Programming Languages ITU, F2004

Written examination
9 June 2004

This examination comprises 6 pages. Please check immigdiaéé you have a complete set of questions. There
are four questions, all of whose subquestions should bsfaetiorily answered to get full marks. You may use
any books, lecture notes, exercises, pocket calculatodssa on at the examination, but not computers that can
run Standard ML or that are connected to any kind of network.

Question 1 (25 %): Standard ML

Question 1.1

Here are four Standard ML functions, and six declarationsafbles:

fun add k [] =[]
| add k (x::xr) = (k + x) :: add k xr
fun mul k [] =[]
| mul k (x::xr) =(k * x) :: ml k xr
fun fronfo mn = if m> n then [] else m:: fronifo (ml) n
fun tabulate(m f) =if m< 0 then [] else f m:: tabulate(m1, f)
val resl = fromlo 2 5
val res2 = mul 3 resl
val res3 = fronifo 5 2
val res4 = fromlo 1 0
val resb5 = (res3 = res4)
val res6 = tabulate(5, fn x => x * x)

For each of the four functionadd, nmul , f r oniTo, andt abul at e, show the type of the function and briefly
explain what the function does.
For each of the six variables, show its type and value.

Question 1.2

Define each of the above functioadd andrmul using the higher order function
mp : ("a->'b) ->"alist ->"'b |ist fromthe Standard MLLi st structure.
Define the functiori r omTo usingt abul at e from above.
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Question 1.3

This question and the next ones concern regularly spacegbnsequences such(@si14, 21, 28) or (—2,0, 2,4, 6)
or (12,9, 6) where the difference between two successive elements &athe in the entire sequence. In the ex-
ample sequences the differenc& iand2 and—3 respectively.

Note in particular that the empty sequenge and any one-element sequence suctlaor (9), and any
constant sequence such(a8, 13, 13) is regularly spaced.

The general form of a regularly spaced integer sequenge is+ i,a + 2i,...,a + (k — 1)i) wherea andi
andk are integersk > 0. Therefore any regularly spaced integer sequence can tesesyted by a tripléa, i, k)
of the start values, the increment, and the number of elements Conversely, any tripléa, i, k) with & > 0
represents a regularly spaced integer sequence. Somelesamp

Sequence Representatio('u, i,k)
(7,14,21,28) is represented by (7, )
(—2,0,2,4,6) is represented by  (—2,2,5)
(12,9, 6) is represented by (12, ,3)
() can be represented by(0, 0,0) and(1, 1,0) and by any triple of forna, 7, 0)
(1) can be represented by(1,1,1) or (1,17, 1) or by any triple of form(1,4, 1)
(9) can be represented by(9,1,1) or (9,17, 1) or by any triple of form(9, 4, 1)
(1,2,3,4,5,6) is represented by  (1,1,6)
(13,13,13) is represented by (13,0, 3)
Write an SML functionsequence : int * int * int -> int |ist suchthatthe application

sequence (a, i, k) produces the regularly spaced sequence represented bipteeThe result should be an
SML integer list.

Question 1.4

Define an SML functioni sRegSeq : int |ist -> bool that checks whether a given list is a regu-
larly spaced integer sequence as described above. For ExansiRegSeq [] andi sRegSeq [9] and
i sRegSeq [7, 14, 21, 28] should be true, whereasRegSeq [ 7, 14, 20] should be false.

Question 1.5

Define an SML functiorget RegSeq : int list ->int * int * int suchthatget RegSeq xs
either returns atripl¢a, i, k) thatrepresents the sequens or else throws the exception

Fail "not regular”

Thus wherget RegSeq xs does not throw an exception but retufres, i , k) , it should hold that
sequence (a,i, k)
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Question 2 (25 %): Grammar and abstract syntax

This and the following questions concern a small expredsioguage in which an expression evaluates to either
a single integer, or an integer sequence (but not necasaagularly spaced integer sequence).

The form and meaning of expressions are explained by the badbw. Lete, e; ande, be expressions, and let
andn be signed integer constants suclbas 0 or- 17:

Expression Meaning

m The integem

[] The empty sequende

[ m: n] The sequencén, m + 1,...,n), empty ifm >n

er + e The sum ofe; andes, where at most one @f, ande; may be a sequence

er * e The product ok, ande,, where at most one @f, ande, may be a sequence

er ++ eq The concatenation ef; andes; bothe; ande; must be sequences

mn e The minimal value in the sequenegor 1073741823 if the sequence is empty
max e The maximal value in the sequengeor - 1073741824 if the sequence is empty
rev e The reversal o¢, which must be a sequence

(e) The value of

Inan additiore; + e, or multiplicatione; * e, the resultis an integer if both operands evaluate to imtegfee
result is a sequence if one of the operands evaluates to arsegjiand the expression is illegal of both operands
evaluate to a sequence.

In a concatenation; ++ e both operands must evaluate to a sequence, and then thiesesséquence.

Inmax eandmi n eandrev e, the operand must evaluate to a sequence.

Some example expressions and their values:

e The expressiof2: 5] produces the sequen¢z 3,4, 5).
e The expression5: 2] produces the empty sequene
e The expressio + [ 2: 5] produces the sequen(® 6, 7, 8).
e The expressio + 2 * [2:5] produces the sequen¢g9,11,13).
e The expressio + 2 * [2:5] ++ [2:4] produces the sequen¢g9,11,13,2,3,4).
e The expressiomax (3 + 2 * [2:5]) produces the integds.
e The expressiomin (3 + 2 * [2:5]) produces the integér.
e The expressionev (3 + 2 * [2:5]) produces the sequen¢Es, 11,9,7).
Here is an abstract syntax for expressions:

dat at ype expr =

Cstl of int (* I'nteger constant *)
| Fromflo of int * int (* Sequence (from to) *)
| Enpty (* Enpty sequence *)
| Add of expr * expr (* Sumof ints or int and seq *)
| Ml of expr * expr (* Product *)
| Append of expr * expr (* Concatenation of sequences *)
| Max of expr (* Maxi mum of sequence *)
| Mn of expr (* M nimm of sequence *)
| Rev of expr (* Reverse of sequence *)
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Question 2.1

Write a context-free grammar for expressions. It must be &bbenerate all the expression forms shown in the
table on page 3. A single nonterminal symbol suffices.

Question 2.2

Write the operator precedence and associativity part ofitteaml yac parser specification gr mfile). The mul-
tiplication operator* ' should have higher precedence (bind more strongly) thgmwhich has higher precedence
than “++'. All operators associate to the left.

You may assume that the following token declarations aréadla in the parser specification already, where
I NT represents non-negative integer constantndn:

% oken <int> | NT

% oken MAX M N REV

% oken M NUS PLUS Tl MES PLUSPLUS COLON LBRACKET RBRACKET LPAR RPAR
% oken EOF

Question 2.3

Write the rule part of arosnl yac parser specification for expressions. Hint: To make surertha el +
e2isparsedagmn el) + e2,notmn (el + e2), use aseparate nontermidlExpr for the atomic
expressions such &-2,[ ],[ m: n] and(e).

The rule part should have this form:

Mai n:
Expr ECF { ...}
iExpr:
At Expr { ... 1
| MN At Expr { ... 1
,,AtExpr:
{ ...}
| ... { ...}
int:
{ ...}
I { ...}
Question 2.4

Extend the parser specification from question 2.3 with s¢imations, so that each rule generates a Standard
ML value of typeexpr , the abstract syntax type shown on page 3.
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Question 3 (25 %): Evaluation and type checking

This question concerns evaluation and type checking ofesgions as defined on page 3, using the abstract syntax
typeexpr .

Question 3.1

Evaluation of an expression should produce either an intagan integer sequence. The two kinds of results can
be represented by the typal ue:

dat at ype val ue =
Int of int
| Seq of int Iist

Write an ML functioneval : expr -> val ue suchthaeval e computes the result — which must be an
integer or an integer sequence — described by expressidiote that the expression language has no variables
and therefore the only argument to #eal function is the expressiom; there is no need for an environment.

Theeval function must throw exceptioRval with a string argument if evaluation of expressiergoes
wrong; for instance, if it attempts to add two integer seaqasrto each other. Assume that the excepfoal is
declared as follows:

exception Eval of string

Question 3.2

Write a type checker for expressions as defined on page 3.ypbef an expression is either ‘integer’ or ‘integer
sequence’, represented Bypl andTypS below:

dat atype typ =

Typl
| TypS

Write an ML functioncheck : expr -> typ suchthatheck e finds the type of expressian

Thecheck function must throw exceptiofiy pe with a string argument if the expressiens ill-typed; for
instance, if it attempts to add two integer sequences to ether. Assume that exceptidry pe is declared like
this:

exception Type of string

The intention is thati€Eheck e evaluates to a type without throwing exceptiype, theneval e will evaluate
to a value without throwing exceptidéval .
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Question 4 (25 %): Simplification

This question concerns simplification of expressions asidéfon page 3, using the abstract syntax gppr .

Many expressions have the same value. Often a complex ekpnesan be simplified to obtain a simpler one
that has the same value. For instance, the expreSsien[ 5: 9] has the same value as the simpler expression
[ 5: 9], and the expressia® * max [ 17: 101] hasthe same value as the simpler expres3as

This table lists some possible simplifications:

0 +e can be simplified to e

1* e can be simplified to e

k + [mn] can be simplified to [ k+m k+n] whenk an integer constant
[ mn] can be simplified to [ ] whennen

max |[] can be simplifiedto - 1073741824

mn [] can be simplified to 1073741823

mn [mn] can be simplified to m whennk=n

max [ m n] can be simplified to n whennk=n

rev [] can be simplified to [ ]

rev (rev e) canbe simplifiedto e

Note: Some of the above simplification rules assume thagiémtarithmetics does not silently wrap around on
overflow (as in Java/C/C++), but raises an exception, asandgird ML and in C# checked contexts. You can
ignore this subtlety below.

Question 4.1

Propose four more simplifications not listed in the tablevabriefly explain for each simplification why it is
correct.

Question 4.2

Write a functionsi mpl i fy : expr -> expr sothatsi nplify eisanexpressionthathasthe same value
ase, but simpler thar when possible. Your simplifier should implement all the difigations shown in the table
above, and should be able to simplify the expres8ioh max [ 17: 101] to the expressioB03.

Question 4.3

Some simplifications may look plausible, but turn out to bemwg upon closer inspection. For each of the fol-
lowing wrong simplifications, give an example to show tha implification is wrong. To give an example, it
is sufficient to choose suitable integer constants to irnestéad ofk, mandn, and show that the ‘simplified’
expression has a different value than the original one.

k * [mn] canbe simplified’to [k*m k*n] whenk is an integer constant
mn [mn] canbe ‘'simplified’to m

max [mn] can be ‘simplified’to n

rev [mn] canbe ‘simplified’to [n:ni




