The Copenhagen Interpretation

Bodil Biering

1 Introduction

We present a new functional interpretation, called the Copenhagen interpretation. Like the
Diller-Nahm interpretation [DN74], the Copenhagen interpretation generalizes Gédel’s Dialec-
tica interpretation [G6d90, AF98, Sch06] from first order Heyting arithmetic HA to higher
typed Heyting arithmetic HA ¢, or to be precise, the Dialectica interpretation requires atomic
formulas to be decidable because otherwise it cannot interpret contraction, the Diller-Nahm
and Copenhagen interpretations do not have this limitation. The Diller-Nahm and Copen-
hagen interpretations are two different ways of coping with the problem. The Diller-Nahm
interpretation avoids choosing by using list types, whereas for the Copenhagen interpreta-
tion contraction is validated because the Copenhagen interpretation of conjunction is defined
differently. Where the Diller-Nahm interpretation uses list types, the Copenhagen interpre-
tation requires subset types, because the new interpretation of conjunction also forces a new
interpretation of implication, and for that subset types are needed. Beside their apparent
difference, the two generalizations, Diller-Nahm and Copenhagen, differs in interesting ways
and this is illustrated by a detailed example.

The Copenhagen interpretation is the direct result of the categorical analysis of the Di-
alectica and Diller-Nahm interpretations in [dP89, Hyl02, BBLBCBO07, Bie07]. The basic
structure was presented in [BBLBCBO07] and refined by Martin Hyland at a meeting in Copen-
hagen' in 2006, hence the name “Copenhagen interpretation”. A analysis of the clause for
implication can be found in [Bie07].

Apart from presenting the precise definition of the Copenhagen interpretation, there are
two main results in this paper, namely the Soundness Theorem and the Axiomatization
Theorem. Moreover, we state and prove precisely in what sense the Copenhagen interpretation
(and in fact also the Diller-Nahm interpretation) is a generalization of Godel’s Dialectica
interpretation, and finally we give a classical version of the Copenhagen interpretation.

2 Definition of Interpretation

In this section we give a complete description of the logical system that we shall use, and we
also provide some models for the system. We then define the Copenhagen interpretation and
illustrate the difference between the Dialectica, Diller-Nahm and Copenhagen interpretations
by a detailed example.

'The authors of [BBLBCBO07] have held two “Dialectica meetings” the first in Copenhagen in September
2006, the second in Genoa, June 2007
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2.1 Higher Typed Heyting Arithmetic with Sum Types and Subset Types

We now describe the system HA Y. It is essentially Godel’s system T (as described in [AF98]
and in [Str01]) with the addition of quantifiers and sum types and subset types. For conve-
nience we give the full definition.

Types: The set 7 of types is defined inductively as follows

e N € T (type of natural numbers)

e 1 €7 (unit or terminal type)

e U XeT thenUXx X €T.

e U XeTthenlU = XeT.

o If X and U are types of 7, then X + U is a type.

If a(u, z), B(v,y) are formulas of HAY, then {(f,F): U =V x(UxY = X +1) |
Vu,y. case F(u,y) € X.ac(u, F(u,y)) — Bo(f(u),y)} is a type.
o If s, are closed terms of type U, then 1+ {x: 1| s =y t} is a type.

When we write
case F(u,y) € X.ac(u, F(u,y)) — Bo(f(u),y)

it is short for

( case F(u,y) € X. ac(u, F(u,y)) — Bo(f(u),y) )
case F(u,y) € 1. T

The reason for only allowing certain kinds of subset types is that we want to ensure that
all types are non-empty. This rather ugly form of subset types is motivated by the fact
that full subset types are not C-interpreted, this restricted form is both C-interpreted
and enables us to prove the Axiomatization Theorem 5.1

Language : Countably many variables = : U for each type U € 7. The following constant
symbols:

0:N, succ: N — N, RV:U—- (N—-U—=U)— N —U,
UX . UXx | UX

pot i U—-X—-UxX, pry” :UXxX —U, pr;” :UxX—X,

inlX .U - U + X, inrtPX X S U+ X, *:1.

An equality predicate =7 for each type U. For each U, X € 7 an application operation
app’X from (U — X) x U — X.

Terms
t,su= x:U|f:U|app’X(t:U - X,5:U): X | e :U(t:X): U — X

where f is a constant symbol, app”X(t,s) is often written #(s). We also have term

constructors i and o for subset types: if ¢[t/z] is provable then i(¢) : {z : X | ¢} is a
term. If s: {z: X | ¢} is a term, then o(¢) : X is a term.

Formulas ¢:::3:Ut|J_|T‘¢/\¢|¢\/¢‘¢_)¢‘v$¢|3$¢|<casetEU. (;5)

caset€ X. ¢
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By abuse of notation we will write

( casez € W. ¢(z) ) for ( casez = inl(w). ¢(w) )

casez € R. (z) casez = inr(r). (1)
We notice that for every type U there is a distinguished closed term Oy : o, defined as follows:

On =0, Oyxx =p(0y,0x), Oy—_x =Au:UDOx, Oyirx = inl(0y),
O{(f,F):U:}VX(UXY:>X+1)\Vu,y. case F(u,y)eX.ac (u,F(u,y))—Bc(f(u),y)} — p()‘u : Uy, A, y'inr(*))

The logical system for HA ¢ is:

Propositional connectives Rules have the form

premiss
conclusion
and
P p Q.
@ isshort for @ and P
P=@Q isshortfor PFQ@Q and QF P
pya (1) orT (2) T o (3)
ory yviFo . .
oro Y Gagre srvry O
oY ok X
srorx D grgv ® vravy Y

pFx YFx pry — 90
“ovarx W g

(12) 3f: VU, F: (X + 1)V va,y. < 2222? EZZZ; E f ggf?iﬂf?) y)) — Bo(f(u),y) )
I, F):{f: VU, F: (X 4+ 1)V | Vu,y.case F(u,y) € X.ac(u, F(u,y)) — Be(f(u),y)}
case F(u,y) e X. T

vu, y. case F(u,y) € 1. Be(f(u),y)

(13) (Casezzinl(w)' ¢(w) ) — (2 = inl(w) — $(w)) A (= = inx(r) — (r))

casez = inr(r). (r)

Quantifiers
P
¢ =V

¢
z ¢ FV(¢) (14) ErY T Z FV () (15)
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Induction scheme
F¢(0) FVn.(¢(n) — ¢(succ(n)))
FVn.p(n)

(16)

Defining equations for the constants

-0 = succ(x), (A\x : 0.t)(s) = t[s/z],

pro(p(z,y)) =z, pri(p(z,y)) =y, p(pro(2), pry(2)) = 2,
R(fﬁ‘,y,o) =, R(»”U,y, succ(z)) :y('zaR‘(wayvz))a
io(t) =t, oi(t) =t.

We write z € X for 3z : X.z = inl(z), where z: X + Y.

)

z2: X+YFa(zeXANzeY) z: X+YhFzeXVzeY

Equality Axioms

) ) )

Fe=ypzx z=pyty=vzr z=ryAy=uyztx=yz s =rt app(t,s) = app(t,r)

Substitution 2
¢ t=sky[t/a]
olt/x] F Pt /] t=sk[s/z]

Models of HAY Examples of models for the system HA Y are HRO, hereditary recursive
operations, HEQ, hereditary effective operations. Any subobject fibration over a category
C, where C is regular (=,3,A), ccc (x,=) and lcce (—,V) and has finite, stable, disjoint
coproducts (needed for the case construction), and has a natural numbers object. Note that
the Dialectica tripos defined in [BBLBCBO07] is not a model of the system HA % because it
doesn’t validate the rule (12).

t free for = in ¢, t, s free for x in .

Definition 2.1 (Copenhagen Interpretation). Suppose o and [ are formulas of HA“ and
a® = Iuvz.ac(u,z) and € = Fovy.Bc(v,y).

OéG{TaJ—}v OéC:OéC:Ck.

. B . . B case wu =inl(x). L
(s=ut) = Elu.1+{*.1|s—Ut}.<Case w=inr(s). T
. - . case z€ X. ac(u,z)

(@A B) = EIu;sz.X—FY( case z€Y. fov,2)
(a_)ﬂ)c =

f,F): {U=VxUxY=X+1)|
Vu,y.caseF(u,y) € X'aC(u7F(u7y)) - ﬁC(f(u)>y)}

case F'(u,y) € 1. Bo(fu,y)
vu, y. < case F(u,y) € X. T. >

(Vz.a(2))¢ = af : Z — UVz,x.ac(z, f(2), )
(Fz.a(2))¢ = Az, uVz.ac(z,u, )

B case zeU ac(zx)
(aV B)° = ElzeU—l—VVa:,y.(Case ce V. Bolzy) )

<case zeW. az) )C

case z€R. f(2)

_ EIu,vi,y.( case zeW. ac(z,u,x) >

case z€R. fo(z,v,y)

2The second, and somewhat unusual substitution rule is provably equivalent to the standard substitution
rule: t = s A Q[t/x] - Y[s/x].
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If we add other predicate symbols P, these are interpreted as P¢ = Pg = P.

Note that
case F'(u,y) € X.ac(u, F'(u,y)) — Bo(f(u),y)
is short for

( case F'(u,y) € X. ac(u, F(u,y)) — Be(f(u),y) >
case Fl(u,y)€1l. T

The Copenhagen interpretation translates a formula o of HAY into a formula of the form
JuVz.ac(u,z), where ac(u,z) is a quantifier-free formula. As for the Dialectica interpreta-
tion, the most complicated case is implication. Recall that for the Dialectica interpretation
we have

(a — ﬂ)D =3f: U=V, F:(UXxY)= XVu,y.ap(u, F(u,y)) — Bp(f(u),y)

and the intuition is that given a realizer u for JuVz.ap(u,x), f provides a realizer f(u) for
JoVy.Bp(v,y). At the same time, if y is a counterexample of Vy.Bp(f(u),y) then F(u,y) is a
counterexample for Vz.ap(u, z).

For the C-interpretation we have a similar situation except here, F' can either send a
counterexample to a counterexample or F(u,y) = % € 1, in which case we can think of F' as
raising an exception, and F' can do this when we know that the conclusion, B¢ (fu,y) is true.

Definition 2.2. A formula ¢ is said to be C-stable respectively D-stable whenever ¢ = ¢,
respectively ¢P = ¢, where (=) is the Dialectica interpretation and where = means that they
are syntactically equal.

One important observation to make about the Copenhagen interpretation is that it is not
the case that quantifier-free formulas are C-stable. The Dialectica interpretation enjoys the
property that quantifier-free formulas are D-stable, and one can exploit that to conclude that
whenever a formula has the form ¢ = JuVz.a(u, z) where « is quantifier-free, then ¢P = ¢,
so in particular the D-interpretation is idempotent. For the C-interpretation we have the
following for formulas A, B of the form A = a¢c and B = (¢

(AN B)C - vzzz.(casezzo- A)

casez=1. B

c _ ) ) _ case F(x)=0. T
(A— B) = HF'{F'1_>2‘CaseF(*)_O'A_)B}'<caseF(*):l. B
C _ ] casez=0. A
(AV B) = 32'2'<casez:1. B)

<casez€X. A(z) >C _ <caseZ€X. A(z),>

casez €Y. B(z) casez €Y. B(z)
(A = JF:{F:1—2|caseF(x) =0.1A}. ( case F(x) i ? T >

case F'(x) 1
Proposition 2.3. The C-interpretation is idempotent, i.e., for all formulas ¢, (¢¢)¢ = ¢©.

Proof: By induction on the structure of formulas, we easily show that for all a, where
a® = Juvz.ac(u, z), we have ac(u, )¢ = ac(u, x), so
(@)Y = (Fuvz.ac(u,z))’
= Juvz.ac(u,z)¢
= JuVz.ac(u, )
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2.2 Example

In the following we give a detailed example of a formula that have different C-, D-, and
D N-interpretations.
We shall look at the formula

Y =Vf:N— N3zx: N(P(z) — P(f(z)))

Assuming that P is a new predicate symbol over the type N, which is undecidable, we show
that for the D-interpretation we are unable to define a realizer for v, and that the two
generalizations of Dialectica, namely the Diller-Nahm and the Copenhagen interpretations
give very different realizers. The point is not to try to show superiority of one interpretation
over the others, but merely to illustrate the differences. Very informally, one might say that
this example illustrates that while the Dialectica interpretation forces us to provide a realizer
right away - whether needed or not, the Copenhagen interpretation postpones this to the
very last moment. One may therefore think of the Copenhagen interpretation as a sort of
call-by-name Dialectica, again this is very informal.
Classically, v is true, because

o If P(f(0)) =T, then we put z :=0
o If P(f(0)) = L, then we put z := f(0)
The negative translation of ¢ is
YN =¥f: N — N==3z: N(—=P(z) — ==P(f(z)))
which is intuitionistically equivalent 2 to
YN =Vf: N — No=3z: N-—~(=P(z) V P(f(x)))

so this holds for intuitionistic logic, HA“. Before we go on with the various functional
interpretations of ¢V, we need to consider:

Markov’s principle The Dialectica interpretation validates the following version of Markov’s
Principle:
MPpia  (Vy0(y) — ¢) — Jy.(6(y) — ¢)
where 6 and i are quantifier-free. In case 6 is ~¢ and ¥ is 1 we have
=Vy—¢p — I
and since intuitionistic logic validates

—Jyg < Vy—o

we get
——dyp — dy——¢

3In classical logic we have (A — B) « (=AV B). Suppose A and B are atomic formulas, then the negative
translation of this is (-—A — —=B) < =(—-—A A =B) and the latter is equivalent in HA to -—=(—-AV B).
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Thus if ¢ is double negation closed, we have
HA® + MPpja - ==3y¢ — 3yé

Hence MPpj, gives us that
Vf.3z.——(=P(z)V P(f(x)))

holds in HA “ + MPpja. The Dialectica interpretation of qu is thus
JF : NV — NYf: NN ——(=P(F(f))V P(f(F(f))))
Now the term F' that one would like to define is

{0 it P(f(0)
F(f)_{f(O) it ~P(f(0))

But since P is not recursive, F' is not either.
The Diller-Nahm interpretation® validates another version of MP (see [DN74]):

MPpn : (VyA — B) — IW : P¢(Y)(Vw : WA — B)
Put B = 1 and A = —¢ then we get
“Vy—p — IW : Pr(Y).~(Vw : W—o)

Since W is a finite set, Vw : W=¢ is a conjunction: A .y ~¢(w), and in intuitionistic logic
we have

(N =¢w) 4= ==\ é(w))

weWw weWw

We are now able to deduce

——3y¢ — IW : Pr(Y).( \/ o(w))

weWw

We now turn to the Diller-Nahm interpretation of ¢V. Let

Qf,x) = ~P(x) V P(f(x)).

We have
HA“+MPpn F Vf:NVIW: Py~ Ve —Q(f,w)

FoVYf: NNIW Py Vwew QUf w)
The Diller-Nahm interpretation of this is

IF : (NY) — Pp(N).Vf : NV .= Q(f,w).
weF(f)

We define the realizer F' as
F(f) =10, £(0)}
“We have not defined the type P;(N) in our formal system, since it is used only for the Diller-Nahm

interpretation, which is not our main focus. Py(NV) is the inductively defined type consisting of codes of finite
sets of natural numbers by natural numbers.
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and we have

HAY b Vf:NY.==(=P(f(0)) Vv P(f(0)))
VS NN =(=P(0) Vv P(f(0) V P(£(0)) V Pf(£(0))))
A= Vf NV ==(Q(F,0) Vv Q(F, £(0))).

For the Copenhagen interpretation, things get a bit more elaborate, let us first consider
the interpretation of =—Ju.¢c(u).

(Fu.c(u) — L) =3F : {F : U = 2 | Yu.case Fu = 0.-¢¢ (u) Wu : Ur(F,u)

where
case Fu=1.1 )

v(Fyu) = < case Fu=0.T

Let
O={F:U = 2|Vu.case Fu = 0.-¢¢c(u)}

Intuitively, F' € O is a partial characteristic function for ¢ (u) in the sense that F' might give
us some information of ¢¢c, but not necessarily all. Note that, if ¢¢ is recursive, then there
is a characteristic function x4, € O.

(==Fu.dc(u))¢ =
AG:{G:0=U+1|VF € O.caseG(F) e U~ (F,G(F)))} VF e€O.uaG,F)=
3G:{G:0=U+1|VF €O.caseG(F) e UF(GF)=1} VF e€0.u(G,F)

where

([ case G(F)el.lL
(G, F) = < case G(F)eUT >

Intuitively this holds if there is a G : O = U + 1 such that for all partial characteristic
functions F', G provides a point u € U that satisfies Fu = 1, i.e., u is not a counter example

of gbc.
We are now ready to give the Copenhagen interpretation of ¢ :

(Vf: NN——3z : N—-=(=P(x) Vv P(f(x))))c =
JH : NV - {G:0= N +1|VF € O.caseG(F) € N.F(G(F)) =1}
Vf:NNVF cO.a(H(f),F,f)

where

. case H(f)(F) €l.l
olH, F, f) = ( case H(f)(F)e N.T >

So we to show that this holds, we must find a realizer H which for all f : NV provides a
G : 0= N + 1 satisfying VF € O.F(G(F)) = 1. We define H by:

0 if F(0)=1

H(HFE) = { f(0) it F(0)=0
To see that this H works we reason as follows: if F'(0) = 1 we have found our point
G(F) € N with F(G(F)) = 1. If F(0) = 0, then by definition of the type O, we have that
=(=(P(0) vV P(f(0)))) = ~Q(f,0). Now we have HAY + F(n) =0V F(n) =1 for all n : N,

8
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and by definition of O, we have F(f(0)) = 0 — —(=(P(f(0)) VvV P(ff(0)))) = =Q(f, f(0)).
Recall that we have

HAY = -=(Q(f,0) v Q(f, £(0)))

which is equivalent to

HAY - (=Q(f,0) A =Q(f, £(0))) — L
So assuming F'(0) = 0 we get HAY + F(f(0)) =0 — L hence HAY + F(f(0)) =1.

3 Soundness

The soundness Theorem is the first of our two main results. It states that if a formula ¢ is
provable in HA'¢ then the C-interpreted formula #% is also provable in HA ¢, which in turn
means that there is a term ¢ (which is actually a primitive recursive function in the standard
model) of HA' Y such that

HAY FVz.9c(t, x).

Lemma 3.1. HAY F (a — B)¢ iff there exists terms g : U =V, G : (UxY) = X in HA%
such that HAY + Vu,y.ac(u, G(u,y)) — Bo(gu,y).

Proof: Assume HAY I (a — 3)¢ this means that we have terms

(f,F):{f: VY, F: (X + )V | Yu,y.case F(u,y) € X.ac(u, F(u,y)) — Bc(f(u),y)}

such that (w.9)
w case Fl(u,y) e X. T
HAL V. ( case F(u,y) € 1. fe(fu,y) )
Let ¢ = f and
_J Fluy) if Fluy)eX
Gluy) = { Ox if  Fuy) el

Clearly we have
HAY FVu,y.ac(u,G(u,y)) — Belgu,y)

On the other hand assume we are given g, G as above, then f = g, F' = inl o G have type
{f: VU F: (X +1)UY | Yu,y.case F(u,y) € X.ac(u, F(u,y)) — Bc(f(u),y)} and so we
get

HAY F 3(f,F): {f: VU, F: (X + 1)V | Vu,y.case F(u,y) € X.ac(u, F(u,y)) — Bo(f(u),y)}
v case Fl(u,y) € X. T
Y CaseF(u7y) €L ﬁC(fuvy)

Theorem 3.2 (Soundness). If HAY & o then HA% + a“

Proof: By induction on length of proofs in HA“. We show a few of the more interesting
cases.
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Equality We show that the transitivity rule for equality is C-interpreted, i.e., that HAY
(r=yAy=2z—x=2) To do this we must find realizers
F:Q+{«:1ljz=y)xA+{:1|y=2}) > (1 +{*x:1|z=2z2})
and
F:(1+{x:1|lz=yph) x(Q1+{x:1|y=2}) =2
such that forall u: 1+ {x: 1|z =y}, v:1+{x:1|y =2z},
caseu = inl(*). L )

caseu = inr

case F(u,v) = 0. ( __.léi T
casev = in ( ). )

casev = inr

case F(u,v) = 1. (

implies
< case f(u,v) = inl(*). L >
T

case f(u,v) = inr(x).
This holds for the following definitions of f, F":

[ inr(x) if uw=inr(x) and v = inr(x) [ 0 ifu=inl(%)
Flu,v) = { inl(*) otherwise F(u,v) = 1 otherwise.

(11) We show that the rule
= 6
orv =0y
PANYEO
is C-interpreted.
HAY F (6 — (4 —0))° (1)
holds if and only iff
I(g1.92) : U= {(f,F) : WY x (V x Z)" ! | Vv, 2.case F(v, 2) € Ypo (v, F(v, 2) — Oc(fv, 2))}
IG:UxVxZ=X

Yu,v, 2. oo(u, Glu,v,2)) — < 22222%822 E; 2_0(91(’&)(’0)72) )

HAY F (6 Ay — 0)° (2)
holds if and only iff

Jh:U XV =W, H:UxVxZ=X+Y

case H(u,v,2) € X. ¢c(u, H(u,v, z))
Vi, v, 2. ( case H(u,v,2) € Y. Yc(v,H(u,v, 2)) ) = O (h(w,v), 2).

Assume (1) holds, then we define
_ _ | 2@)(v,2) ifg(u)(v,z) el
i, v) = g () (v), H(uv,z) = { G(u,v,z)  otherwise.
Assume (2) holds then we define

H(u,v,2) if Hu,v,2) €Y
x €1 otherwise,

n(W)(v) = h(u,v),  go(u)(v,2) = {

H(u,v,2) if H(u,v,2) € X
Ox otherwise.

Glu.02) = {

10
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(14) We show that the rule number (14)

oY
¢ Vx.ap

x & FV(9)
is C-interpreted. HAY F (¢ — Vz.40(2))C is equivalent to
Jg:U=V?G:ZxUxXxY = XVz,u,y.00(u,G(z,u,y)) — Yoz, 9(u, 2),y)
and HA“ + (¢ — 9(2))¢ is equivalent to
Jh:ZxU=V,H:ZxUXY = XVz,u,y.dc(u, H(z,u,y)) — vc(h(z,u),y, z)
and these two are clearly equivalent.

(16) This is the induction scheme. Suppose that we have wug : U such that Vz.¢c (0, ug, z)
and
(f,F): N= {(U=U)x(UxX=X+1)|Yu,x.case F(n)(u,z) € X.
¢C(n7ua F(n)(u7$)) - ¢C(SUCC(H)7 f(n)(u)7$)}

( case F(n)(u,x) € X. T >
case F(n)(u,z) € 1.  ¢c(suce(n), f(n)(u),x)

such that

Yn,u, .

We must provide a term g : N — U such that Vn,z.¢c(n,g(n),x). We define g by
recursion as follows:

9(0) =uo,  g(succ(n)) = f(n)(g(n)),
to be precise we use the recursion operator R to define g:
g(n) = R(’LL(], f: n)

oHY ok x
(7) ¢oF4YAx Supposewearegiven f:U =V, F:U xY = X with

Vu,y-dc(u, Fu,y)) — do(fu,y)
and g: U =W, G:U x Z = X with

Yu, z.¢c (u, G(u, 2)) — xc(gv, )
we must define h : U =V x W, H:U x (Y + Z) = X with

Vu:Uq: Y + Zbc(u H(uq) — ( caseq €Y. gc(mh(u).q) )

caseq € Z. xc(mah(u),q)

Clearly the following realizers satisfy the requirement:

b = (Flugtw)  Hwn)={ Go?)

11
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(13) ( casez = inl(w). g(w) ) = (2 = inl(w) — é(w)) A (2 = inr(r) — V(1)

casez = inr(r). Y(r)

( casez = inl(w). ¢(w) >C — Ju,vVa.y. < casez = inl(w). ¢c(w,u,x) )

casez = inr(r). ¥(r) casez = inr(r). ¢c(r,v,y)

and

((z = inl(w) — ¢(w)) A (2 = inr(r) — ¥(r)))° =
u, F): {u:U,F: X =2|Ve: X.case Fx = 0.z = inl(w) — ¢¢c(w,u,x)}

A(v,G) : {v:V,G:Y =2 |Vy: YcaseGy_Oz_ r(r) — olr,v,y)}
case F'x = 0.
caseq € X. caseF'z =1 ¢> w,u, T)
Vg: X +Y. =1l 9¢c
caseq €Y. caseGy = 0.
=" case Gy = 1. (r,v,y)
Showing that the former C-implies the latter, we define h(z (u, F,v,G) where

Fx=1= Gy for all z,y. And

_f (x,0y) if ¢=inl(x)
Hia)uv,0) = { (Ox,y) if ¢=inr(y)

The other direction: k(z)(u, F,v,G) = (u,v), and

inl(z) if ze W

K(Z)(u7 Fulvy Gax7y) = { lnr(y) lf S R

(12) I(f, F) : {f: VU F (X + 1)V | Vu,y.case F(u,y) € X.ac(u, F(u,y)) — Bo(f(u),y)}

v case Fl(u,y) € X. T
Yy case Fl(u,y) € 1.  ¢c

In order to show that

. ’ X case F'(u,y) € X. ac(u, F(u,y)) — Be(f(uw),y)
3f: VU F (X +1)Y Yvu,y.<caseF(u7y)€1' bo )
(3)

is C-equivalent to

I(h, H) : {h: VU H : (X + 1)V | Vu,y.case H(u,y) € X.ac(u, H(u,y)) — Bo(h(u),y)}

v case H(u,y) € X. T
vy case H(u,y) € 1.  Bc(hu,y)

(4)
we first show HAY + (3 — 4)¢ and then HA“ F (4 — 3)°. We start by calculating
3¢

3¢ = VU F: (X+ D)"Y, G:UXxY = {z: 2\casez—0ao u, F(u — Bo(f(u),y)}
caseG(u,y) =0. T
Yu,y. case F(u,y) € X. ( caseG(u,y) = 1. Bc(fu,y)
case F(u,y) € 1.  Bc(fu,y)

12



4 WHICH PRINCIPLES ARE VALIDATED

HAY + (3 — 4)¢: We define K(f,F,G,u,y) = u,y and k(f,F,G) = (h, H) where
h = f and

[ F(u,y) if F(u,y) € X and G(u,y) =0
H(u,y) = { * €1  otherwise.

HAY I (4 — 3)°: Define J(h, H,u,y) = u,y and j(h, H) = (f, F, G) where f = h, F =

H and (w.y)
0 if Fu,y)eX
Glu,y) = { 1 if F(uy) €l

4 Which Principles are Validated

In this section we show some important non-constructive principles which are validated by the
Copenhagen interpretation (then they are said to be C-interpreted). In the next section we will
use this to give an axiomatization (sometimes called a characterization) of the Copenhagen
interpretation.

Definition 4.1. A formula ¢ in the language of HAY s said to be validated by the Copen-
hagen interpretation or C-interpreted if HAY #°.

Independence of Premiss
IP (Vyp — JuVoy) — Fu(Vyp — Vo)

where ¢, are of the form ¢ = ¢¢ and ¥ = 1¢. First consider the premiss and conclusion of
the outer —:

(Vyo(y) — FuVvip(u, )¢ =
El(f7€1) .0 ): {{(fL,F):(1=U)x(V=Y+41)|VYveV.case Fv € Y.¢0(Fv) — (f(x),v)}
Yo.a(f, F,v

where
caseFveY. T
olf, Frv) = ( case Fv e 1. Y(f(*),v) )

And

(Fu(Vyp — Yoy))© =

Ju:UG:t={V=Y+1]|VvcaseGV € Y.¢(Gv) — ¢(u,v)}

Vo.B(u, G, v)
where

caseGveY. T
Bu,G,v) = ( caseGu € 1. ¢(u,v) )

Now we can interpret IP:
(IP)C =
I(h, H) A H):(O=UxP)x@OxV=V+1)|
V(f,F),v:0x V.case H(f, F,v) € V.a((f, F),H(f, F,v)) — B(h(f,F),v)}

. case H(f,F,v) e V. T
V(f, F),v:0xV. <caseH(f,F,v)€1. B(h(f, F),v)

13



5 AXIOMATIZATION

This is realized by
h(f, F) = (f(=),F),  H(f,Fv)=v.

Axiom of Choice

AC (Vx3yp(z,y) — IFVxp(z, Fx))

where again we assume that ¢ is of the form ¢ = ¢¢.
(AQ)® = (IFVz¢(x, Fz)¢ — IFVz.¢(z, Fz)9)°

which obviously holds.
A Generalized Markov Principle MPpj, is also validated by the C-interpretation.
MPo  (Vo(y) = ¢) — Fy(o(y) — ¢)
where ¢, are of the form ¢ = ¢c and ¢ = ¢. First consider
(Vyo(y) = )¢ =32:0={2:Y + 1| casez € Y.¢(z) — ¥ }.a(z)

a(z) = ( casez €Y. ;)

casez € 1.

where

And

(Vyo(y) — ¥) — I(o(y) — ¥)C =
I F): {(f,F) 1 (8= Y) x (0 —=2) [Vz: 0.F2 = 0.a(2) = ¢(f2) — v}
Vs O caseF'z=0. T >

’ caseFz=1. ¢(fz) =

This is realized by

z if zeY
f’"_{o it 2e1 0 FFE0
since, if z € 1, we have a(z) = ¢ and ¢ — ¢(0) — ¥, and if z € Y, then because z : O, we

have ¢(z) — ¢ and a(z) = T, so a(z) — ¢(fz) — .

5 Axiomatization

The axiomatization Theorem is our second main result. It states under certain non-constructive
principles (but still in a system much more constructive than classical logic) any formula ¢
of HA'Y is provably equivalent to it’s C-interpretation #¢. Moreover, ¢ is provable in the
stronger system if and only if ¢¢ is provable in HA¢. The combination of the two results
of the axiomatization Theorem tells us that if a formula ¢ then we can find a realizer for the
equivalent formula ¢©.

We have the following axiomatization of the functional interpretation C":

Theorem 5.1 (Axiomatization). Let X = {MP p;q, AC,IP}, then
1. HAY + X F ¢ < ¢ for all formulas ¢ of the language of HAY.

14



5 AXIOMATIZATION

2. HAY + X+ ¢ iff HAYF ¢C.

Proof: We show 1 by induction on formulas. For ¢ € {a atomic , (o A 5),a V (,Vz.c, Iz}
it is not hard to see that HAY F ¢ < #¢. For example, let us show that

HAYFaAfB« (aAp)C.

By induction we have HAY I o < a% and HAY F 3« BC, so HAY FaAfB < af A BC.
And clearly
HAY + Ju,wWac(u,z) A fo(v,y)

. case zezx. aco(u,z),
= Ju,vVz: X +Y. < case z€Y. [c(v,2) )

[ case zeW. a(z),
For ¢ = ( case z€R. [((z)

case zeW. a(z),
case z€ R. [(z)

C
) we must use the principle IP as well:

case zeW. JuVzr.ac(z,u,x),
case z€ R. FwWVy.fo(z,v,y)

(z € W — JuVz.ac) ANz € R — FoVy.fe) =1P
Ju(z € W = Ve.ac) ANJv(z € R — Yy.0c) =
JuVz(z € W = ac) NFIVy(z € R— o) =
Ju, 0V, y.(z € W —ac)N(z€ R— [Bc) =
case zeW. ac(zu,x),
YT Y. case z€R. fo(z,v,9) )
And for ¢ = a — 3 we have the following string of equivalences:
JuVzac(u,z) — FVy.Bo(v,y) = HAY
Vu(Veac(u, ©) — Fuvy.Bo(v,y)) = Ip
Vudv(Veac(u, x) — Yy.0c(v,y)) = HAY
Vudovy(Vzac(u,x) — Bo(v,y)) = MPpia
vudovyTr(ac(u, z) — fe(v,y) = AC
Af VU, F: XU, y.ac(u, Fu,y)) — Bo(f(u),y) = HAY
Fu,y) € X. ac(u, F(u,y)) = Bo(f(u),y)
3 VU F (X 1)y, [ €258 o FA ’ = HAY
fve, (X +1) Vi, y < case F(u,y) € 1.  fBo(fu,y) +

L F) £ (75 V95 (X4 0P |V case Fug) € Kol Fn) — e(f(0).0)
v ( case F(u,y) e X. T )
"7\ case F(u,y) € 1. Bo(fu,y)

Where the last two equivalences follows from 3.1.
In the previous section we showed that HAY F (MPp;a)®, (IP)Y, (AC)Y, and by the
Soundness Theorem 3.2, we have HA % + ¢ implies HA ¢ + #°, so it follows that

HAY + X+ ¢ = HAY - ¢°
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5 AXIOMATIZATION 5.1 Copenhagen Interpretation Generalizes Dialectica Interpretation

To see that
HAY ¢ = HAY + X F ¢,

assume HA Y + ¢¢ then also HAY + & + #©, so together with 1 of Theorem 5.1 we get
HAY + X F ¢. O

5.1 Copenhagen Interpretation Generalizes Dialectica Interpretation

We now show that the C-interpretation is a generalization of the D-interpretation in the sense
that if require atomic formulas to be recursively decidable, then they have the same axioma-
tization. Moreover, ¢ and ¢ are both C- and D-equivalent, i.e., within the interpretations
we can’t tell the difference, assuming atomic formulas are recursively decidable.

Lemma 5.2.
HAY + X F ¢l ¢¢

for all formulas ¢ in the language of HAY .

Proof: We have
HAY +XF ¢ < ¢>C

by Theorem 5.1. And
HAY + X F ¢« ¢P.

O

Theorem 5.3. Assuming that atomic formulas are recursively decidable, the D- and C-
interpretations have the same axiomatization.

Proof: First we must expand the D-interpretation to HA% by adding one clause, namely:

case zeW. afz) D—Elu o case zeW. ap(zu,x)
case z€R. [(z) T Y\ case z€eR. Bp(z,v,y)

We have (by axiomatization of Dialectica):
HAi +XF ¢ QSD
and by soundness of D, under the assumption that atomic formulas are recursive,
HAY + X+ ¢=HAY I ¢P.

Notice that soundness of D usually is shown only for the system HA“ + X, i.e., without
the rules (12) and (13) and it only holds under the assumption that atomic formulas are
recursively decidable. Rule (12) is validated by D iff atomic formulas are recursive.
O
This theorem tells us that in the system HA Y we might as well define the Dialectica inter-
pretation (still under assumption that atomic formulas are recursive) as the C-interpretation,
since it has the same axiomatization.

Corollary 5.4. 1.
HAS b (6 o 6°)”

when atomic formulas are recursively decidable.
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6 A CLASSICAL VERSION OF THE COPENHAGEN INTERPRETATION

HAY F (¢P « ¢%)°.
Proof: By Theorem 5.3
HAY +1P + AC + MPp;, - 6P < ¢©
so it follows from soundness of the two functional interpretations that
HAY F (¢ < ¢9)P and HAY F (6P « ¢°)¢

where we recall that soundness of D-interpretation only holds under the assumption that all
atomic formulas are recursively decidable. O

6 A Classical Version of the Copenhagen Interpretation

A classical version of the C-interpretation is the double negation translation followed by the
C-interpretation and then re-arranged in a way so that it becomes more simple. The classical
version that we give here builds on a classical version of the D-interpretation given in [SKO07].
We admit that not all of the clauses look simple, but others really are simplifications of double
negation followed by C-interpretation.

We first define a negative translation (—)’, which was presented in [SR98] and in [SK07].

Definition 6.1. The negative translation A" = —A*, where A* is defined inductively as
follows:

pP* = =P if P is prime
(AvB)* = A*AB*

(VxA)* = dzA*

(A—B)* = AAB*

(FzA)* = —dz-A*

(ANB)* = A*Vv B*

Notice that the last three clauses can be defined by the others since the source is classical
(PA). Shoenfield introduced a functional interpretation for Peano arithmetic PA, associating
to every formula A a formula A% = Vu3z.Ag(u,x), with Ag quantifier-free. Shoenfield’s
interpretation is defined inductively as follows:

Definition 6.2.

pPS = P=Ps for P atomic
(=A)° = VfIu.-Ag(u, fu)
(Av B)Y = Yu,v3z,yAs(u,x)V Bs(v,y)
(Vz.A)° = Vz,udzx.As(z,u,x)
(A -B)S = Vf.v3uyAs(u, f(u)) — Bs(v.y)
(324)° = VU3, f.As(2U(z f), f(U(z )
casez € U. Ag(z,x
(ANB)® = VYz:U+V3az,y. ( cases eV BSEZ,?/; >

Let (—)" be the negative translation defined in [SKO07], then
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A SKETCH OF A SIMPLE, HIGHER TYPED VARIANT OF DIALECTICA

Theorem 6.3. HAY + X - (A)¢ « (A%)Y, and PA+ A= HA% + (A5)C.

Proof: From [SK07] we know that (A")P = 3fVuA’,(f,u), where A5 (f,u) < As(u, f(u)) in
HA“. So
HA“ F (AP < 3fYuds(u, f(u))

Notice that IfVudg(u, f(u)) = (A5)P, so in fact
HA“ | (AP — (A%)P
By Lemma 5.2 we have for all formulas A of HA¢,
HAY + X AP « AC
SO
HAY + X F (A)Y « (A)P and HAY + X F (A%)Y « (A5)P

it follows that
HAY + X+ (4%)C « (4)°

and (A% is of course C-stable. Now from [SK07] we know that °
PA+ A= HAY (45)P

hence, by the above equivalences, HA% + X I (4%)% so it follows from Theorem 5.1 that
PA - A= HAY I (A%)C

because ((A%)¢)¢ = (4%)°. O
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A Sketch of a Simple, Higher Typed Variant of Dialectica

Just to indicate the ideas, we now give a rough sketch of a simpler variant of Dialectica, which
soundly interprets HA “. The details will be worked out in a future paper.

In the setting of Definition 2.1, if we allow only closed atomic formulas, e.g., s =y ¢ with
s,t closed terms, then we may give the following higher typed variant of Dialectica:

Snotice that to show this result one uses the fact that atomic formulas of PA are recursive, since atomic
formulas of PA are equality between terms of type V.
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A SKETCH OF A SIMPLE, HIGHER TYPED VARIANT OF DIALECTICA

Definition A.1. Suppose a and 8 are formulas of HAY and of = FuVz.ac(u,x) and
B¢ = Fuvy.Be(v,y).

ae{T, L}, a® =ac = a.

a atomic, a© = Ju:1+{x:1]a}. Z:Z Zz 121;%:; # )

(a B = Ju,vVz,y.ac(u,x) A Bc(v,y)

(@ —B)° = 3 VY, P XY Vu,yac(u, Fu,y)) — Be(fu,y)
(Vz.a(2))¢ = 3df:Z - UVz,x.a0(z, f(2),7)

(Fz.a(2))¢ = Jz,uVz.ac(z,u,x)

(av B)° — Beusving (222 28 ool

case zeW. afz) ¢ Ty Ve case zeW. ac(z,u,x)
case z€ R. f(2) a VB Y\ case 2 € R. Bo(z,v,9)

That is, it works precisely like the original Dialectica interpretation except for the inter-
pretation of atomic formulas, and the use of subset types. Notice that the quantifier-free part
a¢ is recursive by construction! This version of Dialectica works without the assumption of
decidable atomic formulas, hence equality at higher types does not have to be intensional.

If we want to allow open atomic formulas P(x) as well, types will become dependent, e.g.,
{z : X | P(x)} depends on the free variable x : X, so if a(z) has a free variable z : Z, then

((2))¢ =3u: U(2)Vz : X(2).ac(2,u, )

and
(Vz.(2))C =3f : Z - U(2)Vz: Z,z - X(2).00(z, f(2), ).
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