead.

VII. SUMMARY AND CONCLUSIONS

This paperhas introducedthreetechniquesto control the
working setsizeby limiting memoryoverheadandimproving
both temporalandspatiallocality. First, we have introduced
a novel BDD constructionalgorithmbasedon partialbreadth-
first expansion.This approachhasthegoodmemorylocality
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Fig. 13. Maximummemoryusagefor bothC6288andMCRA compared
with memoryusageof outputBDDs(labeledasBDD).

of the breadth-firstBDD constructionwhile maintainingthe
low memoryoverheadof the depth-firstapproach. Second,
wehavedescribedhow memorymanagementonaper-variable
basiscanimprove spatiallocality of BDD constructionat all
levels,includingexpansion,reduction,andrehashing.Finally,
we have introduceda memorycompactinggarbagecollection
algorithmto avoid memoryfragmentationdueto unreachable
BDD nodes. Thesealgorithmswork togetherin controlling
theworkingsetsizeto gainbettermemoryaccesslocality with
little memoryoverhead.As thesetechniquesexploit inherent
propertiesof BDD construction,graphreductiontechniques
(like *BMD, POBDD,andvariablereordering)canbe incor-
poratedinto ouralgorithmsto furtherexpandtheusefulnessof
thesealgorithms.

Experimentalresultsshow thatby controllingtheevaluation
threshold,thepartial-breadthapproachcanreducethememory
usageby 60%in comparisonto ourpurebreadth-firstcase( 6
evaluationthreshold). In the performancecomparisonstudy,
theresultsshow thatwhentheapplicationsfit in physicalmem-
ory, our approachis consistentlyfasterfor larger cases( e 2
seconds)with speedupsof upto1.6in comparisontotheleading
depth-first(CUDD) andbreadth-first(CAL) packages.When
theapplicationsdonot fit into physicalmemory, ourapproach
outperformsbothCUDD andCAL by up to anorderof mag-
nitude. Furthermore,to demonstratehow our techniquescan
efficiently build very large graphs,we constructedthe output
BDDs for theC6288multiplicationcircuit from theISCAS85
benchmarkandshowedthat the memoryoverheadof our ap-
proachis 2.2%. Theseresultsshow that our techniqueshave
successfullyachieved bettermemorylocality while reducing
thememoryoverhead.

Beyondthesequentialworld, anotheradvantageof thepar-
tial breadth-firstalgorithmis thatit canbeparallelizedbyusing
eachprocessor’scontext stackasadistributedworkqueue[22].
Thisapproachachievesspeedupsof upto four oneightproces-
sorsof asharedmemorysystem.
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