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Abstract

A well established technology in the knowledge compi-
lation community is the encoding ofconstraint satisfaction
problems(CSPs) by binary decision diagrams (BDDs). A
technology that among other things has found its use inter-
active configuration and other kinds of decision support.

The main contribution of this paper is the observation
that Zero-suppressed binary decision diagrams (ZBDDs)
that originally was intended for set-manipulation are very
well suited to represent CSPs efficiently. As ZBDDs are al-
ready efficiently supported by the popular decision diagram
package Cudd [17], no extra implementation is needed in
order to use ZBDDs instead of BDDs.

Using the real-world CSP instances from CLib [5], we
empirically demonstrate that using ZBDDs instead of BDDs
often result in significantly smaller representations. We also
show that this trend holds as well during the compilation of
the decision diagrams, which can make the difference be-
tween whether or not a CSP can be compiled, given the
amount of RAM available.

1 Introduction

Representing CSPs by BDDs was proposed in [8] and a
tool called CLAB, that constructs a BDD encoding of a CSP
specified by the user, is publicly available at [11]. The main
use for this technology is found in decision support.

A main issue in encoding a CSP into a BDD is that a CSP
is containing integer variables whereas a BDD only contains
binary variables. In order to represent a CSP by a BDD the
CSP has to be transformed into a constraint problem on bi-
nary variables, that is a SAT problem. Two transformations
are used [21]:log-encodinganddirect encoding. In log-
encoding each integer value corresponds to the bit-string of
the value. In direct encoding each integer valuek corre-
sponds to a bit-string where all but thekth bit is zero. As an
example5 is 101 in log-encoding and00000100 given that
the domain of the variable is0, . . . , 7.

In this paper will compare the structure of Binary

Decision Diagrams (BDDs) with the structure of Zero-
suppressed Binary Decision Diagrams (ZBDDs) [10], when
they are used to represent CSPs. We will both consider di-
rect encoded an log-encoded CSPs.

2 Related Work

Various techniques has been proposed to reduce the size
of decision diagrams and/or the time used to compile them.
Choosing a good variable ordering is crucial to minimize
the size of the decision diagram and various heuristics to
optimize the variable ordering has been proposed [3]. The
problem of finding an optimal variable ordering is orthogo-
nal to the problem considered in this paper.

Various alternative decision diagrams has been proposed
in order reduce the size of the representation. Among oth-
ers, Constraint Decision Diagrams [4], Difference Deci-
sion Diagrams [16] and AND/OR Decision Diagrams [13].
Since Zero-suppression can be used on any binary decision
diagram the results in this paper can be combined with any
of the representations above.

Another way to reduce the size of a decision diagram is
by decomposition as proposed in [18] [19] or as proposed
in [9]. These decomposition techniques apply to binary de-
cision diagrams and therefore also to ZBDDs. Hence we
might suspect that we by a combining decomposition and
ZBDDs could achieve even further savings than the ones
achieved by decomposed BDDs.

Compiling CSPs into DFAs for the use of decision sup-
port was proposed in [20] and improved in [1]. A very sim-
ilar technique is to compile the CSP into an MDD[12]. The
aim of this paper is not to compare MDD/DFAs with the
binary representations. Both techniques are used. Usually
binary representations are used when complex operations
like conjunctions and disjunctions has to be performed as
for instance during the compilation of a CSP into a decision
diagram, whereas the MDD/DFA approach usually are used
when fast traversal of the decision diagram is important.
During the compilation of a CSP, the MDD/DFAs approach
are significantly slower than the BDD approach [14][15].



3 Preliminaries

We Consider a CSP:CSP = (X,D, C), whereX =
{x1, . . . , xN} is the set of variables,C the set of con-
straints andD = {D1, . . . , DN} is the multi-set of vari-
able domains, such that the domain of a variablexi is
Di. For simplicity we assume for every1 ≤ i ≤ N that
Di = {0, . . . , |Di| − 1}. A CSP where all are{0, 1} is
denoted abinary CSP(aka SAT-problem).

A single assignmentis a pair(xi, a) wherexi ∈ X and
a ∈ Di. The assignment(xi, a) is said to have support, iff
there exists a solution toCSPwherexi is assigneda. If
a single assignment (xi, a), wherea ∈ Di, has support,a
is said to be in the valid domain forxi. A partial assign-
mentρ is a set of single assignments to distinct variables,
and acomplete assignmentis an assignment that assigns all
variables inX .

Definition 1 (Ordered Binary Decision Diagram). An or-
dered decision diagram onn binary variables B =
{xbin

1 , . . . , xbin
n } is a layered directed acyclic graph

G(V, E) with n + 1 layers (some of which may be empty)
and exactly one root. We usevar(u) to denote the layer in
which the nodeu resides. In addition the following proper-
ties must be satisfied:

• There are exactly two nodes in layern+1. These nodes
have no outgoing edges and are denoted the 1-terminal
and the 0-terminal

• All nodes in layer1 to n have exactly two outgoing
edges, denoted thelow andhighedge respectively. We
uselow(u) andhigh(u) to denote the end-point of the
low and high edge ofu respectively.

• For any edge(u, v) ∈ E it is the case thatvar(u) <

var(v)

We useElow and Ehigh to denote the set of low and
high edges respectively. An edge(u, v) such thatvar(u) +
1 < var(v) is called along edgeand is said to skip layer
var(u) + 1 to var(v) − 1.

Definition 2 (ROBDD [2]). An OBDD is calledreducediff
it holds that:

1. var(u) 6= var(v) ∨ low(u) 6= low(v) ∨ high(u) 6=
high(v) for any two distinct nodesu, v (merging)

2. high(u) 6= low(u) for all nodesu. (skipping)

If a variablexbin
i is skipped by a path from root to 1-

terminal in a ROBDD it means thatxbin
i can have any value

in the domain that isxbin
i can have all values in the domain

of xbin
i .

Definition 3 (ZBDD [10]). An OBDD is calledZero-
Suppressediff it holds that:

1. var(u) 6= var(v) ∨ low(u) 6= low(v) ∨ high(u) 6=
high(v) for any two distinct nodesu, v (merging)

2. high(u) 6= false for all nodesu. (skipping)

If a variablexbin
i skipped by a path from root to 1-

terminal in a ZBDD it means thatxbin
i = false.

Note that ROBDDs and ZBDDs only differ in the reduc-
tion rule that are used to skip variable layers. The reduction
rule used to merge isomorphic sub-tree are the same for both
decision diagrams.

Definition 4 (Solution – ROBDD). A complete assignment
ρbin to Xbin is a solution to a binary CSP encoded by a
OBDDG(V, E) iff there exists a pathP from the root inG
to the 1-terminal such that for every assignment(xbin

i , b) ∈
ρ, whereb ∈ {low, high}, there exists an edge(u, v) in P

such that one of the following holds:

- var(u) < i < var(v)

- var(u) = i and(u, v) ∈ Eb

Definition 5 (Solution – ZBDD). A complete assignment
ρbin to Xbin is a solution to a binary CSP encoded by a
ZBDD G(V, E) iff there exists a pathP from the root inG

to the 1-terminal such that, for any(xbin
i , true) ∈ ρbin and

for no(xbin
i , false) ∈ ρbin, there exists an edge(u, v) in P

for which:

- var(u) = i

- (u, v) ∈ Etrue

In the rest of this paper the termbinary decision diagram
(BDD) will denote the decision diagram introduced in Def-
inition 2 and the termzero-suppressed binary decision dia-
gram(ZBDD) will denote the decision diagram introduced
in Definition 3. By (Z)BDD we denote a decision diagram
that is either a BDD or a ZBDD.

3.1 Encoding a CSP by binary decision diagrams

In order to represent an integer problem by a binary de-
cision diagram one has to fix a bijective mapping between
assignments to a set of Boolean variables and assignments
to the integer variables of the problem. When this map-
ping have been found the constraints on the integer vari-
ables are mapped to corresponding binary constraints, and
solutions on the binary constraints is mapped to integer so-
lutions. Two ways have been used:log-encodinganddirect-
encoding.

In Log-encodingevery assignment(xi, a) is mapped to
the binary representation ofa, thereby usingdlog|Di|e bi-
nary variables to model each integer variablexi. If a domain
of some variablexi is not a power of 2 some assignment to
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the binary variables will not correspond of an assignment
in Di. In order to make the mapping bijective when the
domain sizes are not a power of two one has impose the
constraint:

∧

1≤i≤N

(

∑

0≤j<logd|Di|e

xbin
i,j · 2j < |Di|

)

wherexbin
i,j is the jth bit in the log-encoding ofxi in in-

creasing order of bit-significance.

Example 1. In Figure 1 we have shown a log-encoding of
a CSP using a BDD and a ZBDD respectively. The CSP
used as example in this figure is a CSP on three variables
x1, x2, x3 on the domains{0, 1, 2, 3}, {0, 1, 2} and {0, 1}
respectively, with the two constraintsx3 = 0 =⇒ x1 = 0,
andx3 = 1 =⇒ x2 6= 0.

In direct encodingeach possible assignment of some
valuea to some variablexi is mapped to a unique binary
variable, that we denote byxbin

xi=a, thereby using|Di| bi-
nary variables to model each integer variablexi. In order to
make the mapping bijective one has to explicitly impose the
constraint that the integer variablexi can only be assigned
to one value, that is:

∧

1≤i≤N

(∣

∣

∣

∣

∑

0≤j<|Di|

xbin
xi=j = true

∣

∣

∣

∣

= 1

)

(1)

In Figure 2 we have shown a direct encoded version the
CSP from example 1 represented by a BDD and a ZBDD
respectively. Every node representing the variablexbin

xi=a is
labeled byxi = a in the figure.

In this paper we adopt the usual assumption, used when
encoding CSPs with BDDs, that the binary variables are or-
dered inblocks, that is, all binary variables that encodes the
integer variablexi appears in consecutive order in the deci-
sion diagram. We further assume that internal order of the
bit in the log-encoding is ordered in decreasing order of bit-
significance. In the direct encoding we assume that the bits
are ordered in increasing order of their value. One might
choose a different internal ordering of the binary variables
in each variable block and this would to some extend influ-
ence the size of the decision diagram. Such considerations
are beyond the scope of this paper.

The most common reason for using Direct encoding is
that it is a simpler encoding than log-encoding. Especially
computing generalized arc consistency (GAC) on a direct
encoded (Z)BDD is very simple and can be computed by a
single traversal of the decision diagram:(xi, a) is a valid
assignment iff there exists a node labeledxbin

xi=a.
Log-encoding is used because the log encoded BDD

representing a CSP is significantly smaller than the corre-
sponding direct encoded BDD, as observed in [6]. This

also be seen by comparing Figure 1(a) and Figure 2(a)
or by comparing the second and fourth column in Figure
6. However computing GAC on a log-encoded represen-
tation requires a more complicated algorithm that runs in
O(

∑

1≤i≤N |Vi||Di|) time, whereVi is the nodes in the
variable block encodingxi, and has a significant overhead
in practice [7].

We use the shorthands log-BDD and log-ZBDD to de-
note a log encoded BDD and a log encoded ZBDD respec-
tively. In the same way we use the shorthands direct-BDD
and direct-ZBDD to denote a direct encoded BDD and a
direct encoded ZBDDs respectively.

x1

x1

x2x2

x2 x2

x3

1

x2

x3

x2

(a) Log BDD

x1

x1 x1

x2 x2

x2

x3

x2

x3

1

(b) Log ZBDD

Figure 1. Log Encoding of the CSP from Example 1. The
dotted edges are low-edges and the solid edges are high-
edges. The nodes in the figure are labeled with the CSP
variables they encode. For simplicity, edges going to the
0-terminal are not included in the figure.

3.2 Multivalued Decision Diagrams

A Multivalued Decision Diagram (MDD) is a general-
ization of a BDD where each node can have more than two
outgoing nodes. Hence the concept oflow andhigh edges
are replaced by an integer labeling of the edges. We denote
byEk the set of edges labeled by the integerk. By destk(u)
we denote the node reached by following the edge labeled
k from the nodeu. If the nodeu has no outgoing edges
labeledk thendestk(u) is the 0-terminal.

A natural generalization of the reduction rules for a BDD
leads to the following reduction rules: An MDD is called
reducediff it holds that:

1. var(u) 6= var(v) ∨ ∃k : destk(u) 6= destk(v) for any
two distinct nodesu, v (merging)

2. high(u) 6= low(u) for all nodesu. (skipping)
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(a) Direct BDD
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(b) Direct ZBDD

Figure 2. Direct Encoding of the CSP from Example
1. The dotted edges are low-edges and the solid edges
are high-edges. The nodes in the figure are labeled with
the CSP assignments to which they correspond. Hence
a node labeledxk = a in the figure corresponds to the
Boolean variablexbin

xk=a. For simplicity, edges going to the
0-terminal are not included in the figure.

Solution to an MDD A complete assignmentρ of values
on a set integer variablesX = {x1, . . . , xN} is a solution to
an MDDG(V, E) iff there exists a pathP from the root inG
to the 1-terminal such that for every assignment(xi, a) ∈ ρ,
wherea ∈ Di, there exists an edge(u, v) in P such that one
of the following holds:

- var(u) < i < var(v)

- var(u) = i and(u, v) ∈ Ea

Encoding a CSP by an MDD Encoding a CSP by an
MDD is done by making a one-to-one correspondence be-
tween the layers in the MDD and the variables in the CSP,
that is each node in layerk corresponds to the CSP variable
xk. Further every node at layeri ≤ N has|Di| outgoing
edges where each edge is labeled by a distinct value inDi.
Figure 4(a) shows an MDD that encodes the CSP from Ex-
ample 1.

4 Direct (Z)BDDs

In this section we will consider the difference in size
between a direct-BDD and a direct-ZBDD. We will show
that a direct-BDD never is smaller than a direct-ZBDD and
indicate why a direct-ZBDD usually is orders of magni-
tude smaller than a direct-BDD. We will also indicate that
a direct-BDD is larger than a log-encoded (Z)BDD by the
following observation:

Observation 1. The direct-BDD encoding of a CSP with a
single variable can be exponentially larger than the corre-
sponding log-BDD or log-ZBDD.

Proof. Consider a CSP with a single variable with a domain
D1 that can only be assigned to one value. In this case a
direct-BDD will contain|D1| nodes where as both the log-
BDD and the log-ZBDD will containdlog|D1|e nodes.

In practical instances the domains are small, which keeps
the size of the direct-BDD to be far from exponential in
the size of the corresponding log-BDD. In most cases the
direct-BDD is 2-4 times larger than the log-BDD, as we
will see in the experimental section.

Lemma 1. A direct-BDD encoding of a CSP will have no
long edges except for edges with end-point in the 0-terminal

Proof. If a path ends in the 1-terminal Equation (1) from
Section 3.1 has to be satisfied. In order to ensure that Equa-
tion (1) is satisfied in a direct-BDD, we have to check all
variables, hence all paths from the root to the 1-terminal in
the direct-BDD contain no long edges.

We still have to proof that paths which ends at the 0-
terminal contains no long edges except for the edges with
end-point in the 0-terminal. If a pathp starts at the root and
ends in the 0-terminal there will be exactly one nodeu in p

that both has:

• an outgoing edge(u, v), that is contained in some path
from the root to the 1-terminal

• an outgoing edge(u, v′), that is only contained in path
ending at the 0-terminal

Sinceu is contained in a path from the root to the 1-terminal
the sub path ofp from the root tou contains no long edges,
as we showed in the first half of this proof. Further, since
all paths that contains(u, v′) ends at the0-terminal,(u, v′)
will have its end-point at the0-terminal because of the node
elimination rule.

Lemma 2. The number of nodes in a direct-ZBDD encod-
ing of a CSP can never be larger than the number of nodes
in a corresponding direct-BDD.
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Proof. Follows from Lemma 1 and the fact that all edges in
a ZBDD that are not part of any path from the root to the
1-terminal will have endpoints in the zero-terminal. Hence,
in representation of direct encoded CSPs, all nodes that will
be eliminated by the BDD reduction rule will also be elim-
inated by the ZBDD reduction rule.

The nodes of direct-BDD can be divided into three different
types:

I Nodes that represent a decision based on whether the
valuea has been assigned to the variablexi in the CSP

II Nodes that represent that the assignment of the valuea

to xi violates the CSP

III Nodes that represent that since one value has already
been assigned toxi by an edge above the current node
no other values can be assigned toxi

If a ZBDD is used instead of a BDD, the ZBDD is contain
exactly the nodes of type I. All other nodes will be elimi-
nated.

Example 2. The direct-BDD in Figure 2(a) consist of 23
nodes: 14 nodes of type I, 7 nodes of type II and 2 nodes
of type III. Therefore the ZBDD in Figure 2(b) consist of 14
nodes. These nodes have the same labels as the 14 nodes of
type I in the direct-BDD in Figure 2(a).

The fraction of the nodes in a direct-BDD that is of type
II depends on the tightness of the CSP. The fraction of the
nodes of type III depends on the size of the domains.

Most real life CSP instances have somewhat larger do-
mains and are much tighter than the CSP we have consid-
ered in Example 2. In the experimental section the instances
encoded by a direct-BDD are 3-14 times larger than when
encoded by a direct-ZBDD.

Direct-ZBDDs do not perform well on very loose con-
straints. This can be stated by the following observation:

Observation 2. The direct-ZBDD encoding of a CSP with
a single variable can be exponentially larger than the cor-
responding log-BDD or log-ZBDD.

Proof. Consider a CSP with a single variablex1 that can be
assigned to any value inD1. A direct-ZBDD will use|D1|
nodes to encode this. A log-BDD and a log-ZBDD will at
most usedlog|D1|e nodes.

Example 3. Figure 3 highlights how the tightness of a con-
straint influence the size of the decision diagrams for the
different binary representations of the CSP.

Eachx − coordinate corresponds to a CSP on a sin-
gle variable with the domain0, . . . , 38. For anyk the CSP
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depicted at thex-coordinatek has the solutions:

k
⋃

i=1

{5 · i % 39}

That is{5} if k = 1, {5, 10} if k = 2 , . . . , {5, 10, 15, 20,

25, 30, 35, 1, 6} if k = 9 and so on, hence every CSP de-
picted at thex-coordinatek has exactlyk solutions.

The solution sets in the example are chosen to minimize
the consecutive integers in the solution and hence minimize
the effect of consecutiveness in the solution set from the
current consideration.

Example 3 highlights the following trends in the sizes of
the encoding of a variable block:

• The direct-BDDs are significantly larger than the other
representations

• The direct-ZBDDs are the smallest representation for
tight constraints but are larger than log-encoded deci-
sion diagrams for loose constraints.

• The two log-encodings have similar curves but for
tight constraints the log-ZBDD is smaller than the log-
BDD.

• The number of nodes in Direct ZBDDs equals the
number of valid assignments. We note that is exactly
the same number of edges that would be used by an
MDD to encode the same constraint.

5 The similarities between MDDs and direct-
ZBDDs

Example 3 seemed to suggest some similarities between
MDDs and direct-ZBDD. The similarity can be summarized
in the following observation
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Figure 4. MDD and direct-ZBDD encoding of the CSP from Exampl e 1

Observation 3. Consider the encoding of the same CSP by:

• An MDD where node-elimination rule has not been
performed

• A direct-ZBDD where the merging rule has only been
performed on the first node in each variable block

Then there is a one-to-one correspondence between the
edges in MDD and the high-edges in the direct-ZBDD.

This fact can be realized by considering Figure 4. In
Figure 4(b) we have divided the nodes of the ZBDD into
3 layers corresponding to the variable block in which they
reside. Observe for the two first layer the number of nodes
in the ZBDD and the number of edges that leaves the layer
in the ZBDD and the number of edges that leaves the layer
in the MDD is the same. For the last layer this is not the
case because of two reasons:

• In the MDD one of the nodes has removed by node
elimination decreasing the number of MDD edges
leaving the third layer by 2.

• In in ZBDD two nodes labeledx3 = 1 is merged into
one decreasing the number of nodes in the third layer
and the number of nodes leaving the third layer by 1.

Hence converting a ZBDD into and MDD and vice versa is
a very simple operation.

6 Experiments

In this section will make an empirical comparison of the
size of representing CSPs using log-BDDs, log-ZBDDs,
direct-BDDs and direct-ZBDDs. We will both consider
the sizes of the compiled representations and consider the
size of the intermediate representations during compilation.
The experimental section are considering the following in-
stances:

Renault, Big-PC, 1-6+22-32, Pc2, and Bike2are product
configuration benchmarks from the CLib [5] library.

12×12 queensis the problem of placing 12 queens on a
12×12 chess board such that no queen can capture any
other queen.

One Pair is a CSP on four variables each with the domain
{1, .., 40} and with the constraint that there has to exist
exactly one pair of variables that has the same value-
assignment.

5×27 queensis the problem of placing 5 queens on a 5×27
chess board such that no queen can capture any other
queen.

Big-PC(53) and Big-PC(53)* are both derived from the
constraint problem Big-PC by only including the 53rd
constraint out of the 58 constraint that Big-PC consist
of. In Big-PC(53) all the variables from Big-PC are
included in the decision diagram. In Big-PC(53)* only
the variables that occur in the 53rd constraint are in-
cluded in the decision diagram.

6.1 The size of the compiled decision diagrams

Figure 6 shows the size of the representation of the con-
straint problems mentioned above using different decision
diagrams. The sizes of the MDDs are only included to high-
light the similarities between direct-ZBDDs and MDDs.
Comparing multi-valued decision diagrams with their bi-
nary counterparts is outside the scope of this paper. For
each instance the smallest binary decision diagram repre-
sentation is marked with bold. We have also included the
tightness of the instances which is defined as

∏n

i=0 |Di|

|sol(CSP )|

where|sol(CSP )| is the number of solutions to the CSP.

6



For all compiled instances the direct-BDD is the largest
representation. Whether the size of the direct-ZBDD is
smaller than the log-ZBDD seems to depend on the tight-
ness of the instance. Further the difference in size between
log-ZBDD and the log-BDD also seem to depend on the
tightness. For most of the configuration problems, which
all are tight problems, both the log-ZBDDs and the direct-
ZBDDs are around half the size of the log-BDD. In the
tightest problemBig-PCthe size of the direct-ZBDD is 25%
of the size of log-BDD. We also note that the tight combina-
torial problem12×12 queensachieve the same reductions
in size by using ZBDDs instead of BDDs.

The two problems combinatorial problemsOne Pairand
5 × 27 queensare chosen to test the ZBDD approach on
very loose problems. On these instances the direct-ZBDD
is larger than the log-ZBDD and the log-ZBDD is only
marginally smaller than the log-BDD.

For the problemBig-PC(53)the log-BDD is the smallest
representation, and the Direct-ZBDD is almost four times
as large as the log-BDD. This constraint is the subject of
Section 6.3.

6.2 The size during the compilation

In Figure 5 we have plotted the size of the multi-rooted
decision diagram during the compilation of the Renault
instance which is the largest configuration benchmark in
CLib. The compilation has been done by compiling each
individual constraint into a decision diagram and building
the final decision diagram by repeatably replacing the two
largest decision diagrams by the conjunction of the two.

Figure 5(a) shows that direct-ZBDDs and log-ZBDDs
uses less nodes than the log-BDD encoding except from
in the beginning where the sizes of all representations are
small. Further the maximal number of nodes used dur-
ing the compilation is significantly smaller. This number
is quite important as this is what makes the difference be-
tween whether an instance can be compiled or not given the
amount of available amount of memory available. Figure
5(b) shows that the direct-BDD performs far worse than the
direct-ZBDD.

6.3 The representation of variables that do not
occur in the constraint

Direct-ZBDDs perform remarkably well in most cases,
especially on configuration instances. In the compilation
of the individual constraints the size of the direct-ZBDD
encoding is larger than the log-encoding. This is due to
the fact that most of the individual constraints are on small
scopes, and all variables that are not in the scope of the
constraint can take any value. By Observation 2, constraint
problems with variables that can take any value can be en-

coded much more efficient by log-(Z)BDDs than by direct-
ZBDDs. However, the representation of the individual con-
straints are usually very small and dominated by the size
of decision diagrams that is created by conjoining the con-
straints during the compilation.

This is not always the case: The configuration problem
Big-PC consists of 58 individual constraints where all but
one can be represented by small decision diagrams. The
one exception is the 53rd constraint:

(x1 = 3) =⇒ (x18 = x47) ∧ (x23 ≤ x46) ∧ (x24 ≥ x46)

where the variable ordering isx1, . . . , x124. Since the value
x18, x23 andx24 has to be compared againstx46 andx47,
the assignment tox18, x23 and x24 has to be stored by
branching on the values assigned to the variables. This cre-
ates a 3511 sub-paths in the decision diagram fromx25 to
x45 where all combination of assignments in the domain of
the variables are valid. The problem can be encoded very
efficiently by MDDs since it will use a single long edge
for each sub-path that skips the CSP variablesx24, . . . , x45.
Both log-ZBDDs and direct-ZBDDs will need a node for
each binary variable that are used to encode these integer
variables, in each of the 3511 sub-path. However, since
log-encoding uses less binary variables to encode integer
domains than direct encoding, the number of variables used
to encode these variables are 228 when direct encoding is
used and 65 when log-encoding is used. A log-BDD will
be able to skip the layers encoding variables with domains
that are a power of 2, and is therefore doing marginally bet-
ter than log-ZBDD. To sum up log-BDDs are using 203638
nodes, log-ZBDDs use 238215 nodes, and direct-ZBDDs
use 800508 nodes to encode these paths. Note that these
sizes are close to the actual sizes of the encodings of Big-
PC(53).

A way to avoid the trivial and expensive encoding of the
variablesx25, . . . , x45 from the decision diagram on Big-
PC(53) is to encode a decision diagram where only the vari-
ables that occurs in the encoded constraint is included in
the decision diagram. The result of such an encoding is
the instance Big-PC(53)*. Note that this reduces the size of
the direct-ZBDD by a factor 100, making direct-ZBDDs the
most efficient representation of the constraint. The size of
the other binary decision diagrams also decreases dramati-
cally. In order to implement this a approach using a ZBDD
package one will need to implement some changes to the
ZBDD package. This is needed since the ZBDD package
will, for each decision diagram that it contains, need infor-
mation about which binary variables that are included the
decision diagram. However such a change might result in a
significant speedup during the compilation for all kinds of
binary decision diagrams. Especially when direct-ZBDDs
are used.
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(a) Compilation by log-BDD, log-ZBDD and direct-ZBDD
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(b) Compilation by direct-BDD and direct-ZBDD

Figure 5. The compilation of the Renault instance.

Name Log-encoding Direct Encoding MDD Encoding
BDD ZBDD BDD ZBDD
Nodes Nodes Nodes Nodes Nodes Edges Tightness

Product Configuration
Renault 768560 464376 1392861 419651 329134 426212 7.02 ∗ 1047

Big-PC 356696 158309 1291598 88780 132595 100192 1.12 · 1080

1-6+22-32 20935 7792 61942 10668 8094 11193 8.90 · 1030

Pc2 13332 7411 43326 6131 3906 6136 1.89 · 1029

Bike2 2113 2083 11862 1668 938 1726 4.98 · 1014

Combinatorial Problems
12×12queens 141753 65450 435170 45833 33549 47418 6.27 · 108

One Pair 156845 149254 2384454 185360 37882 318720 10.52
5×27queens 562762 500047 4497110 1107635 215448 3677650 3.19

Single Constraints
Big-PC(53) 213911 278403 1609820 812834 3797 36294 1.33
Big-PC(53)* 9985 36294 72837 7401 3797 36294 1.32

Figure 6. The size of some configuration benchmarks using different decision diagrams.

7 Conclusion

We have shown on numerous real-world instances that
the representation that log-encoded ZBDDs are smaller than
log-encoded BDDs and that direct encoded ZBDDs are
much smaller than direct encoded BDDs, and that this es-
pecially is the case for tight constraints. We have further
shown that a direct encoded ZBDDs has some structural
similarities with a MDDs and that direct-ZBDDs in most
tested real-world instances performs better than the log-
BDD.

For compilation we have shown an example where both
kinds ZBDDs perform far better than the BDD. We have
further observed that in some case compiling by direct-
ZBDDs causes a large intermediate representation. We have

illustrated this by a real-world example and proposed a tech-
nique that will resolve this problem and improve the effi-
ciency of compilation in general.
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