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Abstract.  Appel and McAllesterOs Ostep-indexedO logical relationsdve proven to be a
simple and elective technique for reasoning about programs in languages with semanti-
cally interesting types, such as general recursive types amd general reference types. How-
ever, proofs using step-indexed models typically involve tedious, error-prone, and proof-
obscuring step-index arithmetic, so it is important to deve lop clean, high-level, equational
proof principles that avoid mention of step indices.

In this paper, we show how to reason about binary step-indexed logical relations in
an abstract and elegant way. Specibcally, we debne a logic LER, which is inspired by
Plotkin and AbadiOs logic for parametricity, but also suppo rts recursively debned relations
by means of the modal OlaterO operator from Appel, Mellgs, Richards, and VouillonOs
Overy modal modelO paper. We encode in LSLR a logical relatia for reasoning relationally
about programs in call-by-value System F extended with general recursive types. Using
this logical relation, we derive a set of useful rules with which we can prove contextual
equivalence and approximation results without counting st eps.

1. Introduction

Appel and McAllester [6] invented the step-indexed modelin order to express OsemanticO
proofs of type safety for use in foundational proof-carryig code. The basic idea is to
characterize type inhabitation as a predicate indexed by tle number of steps of computation
left before Othe clockO runs out. If a terme belongs to a type! for any number of steps
(i.e., for an arbitrarily wound-up clock), then it is truly semanti cally an inhabitant of !.
The step-indexed characterization of type inhabitation has the benebt that it can be
debned inductively on the step indexk. This is especially useful when modeling semantically
troublesome features like recursive and mutable referendgpes, whose inhabitants would be
otherwise dilcult to debne inductively on the type structur e. Moreover, the step-indexed
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modelQs reliance on very simple mathematical constructiermakes it particularly convenient
for use infoundational type-theoretic proofs, in which all mathematical machinery must be
mechanized.

In subsequent work, Ahmed and coworkers have shown that thetsp-indexed model
can also be used forelational reasoning about programs in languages with semantically
interesting types, such as general recursive types and gerat reference types [4, 3, 5, 24].

However, a continual annoyance in working with step-indexd logical relations, as well
as a stumbling block to their general acceptance, is the tedus, error-prone, and proof-
obscuring reasoning about step indices that seems superklly to be an essential element
of the method. To give a brsthand example: the brst two authos (together with Andreas
Rossberg) recently developed a step-indexed technique f@roving representation indepen-
dence of OgenerativeO ADTs,e., ADTs that employ, in an interdependent fashion, both
local state and existential type abstraction [5]. While the technique proved useful on a va-
riety of examples, we found that our proofs using it tended tobe cluttered with step-index
arithmetic, to the point that their main substance was obscured. Thus, it seems clear that
widespread acceptance of step-indexed logical relationsilivhinge on the development of
abstract proof principles for reasoning about them.

The key dilculty in developing such abstract proof principl es is that, in order to reason
about things being inbnitely logically related, i.e., belonging to a step-indexed logical rela-
tion at all step levelsNwhich is what one ultimately cares aboutNone must reason about
their presence in the logical relation at any particular step index, and this forces one into
Pnite, step-specibc reasoning.

To see a concrete example of this, consider AhmedOs steperdd logical relation for
proving equivalence of programs written in an extension of $stem F with recursive types [4].
One might expect to have a step-free proof principle for estalishing that two function values
are inbnitely logically related, along the lines of:"x ;.e; and "X ».e; are inbPnitely logically

related at the type #! | i", whenever v; and v, are inPnitely related at #, it is the case
that e;[vi/x 1] and ex[vo/x »] are inbnitely related at ! . Instead, in AhmedOs model we have
that "x 1.e; and "X ».e» are inbnitely related at#! ! i" forall n" 0, wheneverv; and v,

are related at# for n steps,e;[vi/x 1] and ex[va/x 2] are related at! for n steps. That is, the
latter is a stronger propertyNif "x 1.e; and "X ».e; map n-related arguments to n-related
results (for any n), then they also map inbnitely-related arguments to inPnitely-related
results, but the converse is not necessarily true. Thus, in pving inPnite properties of the
step-indexed model, it seems necessary to reason about arbdrary Pnite index n.

In this paper, we show how to alleviate this problem by reasomg inside a logic we call
LSLR. Our approach involves a novel synthesis of ideas fromwo well-known pieces of prior
work: (1) Plotkin and AbadiOs logic for relational reasonig about parametric polymorphism
(hereafter, PAL) [30], and (2) Appel, Mellgs, Richards, and VouillonOs Overy modal modelO
paper (hereafter, AMRV) [7].

PAL is a second-order intuitionistic logic extended with axioms for equational reasoning
about relational parametricity in pure System F. Plotkin an d Abadi show how to debne a
logical relation interpretation of System F types in terms of the basic constructs of their
logic. Second-order quantibcation over abstract relationvariables is important in debning
the relational interpretation of polymorphic types.

In this paper, we adapt the basic apparatus of PAL toward a newpurpose: reasoning
operationally about contextual equivalence and approximéion in a call-by-value language
F* with recursive and polymorphic types. We will show how to enode in our logic LSLR a
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logical relation that is sound and complete with respect to ontextual approximation, based
on a step-indexed relation previously published by Ahmed [ Compared with AhmedOs
relation, ours is more abstract: proofs using it do not requie any step-index arithmetic.
Furthermore, whereas AhmedOs relation is fundamentally gsmetric, our logic enables the
derivation of both equational and inequational reasoning pinciples.

In order to adapt PAL in this way, we need in particular the ability to (1) reason
about call-by-value and (2) logically interpret recursive types of F*. To address (1), we
employ atomic predicates (and Prst-order axioms) related @ CBV reduction instead of
PALOs equational predicates and axioms. This approach isnsilar to earlier logics of partial
terms for call-by-value calculi with simple [28] and recursve (but not universal) types [2].

For handling recursive types, it sulces to have some way of déning recursive relations
ur.R in the logic. This can be done whenR is suitably OcontractiveO inr; to express con-
tractiveness, we borrow the Olater@P operator from AMRV, which they in turn borrowed
from Gedel-Leb logic [23]. Hence, LSLR is in fact not only asecond-order logic (like PAL)
but a modal one, and the truth value of a proposition is the setof worlds (think: step levels)
at which it holds. The key reasoning principle concerning tre later operator is the Leb rule,
which states that (3P # P) # P. This can be viewed as a principle of induction on step
levels, but we shall see that, when it is employed in conneatin with logical relations, it
also has a coinductive Ravor reminiscent of the reasoning prciples used in bisimulation
methods like Sumii and PierceOs [34].

1.1. Overview. In Section 2, we present our language under consideratiork".

In Section 3, we present our logic LSLR described above. We g a Kripke model of
LSLR with worlds being natural numbers, and Ofuture worldsCbeing smaller numbers, so
that semantic truth values are downward-closed sets of nattal numbers. We also present
a set of basic axioms that are sound with respect to this modeland which are useful in
deriving more complex rules later in the paper.

In Section 4, we debPne a logical relation interpretation ofF* types directly in terms
of the syntactic relations of LSLR. Then we derive a set of uskil rules for establishing
properties about the logical relation. Using these rules,tiis easy to show that the logical
relation is sound and complete w.r.t. contextual approximaion. We also show in this section
how to debPne a symmetric version of the logical relation, whih enables direct equational
reasoning aboutF* programs.

In Section 5, we give examples of contextual equivalence pods that employ purely
logical reasoning using the derivable rules from Section 4 (in particular, without any kind
of step-index arithmetic).

In Section 6, we demonstrate how our LSLR proofs improve on pvious step-indexed
proofs by comparing our proof for one of the examples from Séon 5 to a proof of that
example in the style of Ahmed [4].

In Section 7, we explain how the present version of LSLR imprees on (and corrects a
technical Raw in) the version we published previously in LICS 2009 [14].

Finally, in Section 8, we discuss related work and conclude.

2. The Language F*

We considerF*, a call-by-value " -calculus with impredicative polymorphism and iso-recur-
sive types. The syntax of F* is shown in Figure 1. Sum and recursive type injections are
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Types o= %junit|int|bool|!1$ 1| 1a+ 11! 1y
986.! | &%.! | n%.!

PimOps o == + |'| = |< ]| (]

Terms e = x|)|xn]o(ey...,en) |

true | false |if ethen ejelse e; |
)er, 6% | fst e | snde |
inl y e]inr, e|caseeofinl xi# e |inr X;# e |
"X :le|ee | #%.e| el |
pack!,e as&%.!" | unpacke; as %, xin e, |
roll , e|unroll e
Values v = X|)| £n|true |false |)vi,vo*|inl v v|inr, v |
"X :l.e | #%.e| pack!;,vas&%.! | roll | v

Figure 1. F* Syntax

Eval. Contexts E := [§]o(V1,...,Vi"1,E,€+1,...,€0) |
if Ethenejelse e | )E,ex*|)vi,E*|fst E | sndE |
inl y E|inr, E | caseE ofinl Xxi1# ej|inr xo# € |
Ee|VE | E! | pack!y, E as&%.! | unpackE as %, xin e |
roll y E | unroll E

iftruethen ejelse e ! e
iffalsethen eelse e! e
fst vy, vo* ! vp
snd)vy, vo* I v,
case(inl ; v)ofinl x1# ey |inr xo# e ! e[vix1]
case(inr ; v)ofinl xi1# e |inr xo# e ! e[vix ;]
"x :l.e)v! evix]
#%.9! ! €'/%)]
unpack(pack!,v as&%.4)as%,xin e! e[v/x |[!/%]
unroll (roll yv) ! v

e! ¢

Ele] ! E[e]

Figure 2: F* Dynamic Semantics

type-annotated to ensure unique typing, but we will often omit the annotations when they
are obvious from context. Figure 2 shows the left-to-right @ll-by-value dynamic semantics
for the language, dePned as a small-step relation on terms fitten e! ¢'), which employs
evaluation contexts E in the standard way. Note that the reduction relation is deterministic.
F" typing judgments have the form $ + e: !, where the context $ binds type variables
% as well as term variablesx: $ ::= a |$,%]| $,x :!. The typing rules are also standard

and are given in full in Appendix A (Figure 10).

2.1. Contextual Approximation and Equivalence. A context C is a term with a single
hole [§ in it. The typing judgment for contexts has the form + C : ($ + 1) ! ($ + 1),
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Relation Variables r , Relvar

F* Variable Contexts X = a| X %| X,x

F* Variable Substitutions & = al&%! ! |&x-! e

Relation Contexts R = a|Rr

Relation Substitutions o= oalhyr IR

Proposition Contexts P = &a|PP

Combined Contexts C = X;R;P

Atomic Relations AB = e =e| aaa

Relations P,Q,R,S == r|A]|.|/] POQ|P1Q|P# Q]

%XP | &X.P | %RP | &R.P |
XP |8, R|urR | $P

Figure 3: Syntax of Core LSLR

where ($ + !) indicates the type of the hole. This judgment essentially sys that if e is a
term such that $ + e: !, then $" + C[e] : ! . Its formal debnition appears in Appendix A
(Figures 11 and 12).

We debne contextual approximation ($+ e; 2 ™ e, : I') to mean that, for any well-typed
program context C with a hole of the type of e; and ey, the termination of C[e;] (written
Cled] 3) implies the termination of C[e;]. Contextual equivalence ($+ e 4™ e : 1) is
then debned as approximation in both directions.

Debnition 2.1 (Contextual Approximation & Equivalence) . Let$ +e;:! and$+ e :!.

$+e,2% el Bog 1t (+Ci($+1)! (A+)0C[e]3) # Cles] 3

S+ed4™e !l Bg e 2™a 1 0 $+e2Me ;!

3. The Logic LSLR

LSLR is a second-order intuitionistic modal logic supporting a primitive notion of term
relations, as well as the ability to debne such relations raasively.

3.1. Syntax. The core syntax of LSLR is given in Figure 3.

F! variable contexts X are similar to F* contexts $, except that they omit type anno-
tations on term variables. Instead, well-typedness of varbles is modeled through explicit
typing hypotheses in the proposition context P (see below). F* variable substitutions &
map variables bound inF* variable contexts to objects of the appropriate syntactic dass.

As a matter of notation, we will use y and t as term variables in addition to x. Often,
we write X or y to denote values, whereag stands for arbitrary terms. (This is merely a
mnemonic, however. The fact thatx or y is a value will always be guaranteed by some
separate, explicit assumption.)

Relation contexts R bind relation variables r, which stand for relations of arbitrary
arity between F* terms. For ease of notation, we assume that relation variatdsr come
equipped implicitly with a particular arity (namely, arity (r)). Relation substitutions '
map relation variables to relations R of the appropriate arity, which we describe below.
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Proposition contexts P are sets ofpropositions, which are just nullary relations that we
typically denote using P and Q. (Note: We treat all three kinds of contexts as unordered
sets, and use comma to denote disjoint union of such sets.)

We write C to denote a combined contextX;R;P. Correspondingly, we also debne
C X" to mean X,X";R;P (and similarly for C R" and C,P").

Relations R (of which propositions P are a subset) fall into several categoriesvariable
relations (r), atomic relations (A), brst-order propositions (. ,/ ,P0Q,P1Q,P # Q,
%X P, &X.P), second-order propositions (%RP, &R.P), relation introduction and elimina-
tion (X.P, &, R), recursive relations r.R), and the later modality ($P) borrowed from
AMRYV [7].

Atomic propositions A and the axioms concerning them are essentially orthogonala
the other components of the logic. We have listed in Figure 3 ne particularly central atomic
proposition, e; = e, which says that e; and e, are syntactically equal modulo renaming of
bound variables. In Section 4.2, we will introduce several ther atomic propositions related
to the reduction semantics of F*. The only common requirement we impose on all of these
atomic propositions is that they are brst-order, in the seng that they only depend on type
and term variables, not relation variables.

The brst-order connectives are self-explanatory. The seod-order ones provide the
ability to abstract over a relation, which is critical in deb ning logical relations for polymor-
phic and existential types. As for the relational introduction and elimination forms: X.P,
which we sometimes write as X).P, introduces the term relation that one would write in
set notation as{(X) | P}, and e, R says that the tuple of terms (€) belong to the relation
R. In general, we use the overbar notation to denote a possibinullary tuple of objects.

A recursive relation pur.R denotes the relation R that may refer to itself recursively
via the variable r. In order to ensure that such relations are well-founded, werequire
that R be contractive in r, a notion that we make precise (following AMRV) using the
modal $ operator. Specibcally, we dePn® to be contractive in r if r may only appear in
R underneath the $ operator (i.e., inside propositions of the form $P). Intuitively (and
formally), $P means that P is true in all strictly future worlds of the current one. As a
result, the meaning of ur.R only depends recursively on its own meaning in strictly futue
worlds. Thus, assuming that the Ostrictly future worldO oraring is well-founded, we can
debne the meaning ofur.R by induction on strictly future worlds.

3.2. A OStep-Indexed® Model of LSLR. Figure 4 debnes a Kripke model for LSLR,
where the worlds are natural numbers andm is a strictly future world of nif m<n. The
model enjoysmonotonicity, meaning that if a proposition is true in world n, it is true in all
strictly future worlds as well. Thus, the set of semantic truth values is the complete Heyting
algebra P#(N) of downward-closed subsets oN, ordered by inclusion (or, isomorphically,
the complete Heyting algebra) of vertical natural numbers with inPnity).

We interpret relations and proposition contexts under somesemantic interpretation
*, which maps their free relation variables to semantic (i.e., world-indexed, monotone)
relations of the appropriate arity. We write 'R"*n€ (resp. !'P"*n) to mean that, under
interpretation *, €, R (resp. P) is true in world n. The interpretations refer to ! X" and
IR". The semantic interpretation of a variable context, ! X", is the set of closing variable
substitutions & whose domains equaK . The semantic interpretation of a relation context,
IR", is the set of semantic relation substitutions* whose domains equaR.
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If n =0, then: o
IR"ne &
1pren =
If n> 0, then: o
Ir"*ne = *rne
IAne £ | (A)e
1o %
1 Ly
IP0Q™n % 1P™n01Qmn
IP1Q™n % 1p™n11Q"™n
P # Q»n L ok ( n IPk# 1Qk
1%XP™n € og, 1X". 1&P"n
1&X.P™n ' &, 1X". 1&P"n
1%0RP"*n def 0/3!’ IR". !p"(*,*!)n
1&R.P™n L' g IR". IP"(**")n
IxP"*ne %" I1P[e/X]"*n
e, R*n © IR"ne
R ™ne £ IR[uLRIr I"ne
1gPn L ip(nt 1)
P n L op p . 1p™n

Figure 4: Kripke OStep-Indexed® Model of LSLR

The interpretations in Figure 4 are debPned by a double indudbn, brst on the world n
(in world 0, everything is true), and second on the OsizeO ohé relation being interpreted.
The size of a relation is debPned to equal the number of logical/relatbnal connectives in it,
ignoring all connectives appearing inside a proposition of the forn$P (i.e., $P has constant
size, no matter whatP is). This size metric makes it possible to interpret a recurgve relation
ur.R directly in terms of its expansion R[ur.R/r ]. Assuming the relation is well-formed, this
interpretation is well-debPned because the expansion has ansller size. (Specibcally, since
R is contractive in r, we know that r may only appear inside constant-size propositions in
R, so the size ofR[ur.R/r ] equals the size oR, which is smaller than the size ofur.R.)
Since $P may have smaller size thanP, it is critical that the interpretation of $P in
world n be debPned in terms of the interpretation ofP in strictly future worlds ( i.e., worlds
strictly less than n). Fortunately, this is no problem since, as explained above$P means
precisely that P is true in all strictly future worlds. Thanks to the built-in  monotonicity
restriction, it sulces to say that $P is true in world n i" P is true in world n* 1.
Otherwise, the interpretation is mostly standard. One poirt of note is the interpretation
of implication P # Q, which quantibes over all future worlds in order to ensure maotonic-
ity. Another is the interpretation of atomic relations A. We assume an interpretation
function |, which maps closed atomic relationsA to absolute (i.e., world-independent)
relations. As one instance, we debné(e; = &) to be true (. ) i" ey is %equivalent to ey.
Using this model, we can debPne our main logical judgmentX ;R ;P + P. Assuming that
P and P are well-formed in X ; R (see Appendix B for the debnition of proposition/relation
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C +P C$P+P

Ci3p (mono) CTp (1 ob)
C+$(P0Q) C+$(P1Q) C+$(P# Q)
C +$P 0 $Q C+$P13%$Q 1 C+$P# $Q (%)
C +3$%XP C +3&X.P C +$%RP C +$&R.P
C + %X3$P S C + &X$P ($&1) C + %R$P (@) C + &R$P (82)
C+e= & C+P[e]_/X] C+R15 Ry C+P[R1/r]
C+PleoiX] (replacel ) C+PRIT] (replace2 )
C +e, xX.P | C +e, urR |
C+Pix] O™ Tie, RurRirg ClemH
Figure 5: Core Inference Rules of LSLR
well-formedness), the judgment is interpreted as follows:
X;R;P+P L w0 %, 'X". %, IR". 1&"™n # I1&P"*n

Note that we interpret the judgment directly as a statement in the model, rather than
inductively debning it via a set of inference rules. This albws us to prove new inference
rules sound whenever needed. In the next section, however,emvill establish a core set
of sound inference rules that will enable us to reason abouthie judgment (in most cases)
without having to appeal directly to the model.

The judgment asserts that under any closing substitution & for X and any semantic
interpretation * for R, and in any world n, the hypothesesP imply the conclusion P. The
key here is that, while n is universally quantiped and thus not explicitly mentioned in the
logical judgment, the hypothesesP and the conclusionP are both interpreted in the same
world (i.e., step level) n. This is what allows us to prove something like ®; and f, map
n-related arguments to n-related resultsO (as discussed in the introduction) withat having
to talk about a specibc step leveln.

Finally, it is worth noting that, while the Kripke model we ha ve debPned here may be
viewed as a Ostep-indexed® model, nothing in the model memtis steps of computation. We
happen to be using natural numbers as our worlds, but there is1.0 computational meaning
attached to them at this point. The connection between worlds and (certain) steps of
computation will be made later on, when we debne the logicalalation for F* in Section 4.

3.3. Core Inference Rules. We now present the core inference rules of LSLR, all of
which are easy to prove sound directly in the model. The mostrteresting ones are shown
in Figure 5; the remainder, all of which are standard rules fo second-order intuitionistic
logic, appear in Appendix B.

Rule mono is the axiom of monotonicity, stating that propositions that are true now
(in the current world) are also true later (in future worlds) . The | ob rule, adapted from
AMRV, provides a clean induction principle over future worlds. If under the assumption
that A is true later (in all strictly future worlds) we can prove that it is true in the current
world, then by induction A is true in the current world. The induction argument requires
no base case because all propositions are assumed true in thaal world (i.e., world 0).
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The remainder of the rules concerning the later operator stge that the later operator
distributes over all propositional connectives. Not all these distributivity laws are valid in
classical Gedel-Loeb logic or AMRV, but they hold here due © our axiom of monotonicity.
For example, we give here the proof of Ruleé# :

Proposition 3.1. Rule $# is admissible.

Proof. First, the forwards direction. Suppose!$(P # Q)"*n and !$P"*n. We want to show
13Q"*n. If n =0, the proof is trivial, so assumen > 0. By the interpretation of $, we know
IP# Q"*(n' 1l)and!P"*(n"' 1). Thus, by the interpretation of # , we know!Q"*(n" 1),
which is equivalent to our goal.

Next, the backwards direction. Suppose $P # $Q"*n; we want to show!$(P # Q)"*n.
If n =0, the proof is trivial, so assumen > 0. Our goal is equivalent to!P # Q"*(n"' 1),
so suppose&k ( n' 1 and!P"*k, and we will prove !Q"*k. By the interpretation of $, we
know !$P"*(k +1). Since k+1 ( n, by the interpretation of # we obtain !$Q"*(k + 1),
which is equivalent to 'Q"*k, our desired goal.

Note that the backwards direction relies critically on monotonicity. In the absence of
monotonicity, the premise !$P # 3$Q"*n is only applicable if IP"*k for all k < n, but in
the proof we only assumeP"*k for somek <n. ]

The replacement axioms (eplacel and replace2 ) say that we can substitute equals
for equals inside a proposition without a"ecting its meaning For terms, equality is just
syntactic equality. For relations, equivalence is debnald as

Ri5R, ¥ ox (X, Ri# X, Ry 0 (X, Ro# X, Ry)

The last two rules concern inhabitation of relations. The key interesting point here is
that recursive relations are equivalent to their expansiors.

Lastly, when we introduce atomic propositions in the next se&tion related to F* re-
duction, we will want to also import into LSLR various Prst-order theorems about those
propositions, e.g., preservation, progress, canonical forms, etc. Fortunatgi this can be
done easily, without requiring any stepwise reasoning.

Formally, assuming P is a brst-order proposition (.e., it does not involve relation
variables, recursive relations, second-order quantibcain, or the $ operator), then it is easy
to show that P is true in all worlds n i" it is true in world 1 (the OlatestO nontrivial world).
Consequently, the following rule is sound:

%&, 'X".% , 'R". 1&P"*(1) # 1&P"*(1)
X;R;P+P

Thus, in particular, if P is closed:

P"1

+P
For brst-order P, the interpretation of 'P" 1 in our model is tantamount to the standard
step-free interpretation of P in Prst-order logic.

In other words, our goal here is not to use LSLR to formalizeentire proofs, just the

parts of the proofs that involve interesting relational reasoning. We are happy to make use
of brst-order syntactic properties proved by other means inthe meta-logic.
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4. A Syntactic Logical Relation for FH

In this section, we show how to debne a logical relation foF* that coincides with contex-
tual approximation, as well as a symmetric version thereof hat coincides with contextual
equivalence. The relation is debnedyntactically within the logic LSLR, using a particular
set of atomic propositions concerning theF* reduction semantics, as we explain below.

4.1. Roadmap and Preliminaries. Eventually, we are going to debPne a logical relation
on open terms, which we denote $+ e; 2'9 &, : I, and prove that it is sound and complete
w.r.t. contextual approximation, $ + e 2* & : !, as debned in Section 2. In order to
prove this, we will follow Pitts [26] in employing an intermediate form of approximation,
often referred to asciu approximation.

Ciu approximation, due to Mason and Talcott [21], is a superleially coarser version
of contextual approximation in which (1) attention is restr icted to evaluation contexts E
instead of arbitrary program contexts, and (2) the Oclosin@ of open terms is handled by an
explicit substitution & instead of relying on" -abstractions in a closing contextC. We say
that ciu approximation is only superbcially coarser because ultimately we will prove that
it too coincides with contextual approximation. In the meantime, ciu approximation turns
out to be an easier notion of approximation to work with.

First, a bit of notation: we will write + &: $ to mean that (1) dom(&) = dom($), (2)
%0, $. FV(&% = 6,and (3) % :! , $. &. & =v 0 + v : &' We will also write
+E:!1l I"tomean+ E : (A+!)! (& +!"), thus debning the typing of evaluation
contexts in terms of the typing judgment for general contexts C (introduced in Section 2.1).
Debnition 4.1 (Ciu Approximation for Closed Terms). Let 4+e;:! anda+e, :!.

+e 2% gt TN o 1T (+E 11 1"T0E[e]3) # Ele] 3

Debnition 4.2 (Ciu Approximation for Open Terms). Let$ +e;:! and $+ey 1 !.

$+e 2% el Log +8:% #+ &2 &e: &!
Debnition 4.3 (Ciu Equivalence). Let$ +e;:! and$+e:!.
$+ed4Ne:l ¥g g 2eg 1 0§+ 2Me !

One of the main reasons to use ciu approximation instead of ecdextual approximation is
that it is immediately obvious that the F reduction relation is contained in ciu equivalence
(part (3) of the following proposition).

Proposition 4.4  (Useful Properties of Ciu Approximation).

(1 If$+e:!, then$+e2Merl. _

@ If$+e 2% e:!l and$+e 2% e3:!, then$+e, 2% e3: 1.
(B If$+e:! ande ! !ez,then$jre14°iue2:!. _ )
4) If +e2%e:l and+E:!! ! then+E[e]2 E[er] ;! .

Again following Pitts [26], we will show that contextual, ciu, and logical approximation all
coincide by showing that2 ¢ 7 2 ¢u 7 2 109 7 2 ¢ The prst link of that chain is easy.

Theorem 4.5 (Contextual Approximation # Ciu Approximation) .
f$+e2™e:l then$+e 2V e !,
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Proof. Supposet+ &:$, +E :&!'! !, and E[&q] 3. We want to show E[&e&] 3. Say that
$=%,...,%n,X1:11,....%Xn ! and that &% = #; and &x = v; for some#;Os and;; Os.
Then, let C = (# %.4a8%,."X 1:!1.4a& n:'n.[d) #1488, v1a4%,. It is easy to show
that + C:($ +!)! (&4+&!), and thus that + E[C]:($ +!)! (&+!"). Itis also easy to
show that E[C[g]]! ' E[&e&], and thus that E[C[e]] 3 i" E[&g] 3. So the goal is reduced
to showing that E[C[e;]] 3 implies E[C[e,]] 3, which follows from $ + e; 2% e, : I ]

4.2. Atomic Relations. In order to debne our logical relation, we introduce the folbwing
new atomic relations:
A = 4daavVal|e:l |C:!'! 1! 'e|le! ele! lela2e

Except for the brst, which is a unary relation, the rest are al nullary (i.e., propositions).
The interpretations of these propositions,| (A), are as follows:

¥ 1 (val)(e) £ av. e= v.

¥i(e:!)E +e:

¥I(C:!'! 1" &.C=E O0+E:!! |
¥ | (e ! !ez)dzefel! "e,.
¥l(er! %) def e, ! ' e and none of the reductions in the reduction sequence is an
unroll -roll reduction.
def !

¥l(er! &) = e ! ' & and exactly one of the reductions in the reduction sequence is
an unroll -roll reduction.
¥i1(e2 &) ¥ al +e20e:t.

The motivation for using this particular set of atomic propositions will become clear
shortly. One point of note is that the e; 2 e, proposition lacks a type; this is simply for
brevity, since F* enjoys unique typing. Another is that, although the proposition C : ! | 1"
permits an arbitrary context C, the proposition only holds when C takes the form of an
evaluation context, and we will only use it when C is an evaluation context. The reason
that we do not syntactically write E here instead of C is simply that the syntaxes of
valuesv and evaluation contexts E are not closed under substitution of arbitrary terms for
variablesNthey assume that variables are valuesNand we wah proposition well-formedness
to be preserved under arbitrary term substitutions. All thi s means, practically speaking,
is that something like x[§:! ! ! cannot hold categorically, but only in a context where
X, Val is also provable.

As explained in Section 3.3, along with these new atomic progsitions, we will also
make use of various brst-order theorems about them, which arprovable straightforwardly
in the meta-logic without requiring any stepwise reasoning For example,

C+e!l g CH+e!l lg
C+e1! % 1 ! V¢

and .
C+E:!'!l'' 1" C+g:! C+e:l CH+e 2 e

C +E[e1] 2 E[er]
See the proofs in subsequent sections for more examples.
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V19s+ L R where+(% = (11,15, R)
V!!b"+d§f(x18!b,x28!b). X1 = X2, where!ly , { unit,int, bool}
VIS 1 B (g 84 (11 8 1), x2 84211 $ 1)),
&4, x, x5, x5, x1 = )X, x§* 0 X2 = )x5,x5* 0

(X4,x5), VvV 1M+ 0 (x4, x5),V i+

VI 10 B O 8y (14 1), %, 841+ 1Y),
(&3, 5. xg = inl x; 0 xp=1inl x5, 0 (xi,x3),V II'""4) 1
(&Y,x5. Xy =inr x{ 0 xz=1inr x5 0 (x{,x3),V 11""+)
VIth e e gt 1) x, 84011 1Y),

W1, Y2. (Y1,Y2) , V 1!+ # (X1y1,XaY2) , E 1"+
V1986, 1" + €' (X1 8+,(986.1), x» 8 +2(986.1)).
%4, %. %. r : VRel(%,%) # (X1%,X2%),E 1"+ %! (%,%,r)
V18%. 1"+ L' (x; 8+1(8%.1), x5 8 +2(&%.1)).
&% ,%,y1,Y2. &.r :VRel(%,%) 0
X1 = pack%,y;as&%b. 4! 0 X, = pack%,y,as&%. ! 0
(ylyYZ) ’ V ” "+1%_! (CVQJCVQ! r)
V%, 1"+ B lr (xq 8 +1(1%. 1), X2 8 +2(1%. 1)).
&1,y¥2- X3 =roll y; 0 xpg=roll y, 0
$(y1,y2) , V 11" +,%-1 (+1(u%. 1), +2(1%.!), 1)
EN+ % ity s+l 1o +0).
(%q. t1 30 X1 #&X2. X922 120 (X1,X2),V 11"+ 0
(%5t ! Tt # $(th,t2), 1)

Figure 6: Syntactic Logical Relation for F*

Finally, we will make use of some additional notation, whichis debnable in terms of
the atomic propositions we have introduced:

eg! L e 0 e, Va
e3e ¥ e1'e 06, Val
e3%e ¥ g1 0%e 0 e, Val
R :TRel(!1,!2) def U1, X2. (X1,X2), R # Xp:11 0 Xo:!1»
R:VRel(!1,'2) % o&y,xo (x1,%2), R # x18!; 0 x2815
(X1:11,X2:19). P def (X1,X2). X1 :11 0 X2:12 0 P

=3
g
=

(x1811,x2815). P (X1,X2). X1 8" 0 x,8!, 0 P

4.3. Logical Relation.  Figure 6 debnes two logical relations foF", one for values ¥/ !! " +)
and one for terms E!! " +). These are syntactic LSLR relations, debPned by inductiona ! .
Here, + is assumed to be a syntactic relational interpretation of the free type variables of
I, i.e., a mapping from each%, FV(!) to a triple (!1,!2,R) such that R : VRel(!1,!5).
We write + to mean the type substitution mapping each %to the corresponding!;. Thus,
it is trivial to prove that V!!"+: VRel(+!,+5!) and E!! "+ : TRel(+1!,+2!). Except for
the last two cases ¥ !'1%.!"+ and E!! " +), the debPnition of the logical relation is entirely
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straightforward, following Plotkin and Abadi [30], with ea ch type constructor being modeled
by its corresponding logical connective via the Curry-Howad isomorphism.

First, let us consider V '1%.!" +. The basic idea here is to give the relational interpreta-
tion of a recursive type using a recursive relationur.R . Recall, though, that references tor
in R must only appear under OlaterO propositions. Thus, we havéat roll v, and roll v,
are related by V !u%.!" + OnowO i"v; and v, are related by V!I!"+, %! (...,VIu%.!"+) =
V11 [u%.1/%)]" + OlaterO.

Next, consider E!! " +. Intuitively, we would like to say that two terms e; and e, are
related if, whenevere; evaluates to some valuev;, we have that e, also evaluates to some
value v, such that (vq,v2) , V 1"+ In fact, in the case that e; evaluates to v; without
incurring any unroll -roll  reductions (i.e., when e; 3°% v4), the debnition of E!! " + almost
says thisNthe only di"erence is that instead of saying @&, evaluates to some valuev, such
that... O, it says that G is ciu-approximated by some valuev, such that...O Of course,
by dePnition of ciu approximation, this also implies that e, terminates, but it is somewhat
more liberal in that it does not require the value that e, produces to be directly related to
vy by VII'"+. This extra freedom is not strictly necessary if we just wantto debne a logical
relation that is sound w.r.t. contextual approximationNas we did in the previous v ersion
of this paper [14]Nbut it is key to ensuring completeness(see Theorems 4.24 and 4.25
in Section 4.6). An alternative approach to ensuring compléness would be to employ

-closure, as Pitts does [26]. We discuss this alternative ifsection 8.

However, in the case that the evaluation ofe; incurs an unroll -roll reduction, the
interpretation of recursive types forces us to require sonting still weaker. Specibcally, in
order to prove that the logical relation is sound with resped to contextual approximation, we
must prove that it is compatible in the sense of Pitts [26]. Compatibility for unroll demands
thatif roll vy androll v, are logically related, thenunroll (roll vi) and unroll (roll v5)
are related, too. By debPnition of V!u%.!" +, knowing roll v; and roll v, are related
only tells us that v, and v, are related OlaterO. We need to be able to derive from that
that unroll (roll vi) and unroll (roll v,) are related OnowO. Thus, in debning whether
(e1,€) , E !1'"+, in the case that e; makes anunroll -roll reduction (i.e., e; ! 1 e)), we
only require that e, and e; be related later (i.e., $(e;, &) , E !!"+4).

For the reader who is familiar with prior work on step-indexed models and logical
relations, our formulation here may seem familiar and yet ssmewhat unusual. Our use of
the later operator corresponds to where one would Ogo down @epO in the construction
of a step-indexed model. However, in prior work, step-inde&d models typically go down a
step everywhere(i.e., in every case of the logical relation), not just in one or two paces, and
OcountO every step, not justinroll -roll reductions. If one is working with equi-recursive
types, this may be the only option, but here we are working wih iso-recursive types, and
our present formulation serves to isolate the use of the lateoperator to the few places
where it is absolutely needed. While we do not believe theresia fundamental di"erence
between what one can prove using this logical relation vs. @vious accounts, our formulation
enables more felicitous statements of certain propertiessuch as the extensionality principle
for functions (see discussion of Ruldunext below).

Finally, it is worth noting that, like step-indexed models, LSLR imposes no Oadmissibil-
ityO requirement on candidate relations. Intuitively, the reason admissibility is unnecessary
is that it is an inPnitary property. In LSLR, we only ever reason about Pnitary properties,
i.e., propositions that hold true in the OcurrentO world; we do noteven have the ability
(within the logic) to talk about truth in all worlds.
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C +(e1,&),V II"+  C+P

Cr(er o) EIT (val ) ciep (weak- $)
C +e @ +! C+e 4! CH+e:+!
Ct+e ! #& C+(e,e) E "+ C+e ! 1el C+%(e},e),E 11"+
. (exp) ; (exp-$)
C+(e,&),E "+ C+(e,&),EII"+
C+ey! %¢ C+(e’1,ez?l,E " ed) C+(er,6h) E 11"+ C"+e’22 © ciu)
C +(e1,e) ,E "+ C +(e1,e) ,E "+
C+E:+! ! H!' C+f:#!' C+(e,e),E "+
C X1,X2, (X1,X2) , V 11"+, ! #X1,%X 2 € + (E[x1],f) ,E 11"+ bind
C+(E[e,f), E N7+ (bind)
C+Ep:+! ! #1' CH+Ey:+! ! #I' C+(e,e),E "+
C X1,X2,(X1,X2) , V "+ &1 ! #X1,%X2 2 & + (Ex[X1], E2[x2]) , E !1'"+ Boo
C +(Exled], Eoles]) , E 117" H (bindz)
C+(f1,f2) ,EN'L 1"+ C+(er,e) E N+
I (app)
C+(fren,foe) E 7"+
C +(e1,e),E 'u%. "+
C +(unroll e, unroll &) . E 1o 1o+ (Wl )
C+e 8+ (' 1Y) CH+e8+(1'! 1Y)
C X1,X2,(X1,X2) , V 1"+ + (e1X1, €X2) , E 11"+
, - (funext )
C+(er, &),V 1T 11y
Fi=fix f(xi).e C+Fp:+(1'! 1) C+Fa:(t't 1
, CX1,X2,(X1,X2) , V TP+ (F1, Fp) , V 1T L 1+ 4 (eq[Faff | e[Fo/f ]) ,E 11"+ .
C+(Fp,Fp), vV IITT 17Ty (fx )

Figure 7: Some Useful Derivable Rules

4.4. Derivable Rules.  Figure 7 shows a number of useful inference rules that are diemble
in the logic. To be clear, by OderivableO we mean that the pré® of these rulesO soundness
(given below in Section 4.5) is done just using the inferenceules we have established so
far, without needing to appeal directly to the model and perform stepwise reasoning. In
all these rules, we assume implicitly that all propositionsare well-formed. For the rules
concerningV!!"+ and E!! "+, we assume that+ binds the free variables of! and maps
them to triples (!1,!2,R), where R : VRel(!1,!5,) is provable in the ambient context.

Ruleval saysthatE!!"+containsV!! "+ Thisrule is so fundamental and ubiquitously
useful that we will often elide mention of it in our proofs.
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Rule weak- $ is a weakening property that is easy to derive from the distrbutivity
laws for the $ operator. The rule employs an, operator (pronounced OearlierO) on propo-
sitions/contexts, debned as follows:

P =P (fP83$P)

This , operator has the e"ect of Our$-ingO {.e., stripping the $ 0" of) any $P hypotheses
in the context. Note that this is purely a shallow syntactic operation; it does not un-$
any hypotheses that are propositionally equivalent to someSP but not syntactically of that
form. (The reader may wonder why we debne in this syntactic way instead of building it
in as a primitive modality with the seemingly natural interp retation !, P "*n = IP"*(n + 1).
The trouble is that this interpretation is not well-founded , since it debPnes the meaning of
,P in terms of the meaning of P at a higher step level. And indeed, our syntactic, does
not satisfy this interpretation.)

Consequently, Ruleweak- $ says that if we want to show P is true later, given some
assumptions that are true now, and others that are true later, then we can just prove that
P is true now given that all the assumptions are true now. This B a weakening property
because, applying the rule backwards, we forget the fact thasome of the hypotheses inC
(namely, those that are not of the form $P) are true at an earlier world than the others.

The weak- $ rule is particularly useful in conjunction with the | ob rule. Specibcally,
thanks to the | ob rule, a frequently e"ective approach to proving two termse; and &, related
is to assume inductively that they are related later and then prove that they are related
now. Eventually, we may reduce our proof goal (via,e.g., Rule exp-$, explained below) to
showing that two other terms e; and e, are relatedlater. At that point, Rule weak- $ allows
us to un-$ both our new proof goal (relatedness o&; and e,) and our original | eb-inductive
hypothesis (relatedness of; and &) simultaneously. We will see an instance of this proof
pattern in the example in Section 5.2.

The next four rules in Figure 7 allow one to prove that two terms e; and e, are related
by converting one of the terms to something else. Rulexp (closure of the logical relation
under expansmn) allows one to reduce; to somee; according to the! ' relation and then
show that €, is related to e,. Rule red (closure of the logical relation under! © reduction)
allows one to expande; to somee; according to the! O relation and then show that e, is
related to e;. Rule ciu allows one to replacee, with some e, that ciu-approximates it, and
then show that e; is related to e,. Rule exp-$ is similar to Rule exp, but addresses the
case whene; incurs anunroll -roll  reduction on the way to e;. In this case, unfolding the
debnition of E!! " +, all we have to show is thate, and e, are related later.

The aforementioned rules are all useful when we know what théerms in question
reduce/expand to. Rule bind is important because it handles the case when a term is
OstuckO. For instance, suppose we want to show thatand f are related, wheree is of the
form E[e(] (i.e., e1 is in evaluation position in e, and E is the evaluation context surrounding
it). Perhaps e; is something likey;(v1), in which case there is no way to reduce it. However,
if we can prove that y;(v;) is logically related to some other expressiore,, then there are
two cases to consider. In the case that they both terminate, v can assume that there are
some valuesx; and x» such that e; evaluates toxj, € is ciu-approximated by X, and x1
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and x, are related by V!! " +, and the goal is reduced to showing thatE [x1] is related to f .
In the case that e; diverges, there is nothing to show, sinceE [e1] will diverge, too.

The bind rule may seem at brst glance a bit peculiar in that the terme, does not
necessarily have any relationship tof , and the variable x, does not appear anywhere on
the r.h.s. of the last premise. This peculiarity is a conseqgance of the rule being as general
as possible. In the specibc (if common) case thdt is in fact of the form E5[e;] (i.e., that
€ is in evaluation position in f), an easy corollary of Rulesbind and ciu is Rule bind2 .
In addition to being more intuitive, this more symmetric-lo oking variant of the bind rule is
very useful in deriving compatibility properties [26], such as Rulespp and unroll ; these
compatibility properties are necessary in order to estabkh that the logical relation is a
precongruence (and hence contained in contextual approxiation), and Rule bind2 helps
to reduce the derivations of these properties to the case whe the eOs and Os are values.
Rule bind2 does not subsume Rulebind , however: the general and distinctly asymmetric
nature of the original Rule bind renders it suitable for reasoning about logical approximaion
in cases where the more symmetric Ruléind2 does not applyNfor instance, see the proof
of the Ofree theoremO example in Section 5.3.

Rule funext demonstrates a clean extensionality property for functionvalues, which
was one of our key motivations for LSLR in the brst place. (Theproperty does not hold for
arbitrary terms in our call-by-value semantics.) It is wort h noting that, in prior step-indexed
models, this extensionality property is not quite so clean b state. For example, if one were
to encode AhmedOs relation [4] in our logic directly, the agmption (x1,x») , V !l ™ +would
have to be$Od. The key to our cleaner formulation is simply that we conbathe use of$ in
V!1"+1t0 the case when! is a recursive type. Thus, in particular, one need not mention $
when reasoning purely about functions and- -reduction.

Finally, Rule fix gives the rule for recursive functions, which are encodable a well-
known way in terms of recursive types. We formalize the encoidg as follows:

fix f(x).ed:ef "y. (unroll v)vy

wherev = roll ("z.("f."x.e )("y. (unroll z)zy))
fory,z 9,FV(e)
This encoding has the property that if F = fix f(x).e, then F(v) ! 1 g[F/f,v/x ]. Con-
sequently, to show two recursive functions related, we may ob-inductively assume they
are related while proving that their bodies are related. (Fa the proof that the bodies are
related, we may also un$ any other $ hypotheses in the ambient contextC.) The implicit
use ofl eb induction in this rule gives it a distinctively coinductive [3avor.

4.5. Proofs of Derivability. In this section, we show how to derive the rules in Figure 7.

Proposition 4.6 (Type Substitution) .
(1) VIT[#I%]"+= VII"+ %! (+1#, Ho#, V I#"+).
(2) EVI[#/%]"+= EN "+, %! (+1#, +o#, VI#"4).

Proof. By straightforward induction on the structure of !. L]
Proposition 4.7. Rule val is derivable.

Proof. Immediate, since?2 is refl3exive. O
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Proposition 4.8. Rule weak- $ is derivable.

|
Proof. SupposeC = X;R;P. Then, , C + P impligs X;R:;4 +( Q%P ,Q) # P. By
Rule mono and the distributivity axioms, X;R;a +( Q%P $,Q)# $P. SinceQ# $,Q,
we haveX;R;a +( ose Q) # $P, and thus C +$P. O

Proposition 4.9. Rule red is derivable.

Proof. First, suppose that e; 3° x; for some valuex;. Then, e; ! © e; implies that e; 3° x;
as well, and the rest follows immediately from €;,€,) , E !!"+

Second, suppose thae; ! !ty for some termt;. Then, e; ! % e implies that e; ! 1t
as well, so again the rest follows immediately from¢;,e;) , E !!" +. ]

Proposition 4.10.  Rule exp is derivable given the additional premise thaC +e; ! 9 ;.

Proof. The proof is very similar to the proof of Rule red . The key bits are: (1) if e; 3% x1
ande; ! ©e, then e, 3° x; by determinacy of reduction, and (2) ife; ! Yty ande; ! e,
then e; ! 1t;, again by determinacy of reduction. l

Proposition 4.11. Rule exp-$ is derivable.

Proof. First, suppose thate; 3° x; for some valuex;. Then, e; ! ! e, yields a contradiction.

Second, suppose thate; ! 1 t; for some termt;. Then, sincee; ! ! e, we have by
determinacy of reduction that either €, ! °t; ort; ! %e;. Thus, by either Proposition 4.9
or 4.10,$(e;, &) , E !!'"+implies $(t1, &) , E !! "+, which is what we needed to show. ]

Proposition 4.12. Rule exp is derivable.

Proof. Assume the premises of Rulexp. We will prove the following proposition and then
instantiate t; with e; to obtain the desired result.

%;. (tr:+! Oty ! 'e)# (t1,&),E "+

The proof is by | ob induction, i.e., we use thel ob rule to assume the above proposition
is true OlaterO (under & modality) and then prove it true OnowO. So assumg : +;! and
t; ! ' €, and we want to prove (t1,€) , E ! "+ It is thus either the case thatt; ! © e
or that there exists t; such thatt; ! 1 t; ! ' e. In the former case, the result follows
by Proposition 4.10 and the assumption €,e;) , E !!"+ In the latter case we have, by
the | ob-inductive hypothesis (i.e., the $-ed version of our original goal) together with the
distributivity of $ over %and # , that $(t; : +! 0t; ! ' e) # $(ty, &), E 1"+ We
already know that t; ! ' e, and t; : +;! follows by type preservation, so by Rulemono,
we have that $(t},e;) , E ! "+ The result then follows fromt; ! 1t; and Rule exp-$. [J

Proposition 4.13.  Rule ciu is derivable.

Proof. As for Rule exp, the proof here is byl ob induction. Given the premises of Ruleciu ,
we prove the following and then instantiate t; to e;:

%;. (t1,€) ,E 11" +# (t, &), E 11"+

Assume this is true later, and we proceed to prove it now. So aime ¢1,€,) , E !! "+ and
we want to prove (t1,e) ,E 1"+
First, supposet; 3% x1. Then, there existsx, such that (x1,x2) , V ! "+ and x5 2 %
Since by assumptione, 2 e, and 2 is transitive, we have that x, 2 e, so we are done.
Second, supposé; ! 1t;. Then, $(t},e,) , E ! "+ so by thel eb-inductive hypothesis,
$(ty,e) ,E 1"+ ]
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Proposition 4.14. Rule bind is derivable.

Proof. DebneP(t1) to be the proposition:
o1, Xo. (X1,X2) ,V I1"+0t1! ' x10x22 €)# (E[xq],f),E 1™+
We want to prove that
%i1. ((t1,e) ,E 1"+0 P(ty) # (E[ty],f),E ™+

By the | ob rule, we assume this proposition is true later and proceed t@rove it now. So
assume that ¢1,e) , E !!"+and P(t1), and we want to prove (E[t1],f),E 1 ™+

First, suppose that E[t1] 3% x4 for somex;. Then, it must be the case thatt; 3° y;
for someys, and also that E[t1] ! © E[yi] 3% x1. Since ¢1,&) , E "+ we know there
exists somey, such that y, 2 e and (y1,y2) , V !+ Thus, by P(t1), we know that
(E[y],f), E '™+, Then, by Rule exp, (E[t1],f),E 1 ™+,

Second, suppose thaE[t;]! 1t;. There are two cases:

Case 1:
There existsy; such that t; 3° y;, and also that E[t;] ! © E[y;] ! 1 t}. The proof is
identical to the previous case shown above.

Case 2:
There existsu; such thatt; ! 1 uj, and also that E[t1] ! Y E[us]! °t;. Since t1,e),
E!l"+ we know that $(u1,e») , E ! "+ Also, it is easy to show that P (t1) implies P (uy).
Thus, by appealing to our | eb-inductive hypothesis, we have that$(E [ui],f) , E ! ™ +.
Finally, by Rule red , $(t;,f) ,E 1 ™+, O

Proposition 4.15. Rule bind2 is derivable.

Proof. By Rules bind and ciu, together with the fact that x, 2 e, implies E»[x2] 2 Ej[ex],
by part (4) of Proposition 4.4. L]

Proposition 4.16. Rule app is derivable.

Proof. By Rule bind2, using evaluation contexts §e; and [§ ey, the goal reduces to show-

ing that (X1 ey,X2&) , E 1™+ under the assumption that (xq,x») , V I1"1 1™+ By
Rule bind2 again, this time using evaluation contexts x1 [ and x»[§, the goal reduces to
showing that (x1Yy1,X2Y2) , E ! ™+ under the assumption that (y1,y2) , V !! "+ The
result then follows by unrolling the debnition of VI 1 1™+ ]

Proposition 4.17. Rule unroll is derivable.

Proof. By Rule bind2, using the evaluation context unroll [§ on both sides, the goal re-
duces to showing that unroll xq,unroll x») , E ! [u%.!/%]" + under the assumption that
(X1,X%2) , V 'u%.!" +. Unrolling the debnition of V!u%.!"+, we have that x; = roll vy,
X2 = roll yo, and $(y1,y2) , V 1"+, %!V 1n%.!" +for somey; andy,. By Proposition 4.6,
$(y1,Y2) , V !1[u%.!/%]" +. Also, we have that unroll x; = unroll (roll y;)! !y (and
thus yi 2 unroll x; as well). Thus, the desired result follows directly by Ruleexp-$ and
Rule ciu . L]

Proposition 4.18. Rule funext is derivable.

Proof. Immediate, by unfolding the debnition of VI1"1 1™+, =
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Proposition 4.19. Rule fix is derivable.

Proof. By straightforward combination of Rules | ob, funext , weak- $, exp-$, and ciu,
given the fact that Fi x; ! 1 g[Fi/f ]. O

4.6. Soundness and Completeness of the Logical Relation. We now state some key
theorems concerning the logical relation, the primary onegeing that it is sound and com-
plete w.r.t. contextual approximation.

Debnition 4.20 (Logical Approximation) . Let$ +e;:! and $+ e :!.
Suppose $=%,...,%,X1:'1,...,Xm :!m. Let

X =%,%,...,9%,%,x},x2,...,xt,,x3

R=rq,...,In
+= % - (%, %,r1),....% - (%, %, rn)
P = ry:VRel(%,%),...,r, : VRel(%, %),
(X1, x2) , Vv 1t (L x2) L Vot
& = Xg-! xj,...,xm-! ij (wherej ,{ 1,2})
Then
$+e.29 g1 L XRIP + (+11&61, &) , E 11"+

Theorem 4.21 (Fundamental Theorem of Logical Relations)
If$+e:! then$+e2'9e:!.

Proof. By induction on typing derivations. In the case whene s a variable, the goal follows
directly from the hypothesesP in Debnition 4.20. All of the other cases follow immediately
from the compatibility rules, which are all completely straightforward to prove (in the style

of Rule app). The only slightly interesting compatibility rule is Rule unroll , which we
proved in Section 4.5. ]

Theorem 4.22 (Adequacy).
If + (e, e),E " ande; 3, then e 3.

Proof. Supposee; 3 vi. Let n be the number ofunroll -roll reductions that occur in the
evaluation of e; to vi. It is easy to show by induction onn, and by unfolding the dePnition
of EI", that + $"(v1,e) , E I!'" (where $" denotesn applications of the $ modality).
Thus, + $"(&>2 8!. X2 2 &).

Appealing to the model, we have that% " 0. !$"(&, 8!. X 2 €)"k. Choosingk > n,
this means that there exists a valuev, : ! such that v, 2 €V e,. Hence,e, 3. O]

Theorem 4.23 (Logical Approximation # Contextual Approximation) .
If$+e29e !, then$+e, 2% ey,

Proof. GivenacontextC:($+!)! ($ +!"), we showthat$ + Cle;]2'% C[ey]:!". The
proof of this part is by induction on the context C, and as in the proof of the Fundamental
Theorem, all of the cases follow immediately from the compability rules. Thus, if $ " is
empty, we know that + (C[e1],C[ez]) , E !! ™. Consequently, by Adequacy, we know that
Cle1] 3 implies C[ey] 3. L]
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Theorem 4.24 (Ciu-Transitivity of the Logical Relation) .
f$+e2%e,:l and$+e,2% e :!, then$+e2MWe !,

Proof. Let X, R, P, +, and & be as debned in DePnition 4.20. From the second assumption,
it is easy to show by appeal to the model thatX ;R;P + +&e, 2 +,&e,. Thus, the result
follows immediately by Rule ciu . L]

Theorem 4.25 (Ciu Approximation # Logical Approximation) .
If $+e 2% e:l, thenS+e2We,:!.

Proof. By the Fundamental Theorem of Logical Relations, $+ e; 2'°9 e; : I. The result
then follows directly by Theorem 4.24. L]
Corollary 4.26 (2% 52 cu 52 lg),

$+e 2™ eg:lil $+e2%Me:lil $+e2'9e, ;1.

Proof. By Theorems 4.5, 4.23 and 4.25. ]
4.7. Symmetric Version of the Logical Relation. We have shown that our logical

relation supports sound inequational reasoning about contextual approximation, but we
would like to support equational reasoning as well. Of course, one can prove two terms
equivalent by proving that each approximates the other, but often this results in a tedious
duplication of work. Fortunately, we can debPne a symmetric ersion of our logical relation
directly in terms of the asymmetric one.

First, some notation: for a binary term relation R, let R°P denote (t,,11).(t1,t2) , R.
Also, let +°P denote the mapping with domain equal to that of + such that if +9% =
("1,'2,R), then +°P(99 = (1,141, ROP).

Now, perhaps the most natural way of debning a symmetric veisn of our logical
relation would be to say that two terms/values are symmetrically related if they are logically
equivalent i.e., asymmetrically related (by E!! ") in both directions. Interestingly, this does
not work. In particular, there are a variety of properties (d escribed below) that we would like
our symmetric relation to enjoy, one of them being the propety that symmetrically-related
function values f1 and f, (of type ! "1 '™ are precisely those that map symmetrically-
related arguments (of type! ") to symmetrically-related results (of type ! ). However, just
knowing that f, and f, map equivalent arguments to equivalent results does not imply that
they are equivalent themselves; to show equivalence, we witlineed to establish relatedness
of f1 and f» in both directions, which would at a minimum require that they map V1! ™-
related arguments (which are not necessarily equivalent)a E!! ™-related results. Merely
knowing how f; and f, behave onequivalent arguments is not enough to establish that.

Thus, instead, we debne the symmetric relation as shown in Bure[8. Here,d is a value
variable of type bool that we assume is bound in the context in which these symmetad
relations appear. Whend is true , E®!1 "+ and V®!!1 "+ are equivalent to the asymmetric
logical relation in one direction; and whend is false , they are equivalent to the asymmetric
relation in the other direction. Thus, by proving two terms t o be symmetrically-related in
a context where dOs identity is unknown, we can e"ectively prove logical appsomation in
both directions simultaneously.

This formulation has several nice properties. First, it is graightforward to show that if
we take each case of the debnition of !! " + in Figure B, replace all occurrences oV !! "+
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VoI e B, ).

(d=true # (t1,t2),V II"H 0
(d= false # (tp,t1),V !1"+%P)
f (t1:+1!,t2:+2!).
(d=true # (t1,tp) ,E 1" 0
(d= false # (tp,t1),E !1"+°P)
02,0 & (d=true # e! 'e)0
(d=false # e12 &)
e12,6 def (d=true # 12 &) 0
(d=false # e! ' e)

%y &

Figure 8: Symmetric Version of the F* Logical Relation and Related Debnitions

and E!!' " + with their symmetric versions, and substitute 5 for dzet we have a set of valid re-

lational equivalences. The same goes for the relational equalences in Proposition[4.6. (The
same is not true, however, for the debnition oE!! " +, because it is inherently asymmetric.)

The proofs of these symmetric relational equivalences ardlajuite easyNeach one splits
into two cases, one ford = true and one ford = false . Here, we sketch the proof for the
recursive type case, which is the most interesting since it ses thel ob rule.

Proposition 4.27.  V®1u%.!"+5 pr. (X1 8 +1(n%.!), X2 8 +>(1%.!)).
&1,¥2. X1 =roll y; 0 xp=roll y,0
$(y1,Y2) , V 21"+ %1 (+1(u%. ), +2(u%. 1), 1)

Proof. Let R1 and R, denote the relations on the left and right sides of the equivience,
respectively. By thel ob rule, we can assume that$(R1 5 R»). By Canonical Forms, either
d = true or d= false :

Case d = true :
Unrolling debnitions, the proof reduces to showing that$(y1,y2) , V 1" +,%-! (...,R1)
i" By, y2) , V 11"+ 9%-1 (...,Ry). This follows from the basic axioms together with
the | ob-inductive hypothesis $(R; 5 R»).

Case d = false :
Similarly, the proof reduces to showing that $(y,,y1) , V 11" +%P 9% -1 (...,R1%P) i"
B(y2,y1) , V "4 96-1 (... R,°P). Again, this follows from the basic axioms together
with the | ob-inductive hypothesis $(R; 5 R»). ]

Furthermore, we can easily derive symmetric versions of masof our derived rules. In
most cases, including all the compatibility properties, the symmetric rule looks like the
asymmetric one, except with E” and V* in place of E and V. Exceptions to this pattern
include the rules fromexp to bind2 in Figure [l In Figure @, we give symmetric versions of
several of these, the last two of which employ the relation®; 21 e, and e; 2, &, debned in
Figure [8. These relations are merely a technical device to eble a symmetric presentation
of certain premises that have the forme, ! ' e; for one direction of approximation and
€, 2 e for the other direction. The proofs of these rules are all comletely straightforward,
relying heavily on the fact (from Proposition B.4) that e; ! ' e implies e; 4°Y e,. (Note
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C+e 4! CH+e:+!
C+ey! #€f C+e ! #&, C+(e,6),ESII"+

C+e:+! CH+e: 4!
C+e ! €] C+e!l 16, C+$(€,6),ESIN"+
C+(e]_,ez),E$”"+ (Sym-eXp'$)
C+€i! ¢ C+€,! °ey CH+(e,6),ES1I"+
C+e 4! CHer:+!
C+(e,6) ,E®I"+ C+ej2:e, C+€, 2, ,
(sym-ciu)

C+(e, &)  E® 11"+

CHEp:+! ! #!I' C+Ez:+! ! #!I' C+(e,e),E®II"+
C X1, X2, (X1,X2) , V S 11" +,X1 21 €1,%X2 25 € + (Eq[x1], Eo[x2]) , E S 11"+

C+(Eler]. Ealer]) ,ESTIT# (sym-bind)

Figure 9: Symmetric Versions of Several Derivable Rules

that the context C appearing in all these rules is assumed to bindl in its variable context
and contain d 8 bool in its proposition context.)

To give the reader a concrete sense of how these rules work, weesent in the next
section three detailed examples of how to use them to prove otextual equivalences.

Finally, since LSLR is inspired by Plotkin and AbadiOs Ioglcfor parametricity, one
might expect to see some rule corresponding to Oidentity eghsion.O Denoting contextual
equivalence at type# by 4%, identity extension would mean that, for any open type
%+ !, we would have that E%!1" (%-14 ) equals4°[,,# - In fact, we do not have such
a rule since, as we discovered in the course of carrying out it work, identity extension
does not hold for the step-indexed model! For identity extersion to hold, one would need
that contextual equivalence at any ! should equal the semantics of E®!!", but it only
equals the subset ofE”!!" for which the relation holds for all n, i.e., roughly, the subset
{(e1,) | %.!(e1, &), E ®11""n}. The identity extension lemma has traditionally been
used to prove representation independence results, akfree theorems [35], and, for pure
calculi, debnability results for types [30]. In spite of thelack of identity extension we are
still able to prove some free theorems, as we demonstrate ineStion [5.3.

5. Examples

We now show three examples of how to use our LSLR-based logicaelation to prove inter-
esting contextual equivalences.

The brst example is from Crary and Harper [18] (who adapted itfrom one in Sumii
and Pierce [34]) and concerns representation independenad OobjectsO with existential
recursive type. The second, from Sumii and Pierce [34], is ogerned with proving the
syntactic minimal invariant property associated with a general recursive type [27,[ 10/ 13].
The third is a canonical example of a Wadler-style Ofree thaemO [[35].
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We reason informally in LSLR but present the proofs in some dtail to emphasize the
use of the derivable rules from Sectiofil4. Observe that the mofs do not involve any mention
of step indices!

5.1. Flag Objects. Consider the following type for Rag objects, which have an istance
variable (with abstract type % and two methods. The Prst method returns a new object
whose [Bag is reversed, while the second method returns the rtant state of the Rag.

30 H-.%$ ((-! -)$ (- ! bool)

Rag &% .13dx
We consider two implementations of 3ags, in which the hidder3ag state is represented by

a bool and an int, respectively. We assume thatnot : bool! booland even:int! bool are
implemented in the obvious way.

bflag = packbool (roll )true ,)bflip ,bret **) asRag

bflip = "X :Bdygg.roll )not (fst (unroll x)),snd(unroll x)*
bret = "X :Bdygg. fst (unroll x)

iflag = packint, (roll )O0,)iflip ,iret **)asRag

iflip = "X :Bdp.roll )1+ (fst (unroll x)),snd(unroll x)*
iret = "X :Bdp.even(fst (unroll X))

To prove equivalence ofbflag and iflag , it sulces to show d,d 8 bool+ (bflag ,iflag ),
E”®1Rad'. Equivalently, by Rule val , since both terms are values, it is enough to show that
d,d 8 bool+ (bflag ,iflag ),V »!RBagd'. Unfolding the dePnition of V*!8%.8ds", we choose
% -! bool %-! int, y1-! v, y2-! v, and r -! R as the substitution for its existentially-
bound variables, wherev, = roll )true ,)bflip ,bret **, v, = roll )0,)iflip ,iret **, and

R = (X1 8bool x, 8int).& 8int. (x1 = true 02y 3 Xx2) 1 (x1 = false 02y+1 3 X»)

Let + = %! (boolint,R). It now sulces to show (vi,Vv2) , V 2IRds"+ or equivalently

(using the compatibility rules and several applications ofRule val ):

(1) Show (true ,0) , V %196 +. This is immediate from the debnition of R by choosing
y -l 0.

(2) Show (bflip ,iflip ),V ®IRd: ! Rds"+ By the compatibility rule for functions, we
assume that x1,x») , V ®IRds" +, and are required to show:

(roll )not (fst (unroll x1)),snd(unroll x1)*,
roll )1+ (fst (unroll x»)),snd(unroll x3)*)
, E ®IRdy" +

By compatibility, we have that ( fst (unroll xy),fst (unroll x»)),E »!%+. Thus, by
Rule sym-bind , we can assume that £1,2,) , V %104 + 5 R for somez; and z,, and
the proof reduces to showing

(roll  )not zy,snd(unroll  x1)*,

roll )1+ zp,snd(unroll x2)*) , E ®IRdy" +
By compatibility again, this reduces to showing that (not z1,1 + z») , E ®196 +. By
Rule sym-exp, it simply remains to show that not z; and 1+ z, evaluate to values that
are related by R. The following lemma sul!ces:

%,,2.(21,22) , R#&2z;,2,,n0t2032,01+2,32,0(z;,2), R
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Expanding out the debnition of membership in R, we arrive at a strictly prst-order
statement that is provable by straightforward means in the meta-logic.

(3) Show (bret ,iret ) , V ®IRdx! bool'+. This is similar to part (2), with the proof
boiling down to the brst-order statement

%1,2.(21,22) , R# evenz, 3 z3 [l

5.2. Syntactic Minimal Invariance. The proof of our next example relies on Canonical
Forms, a prst-order lemma aboutF* that we assume is proven outside LSLR by traditional
means. This standard lemma, which characterizes the shapef avell-typed values, is only
available to us because (following Pitts [[26]) we have consticted the logical relation from

syntactically well-typed terms. For further discussion of this point, see SectionY.

Let ! = p%.unit+ (%! 9%. We are going to show that the identity function id =
"x :1.x is equivalent to

v = fix f(x:!).case(unroll x)ofinl _# roll (inl )*)
linr g# roll (inr ("y :1.f (g(fy)))
This corresponds to theminimal invariant property in the domain-theoretic work of Pitts
[27], which Birkedal and Harper subsequently proved in an oprational setting [10].

To prove contextual equivalence ofid and v, we can showd,d 8 bool + (id,v) ,
Vv®%Ir 1 1" Our proof will be parametric in d. By the | ob rule, we assume$(id , V) ,
V%Il 1 1" and proceed to prove {d,v) ,V %Il I 1", Now, by (the symmetric version of)
Rule funext and sym-exp, we assume X1, X2) , V %11 and it sulces to show

(x1,case (unroll x2)ofinl _# roll (inl )*)
linr g# roll (inr ("y :l.v(g(vy)))) , E %"
By relatedness ofx; and x,, we know that there existy; andy, such that x; = roll yq, Xo =

roll y,, and $(y1,y2) , V ®lunit+ (! ! 1)". By Canonical Forms, sincey, 8 unit+(! ! 1),
we know that either y, = inl )* or there existsy, such that y, = inr y,. In either case,
there existsz 8 unit+ (! ! 1) such that the case expression above evaluates taoll z.

Consequently, by Rulesym-exp, the goal reduces to showing
(roll y1,roll z),V ®1u%.unit + (%! %"
Unfolding the dePnition of V*!u%.unit + (%! 9", it sulces by Rule weak- $ to show
(y1,z),V Plunit+ (11 1)"

under a strengthened (.e., , Od) context in which the$ has been removed from any of our
previous assumptions. In particular, we may now assume ouf ob-inductive hypothesis
(id,v) ,V ?Ir 1 1" aswell as §1,y2) , V ®lunit+ (! ! 1)", to hold OnowO as opposed to
OlaterO. The latter assumption yields two cases:

Case inl :
y1 = Y2 =z =inl )*. Trivial.

Case inr :
y1=inryp, Yo = inr v, (Y1, Y.) . V2L 1t and z = inr (MY Lv (Yo (vY)). Thus,
to complete the proof it sulces to show

(Y. "y SLV (Yo (vy)) , V %o
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Applying Rule funext (in its symmetric form) and Rule sym-exp, we assume %1, 2») ,
Vv#11" and have to show

(V121.V (¥ (vZ2))) , E %11
From (id,v) , V ®11 1 1" together with relatedness ofz; and z,, we may conclude
by Rules app and sym-red that (z;,vz) , E ®!I". By relatedness ofy; and y, and
Rule app, we have that (y; z1, (Y, (v22))) , E »#!1". Thus, by Rule sym-bind , choosing
as the evaluation contexts of interest § and v[d, our goal reduces to showing that for
any z;,z,, if (z;,25) , V %11", then (z;,vz,) , E»!l". As before, this follows from
(id,v) ,V %1 1 1" together with Rules app and sym-red . L]

5.3. A OFree TheoremO. Suppose that! and # are closed types, thath and f are values
suchthath:9%6.9d %! %andf :! ! #, and that v and w are values of type! . We will
prove that h# (f v) (f w) contextually approximates f (h!vw) unconditionally, and that

the reverse approximation also holds iff is total (a sulcient, but not necessary, condition),

debned adotal(f ) Lo x 81 #& y.fx 3vy.

The proof is interesting in that it is mostly done in a symmetric fashion, except for
one inner lemma, which requires us to split into cases, one feeach asymmetric direction
of approximation. Since one of the two directions includes a extra assumption concerning
the totality of f, we will actually prove the theorem

C +(h#(fv)(fw), f (h1vw)) , E %1

whereC= d,d 8 bool d = false # total(f). To prove the theorem, we use Rulesym-bind
with the evaluation contexts [§ and f [§, respectively. The proof is in two parts.

Part 1 First, we prove that
(h# (fv)(fw),hlvw) , E %198 +
where+= %-! (#!,R) and

R=(y18#yY,8!). (y1,fyo), E 2I#"

By Theorem @21, h,h) , E %19%86.9%4 %! 9%'. Thus, (h#h!) , E ®1%! %! 9% + To
prove our desired result (by Ruleapp), it remains to show that (fv,v) , E 1% + and
(fw,w) , E 198 +. We show the proof for the former; the latter is exactly the sane.

This is the place where we need to split into cases dependinghahe direction of the
proof. Both cases use the fact, due to the Fundamental Theoma, that (fv,fv ), E %y,

Case d = true :
We need to show {v,v) , E %'+ Since fv,fv) , E !#", by Rule bind (using
evaluation context [d) and Rule val we may assume that there existx1, X, such that
(X1,X%2) ,V #"andx, 2 fv, and it remains to show (x1,v) ,V 19 += R. The latter is
equivalent to (x1,fv) , E '#", which follows directly from the assumptions by Ruleciu .

Case d = false :
We need to show ¢,fv) , E 196 +°P. Using the assumptiontotal(f ), which is available
sinced = false , we know that there existsx 8 # such that fv 3 x. Thus, fv 2 x and
x 2 fv. By Rules ciu and val , it sulces to show (v,x) ,V 19 +%° = RO Unrolling
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the debnition of R, we see that the goal is equivalent to {v,x) , E !'#", which follows
from (fv,fv),E '# andfv 2 x by Rule ciu.

Part 2 Next, we assume that @1,25) ,V ?1% +5 R and we need to show that
(z1,fz2) , E 1g"
But this falls out directly from the debnition of R, so we are done. L]

6. The Merits of Our Approach

By way of comparison with previous work, we now informally present an alternative proof
of the ORag objectsO example (from SectiGn 5.1) in the stylé Ahmed [4]. Following that,
we discuss how our LSLR proof relates to and improves on thisleernative proof.

6.1. Flag Objects Proof With Explicit Step Manipulation. We now sketch a proof
for the ORag objectsO example from Sectién 5.1 using Ahmeddagcal relation [4]. Since
the latter is asymmetric, to prove equivalence ofbflag and iflag at type Bag we must
show that for all n " 0, (n, bflag ,iflag ), E !Rad and (n,iflag ,bflag ), E !'Bad’, where
E!& is the asymmetric logical relation for closed terms from AhnedOs paper. Here, writing
(n,e1,e) , E 11" means thate; and e, are related for n stepsNor more specibcally, that
if e; terminates in less thann steps then e, will terminate (in any number of steps) and
the resulting values will be related for the remaining numbe of steps. We discuss only one
direction of the proof; the other direction is similar.

To prove that (n,bflag ,iflag ) , E !'Bad' for arbitrary n " 0, it sulces to show
(n, bflag ,iflag ),V !Bad, sincebflag andiflag are values. We take!; = bool, !, = int,
and

R={(n,vi,vo) | +vi:bool0 + vy:int0
&y :int.(vy = true 02y 3vy) 1 (vy = false 02y+1 3 o)}

Let += %-! (boolint, R). It then sulces to show, for all m <n, that
(m,roll )true ,)bflip ,bret **,roll )O,)iflip ,iret **),V I1Rds"+

Unwinding the debnitions of V!p-.! "and V!!1 $ !,", it now sulces to show the following

forall k<m:

(1) Show (k,true ,0), V 19 + This is immediate from the debnition of R, choosingy =0
as before.

(2) Show (k,bflip ,iflip ),V IBd: ! Rds"+ For arbitrary j <k , assuming we are given
(j,Va1,Va2) , V IRds" +, we are required to show:

(j, roll )not (fst (unroll va1)),snd(unroll vg1)*,
roll )1+ (fst (unroll vgy)),snd(unroll vg)*) , E 'Bds" +

We assume thatroll )not (fst (unroll va1)),snd(unroll vg1)* evaluates to a value
Vi1 In i <) steps. We are required to show that there exists a values, such that
roll )1+ (fst (unroll vg2)),snd(unroll vg)* evaluates tovs, and (j ' i,Vi1,Vi2) ,
V IR3ds" +. Since these expressions clearly require more than one step evaluation, we
know that j > 2 (which is relevant here when we talk aboutj ' 1).
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From (j,Va1,Va2) , V IBd:" +, it follows that v, = roll vig and vao = roll vy, and
furthermore that vig = )vi1,Vi2* and vog = )Voq,Vao*, Where (' 1,vi1,Vo1) , V 196 +
and (j ' 1,vi2,V22),V (Bdy ! Rdy)$ (Bds! boo)"+.

Hence, by the operational semantics, we have that:

roll )not (fst (unroll wvg1)),snd(unroll vgy)*!
roll )not (fst vig),snd(unroll vgy)*!

roll )not vy1,snd(unroll  vgy)* !

roll )Aviq, snd(unroll  vap)*!

roll )AV]_]_, sndvyg* !

roll )AV]_]_, Vi2*

= Vi1

where Avy4 is a value denoting the negation ofv;.
Also, by the operational semantics:

roll )1+ (fst (unroll vg2)),snd(unroll vg)*!
roll )1+ (fst vyp),snd(unroll vg)*!

roll )1+ vop,snd(unroll  vgo)* !

roll )10v,q1, snd (unroll  vgp)* !

roll )l'éVZJ_, sndvyg* !

roll  )19v,q, Voo*

= Vi2
where v, is a value denoting the sum of 1 andv,;.
It remains for us to show that (j ' i,v¢1,V52) , V Bds"+ By the debnition of
Vig-.! "and VI $ 15" it sulces to show that, assuming j ' i> O:
¥ (' i' 1,Aviy,18vy1) , V 198+ which follows from (j ' 1,vi1,V21) , V 19 + and
the debpnition of R.
¥(G" i" Lvig,ve),V I(Bds ! RBdy)$ (Bde ! boo)"+ which follows from the fact

above that vi» and v, are related forj ' 1 steps, which means that they must be
related for fewer steps.
(3) Show (k, bret ,iret ),V !Bds ! bool'+. This is similar to the proof of part (2). ]

6.2. What Have We Achieved? One can see that the above proof requires quite a bit of
pedantic step manipulation that is entirely unimportant in terms of the overall proof. The
proof using LSLR allows us to ignore steps and focus on the ietresting parts of the proof.

Perhaps more importantly, the above proof is almost OmindissO in the sense that it
proceeds by simply unrolling debnitions. For instance, stg (2) of the proof proceeds to
prove relatedness of two terms foj steps in E!3d:" + by symbolically evaluating them to
values and then showing that the resulting values are relatd for j * i steps, wherei is the
number of steps it takes to evaluate the brst term. This is exatly how one would attempt
to prove the subgoal if one were just to expand the debnition DE!RRds" +. But as a result,
one is forced to talk about the particular number of steps thebrst term takes to evaluate,
and moreover, theidea of the proof is obscured.

In contrast, the LSLR proof of this example has a much clearerstructure because it is
constructed using higher-level proof rules. In the aforemetioned step (2), the LSLR proof
does not need to symbolically execute the terms because it gossible to use compatibility
rules, together with the sym-bind rule, instead. This combination is applicable precisely
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because the two terms being related have a very similar stritare and only di"er in one
place. Thus, the ability to prove the relatedness of the terns using those rules sheds light
on why they are equivalent.

That said, the reader may wonder: is the logic LSLR reallynecessary? Can we take
the proof rules that we have derived in LSLR and interpret them back into the step-indexed
model, thus resulting in proof principles for the step-indexed model that do mention steps
but nonetheless help one to write proofs in a more structuredvay? We believe that to some
extent this should be possible. For example, here is a varidrof the bind2 rule that holds
(ignoring syntactic typing side conditions) for AhnmedOs mdel:

(ei,e),E "+
% (j. M1 vo. (i,va, Vo),V I+ =# (i Ealvil, Ealva]) , E 14

(.E 1[e1], Eolez]) , E 117+

This proof principle is almost as clean as thebind2 rule, the only di"erence being that
this step-indexed version requires an explicit quantiPcabn over future worlds i, whereas in
LSLR that quantibcation is baked into the interpretation of the logical judgment. While
this explicit quantibcation is annoying, the above rule shaild still (we believe) be useful in
improving the structure of OdirectO step-indexed proofs. I is less clear how to interpret
the symmetric rules from Figure[Q into useful step-indexed ules.)

Thus, what we view as the major contribution of this work is the development of a set
of proof principles to enable better structuring of step-indexed proofs. By working at the
logical level, instead of directly in the step-indexed modg we have been forced to come up
with clean high-level rules that do not mention steps, but at least some of these rules should
in retrospect also be useful for improving the structure of drect step-indexed proofs.

7. Comparison With an Earlier Version of LSLR

In this section, we explain the four main di"erences between he present version of LSLR
and the earlier version that we described in our LICS 2009 paer [14].

Atomic Typing and Value Predicates. In the earlier version of LSLR, we built in the
atomic predicates of syntactic typing (e: ! ) and value-hood (Val) as primitive notions in the
logic, instead of treating them as ordinary atomic relations as we do presently. Specibcally,
we imposed a distinction in the variable context X between value variablesx and term
variables t and required typing annotations on their context bindings. We also required
relation variables to be bound with explicit relation types TRel(!1,!2) and VRel(!1,!5)
(relations were restricted to be binary). In the present version, we also make use of relation
types, but these are debnable in the logic and need not be madeimitive.

There was in retrospect no particularly good reason for givig these predicates special
treatment, nor for restricting the arity of relations to 2. W e feel our present treatment is
simpler, cleaner, and more general.

Distinction Between Logic and Model. In the earlier version of LSLR, we made a
distinction between our main logical judgment, C + P, debned by a set of core inference
rules, and its interpretation into the model, which we wrote asC $ P. This enabled a more
precise characterization of what it means for a rule (like those in Figure[T) to be OderivableO.
In the present paper, we conf3atet and [, thus allowing arbitrary new inference rules
to be added to the logic at a later time as long as they can be pnen sound. We have
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made this change because ultimately it is not clear to us why @r that) the core set of

inference rules we gave in Figur&l5 are the OrightO (or OcaimaO) ones. They are simply
a set of sound rules that we have found to be useful for doing rly all of our proofs

about logical relations in LSLR. However, as in the LICS pape, those core rules are not
OcompleteONoccasionally, as in the proof of Adequacy of olwgical relation, one needs to
reason directly in the model. We therefore feel there is no paicular need to grant those

core rules OdepnitionalO status.

Completeness of the Logical Relation. In the LICS paper, we debned a logical relation
for F* thatNlike AhmedOs original logical relation for F* [4]Nwas sound, but not complete,
with respect to contextual approximation. (The incompleteness is related to the treatment
of existential types, cf. Example 7.7.4 in Pitts [26].) The aly substantive di"erence between
that logical relation and our present version is in the debntion of E!' "+, If (e, &) , E ! "+,
then in the case whene; 3° v4, the LICS logical relation would insist that e, evaluate to
some valuev, such that (v1,v2) , V 1"+ In our present logical relation, we only insist that
& be ciu-approximated bysuch a valuev,. This added Rexibility is important in proving
the Ciu-Transitivity property (Theorem 4.24), which is the key to showing completeness of
our present version of the logical relation.

This change to the logical relation has resulted in changesa some of the derivable rules
in Figures[4 and[® as well. Ruleciu, for instance, is more Rexible than the corresponding
Rule 3 in the LICS paper, whereas Rulebind is more restrictive than the corresponding
Rule 6 in the LICS paper. Practically speaking, though, the® di"erences seem to be very
minor, and they have not induced any serious changes to our ofs of the examples in
Section[5.

Fixing a Technical Flaw. Our present account of LSLR bxes a technical 3aw in the
LICS version, namely that three inference rules in that pape are unsound (and all three for
similar reasons). Luckily, none of the rules was of criticalimportance. The common error
we made in our proofs for all three rules was in forgetting th& when reasoning about the
$ operator, the interesting Obase caseO is often not world 0 toworld 1.

The brst unsound rule is Rule$&l from Figure [H, in the case whereX is of the form
x 1. (Note: our present version of LSLR does not run afoul of thisbug precisely because
we no longer bake typing or value predicates into theX.) The problem arises when! is an
uninhabited type, such as%0%.% The $&1 rule says that $&x : !.P implies & : .$P . In
order for this to be sound it must at least be the case thatt $&x : !.P " 1 implies!&x : I.$P " 1.
However, the former is trivially true, and the latter is fals e because there is no value of type
I'. The rule is easy to show sound under the side condition that is inhabited.

The second and third unsound rules are those numbered Rule 18nd Rule 8 (the
backwards direction) in the LICS paper, which are as follows

C +%(e1, ), E 1 [u%. /%]" + C +(unroll eg,unroll &), E ! [u%.!/%]" +
C +(roll e, roll &), E 'n%.!"+ C +(e,e),E 'W%.!"+

The problem with these rules, again, is that the implications do not hold when the proposi-
tions are interpreted at world 1. In our buggy proofs of derivability for these rules, the error
manifested itself as a need to derivee, 3 v, in a context where we only knew$(e, 3 v»).
Interestingly, !$(e2 3 v2)" n doesimply !'e; 3 v,"n for all n exceptn = 1.

Fortunately, the only one of these rules that we actually mace any use of was the last
one. We used it in the proof of the syntactic minimal invariance example, and thus our
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present proof of that example is somewhat di"erent than the ore given in the LICS paper.
In particular, in proving that example, we now make critical use of the standard Canonical
Forms property for well-typed values, which we did not in the LICS paper.

8. Related Work and Conclusion

As explained in the introduction, LSLR is greatly indebted to (1) Plotkin and AbadiOs logic
for parametricity, and (2) Appel, Mellgs, Richards, and V ouillonOs Overy modal modelO.
However, there are also signibcant di"erences between our woand theirs.

Plotkin and AbadiOs logic was originally developed for pur&ystem F, as was Abadi,
Cardelli and CurienOs System R[1]. (The latter is less expsive, in that the only relations
debnable in the logic are those that are maps of System F funicins.) In recent years,
several extensions of PAL to richer languages with e"ects haw been proposed. Plotkin[[20]
suggested a variant for a second-order linear type theory whh a polymorphic bxed-point
combinator to combine polymorphism with recursion; it relies on an abstract notion of
admissible relations (see alsd [11]), whereas our logic L®.does not. Bierman, Pitts and
Russo [9] equipped the language suggested by Plotkin with aoperational semantics, result-
ing in a programming language called Lily. Here instead we awsider a standard call-by-value
language with impredicative polymorphism and recursive types and show how to debne a
logic for reasoning about that languageOs operational semis.

The main di"erence between our work and AMRVOs very modal modés the application:
whereas AMRV use the later operator$A to reason about type safety (a unary property) in
a low-level language, we use it to reason about contextual ggoximation and equivalence
(binary properties) in a high-level language. Certain isses, such as the development of
both symmetric and asymmetric reasoning principles, do notarise in the unary setting.
There are other concerns that do not apply to our setting, sub as the desire for non-
monotone predicates (hence our monotonicity axiom, which isnplibes matters). Moreover,
a signibcant component of our contribution is the derivation of a set of useful, language-
specibc inference rules and the application of those rule® tseveral representative examples
from the literature.

Our application of the | ob rule in connection with a logical-relations method results
in coinductive-style reasoning principles reminiscent ofthose used in bisimulation-based
methods like Sumii and Pierce®$ [B4], or Lassen and Levy@j.[Sumii and Pierce give
several example applications of their method in a languageedting very similar to the one
we consider here. In Section]5, we already showed how to use LIS to prove two examples
adapted from their paper, and our approach is capable of strightforwardly handling the
other examples that their method can prove as well.

That said, Sumii and Pierce do present one equivalence, thel@SetO example at the
beginning of Section 7 of their paper, which does not seem toébprovable directly within
our logic, although it is provable through a transitive combination of equivalence proofs.
They use this example to exhibit a limitation of their method with respect to reasoning
about higher-order functions, and hence to motivate an Oume-contextO extension of their
bisimulation that alleviates the problem. However, they do not actually o"er a proof of the
IntSet example (using the up-to-context extension or othewise), and we believe the proof
to be considerably more involved than for the other up-to-catext examples in their paper.
Ahmed [4] has given a proof of this example using step-indexklogical relations (see her
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technical report), but her proof is closely tailored to the gpecibc example and seems dilcult
to adapt, e.g., if the ADT in the example is extended with a OremoveO operatin

The IntSet example is challenging because it involves an edualence between two re-
cursive functions that are structurally quite dissimilar in their recursive calling patterns,
and the hard work in the proof involves demonstrating that both functions ultimately call a
certain (unknown) function on the same multiset of argument (albeit in a di"erent order).
The clearest way to establish this fact is usinginductive reasoning about computations on
lists and trees, which can be accomplished using standard pof techniques and is orthogonal
to the coinductive, relational style of reasoning that LSLR (and in particular the $ opera-
tor) provides. While for this example the inductive and coinductive bits of the proof can
be easily combined using a transitive combination of equiviences, it would be interesting
to explore in future work how to better integrate inductive r easoning into our logic.

Bisimulations have also been developed for relational reasing in languages with gen-
eral references and/or control operators([19, 32, 31, 33]. @hope that the present work will
help to illuminate the relationship between step-indexed bgical relations and bisimulation
technigues, perhaps leading to a more unifying account.

Also related to our use of thel ob rule is the work of Brandt and Henglein [12], who gave
a coinductive axiomatization of recursive type equality ard subtyping via a coinduction-like
rule. They also debned the semantic interpretation of theirsubtyping judgment using a
stratibed, essentially step-indexed, interpretation.

Finally, besides step-indexed logical relations, a numbeof other logical relations meth-
ods have been proposed for languages with parametric polymphism, recursion, and/or
recursive types,e.g., [25,(26,[18, 22/ 10, 13]. One of the most important advances ithis
domain is the idea of.. -closure (aka biorthogonality). In developing a logical relation
for a language with impredicative polymorphism, existential types, and general recursion,
Pitts [25] 26] proposed.. -closure as a useful operational technique for guaranteegnadmis-
sibility of relations (in the denotational sense). In the step-indexed model, the whole issue
of admissibility is sidestepped. Intuitively, there is no need to worry about a bxed-point
behaving like the limit of its Pnite approximations if we restrict attention to how programs
behave in a Pnite amount of time (as the step-indexed model ds).

For non-step-indexed logical relations it is well-known that .. -closure also has the
pleasing side e"ect of rendering the relations complete w.t. contextual equivalence. This
is also the case for step-indexed logical relations, as shavin recent work of Dreyer et al. [15].
We have presented in this paper an alternative technique foensuring completeness, namely
closure w.r.t. ciu-approximation (in the debnition of E!!"+). We believe our approach
is simpler and more direct than .. -closure, but neither approach subsumes the either.
On the one hand,.. -closure is applicable in more general settings, such as lewlevel
languages [[8/ 17] or languages with control operators [15)yhere the behavior of a term
depends on its evaluation context. On the other hand, this adled generality means that a

-closed relation is incapable of validating some of the infence rules that hold in our
more restricted setting. For example, thesym-bind rule (Figure @) would notholdina .. -
closed model unless we were to remove the assumptions in thast premise connecting the
x;Os and the; Os, thus weakening the rule somewhat. We do believe, howewrat it should
be possible to formalize a variant of our LSLR logical relaton that uses.. -closure instead
of ciu-closure. Understanding the tradeo"s between the two sure techniques remains an
interesting problem for future work.
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Non-step-indexed logical relations for languages withrecursive types are notoriously
tricky to construct; the construction of such relations relies on the use osyntactic minimal
invariance, mimicking the construction used in domain theory [27,[10/B]. An advantage
of this more elaborate construction over step-indexed logial relations is that the resulting
proof method is more abstract and does not involve steps. Inhis paper, we have shown
how to devise a more abstract proof method for step-indexeddgical relations. Our resulting
proof method is at roughly the same level of abstraction as tht of non-step-indexed logical
relations. This point was illustrated explicitly with the v arious examples in Sectionb.
For yet another example, just involving recursive types, the reader might want to consider
Birkedal and HarperOs example of stream operations [10]. & proof uses a coinduction
proof principle that is derived as a corollary of the elaborde construction of the logical
relation. This example can also be proved in LSLR in a very sirlar manner, except that
we use a combination of thel ob and sym-exp- $ rules instead of actual coinduction.

We do not claim that the method presented in this paper is per se more powerful
than prior approaches. Rather, our goal is to show how to reasn about step-indexed
logical relations in a more abstract way, because step-inded relations have proven more
easily adaptable than other logical-relations methods to &nguages with e"ects (particularly
state) [3, [B,[24]. We believe that the work presented here mads an important brst step
toward logical step-indexed logical relations for e"ectful programs. Inded, since publication
of our original LICS paper [14], a promising variant/extension of LSLR (called LADR) has
been developed[16], which enables abstract relational reaning about a step-indexed model
of F¥' (an extension of F* with general references).
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Appendix A. Additional Details of FH
Typing Contexts $ == &|$,%]| $,x:!
$+x:! $ +)* : unit $++n:int
$ + e bool $+e:! $+e:!
$ + true : bool $ + false : bool $ +if etheneelse e :!
$+e !y $+e: !y $+e: 1181, $+e:11$ 15
$+)e, e 11 8%, $+fst e:ly $+snde:!,
$+e:!y $+e:l,
$+inl e, e i+ 1) $+inr,e,e ity
$+e:l 1+ 1, $,X1: 11 +e ! $,x2: 1 +e: !
$ + caseeofinl x1# e ]inr xo# e :!
$,x: 1 +e:l, $+e 1! ! $+e:l,
$+"x el 1, $+e e !
$,%+e:! $+e:90.!  FV(1)7$
$ +#%. e 980.! $+elp11/%]
FV(1) 7 $  $+e:![11/%] $+e:806L  FV(I)T7T$  $.%x 1+e:!
$ + pack!,,eas &%.! : &%.! $ + unpacke; as %, xin e, : !
$+e:![u%.!/%] FV(p%.) 7 $ $+e:n%.!
$+roll 1 e:p%.! $ + unroll e: ! [u%. /%)

Figure 10: F* Static Semantics
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Contexts C := [d]|o(e,...,&" 1,C,€41,...,6n) |
if Cthenejelse e, | if ethen Celse e, | if ethen e;else C |
)C,ex* | )e,C* | fst C|sndC |
inl y C|inr, C|caseCofinl xi1# ey |inr x;# e |
caseeofinl x;# Clinr x,# e | caseeofinl xi1# e |inr xo# C |
"x :1.C |Ce|eC|#%.C|C! |
pack!;,Cas&%.! | unpackC as %, xin e, | unpacke; as %, xin C |
roll ;, C | unroll C |

[+Ci@+1)! (' +1D)

$7 % +C:($+!)! ($'+boo) $'+e ! $'+e !t

+[E: S+ (B +1) +if Ctheneyelse e:($+1)! ($'+1h

$' +e: bool +C: B+ ($'+1H $te:t!
+if ethenCelse e : ($+1)! (' +1!)

$' +e:bool ' +e ! +C: B+ (B +1h
+if ethenejelse C:($+!1)! (3'+1!)
rCi@+N! G+l $tel $reiln +CIEH)! (8 41y
+)C,e* (B +1)! (B +11$ 1) +)e, C* 1 +1)! (3" +11$ 1)
+Ci@B+1)! (B 1181y FCiB+1)! ' +18 1y
+fst C:($+1)! ($'+11) +sndC:($+!1)! ($'+1))
+CiE+1) ($'+1) FCiEHN! ($ 1)
+inl 1,4, C: @@ +1)! (BT +11+ 1)) +inr 4, Ci @+ (BT +1+ 1Y)
+C(B+1)! (B +11+ 1Y) $ Xl e !t $'xp il t eyt

+caseCofinl xi# e |inr xo# e :($+!)! (' +1

$'teily+l, +CI(E ) B xiili+Y $xa il et
+caseeofinl x:# Clinr xo# e ($+!1)! ($'+1

$'+eili+l,  $xgili+e ! +C($+1)! B xa:la+1h
+caseeofinl xi# e |inr xo# C:($+!1)! ($'+1

*CiB+D! Bxilitly FCIE+)L @'l 1) $'vel
+" 1. C:($+1)! ($!+!1! 1) +Ce ($+!)! ($!+!!)
$'+e il 1Y +CIB+1)! (B +1y)

+eC:(B+1)! ($'+1h

Figure 11: F* Program Contexts: Syntax and Static Semantics |
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‘+ C:(+1)! ($'+1h ‘ (contd. from Figure [T

+C(B+1)! (8, %+!) +C:($+1)! ($'+90.1 FV(!y) 7 $
+#%.C:($+1)! ($' +Wn.!l) +Cl (B +1)! ($'+!']11/%)])

FV(1) 7 $ +C(B+!1)! ($' +!'[11/%])
+pack!;,Cas&%n.!": ($+!1)! ($'+8&%.1)

+C: B+ (3 +8&%.14) FV(1hY 7 $' $' %, x: 1, +ep:!!
+unpackCas%,xin e;: ($+1)! ($'+1)

$'+e 8% FV(I)T7 $ +C:$+1)! 3%, x: 1+
+ unpacke; as%, xin C: ($ +1)! ($'+1)

+C(S+I) (S 1% %)) FV(u%.!) 7 $ +CI(E+1)! (S + .t
+roll g C:@+1)! (B + %! +unroll C:($+1)! ($' +!'[u%. " 1%])

Figure 12: F* Program Contexts: Static Semantics Il

Appendix B. Remaining Inference Rules for LSLR

Here, we present the LSLR judgments of relation and substittion well-formedness, as well
as additional inference rules that are entirely standard. Rop is synonymous with Rel(0).

X;R+R::Rel(n)‘

r,R arity(r)=n FV(ei,e) 7 X FV(e,1) 7X
X;R + r :: Rel(n) X;R+ e =6 ::Prop X;R + Val :: Rel(1) X;R+ e:! :Prop
FV(C, 1,1 ) 7X FV(eL, &) 7 X FV(eL, &) 7 X
X;R+C:1! I':Prop X;R+ e ! #01 g prop X;R+ e 2 e :Prop

X;R+ P ::Prop X;R+ Q :: Prop

X;R+. ::Prop X;R+/ ::Prop X;R+PO0Q:: Prop
X;R+ P :: Prop X;R+ Q :: Prop X;R+ P ::Prop X;R+ Q :: Prop
X;R+P1Q: Prop X;R+P# Q:Prop

X, X" R+ P ::Prop X:R,R'+P :: Prop X, X" R+ P ::Prop X:R,R'+ P :: Prop
X:R+%X'.P:Prop X;R+%R.P:Prop X;R+&X'.P::Prop X;R+&R'.P :Prop

X,X;R+ P :: Prop X = X1,...,Xn FV(e) 7 X e=e,...,6 X;R+ R :: Rel(n)
X;R+ X.P :: Rel(n) X;R+@e, R:Prop
X;R,r + R :: Rel(n) arity(r)=n R contractive in r X;R+ P :: Prop

X;R+ pr.R :: Rel(n) X;R+ $P :: Prop



LOGICAL STEP-INDEXED LOGICAL RELATIONS ! 37
dom(& = X' 96, X . FV(&HT7X  %x,X '.FV(&X) 7 X
X+ &X'
X:R+' R
dom( )= R' % ,R ‘' arity(r)= n#X ;R+'T :Rel(n)
X:R+"' R
C+P C+/ C+P C+Q C+P0OQ C+P0Q
CC+P CP+P C+. C+P C+P0Q C+P C+Q
C+P C+Q C+P1Q CP+C CQ+C
C+P10Q C+P10Q C +C
CP+0Q C+P# Q CH+P
C+P# Q C+Q
CX'+P C+%XP C+&:uX' CR'+P C+%RP C+' :R'
C + %X.P C +&P C + %RP C+P
C+&: X' C+&P c+&X.P CX'P+Q
C+&X.P C+Q
C+ =R' C+P C+&R.P CR'P+Q
C+&R.P C+Q
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