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�

C
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�

C
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C
ontin

uations

A
continuation

is
an

explicitrepresentation
ofthe

restofthe
com

putation.

C
ontinuations

have
m

any
uses,practicaland

conceptual:

�

rew
riting

a
function

in
continuation-passing

style
m

akes
its

evaluation
order

explicit;

�

a
function

in
continuation-passing

style
can

som
etim

es
be

rew
ritten

in
tail-recursive

form
,saving

space;

�

a
function

in
continuation-passing

style
can

som
etim

es
stop

the
com

putation
early,saving

tim
e;

�

the
evaluation

stack
(in

m
icro-C

,for
exam

ple)
can

be
considered

a
representation

ofa
continuation;

�

an
interpreter

in
continuation-passing

style
helps

understand
the

notion
oftail-call;

�

an
interpreter

in
continuation-passing

style
can

m
odelexceptions

and
exception

handling
(try-ca

tch
);

�

continuations
are

used
to

im
plem

entbacktracking,as
in

the
languages

P
rolog

and
Icon;

�

continuations
can

be
used

to
understand

on-the-fly
optim

ization
in

the
m

icro-C
com

piler
(lecture

9);

�

continuations
have

m
any

other
and

m
ore

m
agicaluses

...

C
ontinuations

w
ere

invented
independently

by
severalpeople

around
1970;see

R
eynolds

1993.

T
he

nam
e

is
due

to
C

hristopher
W

adsw
orth,a

studentofC
hristopher

S
trachey

(lvalues,C
P

L,etc).
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E
valuation

of
the

recursive
factorial

function

T
he

function
fa

cr
n

com
putes� �
�

�
�� �

�
�� ���	

��

by
recursion:

fu
n

fa
cr

n
=

if
n

=
0

th
e

n
1

e
lse

n
*

fa
cr(n

-1
);

A
fter

the
recursive

callfa
cr

(n
-1

)
,w

e
m

ustm
ultiply

the
resultby

n
.

C
om

puting
fa

cr
3

:

fa
cr

3
=

=
>

3
*

fa
cr

2
=

=
>

3
*

(2
*

fa
cr

1
)

=
=

>
3

*
(2

*
(1

*
fa

cr
0

))
=

=
>

3
*

(2
*

(1
*

1
))

=
=

>
3

*
(2

*
1

)
=

=
>

3
*

2
=

=
>

6

S
om

e
space

is
needed

to
rem

em
ber

the
w

ork
(the

m
ultiplications)

thatm
ustbe

done
after

the
recursive

call.

Justlike
m

icro-C
evaluation:

o
ldb
p

re
t

a
d

d
r

o
ldb
p

re
t

a
d

d
r

o
ldb
p

re
t

a
d

d
r

o
ldb
p

re
t

a
d

d
r

o
ldb
p

re
t

a
d

d
r

fa
c(0

,_
)

fa
c(1

,_
)

fa
c(2

,_
)

fa
c(3

,_
)

m
a

in
(3

)

0
1

2
3

4
5

6
7

8
9

1
0

1
1

1
2

4
3

0

1
3

1
4

1
5

1
6

1
7

1
8

1
9

2
0

2
1

2
2

i
r

n
re

s
tm

p
n

re
s

tm
p

n
re

s
tm

p
n

re
s

1
9

3
7

9
2

7
9

1
7

9
0

2
6

1
1

1
6

−
3

8
1

3
1

8

2
3
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T
he

factorial
function

in
contin

uation-passing
style

W
e

can
m

ake
‘the

w
ork

thatm
ustbe

done
after

the
recursive

call’explicitas
a

function,called
a

continuation.

T
he

continuation
k

:
in

t
->

in
t

represents
the

restofthe
com

putation.

T
he

factorialfunction
in

continuation-passing
style:

fu
n

fa
cc

n
k

=
if

n
=

0
th

e
n

k
1

e
lse

fa
cc

(n
-1

)
(fn

v
=

>
k(n

*
v))

W
e

have
fa

cc
n

k
=

k(fa
cr

n
)

;in
particularfa

cc
n

id
=

fa
cr

n
,w

here
fu

n
id

v
=

v
.

C
om

puting
fa

cc
3

id
goes

like
this:

fa
cc

3
id

=
=

>
fa

cc
2

(fn
v

=
>

id
(3

*
v))

=
=

>
fa

cc
1

(fn
w

=
>

(fn
v

=
>

id
(3

*
v))

(2
*

w
))

=
=

>
fa

cc
0

(fn
u

=
>

(fn
w

=
>

(fn
v

=
>

id
(3

*
v))

(2
*

w
))

(1
*

u
))

=
=

>
(fn

u
=

>
(fn

w
=

>
(fn

v
=

>
id

(3
*

v))
(2

*
w

))
(1

*
u

))
1

=
=

>
(fn

w
=

>
(fn

v
=

>
id

(3
*

v))
(2

*
w

))
(1

*
1

)

=
=

>
(fn

w
=

>
(fn

v
=

>
id

(3
*

v))
(2

*
w

))
1

=
=

>
(fn

v
=

>
id

(3
*

v))
(2

*
1

)
=

=
>

(fn
v

=
>

id
(3

*
v))

2
=

=
>

id
(3

*
2

)
=

=
>

id
6

=
=

>
6
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C
ontin

uation-passing
style

in
Ja

va
(file

co
n

t/F
a

cto
ria

l.ja
va

)

C
ontinuation-passing

style
is

notparticular
to

S
tandard

M
L.

B
utthe

Java
version

ofcontinuation-passing
style

fa
cc

is
a

little
com

plicated
atfirstsight.

A
continuation

is
an

instance
ofa

localinner
class

thatim
plem

ents
C

o
n

t
:

in
te

rfa
ce

C
o

n
t

{
in

t
k(in

t
v);

}sta
tic

in
t

fa
cc(fin

a
l

in
t

n
,

fin
a

l
C

o
n

t
co

n
t)

{
if

(n
=

=
0

)
re

tu
rn

co
n

t.k(1
);

e
lsere

tu
rn

fa
cc(n

-1
,

n
e

w
C

o
n

t()
{

p
u

b
lic

in
t

k(in
t

v)
{

re
tu

rn
co

n
t.k(n

*
v);

}
});

}

T
his

looks
strange,butthe

idea
is

w
ell-know

n:
an

A
ctionListener

is
a

kind
ofcontinuation.
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F
rom

contin
uation

to
accum

ulating
param

eter

A
pparently

little
is

gained
by

w
riting

factorialin
continuation-passing

style.

H
ow

ever,in
the

specialcase
offactorialw

e
can

representthe
continuation

by
a

sim
ple

num
ber.

O
bservation:

In
fa

cc
,the

continuation
alw

ays
has

the
form

fn
u

=
>

r
*

u
for

som
e

integerr
:

�

T
he

initialcontinuation
id

can
be

w
ritten

as
fn

u
=

>
1

*
u

;

�

Ifthe
old

continuation
k

can
be

w
ritten

as
fn

u
=

>
r

*
u

then
the

new
continuation

(fn
v

=
>

k(n
*

v))
can

be
w

ritten
as

fn
v

=
>

(r
*

n
)

*
v

.

T
his

is
because

k(n
*

v)
=

r
*

(n
*

v)
=

(r
*

n
)

*
v

.

Ifw
e

replace
k

by
r

and
replace

k(e
)

by
r*e

in
fa

cc
w

e
getan

iterative
version

offactorial:

fu
n

fa
ci

n
r

=
if

n
=

0
th

e
n

r
*

1
e

lse
fa

ci
(n

-1
)

(r
*

n
)

Itholds
thatfa

ci
n

1
=

fa
cc

n
id

=
fa

cr
n

.

T
he

param
eterr

is
called

an
accum

ulating
param

eter:
itaccum

ulates
the

resultofthe
function.
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T
he

iterative
factorial

function

fu
n

fa
ci

n
r

=
if

n
=

0
th

e
n

r
e

lse
fa

ci
(n

-1
)

(r
*

n
);

T
he

evaluation
offa

ci
3

1
goes

like
this:

fa
ci

3
1

=
=

>
fa

ci
2

3
=

=
>

fa
ci

1
6

=
=

>
fa

ci
0

6
=

=
>

6

T
his

com
putation

can
be

done
in

constantspace:
there

are
no

pending
m

ultiplications
to

rem
em

ber.

T
he

reason
is

thatthe
recursive

callto
fa

ci
is

a
tailcall:

itis
the

lastaction
ofthe

function.

C
onsequence:

no
space

is
needed

to
rem

em
ber

‘the
w

ork
thatm

ustbe
done

after
the

recursive
call’.

Transform
ation

to
continuation-passing

style
m

akes
allcalls

into
tailcalls.

(W
hy?)

T
his

in
itselfsaves

nothing:
the

continuations
m

ustbe
stored.

In
som

e
cases

a
continuation

can
be

represented
by

a
value

(integer,list,...),saving
space

or
tim

e.
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Tail
calls

A
function

callis
a

tailcall
ifitis

the
lastaction

ofthe
calling

function.

A
n

expression
is

in
tailposition

ifthe
evaluation

ofthatexpression
is

the
lastaction

ofthe
enclosing

function.

E
xpression

S
tatus

of
sube

xpressions


��

 �
�� �
�

�� � ��

��

is
in

tailposition,��

is
not

�� �
��

neither��

nor��

is
in

tailposition

�
�

�� �
�� �

�� � 
����
��

and��

are
in

tailposition,��

is
not


��
�


 �
�� �
�

�� � ��
��

is
in

tailposition,��

is
not

�
�

�

is
notin

tailposition

A
tailcallis

a
callthatis

in
tailposition.

W
hich

ofthese
calls

are
tailcalls:

f
1

f(f
1

)

f
1

+
f

2
if

1
=

2
th

e
n

f
3

e
lse

f(f
4

)
le

t
x

=
f

1
in

f
x

e
n

d
le

t
x

=
f

1
in

if
x=

2
th

e
n

f
x

e
lse

f
3

e
n

d
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T
he

im
por

tance
of

tail
calls

M
ostfunctionallanguage

im
plem

entations
execute

tail-recursive
functions

in
constantspace.

M
ostother

language
im

plem
entations

(P
ascal,C

,C
+

+
,Java,C

#,...)
do

not.

Typically
they

use
stack

space
proportionalto

the
depth

ofrecursive
calls.

U
sing

the
lecture

7
com

piler,this
m

icro-C
program

(file
im

p
/e

x1
2

.c
)

runs
outofstack

space
forn

>
3

5
0

:

in
t

m
a

in
(in

t
n

)
{

if
(n

)
re

tu
rn

m
a

in
(n

-1
);

e
lsere

tu
rn

1
7

;
}

N
extw

eek
w

e
shallim

prove
the

m
icro-C

com
piler

so
thattail-recursive

functions
execute

in
constantspace.

In
Java

itis
difficultto

com
pile

tailcalls
properly

because
ofits

security
m

odel:

T
he

security
m

anager
checks

the
fram

e
stack

to
see

thatallcalling
m

ethods
have

sufficientperm
issions.

Ifthe
stack

calling
m

ethod’s
stack

fram
e

w
ere

discarded
in

a
tail-call,then

a
low

-perm
ission

m
ethod

could
cheat

the
security

m
anager

by
calling

a
high-perm

ission
m

ethod
by

a
tailcall...

M
icrosoft.N

etC
LR

has
adopted

the
sam

e
security

m
odel,butm

akes
som

e
effortto

be
tailcall-friendly.
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T
he

evaluation
stac

k
represents

a
contin

uation

T
he

stack
fram

e
on

the
stack

top
binds

the
variables

ofthe
currently

executing
function.

T
he

stack
fram

es
below

itrepresentfunction
calls

thatare
notyetfinished:

fa
cr

3
=

=
>

3
*

fa
cr

2
=

=
>

3
*

(2
*

fa
cr

1
)

=
=

>
3

*
(2

*
(1

*
fa

cr
0

))
=

=
>

3
*

(2
*

(1
*

1
))

=
=

>
3

*
(2

*
1

)
=

=
>

3
*

2
=

=
>

6

T
he

pending
m

ultiplications
(by

3,2,and
1)

are
represented

by
the

stack
fram

es
below

the
top-m

ostone:

o
ldb
p

re
t

a
d

d
r

o
ldb
p

re
t

a
d

d
r

o
ldb
p

re
t

a
d

d
r

o
ldb
p

re
t

a
d

d
r

o
ldb
p

re
t

a
d

d
r

fa
c(0

,_
)

fa
c(1

,_
)

fa
c(2

,_
)

fa
c(3

,_
)

m
a

in
(3

)

0
1

2
3

4
5

6
7

8
9

1
0

1
1

1
2

4
3

0

1
3

1
4

1
5

1
6

1
7

1
8

1
9

2
0

2
1

2
2

i
r

n
re

s
tm

p
n

re
s

tm
p

n
re

s
tm

p
n

re
s

1
9

3
7

9
2

7
9

1
7

9
0

2
6

1
1

1
6

−
3

8
1

3
1

8

2
3

T
he

stack
fram

es
rem

em
ber

w
hatm

ustbe
done

w
hen

the
currentfunction

returns.
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C
ontin

uation-passing
interpreter

s

A
interpreter

is
a

function:

fu
n

e
va

l
(e

:
e

xp
r)

(e
n

v
:

vfe
n

v)
:

in
t

=
...

E
very

function
can

be
rew

ritten
in

continuation-passing
style.

S
o

an
interpreter

can
be

w
ritten

in
continuation-passing

style.

T
his

is
interesting:

�

ifthe
interpreter

is
allow

ed
to

ignore
its

continuation
—

sim
ilar

to
throw

ing
ofan

exception;or

�

ifthe
interpreter

is
given

tw
o

continuations
and

can
choose

w
hich

one
to

use
—

sim
ilar

to
handling

an

exception.
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C
ontin

uation-passing
interpreter

for
a

functional
langua

g
e

R
ecallour

sim
ple

functionallanguage:

d
a

ta
typ

e
e

xp
r

=
C

stI
o

f
in

t
|

C
stB

o
f

b
o

o
l

|
V

a
r

o
f

strin
g

|
L

e
t

o
f

strin
g

*
e

xp
r

*
e

xp
r

|
P

rim
o

f
strin

g
*

e
xp

r
list

|
If

o
f

e
xp

r
*

e
xp

r
*

e
xp

r
|

L
e

tfu
n

o
f

strin
g

*
strin

g
*

e
xp

r
*

e
xp

r
(*

(f,
x,

fb
o

d
y,

e
b

o
d

y)
*)

|
C

a
ll

o
f

strin
g

*
e

xp
r

A
n

interpreter
for

this
language

w
as

a
function:

fu
n

e
va

l
(e

:
e

xp
r)

(e
n

v
:

vfe
n

v)
:

in
t

=
...

T
his

function
can

be
rew

ritten
in

continuation-passing
style,w

ith
a

continuation
co

n
t

:
in

t
->

a
n

sw
e

r
.

T
he

continuation
takes

the
value

ofa
subexpression

and
produces

the
finalresultofthe

interpretation:

fu
n

co
E

va
l1

(e
:

e
xp

r)
(e

n
v

:
vfe

n
v)

(co
n

t
:

in
t

->
a

n
sw

e
r)

:
a

n
sw

e
r

=
...

A
n

a
n

sw
e

r
is

S
uccess

(norm
alterm

ination)
or

Failure
(exceptionalterm

ination):

d
a

ta
typ

e
a

n
sw

e
r

=
S

u
cce

ss
o

f
in

t
|

F
a

ilu
re

o
f

strin
g
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T
he

�
interpreter

,part
1

(file
co

n
t/fu

n
.sm

l
)

fu
n

co
E

va
l1

(e
:

e
xp

r)
(e

n
v

:
vfe

n
v)

(co
n

t
:

in
t

->
a

n
sw

e
r)

:
a

n
sw

e
r

=
ca

se
e

o
f

C
stI

i
=

>
co

n
t

i
|

C
stB

b
=

>
co

n
t

(if
b

th
e

n
1

e
lse

0
)

|
V

a
r

x
=

>
(ca

se
lo

o
ku

p
e

n
v

x
o

f
In

t
i

=
>

co
n

t
i

|
_

=
>

F
a

ilu
re

"co
E

va
l1

V
a

r")
|

L
e

t(x,
e

rh
s,

e
b

o
d

y)
=

>
co

E
va

l1
e

rh
s

e
n

v
(fn

xva
l

=
>

le
t

va
l

e
n

v1
=

b
in

d
1

e
n

v
(x,

In
t

xva
l)

in
co

E
va

l1
e

b
o

d
y

e
n

v1
co

n
t

e
n

d
)

|
P

rim
(o

p
e

,
[e

1
,

e
2

])
=

>
co

E
va

l1
e

1
e

n
v

(fn
i1

=
>

co
E

va
l1

e
2

e
n

v
(fn

i2
=

>
ca

se
o

p
e

o
f

"*"
=

>
co

n
t(i1

*
i2

)
|

"+
"

=
>

co
n

t(i1
+

i2
)

|
"-"

=
>

co
n

t(i1
-

i2
)

|
"=

"
=

>
co

n
t(if

i1
=

i2
th

e
n

1
e

lse
0

)
|

"<
"

=
>

co
n

t(if
i1

<
i2

th
e

n
1

e
lse

0
)

|
_

=
>

F
a

ilu
re

"u
n

kn
o

w
n

p
rim

itive
"))

|
P

rim
(o

p
e

,
_

)
=

>
F

a
ilu

re
"p

rim
itive

a
rity"

|
...
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T
he

interpreter
,part

2
(file

co
n

t/fu
n

.sm
l

)

fu
n

co
E

va
l1

(e
:

e
xp

r)
(e

n
v

:
vfe

n
v)

(co
n

t
:

in
t

->
a

n
sw

e
r)

:
a

n
sw

e
r

=
ca

se
e

o
f

...
|

L
e

tfu
n

(f,
x,

fb
o

d
y,

e
b

o
d

y)
=

>
le

t
va

l
e

n
v1

=
b

in
d

1
e

n
v

(f,
R

C
lo

(f,
x,

fb
o

d
y,

e
n

v))
in

co
E

va
l1

e
b

o
d

y
e

n
v1

co
n

t
e

n
d

|
C

a
ll(f,

e
a

rg
)

=
>

(ca
se

lo
o

ku
p

e
n

v
f

o
f

fclo
su

re
a

s
R

C
lo

(f,
x,

fb
o

d
y,

e
n

v1
)

=
>

co
E

va
l1

e
a

rg
e

n
v

(fn
a

rg
v

=
>

le
t

va
l

e
n

v2
=

b
in

d
1

e
n

v1
(f,

fclo
su

re
)

va
l

e
n

v3
=

b
in

d
1

e
n

v2
(x,

In
t

a
rg

v)
in

co
E

va
l1

fb
o

d
y

e
n

v3
co

n
t

e
n

d
)

|
_

=
>

F
a

ilu
re

"co
E

va
l1

C
a

ll")
|

If(e
1

,
e

2
,

e
3

)
=

>
co

E
va

l1
e

1
e

n
v

(fn
b

=
>

if
b

<
>

0
th

e
n

co
E

va
l1

e
2

e
n

v
co

n
t

e
lse

co
E

va
l1

e
3

e
n

v
co

n
t)

fu
n

e
va

l1
e

e
n

v
=

co
E

va
l1

e
e

n
v

(fn
v

=
>

S
u

cce
ss

v)

W
hen

the
interpreter

fails
(in

V
a

r
,P

rim
orC

a
ll

)
itsim

ply
ignores

the
continuation,and

returns
Failure.

Itterm
inates

abruptly
w

ithoutusing
m

eta-language
(S

M
L)

exceptions!

A
m

ajor
advantage

ofcontinuation-passing
style:

W
hen

the
continuation

co
n

t
is

explicit,w
e

can
term

inate
the

com
putation

abruptly
justby

ignoring
it.
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T
hro

w
ing

exceptions
in

a
functional

langua
g

e

N
ow

w
e

can
add

exceptions
and

a
ra

ise
expression

to
our

functionallanguage.

d
a

ta
typ

e
e

xn
=

E
xn

o
f

strin
g

d
a

ta
typ

e
e

xp
r

=
...

|
R

a
ise

o
f

e
xn

|
H

a
n

d
le

o
f

e
xp

r
*

e
xn

*
e

xp
r

(*
e

1
h

a
n

d
le

e
xn

=
>

e
2

*)

T
he

expression
R

a
ise

(E
xn

s)
should

sim
ply

term
inate

the
interpreter.

Itdoes
so

by
ignoring

the
exception

and
returning

F
a

ilu
re

s
as

the
a

n
sw

e
r

:

fu
n

co
E

va
l1

(e
:

e
xp

r)
(e

n
v

:
vfe

n
v)

(co
n

t
:

in
t

->
a

n
sw

e
r)

:
a

n
sw

e
r

=
ca

se
e

o
f

...
|

R
a

ise
(E

xn
s)

=
>

F
a

ilu
re

s
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H
o

�

w
can

w
e

m
odel

the
h

an
d

lin
g

of
exceptions?

In
S

M
L,exceptions

throw
n

in
e

1
can

be
handled

by
(e

1
h

a
n

d
le

e
xn

=
>

e
2

)
.

�

Ife
1

term
inates

successfully,then
its

resultis
the

resultofthe
entire

expression.

�

Ife
1

throw
s

an
exception,then

–
ifthe

exception
m

atches
e

xn
then

the
exception

is
discarded

and
e

2
is

evaluated;

–
otherw

ise
the

exception
propagates

out,either
to

a
previous

handler
or

allthe
w

ay
to

the
top-level.

T
his

is
justas

in
Java’s

and
C

#’s
try

�� 
�

�

ca
tch

(�
�

)

�� 
�

� .

To
m

odelthis,w
e

need
tw

o
continuations:

�
the

norm
al(success)

continuation
co

n
t

:
in

t
->

a
n

sw
e

r
;

�

an
error

continuation
e

co
n

t
:

e
xn

->
a

n
sw

e
r

.

T
he

error
continuation

looks
atthe

exception
given

to
it,and

either
handles

itor
propagates

it.

T
he

new
exception-throw

ing
and

exception-handling
interpreter

has
type:

fu
n

co
E

va
l2

(e
:

e
xp

r)
(e

n
v

:
vfe

n
v)

(co
n

t
:

in
t

->
a

n
sw

e
r)

(e
co

n
t

:
e

xn
->

a
n

sw
e

r)
:

a
n

sw
e

r
=

...
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E
xception-handling

functional
interpreter

,part
1

(file
co

n
t/fu

n
.sm

l
)

fu
n

co
E

va
l2

(e
:

e
xp

r)
(e

n
v

:
vfe

n
v)

(co
n

t
:

in
t

->
a

n
sw

e
r)

(e
co

n
t

:
e

xn
->

a
n

sw
e

r)
:

a
n

sw
e

r
=

ca
se

e
o

f
C

stI
i

=
>

co
n

t
i

|
C

stB
b

=
>

co
n

t
(if

b
th

e
n

1
e

lse
0

)
|

V
a

r
x

=
>

(ca
se

lo
o

ku
p

e
n

v
x

o
f

In
t

i
=

>
co

n
t

i
|

_
=

>
F

a
ilu

re
"co

E
va

l2
V

a
r")

|
L

e
t(x,

e
rh

s,
e

b
o

d
y)

=
>

co
E

va
l2

e
rh

s
e

n
v

(fn
xva

l
=

>
le

t
va

l
e

n
v1

=
b

in
d

1
e

n
v

(x,
In

t
xva

l)
in

co
E

va
l2

e
b

o
d

y
e

n
v1

co
n

t
e

co
n

t
e

n
d

)
e

co
n

t
|

P
rim

(o
p

e
,

[e
1

,
e

2
])

=
>

co
E

va
l2

e
1

e
n

v
(fn

i1
=

>
co

E
va

l2
e

2
e

n
v

(fn
i2

=
>

ca
se

o
p

e
o

f
"*"

=
>

co
n

t(i1
*

i2
)

|
"+

"
=

>
co

n
t(i1

+
i2

)
|

"-"
=

>
co

n
t(i1

-
i2

)
|

"=
"

=
>

co
n

t(if
i1

=
i2

th
e

n
1

e
lse

0
)

|
"<

"
=

>
co

n
t(if

i1
<

i2
th

e
n

1
e

lse
0

)
|

_
=

>
F

a
ilu

re
"u

n
kn

o
w

n
p

rim
itive

")
e

co
n

t)
e

co
n

t
|

P
rim

(o
p

e
,

_
)

=
>

F
a

ilu
re

"p
rim

itive
a

rity"
|

...
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E
xception-handling

functional
interpreter

,part
1

(file
co

n
t/fu

n
.sm

l
)

fu
n

co
E

va
l2

(e
:

e
xp

r)
(e

n
v

:
vfe

n
v)

(co
n

t
:

in
t

->
a

n
sw

e
r)

(e
co

n
t

:
e

xn
->

a
n

sw
e

r)
:

a
n

sw
e

r
=

|
...

|
L

e
tfu

n
(f,

x,
fb

o
d

y,
e

b
o

d
y)

=
>

le
t

va
l

e
n

v1
=

b
in

d
1

e
n

v
(f,

R
C

lo
(f,

x,
fb

o
d

y,
e

n
v))

in
co

E
va

l2
e

b
o

d
y

e
n

v1
co

n
t

e
co

n
t

e
n

d
|

C
a

ll(f,
e

a
rg

)
=

>
(ca

se
lo

o
ku

p
e

n
v

f
o

f
fclo

su
re

a
s

R
C

lo
(f,

x,
fb

o
d

y,
e

n
v1

)
=

>
co

E
va

l2
e

a
rg

e
n

v
(fn

a
rg

v
=

>
le

t
va

l
e

n
v2

=
b

in
d

1
e

n
v1

(f,
fclo

su
re

)
va

l
e

n
v3

=
b

in
d

1
e

n
v2

(x,
In

t
a

rg
v)

in
co

E
va

l2
fb

o
d

y
e

n
v3

co
n

t
e

co
n

t
e

n
d

)
e

co
n

t
|

_
=

>
F

a
ilu

re
"co

E
va

l2
C

a
ll")

|
If(e

1
,

e
2

,
e

3
)

=
>

co
E

va
l2

e
1

e
n

v
(fn

b
=

>
if

b
<

>
0

th
e

n
co

E
va

l2
e

2
e

n
v

co
n

t
e

co
n

t
e

lse
co

E
va

l2
e

3
e

n
v

co
n

t
e

co
n

t)
e

co
n

t
|

R
a

ise
e

xn
=

>
e

co
n

t
e

xn
|

H
a

n
d

le
(e

1
,

e
xn

,
e

2
)

=
>

le
t

fu
n

e
co

n
t1

e
xn

1
=

if
e

xn
1

=
e

xn
th

e
n

co
E

va
l2

e
2

e
n

v
co

n
t

e
co

n
t

e
lse

e
co

n
t

e
xn

1
in

co
E

va
l2

e
1

e
n

v
co

n
t

e
co

n
t1

e
n

d
fu

n
e

va
l2

e
e

n
v

=
co

E
va

l2
e

e
n

v
(fn

v
=

>
S

u
cce

ss
v)

(fn
(E

xn
s)

=
>

F
a

ilu
re

("U
n

ca
u

g
h

t
e

xce
p

tio
n

:
"

ˆ
s))
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E
xpressions

in
tail

position,
and

the
contin

uation-passing
interpreter

T
he

continuation-passing
interpreter

show
s

w
hich

expressions
are

in
tailposition.

A
subexpression

is
in

tailposition
ifitis

evaluated
w

ith
the

sam
e

continuations
as

the
enclosing

expression.

In
particular,in

(e
1

h
a

n
d

le
e

xn
=

>
e

2
)

,the
subexpression

e
1

is
not

in
tailposition.

S
ubexpression

e
1

has
a

differenterror
continuation

than
the

enclosing
expression.

W
hy

can
tail

calls
be

evaluated
w

ithout
a

ne
w

stac
k

fram
e?

A
function

callC
a

ll(f,
e

a
rg

)
evaluates

the
body

off
w

ith
the

sam
e

continuations
as

the
callitself:

fu
n

co
E

va
l2

(e
:

e
xp

r)
(e

n
v

:
vfe

n
v)

(co
n

t
:

in
t

->
a

n
sw

e
r)

e
co

n
t

=
ca

se
e

o
f

...
|

C
a

ll(f,
e

a
rg

)
=

>
...

co
E

va
l2

fb
o

d
y

e
n

v3
co

n
t

e
co

n
t

...

H
ence

ifthe
callto

f
is

a
tailcall,evaluated

w
ith

the
sam

e
continuations

as
the

enclosing
function

le
t

g
x

=
...

f
e

...

then
the

body
ofthe

called
f

is
evaluated

w
ith

the
sam

e
continuations

as
the

calling
g

also.

S
o

the
evaluation

off
can

reuse
the

continuations
ofg

.

In
a

stack
m

achine,the
evaluation

off
can

use
the

sam
e

stack
as

g
:

no
new

stack
fram

e
is

needed.
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C
ontin

uation-passing
interpreter

for
an

im
perative

langua
g

e

A
continuation-passing

interpreter
can

be
defined

for
a

sm
allim

perative
language:

d
a

ta
typ

e
stm

t
=

A
sg

n
o

f
strin

g
*

e
xp

r
|

If
o

f
e

xp
r

*
stm

t
*

stm
t

|
B

lo
ck

o
f

stm
t

list
|

F
o

r
o

f
strin

g
*

e
xp

r
*

e
xp

r
*

stm
t

|
W

h
ile

o
f

e
xp

r
*

stm
t

|
P

rin
t

o
f

e
xp

r
|

T
h

ro
w

o
f

e
xn

|
T

ryC
a

tch
o

f
stm

t
*

e
xn

*
stm

t

T
he

statem
entinterpreter

w
illhave

type:

fu
n

co
E

xe
c1

stm
t

sto
(co

n
t

:
sto

->
a

n
sw

e
r)

:
a

n
sw

e
r

=
...

A
continuation

co
n

t
takes

the
store

resulting
from

the
execution

ofa
statem

ent,and
produces

an
answ

er:

d
a

ta
typ

e
a

n
sw

e
r

=
S

u
cce

ss
|

F
a

ilu
re

o
f

strin
g

Italso
perm

its
exception-throw

ing
(and

handling,notshow
n

here).
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C
ontin

uation-passing
interpreter

,part
1

(file
co

n
t/im

p
.sm

l
)

fu
n

co
E

xe
c1

stm
t

sto
(co

n
t

:
sto

->
a

n
sw

e
r)

:
a

n
sw

e
r

=
ca

se
stm

t
o

f
A

sg
n

(x,
e

)
=

>
co

n
t

(se
t

sto
(x,

e
va

l
e

sto
))

|
If(e

1
,

stm
t1

,
stm

t2
)

=
>

if
e

va
l

e
1

sto
<

>
0

th
e

n
co

E
xe

c1
stm

t1
sto

co
n

t
e

lse
co

E
xe

c1
stm

t2
sto

co
n

t
|

B
lo

ck
stm

ts
=

>
le

t
fu

n
lo

o
p

[]
sto

=
co

n
t

sto
|

lo
o

p
(s1

::sr)
sto

=
co

E
xe

c1
s1

sto
(fn

sto
=

>
lo

o
p

sr
sto

)
in

lo
o

p
stm

ts
sto

e
n

d
|

F
o

r(x,
e

sta
rt,

e
sto

p
,

b
o

d
y)

=
>

le
t

va
l

sta
rt

=
e

va
l

e
sta

rt
sto

va
l

sto
p

=
e

va
l

e
sto

p
sto

fu
n

lo
o

p
i

sto
=

if
i

<
=

sto
p

th
e

n
co

E
xe

c1
b

o
d

y
(se

t
sto

(x,
i))

(fn
sto

=
>

lo
o

p
(i+

1
)

sto
)

e
lse

co
n

t
sto

in
lo

o
p

sta
rt

sto
e

n
d

|
...

N
o

continuation
is

passed
to

the
expression

evaluator.

T
his

lim
itation

ofthe
m

odelm
eans

thatexpression
evaluation

cannotthrow
exceptions.
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C
ontin

!

uation-passing
interpreter

,part
2

(file
co

n
t/im

p
.sm

l
)

fu
n

co
E

xe
c1

stm
t

sto
(co

n
t

:
sto

->
a

n
sw

e
r)

:
a

n
sw

e
r

=
...

|
W

h
ile

(e
,

b
o

d
y)

=
>

le
t

fu
n

lo
o

p
sto

=
if

e
va

l
e

sto
<

>
0

th
e

n
co

E
xe

c1
b

o
d

y
sto

lo
o

p
e

lse
co

n
t

sto
in

lo
o

p
sto

e
n

d
|

P
rin

t
e

=
>

(p
rin

t
(In

t.to
S

trin
g

(e
va

l
e

sto
));

p
rin

t
"\n

";
co

n
t

sto
)

|
T

h
ro

w
(E

xn
s)

=
>

F
a

ilu
re

("U
n

ca
u

g
h

t
e

xce
p

tio
n

:
"

ˆ
s)

fu
n

ru
n

1
stm

t
:

a
n

sw
e

r
=

co
E

xe
c1

stm
t

e
m

p
ty

(fn
sto

=
>

S
u

cce
ss)

A
n

exception-handling
interpreterco

E
xe

c2
can

be
defined

justas
for

a
functionallanguage.

A
n

error
continuation

e
co

n
t

:
e

xn
*

sto
->

a
n

sw
e

r
m

ustbe
passed

around.

Ittakes
both

a
throw

exception
and

a
possibly

updated
store

as
argum

ent

T
he

throw
ing

ofan
exception

does
notdiscard

updates
to

variables
thathave

already
been

m
ade.
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A
backtrac

king
interpreter

(co
n

t/b
a

cktra
ck.sm

l
)

In
the

language
Icon,an

expression
m

ay
fail,produce

one
result,or

produce
m

any
results:

E
xpression

R
esults

C
om

m
ent

5
5

Integer
constant

(1
to

3
)

1
2

3
R

ange;succeeds
3

tim
es

(1
to

0
)

E
m

pty
range;fails

w
rite

(1
to

3
)

1
2

3
P

rintthe
values

e
ve

ry(w
rite

(1
to

3
))

0
F

orce
allresults

to
be

generated
and

printed

(1
to

3
)

+
(4

to
6

)
5

6
7

6
7

8
7

8
9

A
llargum

entcom
binations

(1
to

3
)

|
(4

to
6

)
1

2
3

4
5

6
R

esults
from

left,and
results

from
right

(1
to

3
)

&
(4

to
6

)
4

5
6

4
5

6
4

5
6

A
llresults

from
rightfor

every
resultfrom

left

(1
to

3
)

;
(4

to
6

)
4

5
6

A
llresults

from
right,no

backtracking
left

T
his

can
be

im
plem

ented
using

tw
o

continuations:

�

A
failure

continuation
fco

n
t

:
u

n
it

->
a

n
sw

e
r

�

A
success

continuation
co

n
t

:
in

t
->

fco
n

t
->

a
n

sw
e

r

T
he

success
continuation’s

failure
continuation

is
used

for
backtracking:

go
back

and
ask

for
m

ore
results.
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fu
n

e
va

l
(e

:
e

xp
r)

(co
n

t
:

co
n

t)
(fco

n
t

:
fco

n
t)

=
ca

se
e

o
f

C
stI

i
=

>
co

n
t

i
fco

n
t

|
F

ro
m

T
o

(i1
,

i2
)

=
>

(*
i1

to
i2

*)
le

t
fu

n
lo

o
p

i
=

if
i

<
=

i2
th

e
n

co
n

t
i

(fn
()

=
>

lo
o

p
(i+

1
))

e
lse

fco
n

t
()

in
lo

o
p

i1
e

n
d

|
W

rite
e

=
>

(*
w

rite
e

*)
e

va
l

e
(fn

v
=

>
fn

fco
n

t1
=

>
(w

rite
v;

co
n

t
v

fco
n

t1
))

fco
n

t
|

P
rim

2
(o

p
e

,
e

1
,

e
2

)
=

>
(*

e
1

+
e

2
*)

e
va

l
e

1
(fn

v1
=

>
fn

fco
n

t1
=

>
e

va
l

e
2

(fn
v2

=
>

fn
fco

n
t2

=
>

ca
se

o
p

e
o

f
"+

"
=

>
co

n
t

(v1
+

v2
)

fco
n

t2
|

"*"
=

>
co

n
t

(v1
*v2

)
fco

n
t2

|
_

=
>

F
a

ilu
re

"u
n

kn
o

w
n

p
rim

2
")

fco
n

t1
)

fco
n

t
|

A
n

d
(e

1
,

e
2

)
=

>
(*

e
1

&
e

2
*)

e
va

l
e

1
(fn

_
=

>
fn

fco
n

t1
=

>
e

va
l

e
2

co
n

t
fco

n
t1

)
fco

n
t

|
O

r(e
1

,
e

2
)

=
>

(*
e

1
|

e
2

*)
e

va
l

e
1

co
n

t
(fn

()
=

>
e

va
l

e
2

co
n

t
fco

n
t)

|
S

e
q

(e
1

,
e

2
)

=
>

(*
e

1
;

e
2

*)
e

va
l

e
1

(fn
_

=
>

fn
fco

n
t1

=
>

e
va

l
e

2
co

n
t

fco
n

t)
(fn

()
=

>
e

va
l

e
2

co
n

t
fco

n
t)

|
...
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