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Abstract

This project is in two parts. The first part introduces a number of categorical constructions,
some of which will be used in the second part. Many, however, will not and the treatment of
categories of domains is in itself an aim of this project.

The second part introduces the programming language PCF and defines two semantics for
call-by-value evaluation: An operational semantic, based on a calculus, and a denotational
semantics, based on entities from the first part of the project. A notion of correspondence
between the two semantics, called adequacy, is then defined and proved to hold. We also
sketch two similar semantics for PCF with call-by-name evaluation.

The project should be readable by anyone knowing basic category theory though famil-
iarity with semantics of programming languages may be helpful.
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Categorical concepts
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Chapter 1

Preliminaries

This chapter contains some preliminary definitions and results.

1.1 Partial orders and monotone functions

Definition 1.1.1. A function f : P → Q, where P and Q are partial orders is monotone iff
for all x, y ∈ P

x v y ⇒ f(x) v f(y).

Remark 1.1.2. Conventions: To express the fact that a partial function f is defined for a
certain input x, say, we write f(x) ↓. For two mathematical expressions e and e ′, possibly
denoting elements of a partially ordered set, e <∼ e′ means that if e ↓ then also e′ ↓ and e v e′.

Definition 1.1.3. A partial function f is monotone iff for all x, y in P

x v y ⇒ f(x) <∼ f(y).

Lemma 1.1.4. Let f : P ⇀ Q be monotone. Then

e <∼ e′ ⇒ f(e) <∼ f(e′).

Proof: Suppose e <∼ e′. If f(e) ↓ then e ↓ and so by assumption e′ ↓ since e <∼ e′. Because
f is monotone, we then have f(e) <∼ f(e′).

Lemma 1.1.5. Composition of monotone partial functions is monotone.

Proof: Suppose f : P ⇀ Q and g : Q ⇀ R are monotone partial functions. Let x, y ∈ P , x v
y then f(x) <∼ f(y) as f is monotone, and by lemma 1.1.4 and g monotone g(f(x)) <∼ g(f(y)).

Definition 1.1.6. An ω-chain complete (or just complete for short) partial order (cpo) is
a partial order, P , such that every increasing chain x0 v x1 v · · · has a least upper bound⊔

n xn.

Definition 1.1.7. A function f : P → Q of cpos is continuous iff it is monotone and for
every ω-chain (xn)n∈N, f(

⊔
n xn) =

⊔
n f(xn).
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CHAPTER 1. PRELIMINARIES 1.1. PARTIAL ORDERS AND MONOTONE FUNCTIONS

To two (ore more) cpos P1, P2 we associate their product P1 × P2, which is {〈x1, x2〉 |
xi ∈ Pi} with the componentwise ordering

〈x1, x2〉 v 〈y1, y2〉 iff x1 v y1 and x2 v y2.

This is a cpo with
⊔

n〈x
(n)
1 , x

(n)
2 〉 = 〈

⊔
n x

(n)
1 ,
⊔

n x
(n)
2 〉.

Lemma 1.1.8. Let P be a cpo and (xij)ij∈N be a doubly indexed set of elements of P such
that i ≤ i′ ∧ j ≤ j′ ⇒ xij v xi′j′. Then

⊔

i

⊔

j

xij =
⊔

j

⊔

i

xij =
⊔

i

xii.

Proof: First, note that for all j, (xij)i is a chain and for all i, (xij)j is a chain. Let yi =
⊔

j xij .
Now (yi)i is also a chain because if i ≤ i′ then, for all j,

xij v xi′j v
⊔

j

xi′j = yi′

so yi′ is an upper bound of (xij)j and since yi is the least upper bound, we must have yi v yi′ .
By a similar argument zj =

⊔
i xij gives a chain (zj)j . Now

∀i, j xij v
⊔

j xij = yi

∀j zj =
⊔

i xij v
⊔

i yi so
⊔

i yi is an upper bound of (zj)j⊔
j zj =

⊔
j

⊔
i xij v

⊔
i yi =

⊔
i

⊔
j xij because

⊔
j zj is the least upper bound.

The inequality
⊔

i

⊔
j xij v

⊔
j

⊔
i xij is shown in the exact same way. To see that

⊔
i

⊔
j xij =⊔

i xii we note that

∀i, j xij v xkk where k = max(i, j), so
∀i, j xij v

⊔
k xkk which implies⊔

i

⊔
j xij v

⊔
k xkk.

On the other hand
∀i xii v xij for j ≥ i, so
∀i xii v

⊔
j xij and then⊔

i xii v
⊔

i

⊔
j xij.

Lemma 1.1.9. A function f : P1 ×P2 → Q of cpos is continuous iff it is continuous in each
argument separately.

Proof: The monotonicity is clear. Assume f is continuous in each argument. Then

f(
⊔

n〈x
(n)
1 , x

(n)
2 〉)

def
= f(〈

⊔
n x

(n)
1 ,
⊔

n x
(n)
2 〉)

=
⊔

m f(〈x
(m)
1 ,

⊔
n x

(n)
2 〉) as f is cts. in its first argument

=
⊔

m

⊔
n f(〈x

(m)
1 , x

(n)
2 〉) as f is cts. in its second argument

=
⊔

n f(〈x
(n)
1 , x

(n)
2 〉) by lemma 1.1.8.
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CHAPTER 1. PRELIMINARIES 1.1. PARTIAL ORDERS AND MONOTONE FUNCTIONS

Now assume f is continuous. For any point x2 ∈ P2 we get

f(〈
⊔

n x
(n)
1 , x2〉) = f(〈

⊔
x

(n)
1 ,
⊔

n x2〉)

= f(
⊔

n〈x
(n)
1 , x2〉) by definition

=
⊔

n f(〈x
(n)
1 , x2〉) because f is cts.

Similarly for the second argument.

Definition 1.1.10. A monotone partial function f : P ⇀ Q of cpos is continuous iff for any
ω-chain (xn)n∈N

f(
⊔

n

xn) ↓⇒ ∃m.f(xm) ↓ ∧f(
⊔

n≥m

xn) =
⊔

n≥m

f(xn).

This can be expressed more elegantly:

Definition 1.1.11. A subset A ⊆ P is upper closed iff, for all x, y ∈ P , if x ∈ A and x v y
then y ∈ A.

Definition 1.1.12. A subset A ⊆ P is Scott-open if it is upper closed and, for any ω-chain
x0 v x1 v · · · in P , if

⊔
n xn ∈ A then, for some n, xn ∈ A.

Now we are able to give a more elegant definition of a partial continuous function:

Definition 1.1.13. A partial function f : P ⇀ Q is continuous iff it is monotone, dom(f)
is Scott-open and f � dom(f) is (total) continuous.

Proposition 1.1.14. The Scott-open sets on a cpo P is a topology on P .

Proof:

• Clearly P and ∅ are Scott-open.

• Let O1,O2 ⊆ P be Scott-open. Clearly O1 ∩ O2 is upper closed. Let (xi)i∈N be an
ω-chain such that

⊔
i xi ∈ O1 ∩ O2; then there must be i1, i2 such that xi1 ∈ O1 and

xi2 ∈ O2. Let k = max(i1, i2). Then xk ∈ O1 ∩ O2 because both O1 and O2 are upper
closed.

• Let (Oi)i be a family of Scott-open sets in P . If a ∈
⋃

i Oi and p ∈ P where a ≤ p, then
there must be some j such that a ∈ Oj and since Oj is upper closed p ∈ Oj ⊆ ∪Oi.
Assume

⊔
i xi ∈

⋃
i Oi then there must be a j such that

⊔
i xi ∈ Oj . It follows that

there must exist a k such that xk ∈ Oj ⊆
⋃

i Oi.

Lemma 1.1.15. Let ⇑ x be the set {p ∈ P |p 6v x}. Then ⇑ x is Scott-open for all x ∈ P .

Proof: Clearly ⇑ x is upper closed. Suppose (xi) is a chain with
⊔

xi ∈⇑ x. If xi /∈⇑ x, for
all i, we must have, by definition of ⇑ x, ∀i.xi v x. This means that x is an upper bound of
(xi), but since

⊔
xi is the least upper bound, we have

⊔
xi v x, i.e.,

⊔
xi /∈⇑ x.

Proposition 1.1.16. Let f : P ⇀ Q be a partial function of cpos. Then f is continuous iff
f is continuous with respect to the Scott-topology.
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CHAPTER 1. PRELIMINARIES 1.2. MONADS

Proof: Suppose f is continuous and let B ⊆ Q be a Scott-open set. If x ∈ f−1(B) and x v y,
then f(x) ∈ B and f(x) v f(y) because f is monotone, so f(y) ∈ B since B is upper closed;
it follows that y ∈ f−1(B), so f−1(B) is upper closed. Now, let (xi) be a chain in P with⊔

xi ∈ f−1(B), i.e., f(
⊔

xi) ∈ B. Since f is continuous, there is an m such that f(xm) ↓ and
f(
⊔

i≥m(xi)) =
⊔

i≥m f(xi). Because f is monotone, f(xm) v f(xm+1) v · · · is a chain in Q

and since
⊔

i≥m f(xi) ∈ B, there is a k such that f(xk) ∈ B, i.e., xk ∈ f−1(B).
Now suppose that f is continuous w.r.t. the Scott-topology. Firstly we show that dom(f)

is Scott-open: Q is open and dom(f) = f−1(Q). Secondly we must show that f is monotone:
Suppose x v y ∈ dom(f) and f(x) 6v f(y). We have f(x) ∈⇑ f(y) while f(y) /∈⇑ f(y), so x
is in the open set f−1(⇑ f(y)) while y is not, but this contradicts x v y.

Finally let (xi) be a chain in dom(f). Now f is monotone, so (f(xi)) is a chain in Q. Since
xi v

⊔
xi, for all i, also f(xi) v f(

⊔
xi), i.e., f(

⊔
xi) is an upper bound, so

⊔
f(xi) v f(

⊔
xi).

If f(
⊔

xi) 6v
⊔

f(xi) then f(
⊔

xi) ∈⇑
⊔

f(xi), so
⊔

xi ∈ f−1(⇑
⊔

f(xi)), and since this is an
open set, there is a j such that xj ∈ f−1(⇑

⊔
f(xi)), i.e., f(xj) ∈⇑

⊔
f(xi), which is also an

open set so
⊔

f(xi) ∈⇑
⊔

f(xi) because f(xj) v
⊔

f(xi). But this is a contradiction, so we
must have

f(
⊔

xi) v
⊔

f(xi).

Corollary 1.1.17. Composition of partial continuous functions is continuous.

Proof: Composition of continuous functions on a topological space is continuous.

1.2 Monads

Definition 1.2.1. Let T : D → D be a functor, and η : idD ⇒ T and µ : T ⇒ T natural
transformations. Then the triple (T, µ, η) = T is a monad iff the following diagrams commute

T
Tµ //

µT

��

T

µ

��

T
ηT //

idT ��?
??

??
??

T

µ

��

T
Tηoo

idT����
��

��
�

T µ
// T T

Here (Tµ)D = T (µD) and (µT )D = µTD.

Given an adjunction (F,G, ε, η) : C
G

// D
Foo , F a G, we can construct the canonical

monad (T, µ, η) as follows: T = GF : D → D, η is the unit of the adjunction, and the
components of µ are µD = G(εFD) : TD → TD, where ε : FG ⇒ idC is the counit of the
adjunction. To see that the canonical monad is in fact a monad, consider the following, for
each object D:

µD ◦ (Tµ)D = µD ◦ (µT )D

⇔ G(εFD) ◦ T (µD) = G(εFD) ◦ µTD

⇔ G(εFD) ◦ GFG(εFD) = G(εFD) ◦ G(εFGFD)
⇔ G(εFD ◦ FG(εFD)) = G(εFD ◦ εFGFD).
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CHAPTER 1. PRELIMINARIES 1.2. MONADS

To see that εFD ◦ FG(εFD) = εFD ◦ εFGFD consider the naturality square:

FG(FGFD)
εFGFD //

FG(εFD)
��

FGFD

εFD

��
FG(FD)

εFD

// FD

.

It commutes because ε is a natural transformation. Because F and G are adjoints, we have
the following equality for each object C:

(Gε)C ◦ (ηG)C = idGC . (1.1)

So we get
µD ◦ (ηT )D = idTD

⇔ G(εFD) ◦ ηGFD = idGFD

which holds by 1.1 with C = FD. Along the same lines we have

(εF )D ◦ (Fη)D = idFD (1.2)

for all objects D of D, so

µD ◦ (Tη)D = idTD

⇔ G(εFD) ◦ GF (ηD) = idGFD

⇔ G(εFD ◦ F (ηD)) = G(idFD),

which holds by 1.2.

Dually we have the notion of a comonad, and for any adjunction (F,G, ε, η) : C
G

// D
Foo ,

F a G, we can construct it’s canonical comonad on C, as we shall see in detail in Section 2.4.

7



Chapter 2

Useful constructions

2.1 The lifting functor

In the following sections we will study the relations between and closure properties of four
particular categories, which we define here.

Cpo (category of predomains) consists of complete partial orders and continuous functions.

Cppo (category of domains) consists of pointed complete partial orders (a pointed cpo is a
cpo with a least element) and continuous functions.

Cppo⊥ (category of domains and strict continuous functions) consists of pointed cpos and
strict continuous functions, i.e. continuous functions that preserve the least element.

pCpo (category of predomains and partial continuous functions) consists of cpos and partial
continuous functions.

These are well-defined categories as both continuous and partial continuous functions compose
(and the identity function is the unit for composition in both cases).

Consider the categories Cpo of complete partial orders and continuous functions and
Cppo⊥ of pointed complete partial orders and strict continuous functions. Obviously, there
is an inclusion functor

U : Cppo⊥ → Cpo.

We claim that U has a left adjoint

F : Cpo → Cppo⊥,

which, given a cpo X (i.e., an object of Cpo) adds to it a bottom element ⊥X . Given an
arrow f : X → Y in Cpo

F (f) =

{
f on X
⊥Y on ⊥X

is the arrow that sends the added bottom element of X to the added bottom of Y and is f on
the rest. Thus F (f) is a strict continuous function. The adjunction is given by the natural
bijection:

Cppo⊥(FX, Y )
mX,Y // Cpo(X,UY ) .

8



CHAPTER 2. USEFUL CONSTRUCTIONS 2.2. THE CATEGORY OF ALGEBRAS FOR A MONAD

which is defined as follows: Given α : FX → Y

mX,Y (α) = α � X.

Given β : X → UY
m−1

X,Y (β)

maps the added bottom ⊥X to the bottom element of Y , which exists because Y is in Cppo⊥.
Given this thorough description, the naturality should be easy to verify. The unit of the
adjunction

ηX : X → UF (X)

is just the inclusion. The counit
εY : FU(Y ) → Y

is the identity on Y and maps ⊥Y to the least element of Y . The functor

T = UF : Cpo → Cpo,

which is actually just the functor F considered as a functor on Cpo instead of Cppo⊥, is
called the lifting functor, and since it arises from an adjunction, it extends to a monad as
described in section 1.2.

Indeed, if we take η to be the unit of the adjunction, and the components of µ to be

T 2X
U(εFX)// TX ,

then T 2X is X with two bottom elements added (the second one below the first one), and
µX is then the identity on TX and it maps the second bottom ⊥TX to the first bottom ⊥X .
Then T = (T, µ, η) is the canonical monad of the adjunction (F,U, ε, η).

2.2 The category of algebras for a monad

We show now that Cppo⊥ is the category of algebras for the monad T. The category CpoT

of T-algebras for the monad T on Cpo is defined as follows:

• Objects are pairs (X,h) where X is an object of Cpo and h : TX → X is a map in Cpo
(i.e., a continuous function) such that

T 2X
T (h) //

µX

��

TX

h

��

X
ηX //

idX !!C
CC

CC
CC

C TX

h

��
TX

h
// X X

commutes.

• Morphisms (X,h) → (Y, k) are morphisms X
f // Y in Cpo such that

TX
T (f) //

h
��

TY

k
��

X
f

// Y

commutes.

9



CHAPTER 2. USEFUL CONSTRUCTIONS 2.3. THE KLEISLI CATEGORY OF A MONAD

Proposition 2.2.1. CpoT ∼= Cppo⊥, meaning that the category of algebras for the monad T

is isomorphic to Cppo⊥, considered as objects in the category of locally small categories.

Proof: For all objects (X,h) in CpoT we have

hηX = idX

so h is epi, i.e., surjective in Cpo. h is monotone, since h is in Cpo, and therefore h(⊥X) must
be a least element of X. So X is an element of Cppo⊥. Since η is the inclusion X −→ TX
we must have

h � X = idX .

This determines h uniquely. Actually, h does exactly the same as the counit ε except that
they belong to different categories. We saw that X has a least element, so X = UY for some
object Y of Cppo⊥. We realize that for the object (UY, h) we have

h = U(εY ) : UFUY −→ UY.

For morphisms (X,h) → (Y, k) in CpoT we have the commuting square above. We have just
seen that the least element of X is h(⊥X) and that of Y is k(⊥Y ). By the definition of T we
have T (f)(⊥X) = ⊥Y , so

k(⊥Y ) = k(T (f)(⊥X)) = f(h(⊥X)),

that is, f preserves the least element, so f is in fact a morphism in Cppo⊥. Define a functor

S : CpoT → Cppo⊥

which is the identity on arrows, and sends an object (X,h) to X. The composition is clear, and
also id(X,h) = idX , so S is a functor. S has an inverse functor S−1 with S−1(Y ) = (UY,U(εY )),

which is also the identity on arrows. This shows that CpoT ∼= Cppo⊥, considered as objects
in the category of locally small categories.

2.3 The Kleisli category of a monad

Given an adjunction (F,G, ε, η): C
G

// D
Foo , F a G we have seen that we can construct

a monad (GF,GεF, η) on D which we call the canonical monad. Having seen that every
adjunction gives rise to a monad by this construction, two natural question arises: given a
monad (T, µ, η), is there an underlying adjunction, i.e.,an adjunction from which it could be
constructed, and if there is, is it uniquely determined? The answer to the first question is
yes, as we shall see in a moment, when we construct the Kleisli category. The answer to the
second question is no, so as true categorists we form the category of answers to our question,
that is, the category T−Adj of adjunctions that gives rise to the monad (T, µ, η).

The category T−Adj is defined as follows:

Objects are triples (C, F , G), where C is a category, and F and G are functors C
G

// D
Foo ,

part of an adjunction (F , G, ε, η)1 such that F a G, GF = T and GεF = µ.

1Note that the fourth component must be η.
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CHAPTER 2. USEFUL CONSTRUCTIONS 2.3. THE KLEISLI CATEGORY OF A MONAD

Morphisms are functors. Given objects (C, F , G) and (C ′, F ′, G′) a morphism K is a
functor C → C ′ satisfying KF = F ′, G′K = G, i.e. the diagram

C
K //

G ��?
??

??
??

? C′

G′

��~~
~~

~~
~

D

F

__???????? F ′

??~~~~~~~

almost commutes.

Composition, identities and associativity of the former are obvious.
Given a monad T on a category D, the Kleisli category DT of T is defined [Oos], as the

initial object in T−Adj. The category T−Alg of T-algebras is the terminal object. Dual to
the Kleisli category we have the coKleisli category for the comonad. We will treat this dual
case in detail in the next section, so for now we simply describe the structure of the Kleisli
category without any proofs of its properties.

The Kleisli category DT has the same objects as D. A map in DT from X → Y is an

arrow X → T (Y ) in D. This makes composition a bit unusual: Given X
f // TY and

Y
g // TZ in D, f is considered an arrow from X → Y in DT and g goes from Y → Z in

DT, so in DT they are composable. The composition gf in DT is the composite

X
f // TY

T (g) // T 2Z
µZ // TZ

in D. The identity is

X
idX // X

ηX // TX .

For our monad T on Cpo the Kleisli category CpoT has the same objects as Cpo and an
arrow X → Y in CpoT is an arrow X → TY in Cpo, i.e., an arrow from the domain X to

the codomain Y with an added bottom element. The adjunction CpoT
GT

// Cpo
FToo , FT a GT

is defined as follows: GT sends the object X to TX and arrows X
f // Y ( X

f // TY in
Cpo) to

TX
Tf // T 2Y

µY // TY

Functor FT is the identity on objects and it sends X
f // Y to X

f // Y
ηY // TY con-

sidered as X
f // Y in CpoT. This description of the Kleisli category with corresponding

adjunction is found in [Oos, p. 60].

Proposition 2.3.1. CpoT
∼= pCpo

Proof: The idea is to let the added bottom ⊥X correspond to the undefined elements of a
partial function. We define a functor

V : CpoT → pCpo

11



CHAPTER 2. USEFUL CONSTRUCTIONS 2.3. THE KLEISLI CATEGORY OF A MONAD

as follows: V is the identity on objects. Let X
f // Y be an arrow in CpoT, i.e., f is an

arrow from X → TY in Cpo, and let γY : TY ⇀ Y be the partial function which is the
identity on Y and undefined for ⊥Y . Then

V (f) = γY ◦ f.

V (f) is indeed a partial continuous function, since both γY f are so. V is a functor: V (idX ) =
idX since idX(a) = a 6= ⊥X because ⊥X is not an element of X. Recall that the composition

of two arrows X
f // Y and Y

g // Z in CpoT is the composite

X
f // TY

T (g) // T 2Z
µZ // TZ .

To see that V (gf) = V (g)V (f) we need to convince ourselves that the elements of X that
are send to ⊥Z by the composite gf , i.e. (gf)−1(⊥Z) are exactly the elements of X where
V (g)V (f) is left undefined. The latter is seen to be

f−1(⊥Y ) ∪ f−1(g−1(⊥Z))

(If either one of the partial functions V (f) or V (g) is undefined for an element a then their
composite is undefined for this element.) Now, the composite gf is the arrow µZT (g)f . We
calculate:

(µZT (g)f)−1(⊥Z)

= f−1(T (g)−1(µ−1
Z (⊥Z)))

= f−1(T (g)−1({⊥Z ,⊥TZ}))
= f−1(g−1(⊥Z) ∪ {⊥Y })

��
��

-

X
f

TY

P
P

P
P

Pq

��
��

q
-

P
P

P
P

Pq
X

X
X

XXXz

T(g)
TTZ

��
��

q
q

-

-

�
��

�
�:

��
��

q

TZ
µZ

Functor V has an inverse V −1 : pCpo → CpoT. Definition on arrows f : X ⇀ Y is

V −1(f) =

{
f on dom(f)
⊥Y on X \ dom(f)

To see that V −1 is well-defined, i.e., V −1(f) is continuous, note that for a total, continuous
function g and a chain (xi), g(

⊔
i≥k xi) =

⊔
i≥k g(xi), for some k, implies g(

⊔
i xi) =

⊔
i g(xi).

We now have a nice picture of how some of the categories are connected by adjunctions:

pCpo ∼=

GTV −1
33

CpoT

K //

GT ##F
FF

FF
FF

FF
Cppo⊥

U

{{vvvvvv
vvv

∼= CpoT

USkkCpo

FT

ccFFFFFFFFF
F

;;vvvvvvvvvV FT

ZZ

S−1F

CC

12
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For some unique K Later we shall realize that there is an isomorphism pCpo ∼= Cppo⊥ which
brings this figure to collapse; meaning that the category T−Adj ' 1. This tells us that
the adjunction giving rise to the monad (T, µ, η) on Cpo is uniquely (up to isomorphism)
determined.

2.4 The CoKleisli Category of a Comonad

It turns out to be handy to know the exact structure of the coKleisli category of a comonad.
Finding this involves many categorical concepts and definitions, and is thus a good exercise
and an instructive example at the same time. In the spirit of quest for experience and
knowledge, this section contains a detailed treatment of the coKleisli category of a comonad.

The coKleisli category of a comonad is the dualization of the concept of a Kleisli category
of a monad. The following treatment can equally be dualized.

2.4.1 Motivation

Given a category C, there is a notion of a comonad on this category, being an endofunctor with
certain properties. These comonads are apparently important. It turns out that whenever
there is an adjunction between C and some other category, this adjunction gives rise to a
comonad on C. Conversely every comonad comes from an adjunction, but perhaps from more
than one. And this connection between comonads on C and adjunctions from C is the story
of the coKleisli category. The coKleisli category of a comonad L is the ’smallest’ solution to
the problem “what adjunctions give rise to L”. Smallest in the sense that the adjunctions
giving rise to L form a category, and the coKleisli category of L is the initial object in this
category.

2.4.2 Definitions

Given a category C, a comonad L on C is a triple (L, δ, ε), where

• L is a functor C → C

• δ is a natural transformation L ⇒ L2

• ε is a natural transformation L ⇒ idC

such that

L
δ //

δ
��

L2

Lδ
��

L2
δL

// L3 and

L
idL

~~~~
~~

~~
~~

δ
��

idL

  @
@@

@@
@@

@

L L2
εL

oo
Lε

// L

commute.

Proposition 2.4.1. Given an adjunction (F , G, ε, η):

C
G

// D
Foo F a G,

the triple (FG, δ = FηG, ε) is a comonad on C.

13
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Proof: Clearly FG is a functor from C to C, and ε is known to be a natural transformation

from FG to idC
2. Similarly η is a natural transformation from idC to GF , X

ηX // GF (X) .

Thus ηGX : GX → GF (GX), and FηGX : FGX → FGF (GX), is a natural transformation
from L to L. That we actually obtain a natural transformation follows from an adequately
rich functor theory3.

In light of this, the category L−Adj of adjunctions giving rise to L are defined as follows:

Objects are triples (D, F , G), where D is a category, and F and G are functors C
G

// D
Foo ,

part of an adjunction (F , G, ε, η)4 so that F a G, FG = L and FηG = δ.

Morphisms are functors. Given objects (D, F , G) and (D ′, F ′, G′) a morphism K is a
functor D → D′ such that F ′K = F and KG = G′, i.e., the diagram

D
K //

F ��?
??

??
??

?
D′

F ′

��~~
~~

~~
~~

C

G
__???????? G′

??~~~~~~~~

mostly commutes.

Composition, identities and associativity of the former are obvious.
Given a comonad L on a category C, the coKleisli category CL of L is defined as the initial

object of L−Adj.

2.4.3 Construction

As an object of L−Adj, the coKleisli category of L is a triple (CL, FL, GL). We will not, as the
title adverts, construct this object as much as define it, later to prove the desired properties
(including well-definedness).

Definition 2.4.2 (CL). The objects of CL are the objects of C. A morphism X
f // Y in CL

is a morphism LX
f // Y in C, i.e. CL(X,Y )

def
= C(LX, Y ). Given morphisms X

f // Y

and Y
g // Z , the composite X

g◦f // Z is found as g ◦ Lf ◦ δX . The following diagrams
might help to illustrate:

in CL in C

X
f // Y

g // Z LX
f //

δX

��

Y

L2X
Lf

// LY
g // Z

Definition 2.4.3 (FL). The functor FL : CL → C is defined as follows:

2See [Oos, p. 45].
3One which has the stated claim as a theorem.
4Note that the third component must be ε.

14
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Objects FL(X) = LX

Morphisms FL( X
f // Y ) = Lf ◦ δX

LX
f // Y 7→ LX

δX // L2X
Lf // LY

Definition 2.4.4 (GL). The functor GL : C → CL is defined as follows:

Objects GL(X) = X

Morphisms GL( X
f // Y ) = f ◦ εX

LX
εX // X

f // Y .

2.4.4 Verification

Several aspects must be verified. Firstly, we must check that CL is a category – that compo-
sition is associative, and identities exists. Then we must show that (CL, FL, GL) is an object
of L−Adj – that FL a GL with suitable components, and that FLGL = L. Finally we must
show that (CL, FL, GL) is initial in L−Adj.

Proposition 2.4.5. CL is a category

Proof: We must that for any three morphisms X
f // Y

g // Z
h // W , (h ◦ g) ◦ f =

h ◦ (g ◦ f). We simply calculate both sides:

(h ◦ g) ◦ f = h ◦ Lg ◦ δY ◦ f

= h ◦ Lg ◦ δY ◦ Lf ◦ δX

h ◦ (g ◦ f) = h ◦ g ◦ Lf ◦ δX

= h ◦ L(g ◦ Lf ◦ δX) ◦ δX

= h ◦ Lg ◦ L2f ◦ LδX ◦ δX

The naturality square for δ

LX

f

��

L2X
δLX //

Lf

��

L3X

L2f

��
Y LY

δY

// L2Y

gives δY ◦ Lf = L2f ◦ δLX , making the left hand side almost equal to the right hand side. If
only δLX = LδX . . . . The first defining diagram for δ

LX
δX //

δX

��

L2X

LδX

��
LX

δLX

// L3X

15
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gives us not exactly that, but something good enough in our case.

We must also find, for each object X, an identity i on X, being a morphism LX
i // X

in C with i neutral to composition in CL. The obvious choice is to put i = εX . So let us
investigate whether idX = εX works:

For X
f // Y , we get

f ◦ εX = f ◦ LεX ◦ δX

The (second half of the) second defining diagram for ε and δ gives

εLX ◦ δX = idLX LX
idLX

{{xx
xx

xx
xx

x

δX

��

idLX

##F
FF

FF
FF

FF

LX L2XεLX

oo
LεX

// LX

LεX ◦ δX = idLX

making everything work out nicely.

For W
g // X , we get

εX ◦ g = εX ◦ Lg ◦ δW

The naturality square for ε gives

LW

g

��

L2WεLW

oo

Lg

��
X LX

εXoo

g ◦ εLW = εX ◦ Lg

Combining this with the first half of the second defining diagram, we get

εX ◦ g = εX ◦ Lg ◦ δW

= g ◦ εLW ◦ δW

= g ◦ idLW

= g

Proposition 2.4.6. FL a GL

Proof: We should as the first thing show that FL and GL are indeed functors. Given the
calculations above, it is easy to see that

FL(idY ) = FL(εY ) = LεY ◦ δY = idLY = idFLY

and
GL(idX) = idX ◦ εX = εX = idGLX .

Preservation of compositions is almost as easy. Let X
f // Y and Y

g // Z be given. As
δ is a natural transformation from L to L2, we have that δY ◦ Lf = L2f ◦ δLX , and thus

FL(g ◦ f) = FL(g ◦ Lf ◦ δX)
= L(g ◦ Lf ◦ δX) ◦ δX

= Lg ◦ (L2f ◦ LδX) ◦ δX

= Lg ◦ δY ◦ Lf ◦ δX

= FL(g) ◦ FL(f).

16
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Similarly, given X
f // Y and Y

g // Z we find, remembering that εY ◦ Lf = f ◦ εX ,

GL(g) ◦ GL(f) = g ◦ εY ◦ f ◦ εX

= g ◦ εY ◦ L(f ◦ εX) ◦ δX

= g ◦ (εY ◦ Lf) ◦ LεX ◦ δX

= g ◦ f ◦ εX ◦ LεX ◦ δX

= g ◦ f ◦ εX

= GL(g ◦ f).

So they are functors alright; now for the adjunction. . .
For C ∈ C0 and D ∈ CL0, we must find a natural bijection between the Hom sets C(FLD,C)

and CL(D,GLC). These can be rewritten as C(LD,C) and CL(D,C), and the natural guess
becomes f : LD → C 7→ f : D → C. This is a bijection, but is it natural?

The naturality requirement states that for D
u // D′ and C ′ v // C and any

FLD′ α // C ′ , we must have

v ◦ α ◦ FLu = GLv ◦ α ◦ u,

which translates to

v ◦ α ◦ Lu ◦ δD = v ◦ εC′ ◦ α ◦ u = v ◦ εC′ ◦ Lα ◦ δD′ ◦ Lu ◦ δD.

Now, if only α = εC′ ◦Lα◦ δD′ , we would be done. . . But that follows from the commutativity
of

LD′

idLD′

{{xx
xx

xx
xx

x

δD′

��
LD′

α

��

L2DεLD

oo

Lα

��
C ′ LC ′

εC′

oo

The top triangle is the first half of the second defining diagram, and the bottom square is a
naturality square for ε.

Proposition 2.4.7. The components of FL a GL matches L: The counit is ε and the unit η
satisfies FηG = δ.

Proof: The components of the adjunction are given through the bijection (·)’s action on
identities. We would like

εC = idGLC

and
FL(idFLGLD) = δD

for all C and D in C.
The first equation is easily verified, as

idGLC = idC = εC ,

17
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and the second unravels just as beautifully:

FL(idFLGLD) = FL(idLD) = L(idLD) ◦ δD = δD

Proposition 2.4.8. FLGL = L

Proof: On objects we have FLGLX = FLX = LX. On morphisms we get

FLGLf = FLf ◦ εX = L(f ◦ εX) ◦ δX = Lf ◦ LεX ◦ δX = Lf ◦ idLX = Lf.

Proposition 2.4.9. (CL, FL, GL) is initial in L−Adj.

Proof: For (CL, FL, GL) to be an initial object, we must find a unique morphism into any
other object of L−Adj. So given (D, F , G) ∈ L−Adj0, we must find a unique functor
KD : CL → D so that FKD = FL and KDGL = G.

First we construct a KD that works:

CL

K

D
//

FL ��@
@@

@@
@@

D
F

����
��

��
��

C

GL

__@@@@@@@ G

??��������

Objects KDX = GX

Morphisms KDf = mf

where mf denotes the transpose of f under the adjunction F a G:

FGX = LX
f // Y 7→ GX

mf // GY .

This satisfies the equations on objects:

FKDX = FGX = LX = FLX and KDGLX = KDX = GX.

On morphisms the equations turn out a little trickier: For a morphism X
f // Y in CL,

FKD = FL becomes
F (mf) = Lf ◦ δX .

To show this, we pull, out of the big black magicians hat, the following marvelous string of
equations:

F (mf) = F (Gf ◦ m(idLX)) = FGf ◦ F (m(idFGX)) = Lf ◦ FηGX = Lf ◦ δX .

This amazing calculation is explained as follows: The first equality stems from the fact that
the transpose is determined on its value on identities. The second is just F being a functor,
and the third and fourth are a matter of definitions.

18



CHAPTER 2. USEFUL CONSTRUCTIONS 2.4. THE COKLEISLI CATEGORY OF A COMONAD

For X
f // Y the other equation, KDGL = G, becomes

m(f ◦ εX) = Gf.

Thus we calculate
m−1(Gf) = εY ◦ FGf = εY ◦ Lf = f ◦ εX ,

the last equality by the naturality of ε.
We can now show that KD is a functor: For identities we get

KD(idX) = KD(εX) = m(εX) = idGX ,

and for compositions we have by the naturality of (·)−1 and m:

KD(g◦f) = m(·)−1(g◦f) = m(g◦FL(f)) = m(g◦FKD(f)) = m(g)◦KD(f) = KD(g)◦KD(f).

So KD works, and its values on objects are fully determined by KDX = KDGLX = GX.
To realize the uniqueness on morphisms, we again look to naturality:

m(f) = m(·)−1(f) = m(·)−1(id◦f ) = m(ε◦FL(f)) = m(ε◦FKD(f)) = m(ε)◦KD(f) = id◦KD(f) = KD(f),

where all we have used is that FKD = FL and that the two adjunctions share counits.

2.4.5 Application

We now use our knowledge of the structure of the coKleisli category of a comonad to show
one such isomorphic to a much simpler category. The comonad in question is the canonical
comonad of the adjunction in Section 2.1:

L = (L = FU, δ = FηU, ε)

where L : Cppo⊥ → Cppo⊥ becomes a lifting functor and η and ε are the unit and counit of
F a U respectively.

To find Cppo⊥L we take the objects of Cppo⊥and all morphisms from Cppo⊥ of the form

LX
f // Y . A morphism of this form is then considered a morphism from X to Y in

Cppo⊥L. Such a morphism must map the added bottom element of X to the bottom element
of Y since it is strict, but on all the original elements of X, it is constrained only by continuity.
We now have a quite obvious bijection between the homsets Cppo⊥L(X,Y ) and Cppo(X,Y ).
In fact we claim that Cppo⊥L and Cppo are isomorphic:

Theorem 2.4.10. Cppo⊥L
∼= Cppo

Proof: We define the functor H : Cppo⊥L → Cppo on objects as the identity, and on mor-
phisms by restriction. This ensures that, for any morphism f : X → Y , H(f) : H(X) → H(Y ).

Obviously, identities are mapped to identities. Composition works as follows: For X
f // Y

and Y
g // Z ,

g ◦ f = g ◦ Lf ◦ δX ,

as seen earlier, but what exactly is δX in our case?
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Recall that ηX : X → UF (X) is just the inclusion, and so δX = FηU(X) : F (UX) →
FUF (UX) is just the inclusion of L(X) into L(X).

Thus Lf ◦ δX is really f followed by an inclusion into LY , i.e., the following diagram
commutes:

LX
f //

δX

��

Y

iY
��

LX
Lf

// LY

Now, g ◦ iY is the same as taking g restricted to Y , and so the restriction of g ◦ i ◦ f is the
same as the composition of the restrictions of f and g.

Thus H is a functor, and it is clearly both full, faithful and more than essentially surjective
on objects, so we have an equivalence.

Now we are able to compress our world into the following diagram:

pCpo ∼= Cppo⊥
GL

yyrrrrrrrrrr

U $$H
HH

HH
HHH

H

Cppo ∼= Cppo⊥L
K

//
FL

99rrrrrrrrrr
Cpo

F
ddHHHHHHHHH

For some unique K.
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Chapter 3

Closure properties

Theorem 3.0.11. Cpo is ccc and has finite coproducts (i.e. Cpo is biccc).

Proof: The proof is so close to the case of Set, that we will provide only a sketch; we simply
take the structures from Set and claim, that the required objects are cpos, and morphisms
continuous. See [Oos] for some details.

The product of (A,≤A) with (B,≤B) is given as (A × B,≤A×B), where ≤A×B is defined
by

(a, b) ≤A×B (a′, b′) ⇔ a ≤A a′ ∧ b ≤B b′

The projections are as in Set, and are easily seen to be continuous. Indeed

⊔

i

(ai, bi) =

(
⊔

i

ai,
⊔

i

bi

)

The exponent (B,≤B)(A,≤A) is (BA,≤BA), where ≤BA is given by

f ≤BA g ⇔ ∀a ∈ A.f(a) ≤A g(a)

Here we have
⊔

i fi defined by

(
⊔

i

fi)(x) =
⊔

i

fi(x)

That this is an adjoint to the product goes largely as in Set, too.
The coproduct of (A,≤A) with (B,≤B) is given as (A + B,≤A+B), where A + B is the

disjoint union (as in Set) and ≤A+B is defined by

x ≤A+B y ⇔ x ≤A y ∨ x ≤B y

The injections are as in Set, and are easily seen to be continuous. If (xi) is a chain in A + B
then it is wholly contained in either A or B. The lub is then inherited.

We now show that Cppo inherits the ccc property of Cpo but not the coproducts.

Theorem 3.0.12. Cppo is a full sub-ccc of Cpo.

Proof: Clearly all pointed cpos are in particular cpos, so it is a sub category. And clearly all
continuous functions are continuous functions, so it is full. Not quite that clearly, it is also
ccc. It suffices to check, that the constructed objects are pointed, though. That is easy.
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Theorem 3.0.13.

1. Every endo function f : X → X in Cppo has a least fixed point

Y(f) =
⊔

n∈ω

fn(⊥).

2. Y determines a map (a continuous function) from XX → X in Cppo.

3. (Uniformity) For every h : X → Y in Cppo⊥, and f, g in Cppo, if the diagram

X
h //

f

��

Y

g

��
X

h
// Y

commutes in Cppo, then h(Y(f)) = Y(g).

Proof:

1. Consider the chain ⊥ ≤ f(⊥) ≤ f 2(⊥) ≤ · · · , this is indeed a chain since ⊥ ≤ f(⊥) and
f is monotone. Let a = tnfn(⊥). Since f is continuous we have

f(a) = f(
⊔

n

fn(⊥)) =
⊔

n

fn+1(⊥) = a,

so a is a fixed point of f .

Let b be some other fixed point of f . We know that ⊥ ≤ b = f(b) and so, since f is
monotone, fn(⊥) ≤ fn(b) = b, for any n, which means that

a =
⊔

n

fn(⊥) ≤
⊔

n

fn(b) =
⊔

n

b = b.

2. The object XX exists in Cppo since Cppo is a full sub-ccc of Cpo by Theorem 3.0.12.
(The order in XX is the pointwise order induced by the order in X.) Y is monotone:
if f ≤ g in XX , by definition f(⊥) ≤ g(⊥) and so because f is monotone, f i+1(⊥) ≤
f(gi(⊥)) ≤ gi+1(⊥) whenever f i(⊥) ≤ gi(⊥). By induction we then get fn(⊥) ≤ gn(⊥),
so

Y(f) =
⊔

n

fn(⊥) ≤
⊔

n

gn(⊥) = Y(g).

Let f1 ≤ f2 ≤ f3 ≤ · · · be a chain in XX and let f =
⊔

n fn(⊥). Then by the same
induction argument as above, for any i and any n, f i(⊥) ≥ f i

n(⊥) and since all fn’s and
f are monotone, f i(⊥) and f i

n(⊥) are chains (in i); therefore
⊔

i f
i(⊥) ≥

⊔
i f

i
n(⊥) so⊔

i f
i(⊥) is an upper bound, for all n, by which we get

⊔
i f i(⊥) ≥

⊔
n

⊔
i f

i
n(⊥). Now

consider
Y(
⊔

n fn) =
⊔

i(
⊔

n fn)i(⊥)
=

⊔
i f

i(⊥)
≥

⊔
n

⊔
i f

i
n(⊥) by the above calculation

=
⊔

n Y(fn).
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The other inequality follows from:

fn ≤
⊔

n fn for all n
Y(fn) ≤ Y(

⊔
n fn) for all n, by monotonicity of Y⊔

n Y(fn) ≤
⊔

n Y(
⊔

n fn)
= Y(

⊔
n fn) since Y(

⊔
n fn) is a constant chain.

3. We reason as follows:

h(Y(f)) = h(
⊔

n fn(⊥))
=

⊔
n hfn(⊥) h is continuous

=
⊔

n ghfn−1(⊥) by the assumption
=

⊔
n ghfn−2(⊥)

...
=

⊔
n gnh(⊥)

=
⊔

n gn(⊥) h is strict
= Y(g).

Proposition 3.0.14. Cppo has no coproducts.

Proof: As Cppo has fixed points and is ccc, [HP] is applicable, and tells us, that not all
coproducts can exist (in [HP] it is shown, that 1 + 1 does not exist). In fact no coproducts
exists, as we can show directly:

Given pointed cpos A and B, let A+B be an alleged coproduct object, with inA and inB

the proposed injections: C

∀C, f, g∃!u.

A
inA

//

f

==zzzzzzzzzz
A + B

u

OO�
�

�

B
inB

oo

g

bbDDDDDDDDDD

We choose C to be {1 < 2}. Now A + B has a bottom element, say ⊥. We have two cases:
If ⊥ is in the range of neither inA nor inB, we choose f and g both to be constant 2.

Then u is not unique, as it has a free choice for ⊥.
If one of the injections hit ⊥, say inA, then we define f to be constant 2, and g to be

constant 1. The diagram can then never be brought to commute as B is nonempty.

Proposition 3.0.15. Cppo⊥ has coequalizers

Proof: Let A and B be pointed cpos, and f and g strict continuous function between them:

A
f //
g

// B

We now form the set R = {(fa, ga)|a ∈ A} ⊆ B × B. This can be seen as a relation on B,
and we take as R its reflexive, symmetric and transitive closure. We then have an equivalence
relation, enabling us to consider C = B/R, which we promptly equip with the ordering ≤C :

c1 ≤C c2 ⇔ ∃b1 ∈ c1, b2 ∈ c2.b1 <B b2
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where <B denotes the order on B. On this fine set we define yet another equivalence relation
=C :

c1 =C c2 ⇔ c1 ≤C c2 ∧ c2 ≤C c1

finally arriving at our coequalizer object C/ =C . This is a pointed cpo with the order induced
from C. The coequalizer morphism is the canonical surjection s:

b 7→ [b]=C
.

To see that we have indeed constructed a coequalizer, consider an object D and a morphism

B
h // D such that h ◦ f = h ◦ g. The map [b]=C

7→ h(b) then factors h through s. Of
course we have to show this map well-defined i.e. [b1]=C

= [b2]=C
⇒ h(b1) = h(b2):

First we consider

(b1, b2) ∈ R ⇒ ∃a ∈ A.b1 = f(a) ∧ b2 = g(a) ⇒ h(b1) = h(f(a)) = h(g(a)) = h(b2)

thus we also have that [b1]R = [b2]R ⇒ h(b1) = h(b2). Now

[b1]=C
= [b2]=C

⇒

[b1]R ≤C [b2]R ∧ [b2]R ≤C [b1]R ⇒

∃b′1, b
′′
1 ∈ [b1]R.∃b′2, b

′′
2 ∈ [b1]R.b′1 <B b′2 ∧ b′′2 <B b′′1 ⇒

∃b′1, b
′′
1 , b

′
2, b

′′
2 ∈ B.h(b′1) = h(b′′1) = h(b1) ∧ h(b′2) = h(b′′2) = h(b2) ∧ b′1 <B b′2 ∧ b′′2 <B b′′1 ⇒

h(b1) <D h(b2) ∧ h(b2) <D h(b1) ⇒

h(b1) = h(b2)

so our map is well-defined, and clearly factors h through s uniquely.

3.1 SMCC

Proposition 3.1.1. Cppo⊥ has finite products, inherited from Cpo.

Proof: By Proposition 2.2.1 and by the fact, according to [Oos, p. 59], that CpoT is as least
as complete as Cpo. The latter meaning that whenever a limit of a diagram exists in Cpo
the diagram also has a limit in Cppo⊥.

Exponentials are not inherited though. However w.r.t. a weaker notion of product, a
tensor product, Cppo⊥ does have a closed structure as we shall now show.

Definition 3.1.2. A category C is said to be monoidal if there is a functor ⊗ : C × C → C,
an object e ∈ Obj(C), and natural isomorphisms

αa,b,c : a ⊗ (b ⊗ c) → (a ⊗ b) ⊗ c, λa : e ⊗ a → a, ρa : a ⊗ e → a,

so that

a ⊗ (b ⊗ (c ⊗ d))
α //

1⊗α

��

(a ⊗ b) ⊗ (c ⊗ d)

α

��
a ⊗ ((b ⊗ c) ⊗ d)

α

))SSSSSSSSSSSSSS
((a ⊗ b) ⊗ c) ⊗ d)

(a ⊗ (b ⊗ c)) ⊗ d)

α⊗1
55kkkkkkkkkkkkkkk

a ⊗ (e ⊗ b)

α

��

1⊗λ

&&LLLLLLLLLL

a ⊗ b

(a ⊗ e) ⊗ b

ρ⊗1

88rrrrrrrrrr
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commute. (C,⊗, e, α, λ, ρ) is then a monoidal category.

Definition 3.1.3. A monoidal category (C,⊗, e, α, λ, ρ) is said to be symmetric if there is a
natural isomorphism

γa,b : a ⊗ b → b ⊗ a

so that

a ⊗ b
id //

γ

$$H
HH

HH
HH

HH
a ⊗ b

b ⊗ a

γ
::vvvvvvvvv

, a ⊗ e
ρ //

γ

$$I
IIIIII

II
a

e ⊗ a

λ

<<zzzzzzzzz

and
a ⊗ (b ⊗ c)

α //

1⊗γ

��

(a ⊗ b) ⊗ c
γ

''OOOOOOOOOOO

a ⊗ (c ⊗ b)

α
''OOOOOOOOOOO

c ⊗ (a ⊗ b)

α

��
(a ⊗ c) ⊗ b

γ⊗1
// (c ⊗ a) ⊗ b

commute. (C,⊗, e, α, λ, ρ, γ) is then a symmetric monoidal category.

Definition 3.1.4. A symmetric monoidal category (C,⊗, e, α, λ, ρ, γ) is called closed if the
functor

−⊗ b : C → C

has a right adjoint b ◦ −, for all b ∈ Obj(C). (C,⊗, e, α, λ, ρ, γ, (b ◦ −)b∈Obj(C)) is then a
symmetric monoidal closed category.

We now turn to the category Cppo⊥, which we wish to show symmetric monoidal closed.
To that end we define the smash product by means of the ordinary product × on pCpo, and
the functors (−)↓ and (−)⊥. Thus, we first define these:

Definition 3.1.5. (−)↓ : Cppo⊥ → pCpo
For A ∈ Obj(Cppo⊥), A↓ ∈ Obj(pCpo) is just A with the bottom element removed. For
A,B ∈ Obj(Cppo⊥) and f ∈ Cppo⊥(A,B), f↓ ∈ pCpo(A↓, B↓) is just f restricted to f−1(B↓),
regarded as a partial function on A↓.

Note that this is not just a composite of previously defined functors.

Definition 3.1.6. The functor (−)⊥ : pCpo → Cppo⊥ works just like the functor F : Cpo →
Cppo⊥ from Section 2.1. Objects are loaded with an extra bottom element, and for f ∈
pCpo(A,B), f⊥ becomes everywhere defined, by sending all points in A⊥ on which f is not
defined (including the added bottom element) to the added bottom element of B⊥.

Proposition 3.1.7. (−)↓ : Cppo⊥ → pCpo and (−)⊥ : pCpo → Cppo⊥ are functors.

As the functors (−)↓ and (−)⊥ are inverses, we have the following isomorphism:

Proposition 3.1.8. Cppo⊥ ∼= pCpo.
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And so we are ready to define the smash product on Cppo⊥:

Definition 3.1.9. The functor ⊗ : Cppo⊥ × Cppo⊥ → Cppo⊥ is defined by:

A ⊗ B
def
= (A↓ × B↓)⊥.

f ⊗ g
def
= (f↓ × g↓)⊥.

At this point we need the following nice basic lemmas for Cartesian categories. We will
use the notation that πA×B

A and πA×B
B in general denotes the projections from A × B to A

and B respectively. As labels on arrows in diagrams, and in other contexts where the domain
is obvious, we will leave out the superscript.

Lemma 3.1.10. The projections πA×1
A and π1×A

A are isomorphisms, for all objects A.

Proof: Consider the following commuting diagram:

A × 1

πA

��~~
~~

~~
~~

~~
~~

~~
~~

~~
πA

�� π1

��?
??

??
??

??
??

??
??

??
?

A

idA
wwooooooooooooooo

i
���
�

�

u

''O
O

O
O

O
O

O
O

A A × 1πA

oo
πB

// 1

where i is the product induced unique morphism that actually make it commute, and u is the
unique morphism into the terminal object. We see that πA ◦ i is the identity. As projections
are monos1 and πA ◦ (i ◦ πA) = πA ◦ id, i ◦ πA is also the identity. Similarly, πB is also
invertible.

Lemma 3.1.11. Projections are natural in their codomains.

Proof: We claim that for all objects A and B, πA×−
− is a natural transformation from A×−

to id and π−×B
− from −× B to id. The commuting square for πA×X

X looks like this:

X

f

��

A × X

idA×f

��

πX // X

f

��
Y A × Y πY

// Y,

which commutes by definition. The same goes for π−×B
− .

Lemma 3.1.12. Products of isomorphisms are isomorphisms.

Proof: This is obvious, as idA × idB = idA×B , for all A and B.

Lemma 3.1.13. Products of natural transformations are natural transformations.

1This is easily seen in the product diagram, since f is 〈πA ◦ f, πB ◦ f〉 and unique.
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Proof: We claim that for natural transformations α : F ⇒ G and β : F ′ ⇒ G′, α×β : F×G ⇒
F ′ × G′ is a natural transformation. The naturality square looks like this:

X × X ′

f×g

��

FX × GX ′

Ff×Gg

��

αX×βX′ // F ′X × G′X

F ′f×G′g

��
Y × Y ′ FY × GY

αY ×βY ′

// F ′Y × G′Y ′

which commutes as

(αY ×βY ′)◦(Ff×Gg) = (αY ◦Ff)×(βY ′◦Gg) = (F ′f◦αX)×(G′g◦βX′) = (F ′f×G′g)◦(αX×βX′).

Theorem 3.1.14. (Cppo⊥,⊗, 1⊥, α, λ, ρ, γ), is a symmetric monoidal category, where ⊗ is
smash product, 1 denotes the terminal object of pCpo, and α, λ, ρ and γ are given by:

αA,B,C = ((π
(A↓×(B↓×C↓))
A↓

× π
(A↓×(B↓×C↓))
B↓

) × π
(A↓×(B↓×C↓))
C↓

)⊥

λA = (π
A↓×1
A↓

)⊥

ρA = (π
1×A↓

A↓
)⊥

γA,B = (π
A↓×B↓

A↓
× π

A↓×B↓

B↓
)⊥

Here π
(A↓×(B↓×C↓))
B↓

is to be understood as π
B↓×C↓

B↓
◦ π

(A↓×(B↓×C↓))
B↓×C↓

.

Proof: We are to show that the above mentioned morphisms are natural bijections. This is
largely done by the previous lemmas, as naturality is preserved by composition and functors
preserve commuting diagrams.

That the defining diagrams commute is an easy albeit tedious case of trial and success.

Proposition 3.1.15. For each object B in Cppo⊥, the functor −⊗B : Cppo⊥ → Cppo⊥ has
a right adjoint B ◦ −, where B ◦C is the set of strict, continuous functions from B to C.

Proof: Clearly B ◦C is an object of Cppo⊥; ordering is pointwise, i.e., f v g ⇔ ∀x.f(x) v
g(x). The bottom element ⊥B ◦C is λb.⊥C . The functor B ◦− sends an arrow f : C → C ′

to f̄ : B ◦ C → B ◦ C ′, by f̄(α) = f ◦ α. We define a natural isomorphism

Cppo⊥(A ⊗ B,C)
mA,C
−→ Cppo⊥(A,B ◦ C)

by mapping f : A ⊗ B → C to mA,C(f) = expf : A → B ◦ C where expf (a) = λb.f̂(a, b),

where f̂ is the strict extension of f to A × B, i.e.

f̂(a, b) =

{
f(a, b) if (a, b) ∈ A↓ × B↓

⊥C otherwise.
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Clearly f̂ is strict and continuous. expf (⊥A) = λb.f̂(⊥A, b) = λb.⊥C , so expf is strict; it is
also monotone: for a1 v a2 we have expf (a1) = λb.f(a1, b) v λb.f(a2, b) = expf (a2) since f is

monotone. To see that expf preserves lubs, let (ai) be a chain. expf (
⊔

ai) = λb.f̂(
⊔

ai, b) =⊔
i λb.f̂(ai, b) (by lemma 1.1.9 since f̂ is continuous.) =

⊔
i expf (ai), so expf is indeed a strict,

cts. function. Furthermore, for any a, expf (a) is an object of B ◦ C, because expf (a) is a

strict, cts. function by lemma 1.1.9 and f̂ being strict and continuous. For g : A → B ◦ C
strict and continuous, we define m−1

A,C(g) = g̃ : A ⊗ B → C by

g̃(a, b) = g(a)(b) and
g̃(⊥A⊗B) = ⊥C

g̃ is strict, to see that it is monotone consider (a1, b1) v (a2, b2), g̃(a1, b1) = g(a1)(b1) v
g(a2)(b1) (because g is monotone) v g(a2)(b2) = g̃(a2, b2) (because g(a2) is monotone). Note
that a chain in A ⊗ B is either the constant chain ⊥A⊗B or it is a chain in A or B possibly
starting with ⊥A⊗B. Therefore we only need to consider the restriction of g̃ to A↓×B↓ in order
to show that g̃ is continuous. By lemma 1.1.9 g̃|A↓ × B↓ is continuous iff it is continuous in
both arguments. Let (ai) be a chain in A↓, then g̃(

⊔
ai, b) = g(

⊔
ai)(b) = (

⊔
g(ai))(b) (since

g is cts.) =
⊔

g̃(ai, b). Let (bi) be a chain in B, then g̃(a,
⊔

bi) = g(a)(
⊔

bi) =
⊔

i g(a)(bi)
because g(a) is continuous. It is straight forward to verify that m and m−1 are inverses. For
naturality, consider f : A → A′ and g : C ′ → C, both strict and cts. To verify that the square

Cppo⊥(A ⊗ B,C)
mA,C // Cppo⊥(A,B ◦ C)

Cppo⊥(A′ ⊗ B,C ′) mA′,C′

//

Cppo⊥(f⊗IdB ,g)

OO

Cppo⊥(A′, B ◦ C ′)

Cppo⊥(f,ḡ)

OO

commutes, take α ∈ Cppo⊥(A′ ⊗ B,C ′) and let’s chase it through the diagram. On one side
we get mA,C(g◦α◦f⊗idB) and on the other side we get ḡ◦mA′,C′(α)◦f . Let g◦α◦f⊗idB = γ
then mA,C(γ) = expγ so for a ∈ A expγ(a) = λb.γ̂(a, b) = λb.g ◦ α̂ ◦ f ⊗ idB(a, b) (because f
and g are strict) = λb.g ◦ α̂(f(a), b).

ḡ◦mA′C′(α)◦f(a) = ḡ◦expα◦f(a) = ḡ(λb.α̂(f(a), b)) = λb.g◦α̂(f(a), b). By extensionality
we get mA,C(g ◦ α ◦ f ⊗ idB) = ḡ ◦ mA′,C′(α) ◦ f .

Corollary 3.1.16. (Cppo⊥,⊗, 1⊥, α, λ, ρ, γ), is a symmetric monoidal closed category.

3.2 Partial exponentials

Proposition 3.2.1. pCpo is partial Cartesian closed.

Proof: The statement means that the subcategory of total maps, Cpo is ccc. This happens
to be the case according to 3.0.11.

The product functor on Cpo extends to a functor ×′ : pCpo× pCpo → pcpo. ×′ equals ×
on objects, and for partial functions f, g

f ×′ g(x, y) =

{
f × g(x, y) if both fx and gy are defined
undefined otherwise.

Proposition 3.2.2. pCpo has partial exponentials.
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Proof: That pCpo has partial exponentials means that, for every X in Cpo the functor
(−×′ X) : Cpo → pCpo has a right adjoint X ×− : pCpo → Cpo. When this holds one also
says that the Kleisli category (pCpo) has Kleisli exponentials. We are already familiar with
one adjunction between Cpo and pCpo (defined in section 2.3), namely

Cpo
V FT

// pCpo,
GTV −1

oo
V FT a GTV −1

composing this with the adjunction

Cpo
−×X

// Cpo,
(−)X

oo −× X a (−)X

we get an adjunction

Cpo
−×X

// Cpo
(−)X

oo
V FT

// pCpo
GTV −1

oo

that just might be the one we are searching for. We only need to show that for every X,
−×′ X equals V FT(−×X). For objects this is clear since V FT is the identity on objects. On
arrows f : Y → Y ′ in Cpo, we have

f
−×X
7−→ f × idX

FT7−→ ηY ×X ◦ f × idX

recall that ηY ×X : Y ×X → T (Y ×X) is the inclusion and ηY ×X ◦ f × idX : X → T (Y ×X)
is considered as an arrow from X → Y × X in CpoT. Now

V (ηY ×X ◦ f × idX) = γY ×X ◦ ηY ×X ◦ f × idX = f × idX

since (ηY ×X ◦ f × idX)−1(⊥Y ×X) = ∅.

So X ×−
def
= (GTV −1(−))X and X × Y is the cppo of continuous functions from X to

TY , which is isomorphic (by V ) to the cppo of partial continuous functions from X to Y .

Remark 3.2.3. From [Jac] we get the following results which we mention without any further
details.

• Cpo is smc (in fact ccc) and T is a monad on Cpo which we claim is commuta-
tive (we will not define nor proof this property). By [Jac, Theorem 4.3] this implies
that the Kleisli category CpoT = pCpo also has an smc structure and the free functor

Cpo
FT // CpoT preserves the smc structure.

We have shown above that (− ×′ −) = V FT(− × −), i.e., the product on pCpo is the
preserved product. This means that the product ×′ on pCpo is in fact an smc tensor
product and the right adjoint for ×′ that we found by guessing is the preserved closed
structure.

• Cpo is smc and T is a commutative monad and by Proposition 3.0.15 CpoT = Cppo⊥
has coequalizers (in fact only coequalizers of reflexive pairs is required). By [Jac, Lemma

5.2] CpoT is smc and Cpo
F // Cppo⊥ preserves smc structure.

The preserved product matches our smash product, since for any A,B ∈ Obj(Cpo) we
have F (A × B) = FA ⊗ FB. (Similarly for arrows).
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In this chapter we have been looking at quite a few closure properties for our four categories
of interest. We feel that now is an appropriate time to move on, but if we were to study this
further, we would consider the following question: For which diagrams is Cpo or Cppo⊥

complete or cocomplete?
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Adequacy
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Chapter 4

Call-by-value

In this chapter we present two semantics for the meta programming language PCF, and then
we show a form of equivalence between them called adequacy.

4.1 The language PCF

PCF is a simply typed language with two ground types: ι and o, and for any types σ, τ PCF
also has the type σ → τ .

Terms We have denumerably many variables: x, y, z, . . . ∈ Var. We have the following
constants:

• pred : ι → ι,

• succ : ι → ι,

• zero? : ι → o,

• condβ : o → (β → (β → beta)), for β ground type.

• tt : o,

• ff : o,

• n : ι, one for each n ∈ N.

The terms of PCF are then defined by the following grammar:

t ::= x | k | (t1t2) | λx :σ.t | µx.t

where k ranges over the above constants.

Definition 4.1.1. Let FV(t) be the set of free variables of the term t, we say that a term t
is closed iff FV(t) = ∅.
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Typing rules Wellformed terms are terms that are typeable by the following typing rules.
Since a variable can be used as a placeholder for a term of any type, we need a context that
provides information about the types of the free variables in a term. A context Γ is a finite
mapping (i.e., a partial function with a finite domain) from the set Var of variables to the
collection of types.

Γ(x) = σ

Γ ` x : σ
,

Γ ` n : ι, Γ ` tt : ι, Γ ` ff : ι,

Γ ` pred : ι → ι, Γ ` succ : ι → ι, Γ ` zero? : ι → o,

Γ ` condβ : o → (β → (β → β)),

Γ ` t1 : σ → σ′ Γ ` t2 : σ

Γ ` (t1t2) : σ′
,

Γ, x : σ ` t : σ′

Γ ` λx :σ.t : σ → σ′
, Γ, f : σ ` t : σ

Γ ` µf.t : σ
.

The type system is deterministic. Note that a term t cannot be typeable unless FV(t) ⊆
dom(Γ)

Canonical forms Canonical forms are closed terms of the form

n | λx :σ.t | tt | ff

Canonical forms are sometimes called syntactic values.

PCF Programs PCF Programs are closed terms of ground type.

Example 4.1.2. The term fac ≡ µf.λx : ι.condι (zero? x) 1 (x × f(predx)) is a closed term
of type ι → ι. Thus, for all n, facn is a PCF program.

We have split the proof tree into four parts in order to make it fit on the page. The first
trees prove the assumptions of the later ones.

f : ι → ι, x : ι ` condι : o → (ι → (ι → ι))

f : ι → ι, x : ι ` zero? : ι → o f : ι → ι, x : ι ` x : ι

f : ι → ι, x : ι ` (zero? x) : o

f : ι → ι, x : ι ` condι (zero? x) : ι → (ι → ι)

enables
f : ι → ι, x : ι ` condι (zero? x) : ι → (ι → ι) f : ι → ι, x : ι ` 1 : ι

f : ι → ι, x : ι ` condι (zero? x)1 : ι → ι

too, with

f : ι → ι, x : ι ` x : ι

f : ι → ι, x : ι ` f : ι → ι

f : ι → ι, x : ι ` pred : ι → ι f : ι → ι, x : ι ` x : ι

f : ι → ι, x : ι ` predx : ι

f : ι → ι, x : ι ` f(predx) : ι

f : ι → ι, x : ι ` x × f(predx) : ι
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gives
f : ι → ι, x : ι ` condι (zero? x)1 : ι → ι f : ι → ι, x : ι ` x × f(predx) : ι

f : ι → ι, x : ι ` condι (zero? x) 1 (x × f(predx)) : ι → ι

f : ι → ι ` λx.condι (zero? x) 1 (x × f(predx)) : ι → ι

` µf.λx.condι (zero? x) 1 (x × f(predx)) : ι → ι

Here we have used the macro a × b ≡ (tms a)b where

tms ≡ µf.λa : ι.λb : ι.condι (zero? a)0(f(preda)b + b)

which again uses the macro a + b ≡ (plus a)b where

plus ≡ µf.λa : ι.λb : ι.condι (zero? a)b(succ (f(preda)b)).

Similar derivations to the above shows tms and plus closed terms of type ι → ι.

4.2 Call-by-value operational semantics for PCF

An operational semantics is a set of evaluation rules that defines a mapping (evaluation) from
terms to canonical forms. The rules are:

c ⇒ c, for canonical forms c,

t ⇒ n + 1
pred t ⇒ n

, t ⇒ 0
pred t ⇒ 0

, t ⇒ n
succ t ⇒ n + 1

, t ⇒ n + 1
zero? t ⇒ ff

,

t ⇒ 0
zero? t ⇒ tt

,
t0 ⇒ tt t1 ⇒ c

condβ t0 t1 t2 ⇒ c
, t0 ⇒ ff t2 ⇒ c

condβ t0 t1 t2 ⇒ c
,

t1 ⇒ λx.t′1 t2 ⇒ c2 t′1[c2/x] ⇒ c

(t1t2) ⇒ c
, t[µf.t/f ] ⇒ c

µf.t ⇒ c
.

Proposition 4.2.1. Evaluation is deterministic and respects types.

Proof: That evaluation is deterministic is obvious. That types are respected, is shown by
structural induction on the rules. We will treat only the two last cases:

t1 ⇒ λx.t′1 t2 ⇒ c2 t′1[c2/x] ⇒ c

(t1t2) ⇒ c
:
Assume c : α and c2 : β. By the induction hypothesis,

we have a Γ such that Γ ` t′1[c2/x] : α. Thus Γ, x : β ` t′1 : α yielding Γ ` λx : β.t′1 : β →
α. Thus knowing t1 : β → α and t2 : β, all by the induction hypothesis, we conclude
(t1t2) : α as required.

t[µf.t/f ] ⇒ c

µf.t ⇒ c
:
Assume c : α. If f is not free in t, we have t : α, quickly leading to µf.t : α.

Otherwise, assume µf.t : β. We have, as before, a Γ such that Γ, f : β ` t : α. However,
as the typing system is deterministic, we infer from the typing of µf.t a Γ′ so that
Γ′, f : α ` t : α. These two typings must then coincide, and α = β.

The remaining cases are easy.
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4.3 Call-by-value denotational semantics

We have now reached the point were we connect Part 1 with Part 2. A denotational semantics
is a mapping from “terms in context” to morphisms between mathematical domains like the
ones we have been studying in Part 1. We say that we interpret the terms when we define
this mapping, and together with the collection of domains this is called a model (of PCF).
Our model is the category pCpo, and we interpret types as objects of the category and terms
as morphism of the category. This will probably get more clear as we carry on.

Interpretation of contexts and types. Types are interpreted as follows:

• [[ι]] = N,

• [[o]] = T,

• [[σ1 → σ2]] = [[σ1]] ⇀ [[σ2]]

Here N is the discrete cpo of natural numbers, i.e., no elements are comparable. T is the
discrete cpo {true, false}. And [[σ1]] ⇀ [[σ2]] is the cppo of all partial continuous functions
from the cpo [[σ1]] to [[σ2]]. (This is actually the Kleisli exponential).

Note that [[σ]] has a bottom element if and only if σ is a function type.
Recall that Γ : Var ⇀ Types.

Definition 4.3.1. An environment ρ for Γ is a partial function from Var to
⋃

x∈dom(Γ)[[Γ(x)]]
which is typerespecting, i.e., ρ(x) ∈ [[Γ(x)]].

We also have an updating function:

ρ[v/x](y)
def
=

{
v if y = x
ρ(y) else

Now we can define how contexts are interpreted:

[[Γ]] = {ρ | ∀x ∈ dom(Γ).ρ(x) ↓⇒ ρ(x) ∈ [[Γ(x)]]}.

Lemma 4.3.2. [[Γ]] is a cpo ordered by <∼ .

Denotational semantics

Definition 4.3.3. Given a partial continuous function φ : [[Γ, f : σ]] ⇀ [[σ]], φ̂ : [[Γ]] → ([[σ]] ⇀
[[σ]]) is given by

φ̂(ρ) = v 7→ φ(ρ[v/f ]).

The interpretation of a term t : σ in context Γ should be a partial continuous function
from environments to interpretation of σ, i.e.,

[[Γ ` t : σ]] : [[Γ]] ⇀ [[σ]].

• [[Γ ` n : ι]]ρ = n,

• [[Γ ` tt : o]]ρ = true,
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• [[Γ ` ff : o]]ρ = false,

• [[Γ ` succ : ι → ι]]ρ = x 7→ x + 1,

• [[Γ ` pred : ι → ι]]ρ = x 7→ x−̇1,

• [[Γ ` zero? : ι → ι]]ρ = x 7→ if x = 0 then true else false,

• [[Γ ` condβ : o → (β → (β → β))]]ρ = x1 7→ (x2 7→ (x3 7→ if x1 thenx2 else x3)),

• [[Γ ` x : σ]]ρ = ρ(x),

• [[Γ ` (t1t2) : σ′]]ρ = [[Γ ` t1 : σ → σ′]]ρ[[Γ ` t2 : σ]]ρ,

• [[Γ ` λx.t : σ → σ′]]ρ = v 7→ [[Γ, x : σ ` t : σ′]]ρ[v/x],

• [[Γ ` µf.t : σ]]ρ =
⊔

n∈ω g(n)ρ, where

– g(n) : [[Γ]] ⇀ [[σ]]

– g(0)ρ ↑

– g(n + 1)ρ = [[Γ, f : σ ` t : σ]]ρ[g(n)ρ/f ]

We are now going to show that this interpretation is well-defined, i.e., that for all typeable
terms t : σ, [[Γ ` t : σ]] : [[Γ]] ⇀ [[σ]] is a partial continuous function of cpos. Before we can
show this we need some lemmas:

Lemma 4.3.4. For v ∈ [[σ]] and f /∈ dom(Γ), ρ ∈ [[Γ]] ⇒ ρ[v/f ] ∈ [[Γ, f : σ]].

Proof: First note that

f /∈ dom(Γ) ⇒ ∀x ∈ dom(Γ).Γ(x) = (Γ, f : σ)(x) ∧
ρ[v/f ](x) = ρ(x)

Now
ρ ∈ [[Γ]] ⇒ ∀x ∈ dom(Γ).ρ(x) ∈ [[Γ(x)]]

⇒ ∀x ∈ dom(Γ).ρ[v/f ](x) ∈ [[(Γ, f : σ)(x)]] ∧
ρ[v/f ](f) = v ∈ [[σ]] = [[(Γ, f : σ)(f)]]

⇒ ρ[v/f ] ∈ [[(Γ, f : σ)(f)]]

Lemma 4.3.5. Given ρ ∈ [[Γ]] and a variable f with Γ(f) = σ, the function v 7→ ρ[v/f ] : [[σ]] →
[[Γ]] is continuous.

Proof: Easy from the definitions.

Proposition 4.3.6. Given a valid typing Γ ` t : σ, the interpretation is well-defined and
[[Γ ` t : σ]] is a partial continuous function [[Γ]] ⇀ [[σ]].

Proof: The proof is by structural induction on the derivation of Γ ` t : σ. The cases of
the constants are all welldefined and trivially continuous as the cpos interpreting the ground
types are discrete. We will treat the remaining cases:

Γ ` x : σ The interpretation is ρ 7→ ρ(x) which is both welldefined and continuous.
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Γ ` (t1t2) : σ The interpretation is app ◦ ([[Γ ` t1 : σ′ → σ]], [[Γ ` t2 : σ′]]), where app denotes
application1. As typing is deterministic, the induction hypothesis apply, and we find
ourselves with a composition of welldefined continuous functions.

Γ ` λx : σ′.t : σ′ → σ′′ The interpretation takes ρ to the function

v 7→ [[Γ, x : σ′ ` t : σ′′]]ρ[v/x].

By the induction hypothesis and lemma 4.3.5, this function is continuous.

Γ ` µf.t : σ First we note, that g(0) : [[Γ]] ⇀ [[σ]], and that if g(n) : [[Γ]] ⇀ [[σ]] then

g(n + 1) = ρ 7→ ̂[[Γ, f : σ ` t : σ]]ρ(g(n)ρ) is also a partial function from [[Γ]] to [[σ]].

Now, as in the previous case, the function g ′ = ̂[[Γ, f : σ ` t : σ]] is continuous. We then
note that for all n

g(n + 1)ρ = g′(ρ)(g(n)ρ).

So, as g’ is total, g(n)ρ ↓⇒ g(n + 1)ρ ↓. Now, since ∀ρ.g(0)ρ ↑, g(0) ≤ g(1). Thus
g′ being continuous ensures g(1) ≤ g(2) yielding g(2) ≤ g(3) and so on. Consequently⊔

n∈ω g(n) is a welldefined continuous function [[Γ]] ⇀ [[σ]].

Lemma 4.3.7 (Substitution Lemma). Let s : σ be a closed term, then

[[Γ, x : σ ` t : σ′]]ρ[[[Γ ` s : σ]]ρ/x] = [[Γ ` t[s/x] : σ ′]]ρ

Proof: A tedious structural induction.

Example 4.3.8. We now show that [[∅ ` fac : ι → ι]] is in fact the faculty function, assuming
that the interpretation of a × b is the interpretation of a times the interpretation of b. Recall
the definition

fac ≡ µf.λx : ι.condι (zero? x) 1 (x × f(predx)),

[[∅ ` fac : ι → ι]]ρ =
⊔

n

g(n)ρ

where

g(0)ρ = ⊥[[ι⇀ι]],

the everywhere undefined function from N to N.

g(1)ρ = [[f : ι → ι ` λx : ι.condι (zero? x) 1 (x × f(predx))]][⊥[[ι⇀ι]]/f ]

= v 7→ [[f : ι → ι, x : ι ` condι (zero? x) 1 (x × f(predx))]][⊥[[ι⇀ι]]/f, v/x]

= v 7→ if v = 0 then 1 else v · ⊥[[ι⇀ι]](v−̇1)

g(2)ρ = [[f : ι → ι ` λx : ι.condι (zero? x) 1 (x × f(predx))]][g(1)ρ/f ]
= v 7→ if v = 0 then 1 else v · g(1)(v−̇1)

...

As n increases the functions g(n) expand their domains. Let ϕ =
⊔

n g(n)ρ : N → N. To
see that ϕ is the faculty function, we need to show that

1Application is known to be continuous.
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1. ϕ(n) ↓, ∀n ∈ N

2. ϕ(0) = 1

3. ϕ(n + 1) = (n + 1)ϕ(n)

1. We show by induction that for all n, g(n+1)(n) ↓, then because g is a chain, ϕ(n) ↓ too.
The case n = 0 is immediate by the above calculation, g(1)(0) = 1. g(n + 2)(n + 1) =
(n + 1)g(n + 1)(n), which is defined as g(n + 1)(n) ↓ by induction hypothesis.

2. It is easy to see that g(n)(0) = 1 for all n, so ϕ(0) = 1 too, as ϕ is the least upper
bound.

3. We show by induction on n that for all n > 0, and for all i < n, that g(n)(i) =
g(n + 1)(i).

• n = 1 : By the above calculation, g(1)(0) = 1 = g(2)(0).

• n + 1 : g(n + 1)(i) = ig(n)(i − 1) by the interpretation, and ig(n)(i − 1) = g(n +
1)(i−1) by the induction hypothesis, so g(n+2)(i) = ig(n+1)(i−1) = g(n+1)(i).

From this we see that g(n + 1)(i) = ig(n + 1)(i − 1) for all n and 0 < i < n, so
∀i > 0.ϕ(i) = iϕ(i − 1) too.

4.4 pCpo gives an adequate model for PCF-call-by-value

We have given two semantics for the language PCF. One of the purposes of a semantics is to
define what the meaning (value) of a program should be, so we would very much like our two
semantics to agree – at least on programs – and preferably on all typeable terms. We shall
show the former and realize that the latter does not hold for our semantics.

Proposition 4.4.1 (Operational soundness). For any closed term t : σ,

t ⇒ c implies [[Γ ` t : σ]] = [[Γ ` c : σ]],

where c is some canonical form, and Γ is any context such that t is typeable in Γ.

Proof: By structural induction on the rules for the operational semantics. We just pick out
a few cases. Consider the case

t ⇒ n
succ t ⇒ n + 1

:

the induction hypothesis is that [[Γ ` t : ι]] = [[Γ ` n : ι]]. By the denotational semantics we
have

[[Γ ` succ t : ι]]ρ = (x 7→ x + 1)[[Γ ` t : ι]]ρ
= (x 7→ x + 1)n by induction hypothesis
= n

t1 ⇒ λx :σ.t′1 t2 ⇒ c2 t′1[c2/x] ⇒ c

(t1t2) ⇒ c
:
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We reason as follows:

[[Γ ` (t1t2) : σ′]]ρ = [[Γ ` t1 : σ → σ′]]ρ([[Γ ` t2 : σ]]ρ) by denotational semantics
= [[Γ ` λx :σ.t′1 : σ → σ′]]ρ([[Γ ` c2 : σ]]ρ) by induction hypothesis
= (v 7→ [[Γ, x : σ ` t′1 : σ′]][v/x])([[Γ ` c2 : σ]]ρ) by den. semantics
= [[Γ, x : σ ` t′1 : σ′]][[[Γ ` c2 : σ]]ρ/x]
= [[Γ, x : σ ` t′1[c2/x] : σ′]]ρ by Substitution Lemma 4.3.7
= [[Γ ` c : σ′]]ρ by induction hypothesis.

t[µf.t/f ] ⇒ c

µf.t ⇒ c
:

[[Γ ` c : σ]] = [[Γ ` t[µf.t/f ] : σ]]ρ by induction hypothesis
= [[Γ, f : σ ` t : σ]]ρ[[[Γ ` µf.t : σ]]ρ/f ] by Substitution Lemma 4.3.7
= [[Γ, f : σ ` t : σ]]ρ[

⊔
n g(n)ρ/f ]

We need to show that
⊔

n

g(n)ρ = [[Γ, f : σ ` t : σ]]ρ[
⊔

n

g(n)ρ/f ].

This is not hard. Recall the function

g′ : [[Γ]] → ([[σ]] → [[σ]])

defined by
g′(ρ)(v) = [[Γ, f : σ ` t : σ]]ρ[v/f ],

which we showed was continuous in the proof of Proposition 4.3.6. Now,
⊔

n g(n)ρ =
⊔

n g(n + 1)ρ
=

⊔
g′(ρ)(g(n)ρ)

= g′(ρ)(
⊔

n g(n)ρ) by continuity of g′(ρ)
= [[Γ, f : σ ` t : σ]]ρ[

⊔
n g(n)ρ/f ].

It would have been nice if [[∅ ` t : σ]] = [[∅ ` c : σ]] implies t ⇒ c were true. To
see that it is not, consider the terms λx.x : ι → ι and λx.pred (succ x) : ι → ι. Then
[[∅ ` λx.x : ι → ι]] = n 7→ n = [[∅ ` λx.pred (succ x) : ι → ι]], but since they are both canonical
forms, neither of them evaluates to the other.

The relationship between the semantics that we do have and will show in a moment is
that termination in the denotational semantics matches definedness in the operational one.

Theorem 4.4.2 (Adequacy). For all typeable closed terms t.

[[Γ ` t : σ]]ρ ↓ implies ∃c.t ⇒ c,

for a canonical form c.

Before we give the proof of adequacy, we define a relation between elements of [[σ]] and
closed terms of type σ, which is a so called logical relation. The point is that a straight
forward structural induction will fail, so we strengthen our induction hypothesis trough this
logical relation.

We use environments to assign values (elements of a cpo) to free variables, we now define
the notion of a substitution which assigns closed terms to free variables. A substitution is
thus purely syntactical.
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Definition 4.4.3. A substitution η : Var ⇀ ClosedTerms is a finite mapping. We have an
updating function:

η[s/x](y)
def
=

{
s if y = x
η(y) else

And η induces a mapping η̂ : Terms ⇀ Terms, defined as follows:

η̂(x) = η(x)
η̂(t) = t for any closed term t
η̂(t1t2) = η̂(t1)η̂(t2)
η̂(λx.t) = λx.η̂[x/x](t)
η̂(µf.t) = µf.η̂[f/f ](t)

Lemma 4.4.4. For all terms t,

FV(t) ⊆ dom(η) ⇒ η̂(t) is closed.

Proof: By structural induction on t:

t ≡ x: x must be in dom(η), so η̂(t) = η(x) which is closed.

t ≡ (t1t2): The free variables of t1 and t2 are all free in (t1t2), so the induction hypothesis
apply. Then, as t1 and t2 are closed, (t1t2) is closed.

t ≡ λx : σ.t1: x is the only variable possible free in µ̂[x/x](t1), and so λx : σ.µ̂[x/x](t1) must
be closed.

t ≡ µf : σ.t1: Just like the previous case.

Definition 4.4.5.

• For all d ∈ [[σ]] or d undefined and closed terms t : σ, d .σ t iff d ↓⇒ (∃c.t ⇒ c∧d /σ c).

• For all d ∈ [[σ]] and canonical forms c : σ, d /σ c is defined by the following:

– n /ι n,∀n,

– true /o tt, false /o ff,

– φ /σ1→σ2
t iff ∀v ∈ [[σ1]],∀c.v /σ1

c ⇒ φ(v) .σ2
(tc).

• For all environments ρ and substitutions η, ρ .Γ η iff ρ(x) .Γ(x) η(x), for all x ∈
dom(Γ).

Lemma 4.4.6. Let t : σ

1. d ↑⇒ d .σ t

2. if d <∼ d′ and d′ .σ t then d . t.

3. If d0
<∼ d1

<∼ · · · is a chain in [[σ]] such that dn .σ t for all n then
⊔

n dn .σ t.

For a proof of this see [Win93, p.194].
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Lemma 4.4.7. Suppose t is a typeable term, i.e., Γ ` t : σ. Then ρ .Γ η implies [[Γ ` t :
σ]]ρ .σ η̂(t), for ρ ∈ [[Γ]].

Proof: Note that by Lemma 4.4.4, if [[Γ ` t : σ]]ρ ↓ then the term η̂(t) is closed, because
[[Γ ` t : σ]]ρ ↓ implies FV(t) ⊆ dom(ρ) and since ρ .Γ η also FV(t) ⊆ dom(η), so the claim
does indeed make sense. By structural induction on type derivations.

Γ ` x : σ : Then Γ(x) = ρ by induction hypothesis, and

[[Γ ` x : σ]]ρ = ρ(x) .σ η̂(x) = η(x).

Γ ` n : ι :
[[Γ ` n : ι]]ρ = n /ι n = η̂(n).

Γ ` tt : o :
[[Γ ` tt : o]]ρ = true /o tt.

Γ ` ff : o :
[[Γ ` ff : o]]ρ = false /o ff.

Γ ` pred : ι → ι :
[[Γ ` pred : ι → ι]]ρ = x 7→ x−̇1,

now suppose v /ι c, i.e., either 0 /ι 0 or n + 1 /ι n + 1 for some n. In the latter case
we get (x 7→ x−̇1)n + 1 = n .ι pred n + 1 holds since predn + 1 ⇒ n. The former case
is similar.

Γ ` succ : ι → ι :
[[Γ ` succ : ι → ι]]ρ = x 7→ x + 1.

Suppose n /ι n, since (x 7→ x−̇1)n = n + 1 and succ n ⇒ n + 1, we get [[Γ ` succ : ι →
ι]]ρ .ι→ι succ

Γ ` zero? : ι → o : This case is similar to the above.

Γ ` condβ : o → (β → (β → β)) :

[[Γ ` condβ : o → (β → (β → β))]]ρ = x1 7→ (x2 7→ (x3 7→ if x1 then x2 else x3)).

Again we have two cases: true /o tt then we must show that x2 7→ (x3 7→ x2) .β→(β→β)

condβ tt. To see that it holds, assume that v2 / c2 and v3 / c3, then

x2 7→ (x3 7→ x2)v2v3 .β condβ ttc2c3

holds because x2 7→ (x3 7→ x2)v2v3 = v2 and condtt c2c3 ⇒ c2. The case false /o ff is
similar.

Γ ` (t1t2) : σ′ : By induction hypothesis we have

[[Γ ` t1 : σ → σ′]]ρ .σ→σ′ η̂(t1)

and
[[Γ ` t2 : σ]]ρ .σ η̂(t2)
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which means that there are canonical forms c1, c2, (where c1 has the form λx :σ.c′1) such
that

η̂(t1) ⇒ c2 [[Γ ` t1 : σ → σ′]]ρ /σ→σ′ c1

η̂(t2) ⇒ c2 [[Γ ` t2 : σ]]ρ /σ c2.

This implies that
[[Γ ` t1 : σ → σ′]]ρ([[Γ ` t2 : σ]]ρ) .σ′ c1c2.

Now if we can show that η̂(t1t2) ⇒ c1c2, we are done, but this follows from the opera-
tional semantics plus the fact that η̂(t1t2) = η̂(t1)η̂(t2).

Γ ` λx :σ.t : σ → σ′ :

[[Γ ` λx :σ.t : σ → σ′]]ρ = v 7→ [[Γ, x : σ ` t : σ′]]ρ[v/x]

by definition. Assume v1 /σ c1, then ρ[v1/x] .Γ,x:σ ˆeta[c1/x] since, by assumption,
ρ .Γ η. By the induction hypothesis, we get

[[Γ, x : σ ` t : σ′]]ρ[v1/x] .σ′ η̂[c1/x](t),

i.e, there is a canonical form c2 such that η̂[c1/x](t) ⇒ c2 and [[Γ, x : σ ` t : σ′]]ρ[v1/x] /σ′

c2. To see that η̂(λx :σ.t)c1 ⇒ c2 consider the following from the operational semantics:

λx :σ.η̂[x/x](t) ⇒ λx :σ.η̂[x/x](t) c1 ⇒ c1 (η̂[x/x](t))[c1/x] = η̂[c1/x](t) ⇒ c2

λx :σ.η̂[x/x](t)c1 = η̂(λx :σ.t)c1 ⇒ c2

.

Γ ` µf.t : σ : This is probably the most interesting case. Recall that [[Γ ` µf.t : σ]]ρ =⊔
n g(n)ρ, where g(0)ρ ↑ and g(n + 1)ρ = [[Γ, f : σ ` tσ]]ρ[g(n)ρ/f ], where ρ .Γ η.

We show by induction on n, that for all n, g(n)ρ .σ η̂(µf.t), then by Lemma 4.4.6,⊔
n g(n) .σ η̂(µf.t). g(0)ρ ↑ so g(0)ρ .σ η̂(µf.t). By induction hypothesis we have

g(n)ρ /σ η̂(µf.t) for all ρ .Γ η. Let ρ ∈ [[Γ]] and ρ .Γ η then ρ[g(n)ρ/f ] .Γ,f :σ

η[η̂(µf.t)/f ],so by the main induction hypothesis we have

[[Γ, f : σ ` t : σ]]ρ[g(n)ρ/f ] .σ
̂η[η̂(µf.t)/f ](t).

To see that
g(n + 1)ρ .σ η̂(µf.t),

we reason as follows:

g(n + 1)ρ =

[[Γ, f : σ ` t : σ]]ρ[g(n)ρ/f ] .σ
̂η[η̂(µf.t)/f ](t) by the above

= η̂[f/f ](t[µf.t/f ])

= (η̂[f/f ](t))[η̂(µf.t)/f ]

= (η̂[f/f ](t))[µf.(η̂[f/f ](t))/f ] by definition of η̂,

so there is a c such that

(η̂[f/f ](t))[µf.(η̂[f/f ](t))/f ] ⇒ c

and
g(n + 1)ρ /σ c.

By operational semantics then µf.η̂[f/f ](t) = η̂(µf.t) ⇒ c too and we are done.
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Now adequacy follows from the definition of .σ.

Corollary 4.4.8. For wellformed terms Γ ` t : β of ground type,

t ⇒ c iff [[Γ ` t : β]] = [[c]].

Proof: The “only if” part follows from operational soundness (Prop.4.4.1). The converse
direction follows from the fact that if two canonical terms of type o or type ι have the same
denotation, then they must be identical.
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Chapter 5

Call-by-name

We now give a brief summary of the differences between the Call-by-name and the call-by-
value semantics of PCF, and we also state an adequacy result for the call-by-name semantics.

The terms, the canonical forms and the type system are the same as in call-by-value.

Call-by-name operational semantics for PCF Only difference is the function applica-
tion rule, which becomes

t1 ⇒ λx :σ.t′1 t′1[t2/x]ac

(t1t2) ⇒ c
.

Call-by-name denotational semantics for PCF Types are interpreted as objects of
Cppo as follows:

• [[ι]] = N⊥

• [[o]] = T⊥

• [[σ1 → σ2]] = [[σ1]] → [[σ2]]

Where N⊥ and T⊥ are the cpos defined in Section 4.3 now with a bottom element added.
[[σ1]] → [[σ2]] is the cppo [[σ2]]

[[σ1]] of continuous functions from [[σ1]] to [[σ2]]. (Here we use the
fact that Cppo has exponentials, being a full sub-ccc of Cpo as stated in Theorem 3.0.12).

An interpretation [[Γ ` t : σ]] : [[Γ]] → [[σ]] should be a morphism in the category Cppo, i.e.,
a total continuous function. Therefore environments have to be defined for all x ∈ dom(Γ),
so

[[Γ]] = {ρ | ∀x ∈ dom(Γ).ρ(x) ∈ [[Γ(x)]]}.

[[Γ]] is a cppo. The denotational semantics is the same as in Section 4.3, except for recursion
as it uses partial functions. Instead we use the fact that Cppo has fixed points by Theorem
3.0.13.

Given ϕ : [[Γ, f : σ]] → [[σ]], we define ϕ̃ : [[Γ]] → [[σ]][[σ]] by

ϕ̃(ρ) = v 7→ ϕ(ρ[v/f ]),

we claim without proof that this defines a continuous function if ϕ is continuous. The inter-
pretation of recursion is then

[[Γ ` µf.t : σ]]ρ =
⊔

n

ϕ̃n(ρ)(⊥[[σ]]),
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where
ϕ = [[Γ, f : σ ` t : σ]] : [[Γ, f : σ]] → [[σ]].

Remark 5.0.9. A notable difference between the denotational semantics is in function ap-
plication Γ ` (t1t2) : σ′. In the call-by-value evaluation both [[Γ ` t1 : σ → σ′]] and [[Γ ` t2 : σ]]
are partial functions, so if one of them is undefined for an environment ρ ∈ [[Γ]], the interpre-
tation [[Γ ` (t1t2) : σ′]]ρ = [[Γ ` t1 : σ → σ′]]ρ([[Γ ` t2 : σ]]ρ) is undefined. In the call-by-name
evaluation, however, [[Γ ` t1 : σ → σ′]] is a morphism of Cppo, so it is total and not nesse-
ceraly strict, meaning that even if [[Γ ` t2 : σ]]ρ = ⊥[[σ]], [[Γ ` t1 : σ → σ′]]ρ([[Γ ` t2 : σ]]ρ)
can still give a value different from ⊥. This corresponds nicely with our intuitive ideas: We
think of ⊥ as representing the undefined, and in a call-by-name evaluation, a function may be
defined even if some of its argument are not, if for instance the arguments are not used in the
evaluation of the function. In the call-by-value evaluation we always evaluate all arguments
before we evaluate the function, so if an argument is undefined, the whole evaluation must be
undefined. These ideas are reflected in the denotational semantics as well as in the operational
semantics.

5.1 Cppo gives an adequate model for PCF-call-by-name

We state the following results without proofs. The proofs are by the same principles as in the
previous section and can be found in e.g. [Win93, p.204 ff].

Proposition 5.1.1 (Operational soundness). For any closed term t : σ,

t ⇒ c implies [[Γ ` t : σ]] = [[Γ ` c : σ]],

where c is some canonical form, and Γ is any context such that t is typeable in Γ.

Theorem 5.1.2 (Adequacy). For all typeable closed terms t.

[[Γ ` t : σ]]ρ ↓ implies ∃c.t ⇒ c,

for a canonical form c.

We have seen how the models must incorporate structure suitable to interpret constructs
such as type expessions and fixed points. If we were to consider a richer programming language
with, for instance, product types (pairs) and exceptions, then our model would have to contain
products and coproducts.
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