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Abstract— Binary decisiondiagrams (BDDs) have beenshown
to be a powerful tool in formal verification. Efficient BDD con-
struction techniquesbecomemore important as the complexity
of protocol and circuit designsincreases. This paper addresses
this issueby intr oducing thr eetechniquesbasedon working set
control. First, we intr oducea novel BDD construction algorithm
basedon partial breadth-first expansion. This approachhasthe
goodmemory locality of the breadth-first BDD construction while
maintaining the low memoryoverheadof the depth-first approach.
Secondwe describehow memory managementon a per-variable
basiscan impr ove spatial locality of BDD construction at all lev-
els, including expansion,reduction, and rehashing Finally, we
intr oducea memory compacting garbagecollection algorithm to
remove unreachableBDD nodesand minimize memory fragmen-
tation. Experimental resultsshow that when the applications fit
in physical memory, our approach has speedupsof up to 1.6 in
comparisonto both depth-first (CUDD) and breadth-first (CAL)
packages.When the applicationsdo not fit into physicalmemory;,
our approachoutperformsboth CUDD and CAL by up to anorder
of magnitude. Furthermor e, the good memory locality and low
memory overhead of this approachhasenabledus to be the first
to have successfullyconstructed the entire C6288 multiplication
circuit from the ISCAS85benchmark setusing only conventional
BDD representations.

|. INTRODUCTION

With the increasingcompleity of protocolandcircuit de-
signs, formal verification hasbecomean importantresearch
area.BinarydecisiondiagramgBDDs) have beenshavn to be
a powerful tool in formal verification[4]. Eventhoughmary
functionshave compactBDD representationsomefunctions
canhaveverylargeBDDs. For example BDD representations
for integer multiplication have beenshavn to be exponential
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in thenumberof inputbits [5]. To addresshisissuethereare
mary BDD relatedresearclefforts directedtowardsreducing
the size of the graphwith techniquedike new compactrep-
resentationgor specificclassesof functions(KFDD [9] and
*BMD [6]), divide-and-conquefPOBDD[11] andACV [7]),

functionabstractioaBdd[12]), andvariablereordering19].

Despitetheseefforts, large graphscanstill naturallyarisefor

moreirregularfunctionsor for incorrectimplementation®f a
specificationIncorrecimplementatiorcanbreakthestructure
of afunctionandthuscangreatlyincreaseghe graphsize. For

example,the *BMD representatioffior integer multiplication
is linear However, a mistale in the implementatiorof inte-

germultiplicationlogic cancausean exponentialexplosionof

the resultinggraph. The ability to handlelarge graphseffi-

ciently canenableusto represeninoreirregularfunctionsand
to provide countergampledor incorrectimplementations.

CornventionalBDD algorithms[2] are basedon depth-first
traversalof BDD graphs. This approachhassmall memory
overhead but poor memorylocality. To addresgshe issueof
constructindarge BDDs efficiently, therehave beenmary im-
plementation$l4, 15, 1, 10, 18] basedn breadth-firstraver
sal. Thebreadth-firsapproachwhichexploitsits graphtraver
sal patternby using specializedmemory layouts, has better
memoryaccessocality andthusoftenhasbetterperformance.
However, the breadth-firsapproactcanhave a large memory
overheadup to quadraticin the sizeof BDD operands.This
extra memoryoverheadcanresultin anincreasechumberof
pagefaultsandthuspoorperformance.

To maintainmemoryaccessocality with low memoryover-
head,we introducea new algorithmbasedon partial breadth-
first expansion This algorithmimproveslocality of reference
by controlling the working set size and thus reducingover
headdueto pagefaults. We describehow memorymanage-
ment on a pervariablebasiscanimprove spatiallocality of
BDD constructionat all levels, including expansion,reduc-
tion, andrehashingFinally, we introducea breadth-firsBDD
garbagecollection algorithm which performsmemory com-
pactionwithout incurring additionalmemoryoverhead. All
of thesetechniqueswvork togetherto control the working set
size and have a significantimpact on performanceof BDD
construction. As thesetechniquesexploit inherentproperties
of BDD constructiongraphreductiontechniqueglike *BMD,
POBDD,anddynamicvariablereorderinganbeincorporated
into our algorithmsto further expandthe usefulnesof these



algorithms.

Experimentakesultsshav thatwhenthe applicationdit in
physicalmemory our approachhasspeedup®f up to 1.6in
comparisonto leading depth-first(CUDD) and breadth-first
(CAL) packagesWhentheapplicationglonotfit into physical
memory our algorithmoutperformsoth CUDD andCAL by
upto anorderof magnitude Furthermoreto demonstratbow
our techniquesanefficiently build very largegraphswe con-
structedthe outputBDDs for the C6288multiplication circuit
from the ISCAS85benchmark.To the bestof our knowledge,
this hasnever beendonebefore.

Beyondthesequentialvorld,anotheadvantagef thepartial
breadth-firstalgorithmis thatit canbe parallelized22]. This
approachachievesspeedupsf up to four on eight processors
of asharednemorysystem.

The rest of this paperis asfollows: Sectionll givesan
overview of BDDsandhow they arecorstructed Sectionll de-
scribeghe partialbreadth-firsalgorithmandothertechniques
for controllingtheworkingsetsize. SectionlV presentperfor
manceevaluationof our implementation. SectionV demon-
stratesthe usefulnesf this implementatiorby constructing
very large BDDs for 16-bit array multipliers. Finally, Sec-
tion VIl summarizeghis paperand offers someconcluding
remarks.

Il. BDD OVERVIEW

A booleanexpressiorcanbe representetdy a completebi-
nary tree calleda binary decisiontree which is basedon the
expressiors truth table. Fig.1(a) shavs the truth table for
a booleanexpressionand Fig.1(b) shavs the corresponding
binarydecisiontree. Eachinternalvertex is labeledby a vari-
ableandhasedgedirectedtowardtwo children: the 0-branch
(showvn as a dashedine) corresponddo the casewherethe
variableis assigned, andthe 1-branch(shavn asasolidline)
correspondso thecasewherethevariableis assigned.. Each
leaf nodeis labeledO or 1. Eachpathfrom theroot to a leaf
nodecorresponds$o atruth tableentrywherethe valueof the
leaf nodeis thevalueof the functionandthe pathcorresponds
to theassignmentf thebooleanvariables.
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Fig. 1. A boolearexpressiorrepresentedith (a) Truthtable,(b) Binary
decisiontree,(c) Binary decisiondiagram.Thedashed-edgesre0-branches
andthesolid-edgesirethe 1-branches.

A binarydecisiondiagram(BDD) is adirectedagyclic graph
(DAG) representationf a binary decisiontreewhereequia-

lentboolearsubexpressionareuniquelyrepresentedrig.1(c)
shaws the BDD representatiof the binary decisiontreein
Fig.1(b). Sinceall subepressionsn a BDD areuniquelyrep-
resenteda BDD canbe exponentiallymore compactthanits
correspondingruth table or binary decisiontree representa-
tions.

Onenecessargonditionfor guaranteeingniquenessf the
BDD representatiois thatall the BDDs constructeanustfol-
low the samevariableordering;i.e., for arny two variablesz
andy, if = hashigherprecedence¢hany (z < y), thenfor
ary paththat containsboth z andy, x mustappearbeforey
on this path. Note thatthe BDD sizecanbe very sensitve to
thevariableorderingwherethe graphsizeof oneorderingcan
be exponentiallymorecompacthanthe graphsize of another
ordering.

Beforedescribingthe basisfor BDD constructionwe will
first introducesometerminologyandnotation. f,—o and f,—1
are cofactor functionsof the function f with respectto the
booleanvariablez, wheref,—o is equalto f with the valueof
z setto 0, and f,—; is equalto f with thevalueof z setto 1. A
reatablesubgaphof anoden is definedto be all the nodes
that canbe reachedrom n by traversing0 or more directed
edgesBDD nodesaredefinedto beinternalverticesof BDDs.
Givena BDD b, thefunction f representeddy b is recursvely
definedby

=T famot T fomu 1)

wherez is the variablecorrespondso b’s root nodeandthe
cofactorfunction f,—g is recursvely definedby thereachable
subgraphof b’s 0-branchchild. Similarly, f,—1 is recursvely
definedby thereachablesubgraptof b’'s 1-branchchild.

A. Basisfor BDD Construction

BDD constructionis a memoization-basedynamic pro-
grammingalgorithm. Dueto the large numberof distinctsub-
problemsjnsteacbf amemoizatioriable,acacheknown asthe
computedtadcheis usedo recordtheresultof eachsubproblem.
Givenavariableorderingandtwo BDDs f andg, theresulting
BDD r of abooleanoperationf op g is constructedasedon
the Shannorexpansion

r=fopg=T7-(fr=00pgr=0) + 7 (fr=10Pg-=1) (2)

wherer is the variable(top variable) with the highestprece-
denceamongall thevariablesn f andg, andf,.—o, fr=1, gr=0,
andg,—1 arethecorrespondingofactorfunctionsof f andg.
In the top-donvn expansionphase this Shannorexpansion
procesgepeatgecursvely following the givenvariableorder
ing for all theboolearvariablesn f andg. Thebasecasgalso
calledtheterminal casg of this recursve procesds whenthe
operationcanbetrivially evaluated.For example theboolean
operationf A f is aterminalcasebecauseét canbe trivially
evaluatedto f. Similarly, f A Ois alsoaterminalcase.At the
endof theexpansiorphasetheremaybeunreducedubepres-
sionslike (Z - h+ z - h). Thus,in orderto ensurainiquenessy
bottom-upreductionphaseis necessaryo reduceexpressions



like (Z - h + z - h) to h. This reductionphasealsoneedsto
ensureghateachBDD nodecreateds unique.

Fig.2illustratesthe Shannorexpansion(Equation?) for the
operationr = fopg. On the left side of this figure, the
operationis representewith anoperator nodewhichrefersto
BDD representationsf f andg asoperands.The right side
of this figure shawvs the Shannorexpansionof this operation
with respecto the variablez. Furtherexpansionof operator
nodescanbe performedn ary order In particular the depth-
first constructionalways expandsthe operatornodewith the
greatestdepth. Note that the depth-firstalgorithm doesnot
explicitly storethe operationsasoperatomodes. Instead the
operationis implicitly storedin the stackasargumentgo the
recursve calls.

In the breadth-firstconstruction the Shannorexpansionis
performedop-dovn from the variableswith the highestto the
lowestprecedenceo that operationswith the sametop vari-
ableareexpandedogether Thereductionphases performed
bottom-upin reverseorder Thus,all operationsvith thesame
top variablearereducedat the sametime.
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Fig. 2. ShannorExpansion:Thedasheddgerepresenthe0-branchof a
variableandthethick solid edgerepresentthe 1-branch

For therestof this paperwewill referto boolearoperations
issuedby a userof BDD packageasthe top level opemtions
to distinguishthemfrom operationgieneratedéhternallyby the
Shannorexpansiornprocess.

B. MemoryOverheadcandAccesd. ocality

BDD constructionis often memory intensve, especially
whenlarge graphsare involved. It not only requiresa lot of
memory it alsorequiresfrequentaccesse® mary smalldata
structureg(the nodesizeis typically 16 byteson 32-bit ma-
chines). The depth-firstBDD constructionhaspoor memory
behaior becausef irregularcontrolflow andmemoryaccess
patterns. The control flow is irregular becausehe recursve
expansioncanterminateat ary time whena terminal caseis
detectearwhentheoperatim is cachedin theconputedcache.
The memoryaccesgatternis irregularbecausea BDD node
canbe accessedueto expansionon ary of its mary parents;
and,sincethe BDD is traversedn the depth-firstmanney ex-
pansion®ntheparentsarescatteredn time. Theperformance
impactfor the depth-firstalgorithm’s poor memorylocality is
especiallyseverefor BDDs largerthanthe physicalmemory

Recently therehasbeenmuchinterestin BDD construc-
tion basedon breadth-firsttraversal[14, 15, 1, 10, 18]. In

a breadth-firsttraversal, the expansionphaseexpandsopera-
tionsonevariableat a time with all the operationof the same
variableexpandedogether Furthermoreduringthereduction
phaseall thenew BDD nodesof thesamevariablearecreated
together Thebreadth-firstonstructiorexploitsthis structured
accesdy clusteringnodeyfor bothBDD andoperatomodes)
of thesamevariabletogetheiin memorywith specializedhode
managers.

Despiteits bettermemorylocality, thebreadth-firstonstruc-
tion hasmuchlarger memoryoverheadn comparisorto the
depth-firstconstruction. The numberof operationsthat the
depth-firstconstructiorkeepgracksof atarny giventimeis the
depthof the recursion,which is at mostthe numberof vari-
ables. Sincethe numberof variablesis typically small, the
depth-firstconstructiordoesnotrequiremuchmemoryto store
theseoperations.In contrastfor eachtop level operationthe
breadth-firstonstructiorwill keepall operationgeneratedby
Shannorexpansionof this top level operationuntil the result
for thistop level operatioris constructedSincethe numberof
operationsanbe quadraticin the sizeof the BDD operands,
the breadth-firsapproackcanincuralarge memoryoverhead.
Thus,on someapplicationawvherethe depth-firstconstruction
fits in physicalmemorywhile the breadth-firstconstruction
doesnot, the performancef thebreadth-firstonstructiorcan
besignificantlyworsedueto pagefaults.

I1l. OUR APPFOACH TO BDD CONSTRUCTION

SinceBDD constructionnvolvesalargenumberof accesses
of mary small datastructuresjocalizing the memoryaccess
patternto boundthe working setsizeis critical becauseyood
memoryaccessocality resultsn goodhardwarecachdocality
andfewerpagefaults. Thissectionintroduceghreetechniques
to controlthe working setsize by limiting memoryoverhead
and by improving both temporaland spatiallocality. These
arefollowedby abrief discussioron how thesetechniguegan
work togethemwith variablereorderingalgorithms.

A. Partial Breadth-FirstConstruction

For the purebreadth-firstonstruction(which normally has
good memory locality), if the BDD operandsdo not fit in
physicalmemory thenthe pagesf operatomodesswappedn
during the expansionphasewill be swappedout by the time
the reductionphasetakes place. Furthermore as described
in Sectionll.B, breadth-firstconstructioncan incur a large
memoryoverhead.

To overcomethesedravbackswhile boundingthe memory
overheadwe introducepartial breadth-fist expansionbased
oncontetswitch. Within eachevaluationcontext, thebreadth-
first expansionis useduntil a fixed evaluation thresholdis
reached.Uponreachingthis threshold the currentcontext is
pushedntoa context stak anda new child context is started.
Theremainingoperationf the parentcontext arepartitioned
into smallergroupsandthe child context evaluatesheseoper
ationsonegroupatatime. This processepeateachtime the



currentevaluationcontext reachests threshold. By keeping
the evaluationthresholdto be a smallfraction of the available
physicalmemory we can boundthe numberof BDD nodes
andcomputecachenodescreatedandaccessedndthuscon-
trol the working setsize. Note that by settingthe evaluation
thresholdto 1, this algorithm degenerateso depth-firstcon-
struction. Similarly, by settingthe evaluationthresholdto oo,
this algorithmis identicalto purebreadth-firsconstruction.
Fig.3(a)shavsanexampleof acontect switch. In thisfigure,
thetoptriangledenoteshegraphof theinitial expansion.Upon
reachingthe evaluationthreshold the remainingunexpanded
operationaredividedinto two partitions(shovn astwo dashed
rectanglesandthenew child context is started.This new child
contet continuesto expandon the first partition. After the
child context finishesbuilding BDD resultsfor thefirst parti-
tion, it continuesto expandon the secondpartition asshovn
in Fig.3(b). Note thatexpansionof thesetwo partitionsmight
sharesomeoperationsn common. For thesecommonopera-
tions,theexpansiorof thesecongartitioncanbenefifromthe
resultscomputedrom the expansionof the first partition via
the computecache . However, sincethecomputecaches nota
completecache somecommonoperationsnay needto bere-
computed Thisfigurealsodepictshow thepartialbreadth-first
constructiorcanreducenemoryoverhead Theoperatonodes
createdrom expandinghefirst partitiondonotneedo bekept
during the expansionof the secondpartition. In comparison,
thepurebreadth-firstonstructior(shovn in Fig.3(c))needgo
keepall the operatomodesuntil afterthereductionphase.

Context Switch and

Expanding 1st Partition Expanding 2nd Partition No Context Switch

(b)

Fig. 3. A Context SwitchExample.(a) Uponreachingheevaluation
threshold currentunexpandedperationsaredividedinto two partitions
(shawvn astwo dashedectanglesandthenew child context continuego
expandon thefirst partition. (b) After thereductionfor thefirst partition, this
child context expandson the secondpartition. (c) Purebreadth-first
expansionis shavn for comparison.

Otherthanthe memorylocality andthe memoryoverhead,
theevaluationthresholdcanalsoimpacttheeffectivenes®f the
computecacheIn thepurebreadth-firstraversal theexpanded
operatornodesmust be kept until after the reductionphase.
This featureeffectively resultedin a completecachewithin
anexpansionphase.Similarly for the partial breadth-firsap-
proach,expansionwithin eachevaluationcontext maintainsa
completecache.Thus,a largerevaluationthresholdresultsin
a larger and more completecachefor the currentevaluation
contet at the costof highermemoryoverhead.

The rest of this section formally describesthis partial
breadth-firstalgorithm. Fig.4 shaws the top level procedure

anda helperfunctionfor this partialbreadth-firstonstruction.
For eachvariable thereis anexpansiongueueandareduction
queue.An expansiongueuequeueghe operationof thesame
variableto be Shannorexpandedduringthe expansionphase.
A reductionqueuequeueghe operationf the samevariable
to bereducedn thereductionphase.Thetop level procedure
pbf-op() builds the resultBDD by repeatedlydoing the Shan-
nonexpansion(line 3) andreduction(line 4) until thereareno
moreoperationsn thetop context (lines5 to 8) anduntil there
areno moreevaluationcontexts on the context stack(lines9to
11). Procedurereprocess-opfrst determinesvhetheror not
the operationis a terminalcaseor is cached(lines 13 to 15).
If not, this operationis addedto its top variables expansion
queue(lines 17 and 18) to indicatethat further Shannorex-
pansionis necessaryor this operation.This operationis also
insertedinto the computecache(line 19) to avoid expanding
redundanbperationsn the future. This procedureeturnsei-
thertheBDD result(for theterminalcaseandfor thecasenvhen
thecachedesultis aBDD) or anoperatomode.If anoperator
nodeis returnedthis operatomodes field opNoderesult will
containtheresultBDD afterthis operatomodeis processeth
thereductionphase.

pbf-op@p, fi g)
opNode«+ preprocess-opp, f, g)
if opNodeis aBDD node,returnopNode
call expansion()
call reduction()
if top context of the context stackhasoperationsthen
take a groupof operationgrom thetop context
addeachoperationto its top variables expansionqueue
gotoline 3 andrepeatuntil top context is empty
if contet stackis notempty
10 popthetop context anduseit asthe currentcontext
11 gotoline 3 andrepeatuntil context stackis empty
12  returnopNoderesult
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preprocess-opg, f, g)
13 if terminalcasefeturnsimplifiedresult
14 if theoperation(op, f, g) isin computecache,
15 returnresultfoundin cache
16 opNode« (op, f, g)
17 1 + topvariableof f andg
18 addopNodeto 7'sexpansionqueue
19 insertopNodento thecomputecache
20 returnopNode

Fig. 4. Partial Breadth-FirsConstruction:top level procedureanda helper
function

Fig.5shawvs the expansionphase.This top-davn expansion
phaseprocessesperationgjueuedrom the variablewith the
highestto the lowestprecedence Here, all the operationsof
the samevariableare Shannonexpandedtogether(lines 3 to
7). Thebrandhy andthebrand, fieldsof anoperatomodeare
usedo storetheresultsof Shannorexpansionandasdescribed
earlier theseresultsreturnedby the proceduregreprocess-op()



canbeeitheraBDD nodeor anoperatonode.In thelatercase,
theproceduregpreprocess-op(yould have queuedhe new op-

eratornodedo beprocessethy theexpansiorphasdater. The
variablenOpsPocesseds usedto trackthe sizeof the current
evaluationcontext andwhenit exceedsa constantevaluation
thresholdevalThreshold thecurrentcontet is pushedntothe
contet stackanda new child context is started(lines9 to 13).

expansion()
nOpsPocessed— 0
for eachvariablex in the currentevaluationcontext
from the highestto lowestprecedence
for eachnodeopNodein z’s expansiongueue
(op, f, g) < opNode
opNodebrandy < preprocess-opp, fz=0, gz=0)
opNodebrandy «+ preprocess-opp, fz=1, go=1)
addopNodeto variablez’s reducequeue
nOpsPocessed++
if (nOpsPocessed> evalThreshold
partitiontheremainingoperatorsnto smallgroups.
pushcurrentcontext with theseoperationgroups
ontothecontext stack
12 starta new evaluationcontext
13 return
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Fig. 5. Partial Breadth-FirstConstruction:expansiorphase

Fig.6 shavs the reductionphase.This bottom-upreduction
algorithmis the sameasthe pure breadth-firstconstructiorns
reductionphasewhereShannorexpandedoperationsarepro-
cessedogetheonevariableatatime, startingfrom thevariable
with the lowest precedencenoving upwardsto the variables
with the highestprecedenceTheresultsfrom the childrenare
obtainedn lines4to 11. Lines12to 19 performthereduction
and ensurethe resultis unique. The resultof a reductionis
storedin the opNoderesult field of anoperatomode(line 13
and19).

B. Memory Management

As in breadth-firsBDD algorithms,specializechodeman-
agersarethekey factorsin exploiting structuredaccessn the
partial breadth-firstapproach. In our implementation,each
variableis associatedvith a BDD-nodemanageisin [18]'s
breadth-firstalgorithm. Eachvariables BDD-nodemanager
clustersBDD nodesof the samevariableby allocatingmem-
ory in termsof blocksandallocatesBDD nodescontiguously
within eachblock. We furtherextendthis clusteringconcepto
usingoneoperatornodemanagefor eachvariable. With this
designwe notonly benefitfrom goodlocality of nodecluster
ing, we alsoeliminatethe needfor having boththe expansion
andthereductionqueuessincewe canaccesall the operator
nodesof eachvariableby simply traversingmemoryblocksof
eachoperatorfnodemanager

Furthermore,we associateone compute cacheand one
uniquetable per variable. Thus, cachelookup in the expan-
sion phaseandthe BDD uniquetablelookupin thereduction

reduction()
1 for eachvariablez in the currentevaluationcontext
from thelowestto highestprecedence

2 for eachnodeopNodein z'sreducequeue

3 (op, f, g) < opNode

4 if opNodebrandy, isaBDD,

5 res < opNodebrandg

6 else

7 reg « opNodebrand.result

8 if opNodebrandy; isaBDD,

9 res « opNodebrandy

10 else

11 res < opNodebrand;.result

12 if (rep ==res)

13 opNoderesult=reg

14 else

15 b < BDD node(z, res, res)

16 opNoderesult« lookup(uniqueable,b)
17 if BDD nodeb doesnotexistin theuniquetable,
18 insertb into the uniquetable

19 opNoderesult« b

Fig. 6. Partial Breadth-FirsConstructionreductionphase

phasewill only traversenodesof the samevariable. Since
nodesof the samevariablesare clusteredby the node man-
agers,this resultsin bettermemorylocality. Combinedwith
pervariablenodemanagersye canperformrehashindor each
variableindependentlypy traversingthememoryblocksof the
correspondingnodemanager Again, this rehashingapproach
hasbettermemorylocality thanthetraditionalapproachwhich
traverseghehashtable.

C. GarbageCollection

No BDD packages completewithout a goodgarbagecol-
lector Externalusersof aBDD packageanfreereferenceso
exportedBDDsandsinceBDD constructiorisamemoryinten-
sive application reusingthe spaceof unreachabl®DD nodes
is important. Most BDD packagesisereferencecountingand
maintaina freelist of unreferencedhodes.This approacthas
severaldravbacks. Most notablyit haspoor memorylocality
becausehe free-listapproactcanscattemewly createdBDD
nodesin memoryandthusreversingthe clusteringeffects of
specializechodemanagers.

In ourimplementationa mark-and-sweeparbagecollector
with memorycompactionis used. Unlike a copying garbage
collector, our garbagecollectionalgorithm performsmemory
compactionwithout requiring arny additionalmemory This
compactioralgorithmis stable i.e, the nodes’linearordering
is maintained.This propertyallows nodeswhich areallocated
nearbyin time to staytogether This canhelp accesdocal-
ity becausaodesallocatedtogetherarelikely to be accessed
togetherin thefuture.

Our garbagecollection algorithm consistsof two phases,
bothof which arebreadth-firstraversalfrom thevariablewith



highestprecedenceo the variablewith thelowestprecedence.
The first phasemarksand compactsall the reachablenodes
andthesecondghasdixesall thereferenceandrehashethese
nodes.

Fig.7 showvs the algorithmfor the mark-and-compagihase.
Line 1 marksall the rootsof exportedBDDs to indicatethat
thesenodesandtheirdescendantreall thenodeghatwe need
to keep. The top-davn breadth-firstmarking of descendants
is performedby traversingBDD nodesin eachnodemanager
(lines2 to 6). In this algorithm,n denoteghe marked BDD
nodethatis beingprocesse@ndnew denoteghe next target
locationfor compaction. For eachmarked BDD noden, its
childrenaremarked(line 7). Line 8 establishethenew location
new for noden by settingn’sforwardfield. Lines9and10copy
the relevantinformationin n to this new targetlocationnew.
Line 11 advancesnew to the next nodein the nodemanager
mgr asthenew tamgetlocation. Line 12 advances: to the next
markednodein this node-managefThis procesgepeatantil
we have processeall the marked nodesin this nodemanager
mgr; after which, all the marked nodesare compactednto
memoryblocksbeforenew andthusall theblocksafternew are
marked asfree blocksto be freedafterthe secondpohase(line
13).

mark-and-compact()
1 markall theroot nodesof exportedBDDs we needto keep.
2 for eachvariablez from the highestto lowestprecedence,
3 mgr + z's BDD-nodemanager
4 n «+ firstmarked nodein managemgr
5 new «+ first nodein managemgr
6 while . is still in nodemanagetngr,
7 markchildrenn.leftandn.right
8 n.forward < new
9 new.left < n.left

10 new.right < n.right

11 new < ManagerNgtNodefngr, new)

12 n < ManagerNetMarkedNodefngr, n)
13 put memoryblocksfor all the nodesafternew

into mgrfreeBlo&s

Fig. 7. GarbageCollections Mark andCompacthase This phasemarks
nodegthatwe wantto keepandat the sametime compacthe memoryto
avoid memoryfragmentation.

Fig.8shavsthesecondhaseof thegarbagesollectionalgo-
rithm. Initially, all externalreferencesreupdatedlines2 and
3). Thenit proceedsn atop-davn breadth-firsmannetto fix
eachBDD nodes childrenreferenceglines 7 and8) andrein-
sertthis nodebackinto the uniguetable(line 9). After all the
reference®f aBDD-nodemanagerreupdatedits associated
freeblocksarefreed(line 10).

For the purposeof explanation,the garbagecollection al-
gorithmshowvn usesan additionalfield forward for eachBDD
node.IntheactuaimplementationeachBDD nodeshashNet
field, usedfor chainechashingjs alsousedastheforward field
duringthe garbagecollection. This dualuseof the samefield
is only correctif hashinsertionof a nodedoesnot occuruntil

fix-and-rehash()

1 clearall uniquetables

2 for eachroot noder of exportedBDDs

3 updateroot nodesof exportedBDDs to theforwardedlocation
4 for eachvariablez from the highestto lowestprecedence,
5 mgr + z’'s Bdd-nodemanager

6 for eachnoden in managemgr

7 n.left + n.left.forwad

8 n.right < n.right.forward

9 insertn into variablez’s uniquetable

10 freeall memoryblocksin mgrfreeBlo&s

Fig. 8. GarbageCollections Fix andRehastPhase This phaseupdatesll
thechildrenreferencesndreinsertehe BDD nodesnto uniquetables.

afterall thereferenceso this nodearefixed. This conditionis
guaranteedby first fixing externalreferenceglines2 and3 in
Fig.8) andthen performingthe top-dovn breadth-firstraver-
sal, which updatesall the parentsreferencedbeforeinserting
a nodeinto the hashtable. Thus,this two phasebreadth-first
garbagecollectionalgorithmis ableto performmemorycom-
pactionwithoutrequiringarny additionalmemory

D. VariableReordering

Dynamic variablereorderingis animportantpart of BDD
construction. Eventhoughwe have not yet implementedy-
namicvariablereorderingthefollowing is anoutlineof poten-
tial problemsandtheir solutions.

1. Some variable reorderingalgorithmsrequire reference
counts. Since garbagecollection is generallyinvoked
rightbeforevariablereorderimy,wecancomputereference
countgduringthemark-am-conmpactphaseof garbagecol-
lection(line 1 andline 7 of Fig.7).

2. Dynamicvariablereorderingcan counteracthe cluster
ing effects achieved by the pervariable memory man-
agers[16]. The solutionsproposedin [16] should be
directly applicableto our approach.

IV. PERFORMANCEEVALUATION

In this section,we presenta performancevaluationof our
approach.Thetestcasesarethe ISCAS85benchmark$3], a
collectionof tencircuitsusedn industry Thevariableordering
we usedis generatedy order.dfsin SIS [20]. To getmore
testcaseswe generatalifferencesizearraymultiplier circuits
basedon carry ripple adderg6]. For the restof this section,
we shall refer to this multiplier circuit as MCRA (Multiplier
basedon Carry Ripple Adders). For n-bit multiplier with two
operandsd = Y7 ' 2ia; and B = Y74 2ib;, the variable
orderingusedis a,,—1 < Gp—2 < ... < a9 < bp_1 < bp_2 <
... < bo. For all thetestcasesto minimizememoryusagewe
freedtheintermediateesults(thosethatareneitherinputsnor
outputsof thecircuit) immediatelyafterits thelastreference.



In this section,we usetwo leadingBDD packagegor com-
parison.Thefirst packagds CAL version2.0from UC Berke-
ley, whichimplementghe breadth-firsalgorithmdescribedn
[18]. The secondpackagds CUDD version2.1.2[21] from
the University of Coloradoat Boulder, which implementshe
depth-firstalgorithmfor BDD construction Both arethelatest
releasess of November 1997. All packagesare compiled
with gcc usingthe optimizationflag -O3. In this section,we
will referto our packageasPBFE

For both CAL andCUDD, we usedall the default settings
with the exception of dynamic variable reorderingfeatures
which we disabledfor two reasons. First, we have not im-
plementeddynamicvariablereorderingyet. Secondturning
off the dynamicreorderingfeaturesemovesthe performance
impactdue to differentdynamicreorderingalgorithms. For
the CAL packagethe resultswe presentare without its su-
perscalarityand pipelining features[18] becauseof adwerse
performanceémpact. Thesefeaturesrequiredecomposingll
operationsinto a single operationtype. For the multipliers,
suchdecompositiorincreaseshe runningtime by up to 60%
andsuperscalaritgpf 10with automatigipeliningincreasethe
memoryusageby 30% with little (< 1%) or no performance
improvement. For C2670and C3540from ISCAS85bench-
marks,the resultsarelessclear Thus,for thesetwo circuits,
theresultsusingsuperscalaritpf 10 with automatigipelining
will alsobeincluded.

A. EvaluationThreshold

In this sectionwe examinehow differentevaluationthresh-
olds impactthe memoryusageand running time of our ap-
proach. The systemusedfor this evaluationis an SGI Pover
Challengewith 1 GBytesof physicalmemory This system
has12 processorsunningIRIX 6.2with 32-bitaddresspace.
Eachprocessois a 196MHz MIPS R10000. We performour
experimentsusing one processomunderlight load conditions
where our processesre the only active processes. Timing
resultsreportedaremeasurePUtime.

In this study the evaluationthresholdrangesrom 8 KBytes
to co wherethe oo casecorrespondso the purebreadth-first
case. The resultsfrom very small caseq< 10 secondsCPU
time and< 10 MBytesmemoryusagejareomitted.

Theresultsin Fig.9 shav thatin generalthe runningtime
variesaboutl0to 20%,exceptfor theC2670.For C2670 there
is a speedupof 2 for the oo casevs. the caseswith smaller
evaluationthresholds. This is mostlikely causeddy the fact
that a larger evaluationthresholdresultsin a more complete
cache(as discussedn Sectionlll.A). This is substantiated
by the factthatthe co casehasatotal of 23 million Shannon
expansionswhile thesmallerevaluationthresholdsasedave
over135million Shannorexpansions.

Theresultdn Fig.9alsoshaw tha differentevaluationthresh-
oldscanhave animpactonthememoryusageg.g,for C2670,
the ratio betweenmaximumand minimum memoryusageis
1.64. In general,this memoryusagedifferencemay be the
key factoron whetheror not an applicationfits into physical

memoryandthuscanhave a significanteffect on the running
time.

Threshold| CPUTime(seconds)MemoryUsage(MBytes)
(KBytes) C2670 | C3540 | MCRA14| MCRA15
8 277/169 | 254/158 | 979/134 | 3820/ 359

64 264/169 | 252/158 | 968/133 | 3726/ 359
512 268/169 | 241/157 | 884/134 | 3477/ 359
4096 240/180 | 251/165 | 837/139 | 3104/ 365
32768 147/213 | 234/ 198 | 953/175 | 3343/ 419
00 102/ 278 | 229/ 176 | 964/168 | 3561/ 491

Fig. 9. Effectsof EvaluationThreshold.occ casecorrespondso the casewith
purebreadth-first.

Note that overall, the evaluationthresholdof 4096 KBytes
strikesa reasonabldalancebetweermemoryusageandrun-
ning time. Since4906KBytesis ZASG of the physicalmemory
size (1 GBytes),for the restof the performancesvaluationin
this paperwe choosehe evaluationthresholdor our package

to be 5L of the physicalmemorysize.

B. Performanc&omparisor- No Paging

This section comparesour approach(PBF) to CAL and
CUDD whenthe testcasedit in physicalmemory The sys-
temusedfor evaluationis the sameasin the previoussection.
The memoryusagelimit is setto 1 GBytes. The evaluation
thresholdchoserfor our packages 4 MByteswhichis %56 of
physicalmemorysizeof 1 GBytes.

Fig.10shavstheresultof thisstudy Theresultsor smaller
casesare shavn at the top half of this table. The resultsfor
the C6288 and C7552 casesare not available becausehey
both exceededhe memorylimit. Note thatfor CAL, C2670
andC3540havebetterperformanceisingCAL’ssuperscalarity
andpipeliningfeatureatthecostof 71%to 84%highermemory
usage Theseresultsaremarkedwith § in Fig. 10.

Theresultsshov thatfor the larger casesPBF consistently
outperformdothCAL andCUDD, with speedpsranging from
1.10 (MCRA15) to 1.60 (C3540)in comparisonto the best
of CAL and CUDD. For the smaller cases,PBF is slower.
However, sincethesesmallercasegake lessthan2 seconddo
finish, performancelifferenceamonghedifferentapproaches
arelesssignificant.

As for memory usage,PBF's memory usagetracks very
closelywith CUDD'’s depth-firstimplementation. For small
caseq< 10 MBytes), PBF's memoryusageis higherdueto
thememoryoverheadf pervariabledatastructuresHowever,
for large casedike C3540and MCRA circuits, PBF's mem-
ory usageis actually slightly smallerthan CUDD’s memory
usage. In contrast,CAL’'s memoryusageis up to a factorof
1.6(MCRA15)in comparisorto PBF's memoryusage.

C. Performanc&omparison- Paging

This section comparesour approach(PBF) to CAL and
CUDD whenthetestcaseslonotfit into physicalmemory We



Circuit CPUTime(seconds) Memory(MBytes)
PBF CAL CUDD | PBF CAL CUDD
C432 1.08 0.94 1.02| 55 3.7 2.7
C499 0.25 0.45 0.19| 2.9 1.9 0.9
C880 0.25 0.23 0.11| 25 1.8 1.0
C1355 0.74 0.83 057 | 5.4 3.0 2.0
C1908 0.39 0.66 0.30| 3.0 1.9 1.6
C5315 0.90 0.86 0.32| 55 3.1 2.4
C2670 240 573 795 | 180 217 148
297 37
C3540 251 658 403 | 165 176 169
536 325
C6288 n/a n/a nfa| nla n/a n/a
C7552 n/a n/a nfa| nla n/a n/a
MCRA14 | 837 2016 1004 | 139 207 152
MCRA15 | 3104 7383 3425 | 365 646 482

Fig. 10. Performanceomparisorwhenthetestcasedit in physicalmemory
Both C6288andC7552case®xceededhe 1 GBytesmemorylimit andthus
theresultsarenot available. Numbersmarledwith § areCAL’sresultsusing
superscalaritypf 10 with automatigipelining.

repeatedhe experimentson a smallersystem— a 200MHz
PentiumPro with 256 KBytes L2 Cacheand 128 MBytes of

60nsEDO DRAM. This systemis runningLinux 2.0.30with

32-bit addresspace.All measurement&ereobtainedunder
single usermode. Timing resultsreportedare elapsedtime
andtime limit is setto be 24 hoursof elapsedime. For this
experiment,we chosethe testcasesvhich usemore memory
thanavailablephysicalmemory(128 MBytes).

Fig.11 shows that our approachPBF) consistentlyoutper
formsbothCAL andCUDD with speedupsangingfrom 1.51
(C2670)to 13.2(MCRA14)in comparisorno the bestof CAL
andCUDD. Thesignificantspeedupf MCRA14is mainlydue
to the factthat our approacts memoryusagefor this caseis
only slightly morethanthe available physicalmemory This
casademonstratetheimportanceof limiting thememoryover-
head.Anotherinterestingpointto notethatboththe PBF (our
approachandtheCAL (breadth-firstapproacthavemuchbet-
ter paginglocality thanthe CUDD (depth-firstjapproach.For
theC3540Qcircuit, thislocality resultedn anorderof magnitude
differencen performance.

Circuit Elapsedlime(seconds) Memory(MBytes)
PBF CAL CUDD | PBF CAL CUDD
C2670 | 1169 1773 7071 | 169 217 148
C3540 | 1058 1925 22629 | 157 176 169
MCRA14 | 1173 15506 22135| 134 207 152
MCRA15 n/a n/a n/a| nla n/a n/a

Fig. 11. Performanceomparisorwhenthetestcaseglo notfit into physical
memory MCRA15 caseexceededhetime limit of 24 hoursfor all three
packagesCAL’s numbersaremeasuredvithoutits superscalitynor
pipeliningfeatureso reducethe memoryusageandminimize paging.

V. ARRAY MULTIPLIERS

In thissectionwe demonstratéheeffectivenes®f ourtech-
niquesby building very large outputBDDs of two typesof in-
teger multiplicationcircuits. Thefirst typeis basedon C6288
from ISCAS85benchmark . C6288is a 16-bitarraymultiplier
usingcarrysave adders Basednits designwe derivedcorre-
spondingcircuitsfrom 1 to 15bits. Thesecondypeis anarray
multiplier with carryrippleaddefMCRA) asin SectionlV. In
this study we characterizédoth multipliersfrom 1 to 16 bits.

The systemusedfor this evaluationis an SGI Power Chal-
lengewith 4 GBytesof physicalmemory This systemhas16
processorsunninglRIX 6.2 with 64-bit addresspace.Each
processors a194MHzMIPS R10000.We performour exper
imentsunderdedicatednodeusingone processar Note that
for BDD applications,memoryusageon 64-bit machiness
generallytwice thatof 32-bit machines.

Fig.12 shaws the resultsfor this experiment. Fig.13 plots
the memory usageof output BDDs and memory usagefor
constructingC6288and MCRA circuitsin a semi-loggraph.
Notethatthe outputBDD sizesgrows exponentiallyatafactor
of about2.87perbit of word size.

Fig.13alsoshawvsthatotherthantheinitial overheadyhich
affectsthe memoryusageof smallercircuits, thetotalmemory
usagegrows at the samerate as the output BDDS’ memory
usage.Thisplotis asemi-logplotto clearlyshav thenumbers
for smallcases.However, it is worth noting thateventhough
thetotalmemoryusagdor thel16-bitmultiplieris aboutafactor
of threeto four overthesizeof outputBDDs, this semi-logplot
deemphasizethis difference.

To betterunderstanthememoryusageweanalyzeheBDD
constructionfor building the C6288circuit. The maximum
memoryusagefor building this circuit is 3803 MBytes. The
maximum numberof BDD nodesthat exist simultaneously
duringtheBDD constructiorprocesssabou 110 million (3352
MBytes). ToaccommodattheseBDD nodestheuniquetables
have a combinedotal of 48 million bins (366 MBytes). Thus
thememoryoverheadftheoperatonodesthecomputecache,
andotherauxiliary datastructuress 85 MByteswhichis only
2.2%of thetotal memoryusage.This resultdemonstratethat
our approachhasvery little memoryoverhead. As far aswe
know, thisis thefirsttime thattheentireC6288circuit hasbeen
built usingcorventionalBDD representations.

VI. RELATED WORK

Therearemary researctefforts basedn breadth-firsBDD
construction[14, 15, 1, 10, 18]. However, noneof thesepro-
posehow to boundthe memoryoverheadof the breadth-first
construction. To addresghis issue,we introduceda hybrid
algorithmwhich performsthe breadth-firstonstructiorto ex-
ploit memorylocality andswitchego the depth-firstconstruc-
tion whenthe memoryoverheadbecomedoo high [8]. This
hybrid approacthasthedravbackthatwhena BDD operation
is muchlargerthanthe switch-over threshold this hybrid ap-
proachwill be dominatedby the depth-firstportion andthus



#of | OutputSize | CPUTime(seconds)| Memory(MBytes)
Bits | (#of nodes)| C€6288 | MCRA C6288 | MCRA
1 3 0.01 0.01 0.4 0.5
2 14 0.01 0.01 0.7 0.7
3 46 0.04 0.03 2.7 2.0
4 140 0.06 0.08 3.9 5.2
5 404 0.10 0.10 5.9 6.0
6 1156 0.15 0.15 7.4 8.0
7 3256 0.27 0.23 9.3 9.3
8 9258 0.59 0.55 10.4 11.9
9 26,217 2.02 1.72 17.4 15.3
10 74,456 6.96 5.87 26.3 24.8
11 212,088 26.97 19.70 37.1 33.2
12 605,883 108.63 70.57 70.2 54.9
13 1,733,156 403.15 288.47| 162.6 134.6
14 4,955,083| 1483.66 996.63| 438.0 320.5
15 14,181,971| 5529.94| 3378.62| 1277.2 974.7
16 40,563,945| 22175.23| 12257.76| 3803.7| 2795.6

Fig. 12. Resultsfor multiplier circuits. Notethatsincea 64-bitmachineis
usedfor this study thememoryusagés roughlytwice asbig asresultson a
32-bitmachine.

have poor memorybehaior. Note thatthis hybrid is similar
to the mixed depth-firstandbreadth-firsepproactthat prunes
unnecessarecursiorbranchegor thequantificatiorandrela-
tional productoperationg18].

SMV [13]'s BDD packageusesmark-and-sweepgarbage
collectorwithoutmemorycompactionIn [15, 1,17], memory
compactionis usedto avoid memoryfragmentation. These
threeapproacheareall basedon referencecounting. In [15],
the compactioralgorithmis stable(i.e., linear orderingof the
nodesis maintained)anddoesnot requireadditionalmemory
Ourapproacts quitesimilarto this. In [1], thegarbageollec-
tion usesa free-listandwhenmemoryfragmentatiorbecomes
high,aseparatenemorycompactioralgorithmbasedn copy-
ing is used. In [17], garbagecollectionphaseis alsofree-list
basedandmemorycompactioris performedaftergarbageol-
lectiononly whenmemoryfragmentatiorbecomesigh. This
compactioris performedoy moving the newestsetof livenodes
tofill theholesleft behindby theoldestsetof deadnodesthus,
no additionalmemoryis required. This algorithmhasthe ad-
vantageof moving minimum numberof nodesnecessaryut
it doesnot maintainthelinearorderingof thelive nodes.The
performancémpactof thistradeof deseresfurtherstudy Our
approacttombinesnary attributesof theapproacheabove by
integratinga mark-and-sweeparbagecollectorwith a stable
memorycompactiorwithoutany additionalmemoryoverhead.

VII. SUMMARY AND CONCLUSIONS

This paperhasintroducedthreetechniquego control the
working setsizeby limiting memoryoverheadandimproving
both temporalandspatiallocality. First, we have introduced
anovel BDD constructioralgorithmbasedon partial breadth-
first expansion. This approachthasthe goodmemorylocality
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Fig. 13. Maximummemoryusagefor bothC6288andMCRA compared
with memoryusageof outputBDDs (labeledasBDD).

of the breadth-firstBDD constructionwhile maintainingthe
low memoryoverheadof the depth-firstapproach. Second,
we havedescribedhow memorymanagemerdnapervariable
basiscanimprove spatiallocality of BDD constructionat all
levels,includingexpansionyeduction andrehashing Finally,
we have introduceda memorycompactinggarbagecollection
algorithmto avoid memoryfragmentatiordueto unreachable
BDD nodes. Thesealgorithmswork togetherin controlling
theworking setsizeto gainbettermemoryaccessocality with
little memoryoverhead.As thesetechniquesxploit inherent
propertiesof BDD construction,graph reductiontechniques
(like *BMD, POBDD, andvariablereordering)canbe incor
poratednto ouralgorithmsto furtherexpandthe usefulnessf
thesealgorithms.

Experimentatesultsshowv thatby controllingthe evaluation
thresholdthepartial-breadttapproactcanreducethe memory
usageby 60%in comparisorto our purebreadth-firstase(co
evaluationthreshold). In the performancecomparisorstudy
theresultsshav thatwhentheapplicationdit in physicalmem-
ory, our approachis consistentlyfasterfor larger caseq> 2
secondsvith speedupsf upto 1.6in comparisonto theleadng
depth-first(CUDD) andbreadth-firs{ CAL) packagesWhen
theapplicationsdo notfit into physicalmemory our approach
outperformshoth CUDD andCAL by up to anorderof mag-
nitude. Furthermoreto demonstraténow our techniquesan
efficiently build very large graphs,we constructedhe output
BDDs for the C6288multiplicationcircuit from the ISCAS85
benchmarkand shaved thatthe memoryoverheadof our ap-
proachis 2.2%. Theseresultsshav that our techniquehave
successfullyachieved bettermemorylocality while reducing
thememoryoverhead.

Beyondthe sequentialvorld, anotheradvantageof the par
tial breadth-firsalgorithmis thatit canbeparallelizedy using
eachprocessoscontext stackasadistributedwork queug22].
Thisapproaclachievesspeedupsf upto four oneightproces-
sorsof asharednemorysystem.
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