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Abstract

A number of compact representation forms that are in-
vestigated in the knowledge compilation community are uti-
lized in interactive configuration and other forms of deci-
sion support. Among different representations multi-valued
decision diagrams (MDDs) are particulary well suited for
interactive configuration. However, for large variable do-
mains MDDs can be unnecessarily large if many values are
repeating on different edges. In this paper we suggest ex-
ploiting the repetitive occurrences of values through intro-
duction of pseudo-nodes. The technique can be easily ap-
plied over MDDs as well as their more succinct counter-
part, interval decision diagrams (IDDs). The compactness
of the resulting representations, layered-compressed MDDs
(IcMDDs) and layer-compressed IDDs (lcIDDs) is demon-
strated empirically on artificial and real-world instances.

1 Introduction

A number of compact representation forms that are in-
vestigated in the knowledge compilation community [2] are
utilized in interactive configuration and other forms of de-
cision support [10, 3, 8]. If a set of all solutions is com-
piled into a compact representation (e.g. during some off-
line processing prior to user interaction), users can explore
the solution space in real-time in much richer ways since
compiled representation supports efficient execution of oth-
erwise intractable queries: valid domains computations,
multi-dimensional projections, additive cost processing etc
[7,6,5].

Among different representations multi-valued decision
diagrams (MDDs) are demonstrated to be particulary well
suited for configuration instances [4]. However, for large
variable domains and constraints allowing for allot of value
sharing, MDDs can be unnecessarily large. In this paper
we try to remedy this by exploiting repetitive occurrences
of values within variable domains. We propose an easy-
to-implement compression scheme, based on introducing
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pseudo-nodes in each MDD layer, to get layer-compressed
MDDs (IcMDDs). The same technique can be readily ap-
plied over more succinct MDD variants, such as interval de-
cision diagrams (IDDs) [9], resulting in layer-compressed
IDDs (IcIDDs). The resulting structures are not decision
diagrams in the standard sense, but fall within a wider cate-
gory of graphical representations of knowledge in the form
of directed acyclic graphs [2, 11]. Our experimental evalua-
tion demonstrates that the resulting structures can be signifi-
cantly smaller for a set of real-world and artificial instances.

The layer-compressed variants of MDDs and IDDs can
be seen as one of the many representation forms investi-
gated in the knowledge compilation area. Until recently,
the bulk of research considered only structures representing
Boolean functions [2]. Only recently, multi-valued general-
izations of these structures, e.g. multi-state directed acyclic
graphs (MDAGS) [11], have been considered in their own
right. Namely, it was recognized that certain queries be-
come cumbersome to implement over Boolean encodings
of non-binary variables, and MDAGSs can become signifi-
cantly smaller for large variable domains.

The rest of the paper is organized as follows. In Section
2 we present the MDD background. In Section 3 we intro-
duce our approach to layer compression. In Section 4 we
present algorithms that achieve layer compression, and per-
form interactive configuration over compressed representa-
tion. In Section 5 we discuss compression over IDDs. In
Section 6 we experimentally evaluate the performance of
our scheme, and finally, in Section 7 we conclude and out-
line future work.

2 Background

A configuration model can be conveniently represented
as a conmstraint satisfaction problem CSP = (X,D,C),
which is defined over variables X = {z1,...,z,} with fi-
nite domains D1, ..., D,. Each constraint ¢ € C is defined
over a subset of variables scope(c) C X, and defines the
set of assignments to the variables in the scope(c) allowed
by the constraint. The solution space of Sol(CSP) denotes
the set of all solutions to the CSP CSP. For illustration



purposes we will consider a CSP in Example 1.

Example 1. Consider a CSP specifying which sets of
components that can be assembled into a functioning
computer. The CSP is on three variables x1,xs and x3
specifying the choice of motherboard (mb), processor (cpu)
and graphics card (gpu) respectively. The domains are:

D1 = {mbl, mbg, mbg}
Dy = {cpuq,...,cpus}
D3 = {gpu1, gpuz, gpus}

and the constraints of the CSP are:

cl: 1 =mby = xy # cpuy N\ xo # Cpus

c2: x1 =mby = x9 # cpuy

c3: xo =cpus — w1 = mbs

c4:  x9 # cpug

cS:  x3 = gpus = 11 = mby N T = cpuy

In the reminder, values in variable domains are for sim-
plicity identified with natural numbers. Hence, we will take
Dy ={1,2,3}, Do ={1,...,5}, D3 ={1,2,3}. $

Definition 1 (MDD). A multi valued decision diagram is a
rooted directed acyclic graph G = (V, E)) where every node
u is labeled with a variable x; and every edge e, originat-
ing from a node labeled x;, is labeled with a value a; € D;.
No node may have more than one outgoing edge with the
same label. The decision diagram contains a special termi-
nal node 1, that has no outgoing edges. The terminal node
has to be reachable by every other node in V. On any path
from the root to the terminal 1 each node label x; can ap-
pear at most once.

Figure 1. An MDD representing the CSP from Example
1. Each edge labeled with j, outgoing from a node labeled
with z;, corresponds to an assignment x; = j. Each path
represents a CSP solution.

The root of the MDD is designated as . The map-
ping var(u) € {1,...,n + 1} denotes the index of a vari-
able z; labeling the non-terminal node u, and by definition
var(l) =n+ 1.

An MDD is ordered if the variables labeling nodes in
a path from the root to the terminal are in a same order.
For a natural ordering 1, . . ., x,, for every edge (u,a,u’),
it holds that var(u) < wvar(u'). In the rest of the paper,
we always assume a fixed, lexicographical variable ordering
1 <...<Ip.

An ordered MDD can be seen as organized in node lay-
ers, Vi,...,V,, where V; = {u € V | var(u) = i}. It
is useful to consider also edge layers, E;,i = 1,...,n of
edges originating in V;, i.e. where

E; = {(u,a,u’) | var(u) = i}.

In general MDD edges can skip variable layers but for
the purpose of this paper we will consider MDDs where
skipping of variable layers is not allowed, i.e. where for
each (u,a,u’) € E, var(u') = var(u) + 1. In this case,
our edge layers E, ..., E, are

E; = {(u,a,u") | var(u) = i,var(u') =i+ 1}.

Every path p,, from the root r to the terminal 1 con-
tains exactly n edges, p, = ((u1,a1,u2), ..., (un, an, 1)),
where u; = r. It represents a solution

Sol((ul,al,ug), ce (un,a",l)) ={a1} x ... x{an}

In the same way, a path p,, = ((ui,aiuis1), ---,
(Up, G, 1)) rooted in a node u; € V; encodes a solution
Sol(pu;) = {a;} x ... x {an}. The set of solutions as-
sociated with a node u, denoted as Sol(u), is the union of
solutions associated with every path rooted at v and ending
in 1, denoted as p,, : u ~ 1:

Sol(u) = U Sol(py).

Puiu~1

The set of solutions represented by the MDD G is therefore
Sol(r), and we say that MDD represents the CSP CSP if
Sol(r) = Sol(CSP). An MDD representing CSP from
Example 1 is shown in Figure 1.

The critical property that keeps MDDs compact is merg-
ing of isomorphic nodes. Two nodes u and v’, labeled with
the same variable z;, are isomorphic if Sol(u) = Sol(u').
They are merged by removing one of the nodes, say w,
and redirecting all edges with endpoints in u to u’. By
this operation, the same solution space is represented with
less nodes. Isomorphic nodes can be efficiently detected by
traversing a decision diagram in a bottom-up fashion and
searching for nodes u and v’ labeled with the same variable
x; and having identical child nodes for every outgoing edge.

Another reduction that can be applied on MDDs as well
is removal of redundant nodes. However, since this opera-
tion usually yields an insignificant reduction in the size of
MDDs [4], and it unnecessarily complicates the presenta-
tion or algorithmic concepts, we will only consider MDDs



where redundant nodes are not removed. All results pre-
sented in this paper equally apply to to MDDs where redun-
dant nodes are removed. In the rest of this paper we will by
the term MDD denote an MDD where all isomorphic nodes
are merged and where redundant nodes are not removed.

3 Layer Compression Over MDDs

The primary mechanism through which MDDs achieve
significant space savings — merging isomorphic nodes — is
essentially reusing the same path endings of different solu-
tions. A similar phenomenon of value repetitions within a
single variable domain among various solutions could also
be exploited. While this might not give as significant sav-
ings for small domains - we argue that the difference in
size could become substantial for large domains. We there-
fore suggest a mechanism for exploiting value repetitions
by introducing pseudo nodes within the MDD layers as il-
lustrated in the following example.

(a) IcMDD 1

(b) 1cMDD 2 (¢) 1cMDD 3
Figure 2. Three different layer compressions of the MDD
in Figure 1. The gray nodes are pseudonodes

Consider the second edge-layer of the MDD in Figure
1, that is, 5 = {(u,a,u) | var(u) = 2,var(u’) = 3}.
There are three labels, 1,2, and 4, that occur more than
once among the edges. The basic compression step is as
follows: instead of having three edges, each labeled with
eg. 1, we can introduce a pseudo-node, labeled with xo,
having a single outgoing edge labeled with 1. The re-
sult is shown in Figure 2(a). The path of values involv-
ing pseudo-nodes changes its semantics. The left-most
path of values for example, (1,4,1,1) represents a solu-
tion subspace: {1} x {4,1} x {1}. The pseudo-node in-
dicates a set-union between the values. Further reduction
can be achieved by exploiting the repetition of value 2, by
introducing a new pseudo-node. This results in a struc-

ture shown in Figure 2(b). The right-most path of values
(3,5,2,1,3) in Figure 2(b) is associated with the solution
space: {3} x {5,2,1} x {3}. A less successful layer com-
pression of the MDD in Figure 1 is shown in Figure 2(c).
By introducing a pseudo-node labeled 4, the creation of
pseudo-nodes labeled 1 and 2 are made impossible,

Each time we identify k£ edges pointing to the same node
and labeled with the same label a, by introducing a pseudo-
node with an outgoing edge labeled with a, we remove the
previous k edges. This saves k — 1 edges and introduces an
extra node. Memory requirements of pseudo-nodes can be
ignored in further considerations. namely, level information
need not to be stored since pseudo-nodes are always located
in the same layer as their parents. The number of outgoing
edges need not to be stored since a pseudo-node always has
exactly one outgoing edge. All that needs to be stored is the
edge pointing to the child of the pseudo-node and the label
of this edge, which is already counted as the edge cost.

The compression technique just described results in a
Layer Compressed MDD (IcMDD). It is a directed acyclic
graph, that resembles a standard MDD, except for the fact
that each path from root to terminal can have several nodes
labeled with the same variable. The variable ordering is
retained, that is, in a path p((ul, ay,ug) ..., (ug, ak, 1)) it
holds var(u;) < var(ui+1). Nodes u; that are preceded
by a node with strictly smaller variable label var(u;_1) <
var(u;) are called boundary-nodes (and they correspond
to standard MDD nodes), while all other nodes, preceded
by the nodes with the same variable label, var(u;—1) =
var(u;) are pseudo-nodes.

Each path p((ui,ai, uit1),. .., (un,an,1)), where
var(uj) = j contains at least n — ¢ + 1 edges and it can
be sliced into n — 7 + 1 sub-paths p;, . . ., p,,, where each p;
consist of nodes labeled with x;. Let A; denote the union
of all values in sub-path p;. Then the solution space of such
a path is:

Sol(p) = A4; x...x A,.

As it was the case for an MDD we say that an IcMDD rep-
resents a CSP CSP, if Sol(r) = Sol(CSP), where r is the
root in the IcMDD.

4 The Algorithms

The procedure described in the previous section, com-
pressing an MDD into a IcMDD through introduction of
pseudo-nodes, is presented in Figure 3. In the algorithm
formulation V' and FE are assumed to be globally available,
and D(u) denotes the set of labels on outgoing edges of a
node u, i.e. D(u) = {a | (u,a,v) € E}.

Evaluating the condition in line 1 of the EXPANDNODE
algorithm as well as iterating over the parent nodes in lines
6 and 8, requires access to information that can be computed



COMPRESSLAYERS

1 for each boundary node v
2 do EXPANDNODE(v)

EXPANDNODE(v)

1  while there exists label a for which
[{u] (u,a,v) € E,|D(u)| > 1}| > 1

2 do pick such an a

3 create a new pseudonode v’

4 addv' to V

5 add (v, a,v) to B

6 for each (u,a,v) € E

7 do remove (u, a,v) from E

8 for each (u,a’,v) € E

9 do replace (u,a’,v)

by (u,a’,v")in E

10 EXPANDNODE(v')

Figure 3. Every pair of edges that shares labels and
end-points can be merged by introducing a pseudo-node.
EXPANDNODE considers a single endpoint and introduces
pseudo-nodes if it is possible. In Line 1-2 such a label a
is picked if it exists. In Line 3-5 a pseudo-node v’ is cre-
ated and made a parent of v by creating an edge labeled
a. In Line 6-9 all parents of v that are connected by an
edge labeled a have their edge labeled a removed and all
other edges with endpoints in v redirected to the pseudo-
node v'. The criteria for selecting a, |D(u)| > 1 ensures
that such edges do exist. The existence of such edge is nec-
essary in order to connect the boundary node to the pseudo-
node that is going to be created. In order to reduce these
edges further EXPANDNODE is called recursively on the
new pseudo-node.

in a linear time traversal through the MDD. If we compress
the MDD in a layer by layer fashion we only need to tra-
verse a single layer at a time, hence in total only a single
traversal of the MDD is required in order to gather the in-
formation needed for the entire compression.

The algorithm additionally requires a linear number of
operations in the amount of edges saved. Every time a
pseudo-node is created, k edges are removed, one extra
edge is introduced, and a number of remaining outgoing
edges of the k parent nodes are redirected to the pseudo-
node (line 9). In worst case, each parent will have all of
its | D;| — 1 edges moved, leading to O(k - | D;|) operations
per k — 1 edges saved. If K; denotes the total number of
edges saved in the i-th layer, the worst time complexity is
O (3", |K;| - |D;]). Intotal, if E denotes the edges in the
initial MDD, the total running time is:

o <|E| + Z | K - |Di|>
=1

In this work we do not investigate the effects of different
label orderings. However, it should be noted that the quality
of compression depends on an order in which we choose
labels to compress (line 2 of EXPANDNODE algorithm). As
we already mentioned, by compressing the MDD of Figure
1 using the label 4 first, we would result in the IcMDD of
Figure 2(c). This structure cannot be compressed further
and has more edges than the one shown in Figure 2(b). This
is an issue for future work.

4.1 Configuration Queries Over 1cMDDs

An 1cMDD is a more succinct representation than the
MDD. However, we can expect that the more succinct the
structure, the more expensive it becomes to execute various
queries and transformations on top of it [2].

Which queries and transformations we should care
about, when selecting the appropriate target compilation
structure, depends on our application domain. In our case,
we are concerned with interactive configuration and two op-
erations are of particular importance: restricting lcMDD
with an assignment and calculating valid domains from
1cMDD.

A user assigns a value to a variable, in each interaction
step. In response, IcMDD should be transformed to re-
flect this assignment. The algorithms RESTRICT and TRA-
VERSEUP in Figure 4 show how to implement this transfor-
mation with a runtime linear in the size of the edge-layer E;
for an assignment to the variable z;.

In response to a user assignment, after restricting the
corresponding 1cMDD, the configurator should calculate
valid domains, VD; C D;, that correspond to those and
only those values of remaining unassigned variables that
are guaranteed to be part of at least one remaining solution.
The algorithm VALIDDOMAINS implements this function-
ality in linear time by simply scanning all the edges, hence
calculating the valid domain of x; can be done in O(E;)
time.

The above demonstrates that lcMDDs are well suited
to support most important interactive configuration tasks.
However, we do not take the position that IcMDDs should
be preferred in general to MDDs, as there could be other
queries and transformations whose implementation is more
cumbersome and execution less efficient.

We note however, that many MDD operations relying on
iteration over children nodes, e.g. by executing:

for each (u,a,u’) do some action on v’

can be simulated efficiently over IcMDDs, by performing a
DEFS traversal initiated in each boundary node, in a similar



RESTRICT(z;, a*)
1 foreachv e V!

boundary
2 do P « TRAVERSEUP(%,v, a*, false)
3 foru e P
4

do add (u,a*,v) to E

TRAVERSEUP(i,v, a*, found)

P10
ifv e Vbioundary and found = true
then P — {v}
if v ¢ Vbioundary
then for each (u, a, v)
ifa=a"
then found = true
P, — TRAVERSEUP(i, u, a*, found)
P—PUP,
remove (u, a,v) from E
return P

—_—

— O O 0 JON N AW

—_ —

Figure 4. Restricting the IcMDD with assignment x; =
a”. From each end node v, at the boundary of the i + 1-st
layer (denoted Vbimmdary), the algorithm traverses upwards
through the i-th layer and records all parent nodes P at the
boundary of the i-th layer to which there is a path from
v involving value a* on at least one edge. For each such
parent u, the algorithm adds an edge (u,a”,v). Traversal
is performed in TRAVERSEUP function. All encountered
edges are deleted as they cannot be traversed for different
end points v € vg‘oundary. Boolean variable found indi-
cates if the label a* has already been encountered. Since
every edge is traversed exactly once, the overall runtime
complexity is O(|E;]).

fashion as in TRAVERSEUP algorithm. For that reason, for
example, both the shortest path and solution count opera-
tions can be performed efficiently over IcMDDs.

S Layer Compression Over IDDs

The problem that was the main motivation for this work,
unnecessarily large MDDs due to large variable domains,
could be addressed through techniques other than the in-
troduction of pseudo-nodes. In particular, if between two
vertices v and v there is a number of edges labeled with
consecutive labels, e.g. 1,..., k, instead of having %k edges
labeled with single values, we could have a single edge,
labeled with the interval [1,k]. By performing this trans-
formation we end up with Interval Decision Diagrams [9]
(IDDs). An IDD is an extension of an MDD where every
edge is labeled by an interval instead of a single value as in

VALIDDOMAINS(z;)
1 VD; 0
2 foreach (u,a,u’) € E;

4  return VD,

Figure 5. The algorithm computes valid domains for a
variable z; by traversing all edges in the i-th layer. The
complexity is linear.

the usual MDD.

Since IDDs exploit repetitiveness of values just as adap-
tive MDDs, we need to compare against IDDs to verify if
there is a benefit in our technique beyond interval compres-
sion. In particular, it would be interesting to find out if
layer compression through pseudo-nodes could yield any
savings after all consecutively labeled edges have been
compacted into intervals. The same procedure COMPRES-
SADAPTIVEENCODING could be applied by treating each
interval [a, b] as a single value. Also note that VALIDDO-
MAINS and RESTRICT would need only minor modifica-
tions in order to accommodate the fact that each edge can
correspond to more than one value. We will denote the re-
sult of the layer compression of an IDD as a Layer Com-
pressed Interval Decision Diagram (1cIDD).

Example 2. Consider the graphs in Figure 6. Figure 6(a)
shows an MDD containing six edges and Figure 6(b) the
corresponding IDD. The layer compression can reduce the
number of edges further by merging the two edges labeled
by the interval [1,2]. The result shown in Figure 6(c) con-
tains only three edges.

12

(a) MDD (c) 1cIDD

(b) IDD

Figure 6. Three nodes from Figure 1 and how their edges
will be represented in an MDD, an IDD, and an 1cIDD.

6 Experiments

We implemented and tested our algorithm on artificially
constructed and real-world instances.



Clarifying Compression Parameters. From the compres-
sion algorithm in Figure 3 we can see that the opportunities
for compression at each MDD node v depend on the amount
of value sharing in that node, i.e. the amount of values
shared among edges coming from different parent nodes.
The more parent nodes, and more values (edges) coming
from each parent node, the more compression is likely to
take place.

However, what is not clear is how the compression based
on pseudo-nodes and compression based on intervals are in-
teracting. More values coming from each parent node imply
greater likelihood of large intervals and compact IDDs. This
would lead to IDDs with very few labels from each parent,
and undermine the further savings introduced by pseudo-
nodes on top of IDDs. On the other hand, small number
of values from each parent would undermine the savings
achieved by introduction of pseudo-nodes as well as inter-
vals. This raises the question if pseudo-nodes introduced on
top of IDDs could ever lead to significantly smaller IcIDDs?

In order to clarify the above relationships between
MDDs, 1cMDDs, IDDs, IcIDDs we constructed a family
of CSP models declared over variables x1,zs,x3 € D for
some fixed domain D. For each model we fix L C D and
introduce only one constraint

((El = (L’g) V (ZL’Q c L)

Figure 7 illustrates the range of resulting MDDs, where
D = {1,2,3,4} and L is any subset of D. All the edges
labeled with a value from L are ending in a special node u
(denoted by a double circle). Edges originating in @ lead to
1 for all values from D. By changing the size of L C D we
are getting a different ratio between the number of values
on each parent edge.

/

Figure 7. Edges labeled with sets D, D \ L and L cor-
respond to the set of edges between the start and end node
that is needed to represent support of the values in the set.

In the above example, by taking L = {1, 2,4}, introduc-
ing intervals and pseudo-nodes, we get an IcIDD shown in
Figure 8. Since L contains two intervals, [1..2] and [4..4],
the intermediate IDD will involve two edges incoming to

from each parent. Finally, an IcIDD will be further com-
pressed by an introduction of a pseudo-node and an extra
edge.

Figure 8. The IcIDD of an IDD from Figure 7 where D =
(1,2,3,4} and L = {1,2,4}.

We can now highlight some relationships between intro-
duction of intervals and pseudo-nodes. By changing the size
of L C D in the above example we get a different number
of values on each parent edge of the node 4. We fix a do-
main D to {1,...,40}. Also, the number of different parent
nodes is fixed as long as L # D.

For each size k = 1,...,40, we generated L by ran-
domly selecting k different elements from D. We then com-
puted the sizes of an MDD, IcMDD, IDD and IcIDD for the
corresponding CSP problem. We report the results in Figure
9, where each data point is an average size over 10 random
instances.

1800

1600 - MDD —+—
IcMDD —e—

L IDD —*—
1400 IcIDD —&—
1200
1000

800 [

Number of edges

600

400 [

200 ¢

0 0 ‘5 1‘0 1‘5 éU 2‘5 C;O 1;5 40
Number of elements in L

Figure 9. The size of an MDD, IcMDD, IDD and IcIDD

on the CSP for D = [1,40] and L varying from @) to D.

For small L, the effect of introduction of pseudo-nodes is
minor, since there is only a small number of values incom-
ing to the node 4. On the other hand, significant savings
are achieved by introduction of intervals alone, since there
is allot of edges between other pairs of nodes.



Each time the size of L increases by one, the IcMDD
introduces an additional pseudo-node, thereby decreasing
the size of the 1cMDD by |D| — 1 edges. That is why we
see a linear dependency between the size of IcMDDs and
the size of L.

Furthermore, as we increase the size of L, its elements
will begin to form intervals. For very large |L|, all el-
ements will be represented by very few intervals, thus
leading to small IDDs, but undermining further savings
through pseudo-nodes.The maximal difference in size be-
tween IDDs and 1cIDDs is reached when L contains roughly
the half of all the elements |L| = 20. In that case, the in-
troduction of intervals would still lead to sufficiently many
edges so that the following introduction of pseudo-nodes
could make further savings (up to 50%).

Overall, we notice that IcIDDs always perform at least
as good as both IDDs and IcMDDs and even though intro-
duction of intervals and pseudo-nodes are not orthogonal
techniques, they seem to fit well together.

The (n x m)-queens problem. We evaluated performance
on the (n X m)-queens problem which consists of placing n
queens on an n X m,n < m, chess board in such a way that
no queen is able to capture any other queen. We model the
problem with the variables z1, ..., x, each having the do-
main {1,...,m}. Assigning x; = j corresponds to putting
a queen on the coordinate (¢, 7) on the chess board. This
generalization of the well known n-queens problem allows
us to vary the level of interchangeability and tightness of
the problem, which are important parameters to vary when
evaluating compilation techniques. Since we have argued
earlier that the representation of pseudo-nodes requires no
extra space and since the number of boundary nodes is the
same for (Ic)MDDs and (Ic)IDDs we only consider the num-
ber of edges of the different representation in our experi-
ments.

In Figure 10 we show the size of the MDD, the IDD and
the 1cIDD for the range of n x m-queens instances, where
n = 3, while varying m. Large space savings are attained
by introducing interval edges only, and IDDs can be further
reduced for about 50% by applying layer compression on
the IDDs. We can see that the difference in the size of the
three representations increases rapidly as m increases.

In Figure 11 we have made three graphs. All graphs con-
siders the n x m-queens problem an makes a plot for each
n € {3,4, 5} with an increasing m on the z-axis. The three
graph shows the percentage of the edges that will be saved
by converting and MDD into an IDD, by converting and
IDD into an IcIDD and by converting an MDD directly into
an IcIDD.

The figures shows the same trends as Figure 10. Using in-
terval edges makes a saving of approx 90% of the edges.
Using layer-compression on the IDD yields an additional

100000

10000 ¢
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1000 |

Multi-valued Decision Diagram (MDD) ----x---
100 £ 7 Interval Decision Diagram (IDD) -
/ _ Layer-compressed IDD (IcIDD) ——

10 15 20 25 3 35 40 45 50
m

Figure 10. The number of edges in the MDD, IDD and
1cMDD representation of the nxXm queens problem for n €
{3,4,5} and an increasing m on the z-axis.

saving of of approx 50% getting a total saving of approx
95% on using IcIDD instead of MDDs. We also note that
whereas the savings yielded by the intervals declines as
n increases the savings yielded by layer compression in-
creases, which makes the combined approach (IcIDD) yield
almost the same compression independently on the size of
n, as long as m is a couple of factors larger than n.

Real-World Product Configuration. We analyzed the per-
formance of layer-compression on a real-world car configu-
ration benchmark, Renault [1]. This benchmark comprises
of 112 individual configuration constraints. We analyzed
the impact of layer-compression on each constraint individ-
ually. In Table 1 we present results for the 30 constraints for
which IcIDDs give additional space savings over IDDs. We
can see that introducing interval edges can yield savings of
as much as 87% (constraint 35). However, some further sav-
ings are still possible by applying layer-compression - note
eg. 32% savings in comparison to the IDD in constraint 77.

Our experiments indicate that in general IDD are to be
preferred over standard MDDs. Furthermore, layer com-
pression will, in many cases, further decrease the number of
edges. Both interval edges and layer-compression performs
especially well for CSPs with large domains and loose con-
straints.

7 Conclusions

In this paper we proposed a compression technique of
multi-valued and interval decision diagrams, based on reuse
of repetitive value occurrences in decision diagram layers
through introduction of pseudo-nodes. An empirical study
demonstrated that this technique can yield significant space
savings for certain class of instances. Given the easiness
of implementation and amount of savings achieved, layer
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Figure 11. In both plots we consider the n x m-queens
problem for n € {3,4, 5} and an increasing m. Above we
have plotted the percentage of space savings by replacing
an MDD by an corresponding IDD. Below we have plotted
the percentage of space savings by replacing an IDD by an
corresponding IcIDD. Compared to the MDDs we save ap-
proximately 90% for all schemes. Compared to the IDDs,
1cIDDs additionally save approximately 50% of edges.

compression should be considered as one of the techniques
in a knowledge-compilation repertoire. In future, we will
explore the applicability of this technique on top of other
knowledge-compilation forms, and evaluate its impact in

application areas where large domains occur naturally.
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