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Principal types

In the simply-typed lambda calculus without subtyping (and
polymorphism) each expression e has a principal type 1 from which all
other types for e may be obtained by instantiation.

Example: the principal type of the identity function | = Ax.xis a — a.

Now consider the case with subtyping.

Example: Assume i nt <:real . The principal type for Ax.x has to be
of the form a — «a.

However, the type i nt — real for Ax.xIs not an instance of a — a.
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Principal types — cont’d

Even, if we say that a principal type is a type from which all other types
can be obtained by instantiation and promotion, we still have problems.

Example: the type i nt — r eal is a supertype of an inst. of a — a.

Example: a potential principal type for twice= A f.AXx. f(fXx) is
(a—a)— (a—a).

One type twicehasis (real —int)— (real —int).

However, there is no type 1 such that 1 is an instance of
(a—d)—(a—a),and T< (real —int)—(real —int).
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Principal types

Issue: the type expression alone does not carry enough information to
represent all types of an expression.

Instead look at a pair (C, T) consisting of coercion set C and a type
expression T.
A coercion is a string T <: 1.

The intention is that an instance of such a pair can be obtained by
giving a substitution that satisfies all coercions in C and apply that
substitution to T.

There is an algorithm, TYPE, that infers principal types.

Example: for the identity function we would compute the pair (C, y)
whereC={a - B <y,a < (B}

Then, i nt — real isindeed an instance of the principal type (C, y) for
|
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Structural and non-structural subtyping

We have seen examples of so-called structural subtyping.

/ e/ /! 5 =l / e/ /! —
<ty U<t n<tn U<t
/ /! 0 c=lf /! !/ /! 0 ool /!

Only structurally similar types can be compared.

In non-structural subtyping that is no longer required.

Example, we might have assumptions allowing us to conclude
a<a—d.
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General subtyping
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Valid coercions and entallment

Assume given a relation valid on TYPE x TYPE satisfying
® itis reflexive;
® |tis transitive;
® |tis closed under substitution.

Define the entaillment relation I+ as follows
r<TIFo< o iff 1)< Y1) validimplies S(o) <: §o’) valid

Lift I- to coercion sets by interpreting a coercion set as a conjunction of
the individual coercions.
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A subtype system for lambda calculus

VAR
[ CHXx:T(X)
[ x:7.Cle:T
: ’ ABS
CHAxe:1T—T1
CrFe:T"—>1 T:;Clke:T pos
Cled:T
Cle: ClF T/
’ ! =1t COERCE

Cle:T
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Instances

A typing I'';C'+e: 7’ is an instance of a typing I";C I e: 1 iff there exists
a substitution Ssuch that

* T'=971);
* ey = SNltve):
e C'IFSC)

Lemma 1 (Substitution) IfI;CkF e: 1 Is typing, then so is any
instance I'';C' - e: 7.
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Algorithm TYPE

TYPE([',e) (TYPE:TYPEASSIGN x EXP — COERCIONSET X TYPE)
= C<—0;afresh;G—{(I'ea)};
while G is not empty do
choose any g from G;
case g of
(F,Ax.eT1):
(ax; Qpxe) fresh;
C—CuU{ax — Ojye < T};

G— (G—{gh)U{(F;x: ax,e dyye)};
(T',e€,1):

(Oee, O ) fresh;
C—CU{Oeg < T};
G« (G_ {g}) U{(rvev dg — aee’)v(rae(aae’)};

(F,%,1):
C—Cu{l(x)<rt};
G—G-—{g}

esac

done

return (C,a) |
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Example

Consider the expression e= A f.Ax.fx and the type assignment ' = (.
Algorithm TYPE proceeds as follows:
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Properties of TYPE

Theorem 1 TYPE is sound and (syntactically) complete.
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Well-typings

Not all typings are interesting!

Example: succ:int —int;{real <int}Fsuccl.5:int.

Idea: look only at a special form of typings.

A coercion set C iIs consistent if there exists a substitution Ssuch that
S(C) is valid.

A well-typing is a typing I';CF e: T where C is consistent.

Lemma 2 IfI;CF e: 1is a well-typing, then so is every instance
[":C'+e: 1" as long as C' is consistent.
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Inferring well-typings

Algorithm wTYPE computes well-typings:

let (C,7) = TYPE(,€)
In If Cis consistentthenC:I' ~e: 1
else fall

Theorem 2 WTYPE is sound and complete.
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Structural subtyping
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Subtype logic

Previously, we just postulated a reflexive, transitive, and
substitution-closed relation I-.

Now, define the relation as follows.

Cl-int <real Cu{r<ollFti<o

ClhFy<t Clh<rTts
Clrrrt<Tr ClFrry< 3

CkFri<n Cln<r
ChFi—-Ta<1—T,

We say that C I 1 < ¢ is valid if it is derivable by the above rules.

Coerciont < oisvaldiff0lI+1 < O.
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Information content

Example: under a structural subtyping regime, any valid instance of
the typing I'; {a <: B — y} - e: a must instantiate o to a function type.

Thus the set of valid instances of I'; {a < — y} Fe: a and
M {a’—a”" < B—y}tre:a — a” are the same.

On the other hand, the set of valid instances of
M{a"—(a"—d")<B—(Y—-y)Fe:a — (a”— a’)is smaller
than this (intuitively, we have “over-instantiated”).

We would like to find a well-typing I ;C, I e: a, such that any instance
of ';{a < B — y} Fe:ais also an instance of this well-typing, and
such that 'y, C,, a, provide as simple as possible, but also as
“structural” as possible information.
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Matchings

Define relation match by
®* match(t,1’) is true if both T and 1/ are atomic;
® match(1y — T2, T; — T5) if match(7y, 77) and match(1, 15).
A coercion T <: 7" is matching if match(t, 1) is true.
If C Is a valid coercion set, then every coercion in C must be matching.
In other words, instantiating a coercion set to be matching preserves

the set of valid instances.

Example: the set of valid instances of I'; {a <. — y} Fe: a and
M {a’—a”" < B—y}tre:a — a” are the same.
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Minimal matching instances

Theorem 3 Given a well-typing I';C - e: 1, there exists a well-typing
[,Ci Fe: 1. such that

* I,;C,Fe:1,is matching instance of ';CF e: T;

®* NCrle:Tandl,:C, Fe: 1, have the same information content;

* if";C'+e: 1’ is another matching instance of ';C+ e: 7, then it
IS also an instance of I ,.:C, Fe: T,.

We say that I',;C, - e: 1, Is the minimal matching instance of
[Chke:T.

IfI":C'+e: 1" isaninstance of [;Ct e: 1, then it is also an instance of
.. C.Fe:T.
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Example: minimal matching instance

Consider, A f.AX.f x again, and the coercion set

\

[ af — Oy ix < 0,
Ax — Ufx < Oxx fx;
C=4q o2 < asy, >
as < 01 — 0o,
L Ox < a1 y,

and resulting type a.

The minimal matching instance would be

’

\

(CI{: 7 CY{:’) 7 (aﬁ\x.fx — a;\/x.fx) < (Bl H BZ) 7 (B3 7 B4)7 \
Ax — Afx < a//\x.fx — a//\/x.fx’

az <l Ofx, >
a: — ay < 0y — 0z,
oy <: a1

with resulting type a. = (B1 — B2) — (B3 — Ba).
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Simplifying coercion sets

Example: consider coercion sets C; = {a — a’ <: 3 — '} and
C:={B<a,a < p'}.

It is easy to verify that C, I C, and C; IF Cq; i.e., the coercion sets are
equivalent.

Intuitively, C; is preferable to C; as it contains less redundant
information.

A coercion T <: T’ is atomic if both T and 1t are atomic (either, type
variables or type constants).

Algorithm sIMPLIFY computes maximally simplified coercion sets
consisting only of atomic coercions:

® sSIMPLIFY(C) =C if all coercions in C are atomic;
® SIMPLIFY(CU{T =T < 0— 0'}) =sIMPLIFY(CU{o < T,T' <

ao'}).

|
Type inference with Subtypes (Fuh and Mishra) — p. 21



Example: simplifying coercion sets

The coercion set
4

Ax — dfx < a//\x.fx — a//\/x.fx’
az < Oy,

a: — af < ap— a,

Oy < 01

\

can be simplified to

)
a: < Pi1,B2 < ay,

Az <l Uiy,
a1 < of, of < o2
oy <: a1

\

(@t = af) = (A 1x = Aoxix) < (BL— P2) — (Bz — Pa)

., /" . / . .y
Bz < Urx i Mrx ix < Pa, Uyx fx < O, Ofix <o Ay gy

\
Y

In reality we are then only interested in {2 <: 4,83 < B1}
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Algorithm wTYPE

WTYPE(T, e)
= let (C,a) =TYPE(T,e)
In if Cis consistent
then let I',;C, F e: a, be the minimal matching instance
In [,;SIMPLIFY(C,) Fe: a,
else falil
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Algorithm MATCH

MATCH (Cp)
= (C,SM) — (Co,ld,{(aa)|ac Co});
while C# 0 do
choose any c from C;
case c of
T1 — T; < T2 — T5: perform Decomposition
a; < ap: perform Atomic elimination
a < ToOrt< a: perform Expansion
esac
done
return S
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Properties of MATCH

Theorem 4 MATCH always terminates.

Theorem 5 If Cy is not matchable then MATCH(Cy) fails, otherwise

MATCH(Cp) returns a substitution Ssuch that S(Cp) is the minimal
matching instance of Co.
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