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This examination assignment consists of 4 exercises with a total of 12 subexer-
cises. Subexercises are given equal weight in the grading. You have 4 hours to
answer all 12 subexercises. Remember to write the page number, your name
and your CPR number on each page of your written answer. The complete
assignment consists of 13 numbered pages, including this one.

Always read the entire question, before trying to solve it. Write all your
answers on solution sheets, not on this printout. Sign all the sheets with your
CPR number at least, and check carefully whether you are handing in a complete
set of pages.

For exercises that ask for efficient algorithms the asymptotic complexity of the
specified solution will be taken into account when grading. Exercises asking
for time complexity must be answered using O-notation with the least possible
asymptotic growth.



1 Algorithm Design

Question 1.1 The Dutch flag problem is to rearrange an array of characters
R, W, and B (red, white, and blue are the colors of the Dutch flag) so that
all the R’s come first, the W’s come next, and B’s come last. Design a linear
time, constant space algorithm solving this problem. Describe it in natural
language (English or Danish) or in pseudocode. What is the lower bound for
this problem? Motivate your answer.

Answer Count the number of occurrences of letters in the array and generate
the array anew, containing letters in the right order. The time needed for
counting is linear in the array size. The time needed for generating the
ordered array is also linear in the arrays size. The algorithm uses only three
additional counters for storing the number of occurrences of each of the
letters. The generation of the array can be done in place, as there is no data
attached to letters (so the contents of the input array can be destroyed).

The lower bound for this problem is ()(1) as one has to read all the array at
least once to order elements (there is no cheaper way of figuring out what is
the actual contents of the cells, unless more assumptions are made). So the
algorithm proposed above is asymptotically optimal.

Question 1.2 Design an O(1) space algorithm Hear-CHeck, which checks
whether an array H[1..n] is a min-heap. What is the worst-case running time
of your algorithm?

Answer

Hear-CHeck(H, n)

1 fori« 1to|7]
2 do if H[i] > H[2 =]
then return false
if2+i+1<mnand H[i] > H[2*i+ 1]
then return false
return true
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This algorithm runs in ®(n) time (it makes a constant operation for each of
the elements in the first half of the array).




Pascal’s rule allows computing binomial coefficients C, x that are occasionally
useful in mathematics. The rule is basically given by the following recurrence
for nonnegative n and k, such that k < n:

Cn,k = Cn—l,k—l + Cn—l,k
Cn,n = Cn,O =1

Question 1.3 Design an efficient algorithm for computing C, x, where k < n.
Your algorithm should not use more than O(nk) space. What is the time
complexity of your algorithm? Remark: You do not need to know what is a
binomial coefficient and how it is used to answer this question.

Answer One should use dynamic programming, which yields an O(nk)
algorithm using ©(nk) space:

BinomiaL-CoEFFICIENT(1, k)

> Assume both n,k >=0and n <k
create an integer matrix C[0...n,0...k]
fori —QOton

do C[;,0] « 1
forj—1tok

do Cj,jl 1
fori—2ton

doforj«—1toi—1

doCl[i,j] < C[i—-1,j-1]+C[i -1, ]]

return C[n, k]|
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2 Complexity Analysis

Imagine a variation of binary search trees (BST) called super trees. Super trees
use special insertion and deletion algorithms that maintain the depth of the tree
within a constant factor from the optimal (shallowest) regular BST. It is known
that any super tree is at most 1.51 times deeper than the shallowest BST with
the same contents. Otherwise super trees use the very same search procedure
as BSTs.

Assume that 7 is the number of elements stored in a tree. We run BST and
super tree benchmarks on identical machines, without memory caches, and the
entire trees always fit in available memory.

Question 2.1 For each of the following statements state whether it is correct or
not. A sentence is correct if you can conclude it from the description above. A
sentence is incorrect if it contradicts the description or it cannot be concluded
from the description due to lack of detailed information. Do not explain your
answers.

You earn a positive point for each correct answer. Each mistake earns you a
negative point. No answer earns no points. If the final amount of points for
this question is negative, then it will be rounded up to zero.

(a) If we take any BST and any super tree with the same contents and run
the search for the same arbitrary element on both, then the search on BST
will always finish first.

(b) If we take any BST and any super tree with the same contents and run
the search for the same arbitrary element on both, then the search on the
super tree will always finish first.

(c) The slowest search on every BST is slower than the slowest search on a
super tree with the same contents.

(d) The slowest search on the shallowest BST is at least as fast as the slowest
search on a super tree with the same contents.

(e) There exists a BST such that a sequence of searches for all of its n elements
(in any order) takes more time in total, than the same sequence on any
super tree with the same contents.

’Answer (a) incorrect, (b) incorrect, (c) incorrect, (d) correct, (e) correct




Consider a programming environment in which the only available dynamic
data structureis a stack. The top element of the stack s can be removed by calling
x < Popr(s). An element x can be added to the stack s by calling Push(x, s). Both
calls take constant time. The whole stack can also be reversed (REVERSE(S)),
making its bottom element to be at the top, and the top element to become the
bottom one. The reversal takes O(n) time, where 7 is the number of elements on
the stack. Such environments are found in functional programming languages.

Consider an implementation of a FIFO (first-in-first-out) queue in such a setup.
One way to achieve it is to maintain two stacks: in and out. When an element
x is enqueued we push it on the incoming stack in. When an element needs
to be dequeued then we pop it from the outgoing stack out. If the outgoing
stack out happens to be empty, then we exchange the stacks and reverse the
new outgoing stack.

Here is a possible implementation, assuming that in and out are global stack

variables, initially empty:

ENQUEUE (x)
1 PusH(x,in)

DeQUuUEUE()

1 if out is empty

2 then out < in

3 RevERSE(out)

z in « empty stack

5 return Por(out)

Question 2.2 Prove that the amortized cost of EnQueut and Dequeut is O(1)
in the above implementation. Assume that you start with an empty queue.




Answer For example by accounting method: assigning a cost of one to each
Pusu and Por and a cost 7 to a reversal of n element stack. Now for each
Enqueute we demand 2 credits, spending one on push and assigning the other
one to the element in the in stack. With each DEQuEUE we demand a new 1
credit, which is used for the Por operation. If we need to reverse the stack
then we use the credit stored in the data structure to pay for it. It is always
the case that all elements in out stack have credit assigned at this point (as
the queue was empty initially). Because of that we never get a negative
balance. Ultimately this means that a sequence of n operations can be run
only spending constant time on each operation (amortized).




Consider the following algorithm:

PuzzLi(A :array of real numbers, [ :integer, r :integer)

1 >Assumel,r>0and[<r

2 ifl=vr

3 then return A[l]

4 temp, < PuzzLe(4A,], HT’J)

5 temp, < PuzzLE(A, I_HTV +1],7)
6 if temp, < temp,

7 then return temp,

8 else return temp,

Question 2.3 (a) Describe in natural language (English or Danish) the problem
solved by this algorithm. (b) Formulate a recurrence describing the cost
of running this algorithm on n element array: PuzzLe(A,1,7n). Solve the
recurrence and give the resulting running time of the algorithm.




Answer (a) The above algorithm computes minimum value out of real num-
bers stored in the array A, on positions from [ to r.
(b) The algorithm divides the problem into two parts one roughly half of the
size of the original problem. Then it combines the two parts using a constant
time operation. If Ty denotes the cost of running the algorithm on the interval
containing k cells, then the required recurrence is:

T = 0(1)
Ty = TL%J + T|—I§<-| +0Q1) .

We could write it as:

Th=a

where ¢, ¢, > 0.
The inductive hypothesis needs to be strengthened for this recurrence and it
could be phrased as:

Te <ck—c, ,

for some positive c and all k > 1.

Base step: T; = ¢; < ¢ — ¢, holds for a sufficiently big value of c (c > ¢; + ¢3).
Inductive step: Tir1 = Tiga) + Tpaag + 02 < A -+ -0+ =
c|_k+71J -+ c["*Tl] = c(k + 1) — c,. By the principle of mathematical induction
there exists a positive c such that Ty < ck — ¢, < ck for all k, so the algorithm
runs in linear time.




3 Search Data Structure

In this problem we consider a new set data structure, that can be used as an
alternative to search trees. The data structure for n elements is a square matrix
of size n X yn. Assume that /n is an integer. Each row in the matrix is
sorted in ascending order and each column is sorted in ascending order. See
tigure for a small example. Note that the smallest element is stored in the top
left corner and the largest element is stored in the bottom right corner.

M1 2 3 4 5
112145710
316|8|15|17
14|19(25(32|39
18|26|34|41|47
21(28|36|45|52
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The following is the pseudocode for searching for an element with key k in the
data structure M. To simplify we assume that we only store the keys and no
associated information, i.e. an element consists only of an integer. We denote
by I = /n the number of rows and columns in the matrix. M[r, c] refers to the
entry in matrix M with row number r and column number c.

SEARCH-MATRIX(M : integer matrix, k : integer) : boolean

1 rel

2 forc—1tol

3 do while M[r,c] >k ANDr > 1
4 dor—r-1

5 if M[r,c] =k

6 then return TrRUE

7 return FALSE

Question 3.1 Illustrate a search in the data structure by showing a concrete
search for key 15 in the above example data structure.

Describe also in natural language (English or Danish) how the search proce-
dure SEArRcH-MATRIX Works (in general, not only for the example).




Answer When searching for 15 the algorithm compares 15 to 21, 18, 14, 19,
6, 8, 15, and returns TRUE.

The algorithm starts the search in the bottom left corner of the matrix and
walks up until an entry smaller than key k is found, then it walks right until
a larger entry than key k is found. This is repeated until the top limit or right
limit of the matrix is reached or until the element is found.

Question 3.2 What is the time complexity of SEARCH-MATRIX on a data struc-
ture containing n elements? Give the time complexity in O-notation and
argue for the correctness of your answer. Compare the time complexity to
the time complexity for searching in a balanced search tree (e.g. an AVL tree)
and state which is better.

Answer The time complexity is O(+/n), since the algorithm only walks up
and to the right in the matrix. Hence there are at most v/ steps up and n
steps to the right. For each step only one comparison is done, i.e. constant
time per step.

The time to search this data structure is worse than searching in an AVL tree,
since y/n grows faster than log n.

Question 3.3 Exchange line 3 to 4 in the above code for SEARCH-MATRIX With
the following:

do r «Bin-SearcH(M, 1,7, ¢, k)

BiNn-SEarRcH(M : integer matrix, min, max, c, k : integer) : integer
if min = max
then return min
mid « [(min + max)/2]
if M[mid,c] > k
then return BiN-SEarcH(M, min, mid — 1, ¢, k)
else return BiN-Searcu(M, mid, max, c, k)
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In what way does this change the way the algorithm works? Does this change
the worst case time complexity of the algorithm? In that case, what is the
new time complexity?
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Answer The new algorithm does binary search in a column to find the
matching element or the place in the column where all elements above are
smaller than the key k.

The time changes. For each column a binary search is performed, which takes
O(log Vn) = O(log n) in the worst case. The worst case can happen each time,
e.g. when the key one search for is larger than all elements in the matrix. The
total time is O(+/n log n), which is worse than just doing linear search.
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4 Single Source Shortest Path

In this problem weighted graphs with small weights are considered. As usual
we denote a graph by G = (V, E), where V is the set of vertices and E is the set
of edges in the graph. The weight of an edge ¢ € E is denoted w(e).

Question 4.1 Given the following graph, with edge weights, n-values and
d-values, is this a correct result of running Dijkstra’s algorithm on the graph?
If no, why not? If yes, is it the only possible result?

d=5 d=8
=S I=a
O O
d=0
s T 68 3
(=)

Ny d=7 2 d=10
\@11 N T=C
—0

Answer This is a correct result of running Dijkstra’s algorithm on the graph.
There is one more possible result, namely that vertex d has n-value b. This
is because b and c have the same d-value, and hence they were both in the
priority queue, with the same priority when c was returned by the ExTract-
Min call, and therefore b could as well have been returned.

In this problem we will assume that all edge weights in the graph are small
positive integers. Let us assume that all weights are integers in the range from
1 to 100.

In Dijkstra’s algorithm a priority queue is used to find the next vertex for which
the outgoing edges are relaxed. A Fibonacci heap implements a priority queue
such that the amortized cost of Decrease-Key is O(1) and ExtracT-MIN runs
in O(logn) time, when there are n elements in the priority queue. Using a
Fibonacci heap, Dijkstra’s algorithm runs in O(V'log V + E) time.

In the special case where the number of different priorities of the elements
represented in the priority queue at the same time, is limited to a constant a
more efficient priority queue exists. Both DEcrease-Key and ExtracT-MIN can
in this case be implemented to run in O(1) time, worst case.
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Question 4.2 Consider using the priority described above in Dijkstra’s al-
gorithm. Argue for that at any time during the algorithm only a constant
number of different priorities are present in the priority queue. Also give
the time complexity of the algorithm when using this more efficient priority
queue.

Answer The time for the algorithm becomes O(V + E), since now the V
ExTtrACT-MIN Operations take time O(V) in total instead of O(V log V).

To show correctness one has to show that the elements in the priority queue
only have a constant number of different priorities at any point of time during
the algorithm. Note however that the total number of different priorities
during the whole algorithm may be more than a constant.

To start with there are two different priorities, 0 for the start vertex and infinity
for all other vertices. Say that we are at a point in the algorithm where the last
ExTrRACT-MIN returned an element with priority x, i.e. the d-value to the vertex
is x. No vertex in the priority queue has a smaller d-value/priority queue.
For those elements with d-value less than infinity we want to show that the
d-values is between x and x + 100 when 100 is the largest weight of an edge.
If this is true, then we only have a constant number of different priorities. A
vertex b’s d-value changes when an edge (a,b) is relaxed. An edge (a,b) is
only relaxed if a4 has the minimum d-value, hence a’s d-value was at most x
when (g, b) was relaxed, and therefor b’s new d-value can not be more than
x + 100.

Question 4.3 Describe an implementation of a priority queue with constant
time DeEcrEAsSE-KEY and ExTracT-MIN operations in this setting where only a
constant number of different priorities are present at the same time. Note that
the data structure should support that the set of different priorities change
over time, as long as it keeps its constant size. Describe both the data structure
and the implementation of the two operations. Include correctness and time
analysis.
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Answer Store all different priorities in sorted order in a doubly linked list,
PrList. For each entry in the list a doubly linked list of elements with this
priority is stored, List(x) for priority x. When a list List(x) becomes empty,
the entry x in PrList is removed from PrList. When a new priority y not in
PrList appears a new element in PrList is inserted in the sorted order and a
new list with one element, List(y), is created. Since there are only a constant
number of different priorities, this list has constant length, so finding the right
position in sorted order takes constant time.

Decrease-Key(k) removes element k from its list List(old), if List(old) becomes
empty, then the element old in PrList is also removed. k is inserted in the list
List(new) if this list exists. Finding the correct list takes constant time. If it
does not exist a new entry new is created in PrList and a list List(new) with
one element k is created. O(1) time.

ExTtrRACT-MIN returns the first element in the first list in PrList, and removes
the element from the list List(). O(1) time. In the same way as above, an entry
in PrList and List() is be removed if necessary.
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