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Abstract

This paper describes how to analyze a timed system sym-
bolically. That is, given a symbolic representation of a set
of (timed) states (as an expression), we describe how to de-
termine an expression that represents the set of states that
can be reached either by firing a discrete transition or by
advancing time. These operations are used to determine
the set of reachable states symbolically. We also show how
to symbolically determine the set of states that can reach
a given set of states (i.e., a backwards step), thus mak-
ing it possible to verify TCTL-formulae symbolically. The
analysis is fully symbolic in the sense that both the discrete
and the continuous part of the state space are represented
symbolically. Furthermore, both the synchronous and asyn-
chronous concurrent composition of timed systems can be
performed symbolically.

The symbolic representations are given as formulae ex-
pressed in a simple first-order logic over difference con-
straints containing only the Boolean operators and existen-
tial quantification. Together with a recently developed data
structure for efficient manipulations of the logic, the sym-
bolic representation provides the potential of drastically in-
creasing the size of timed systems that can be verified in
practice.

Keywords: verification, real-time systems, symbolic model
checking, timed automata, TCTL, difference constraint sys-
tems.

1. Introduction

Model checking [14] is today used extensively for formal
verification of finite state systems such as digital circuits
and embedded software. The success of the technique is
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primarily due to the use of a symbolic representation of
sets of states and relations between states as predicates over
Boolean variables (using for instance BDDs [9]). By repre-
senting, for example, the set of reachable states as a pred-
icate instead of explicitly enumerating the elements of the
set, it is possible to verify systems with a very large number
of states [12]. However, these symbolic methods do not
easily generalize to models that contain continuous vari-
ables ranging over non-countable domains like for exam-
ple real-time systems where time is modeled using contin-
uous variables and the behavior of a system is specified us-
ing constraints on these variables. One problem is how to
succinctly represent the usually infinite number of states of
such systems; another problem is how to perform the basic
verification operations (resetting clocks, advancing the time
of clocks, etc.) symbolically on this representation in order
to compute the reachable state space or to verify a temporal
property of the system.

In this paper we show that a simple first-order proposi-
tional logic, called difference constraint expressions, over
inequalities of the form 2 — y < d is sufficient to perform
a fully symbolic verification of real-time systems. Thus,
both the representation of states and the basic verification
operations are expressed entirely within this logic. Sets of
states of a timed system are represented as propositions in
the logic, and the operations needed to determine the set of
next- or previous-states are performed using logical connec-
tives and existential quantification. Formally, a difference
constraint expression ¢ € ¥ is generated by the grammar

Y=z —y<d| | A | T, )

where z, y are real-valued variables and d € R is a constant.
An important observation is that it is not possible to directly
express constraints of the form 2 < d in the logic. Instead,
such constraints are expressed as x — z < d, where z is a
designated variable used to represent “zero.” The z-variable
plays a central r6le when performing model checking of a



timed system since it allows us to advance time using a sin-
gle existential quantification.

In this paper we focus on how to construct the set of
reachable states symbolically using difference constraint
expressions. The paper is organized as follows: In Sec-
tion 2, we introduce a simple model of timed systems and
sketch how it can represent timed automata. Section 3
shows how to determine the set of reachable states of such
timed system symbolically. Section 4 describes how to
perform a synchronous parallel composition symbolically
(i.e., without explicitly constructing the product automa-
ton). Section 5 introduces a data structure for represent-
ing difference constraint expressions efficiently. Section 6
presents an application of the symbolic verification of timed
systems and finally Section 7 summarizes the contributions.

1.1. Related Wor k

Model checking of timed systems (timed automata in par-
ticular; see [26] for a survey) has been extensively studied
and a number of tools exist for verifying such systems. One
approach is based on making the dense domains discrete by
assuming that timers only can take integer or rational val-
ues. Such a discretization makes it possible to use BDDs
for representing both the discrete states and the associated
timing information [3, 8, 10, 13]. However, this way of rep-
resenting dense domains is often inefficient; the BDD rep-
resentation is very sensitive to the granularity of the dis-
cretization and to the size of the delay ranges.

The unit-cube approach [2] models time as dense but
represents the timing information using a finite number of
equivalence classes. Again, the number of timed states is
dependent on the size of the delay ranges and easily be-
comes unmanageable. Several more recent timing analy-
sis methods use difference bound matrices (DBMs) [15] for
representing the timing information [7,17, 21, 25]: a set of
DBMs representing the possible timer configurations is as-
sociated with each discrete state of the system. One can see
the use of DBMs as expanding formulae of the form (1)
into disjunctive normal form and representing each con-
junction of difference constraints using a difference bound
matrix. Although DBMs provide a compact representation
of a convex set of clock configurations, there are several se-
rious problems with the approaches based on DBMs: first,
the number of DBM s for representing the timing informa-
tion associated with a given state can become very large;
second, there is no sharing or reuse of DBMs among the
different discrete states; and third, each discrete state is rep-
resented explicitly, thus these approaches are limited by the
number of reachable states of the system (the well-known
state explosion problem). Several attempts have been made
to remedy these shortcomings, for example by using par-
tial order methods [6,22,23] or by using approximate meth-

ods [4,5,24]. Although these approaches do address the first
problem, they are still susceptible to the last two problems
since each state is represented explicitly.

Henzinger et al. [16] addresses the third problem by sug-
gesting a symbolic approach to model checking of timed
automata. There are a number of differences between this
approach and ours: First, we show that the simple first-order
logic (1) with only one type of clock constraints (z —y < d)
is sufficient for representing the set of states of a timed sys-
tem. Second, we show how to perform all operations needed
in symbolic model checking within this logic. Third, we
show how to perform the core operation of advancing time
by introducing a designated variable z and using existential
quantification. And finally, we show how to perform the
synchronous parallel composition of timed automata sym-
bolically.

2. Modeling Timed Systems

Timed guarded commands are a simple notation for model-
ing systems with time. The notation is sufficient for encod-
ing popular notations for systems with time such as timed
automata [2] and timed Petri nets [7].

2.1. Timed Guarded Commands

A timed guarded command program P is a tuple
(B,C,T,I), where B is a set of Boolean variables, C' is
a set of continuous variables called clocks, T is a set of
timed guarded commands, and I is a state invariant. A
timed guarded command ¢ € T' has the form

g—)fl’}':zd’,

where ¢ is a guard and ¥ := dis a multi-assignment of
n constant values d € (B U R)" to Boolean variables and
clocks ¢ € (B U C)™. Guards and state invariants are ex-
pressions ¢ € ® constructed from the following grammar:

pu=0|1|z~d|z—y~d|b
| =¢ | 1 A | Fb.gp | F2.0, ()

where z,y € C are clocks, b € B is a Boolean variable,
d € Ris aconstant, and ~ is a relational operator from {<,
<,=,#,>,>}. The symbols 0 and 1 denote false and true,
respectively, and the symbols — (negation), A (conjunction)
and 3 (existential quantification) have their usual meaning.
Notice that an existential quantification of a variable x can
always be eliminated by keeping all implicit constraints in-
duced by z, for example, 3z.((z —z < 1) A (z — y < 0))
is equivalentto z —y < 1.



Example 1 Anexample of a guarded command program is
P = ({l1,l2},{=,y}, {t1,t2}, I), where the guarded com-
mands are

t1: ll/\(1§x§3)—>ll,l2 =0,1
t2: ll/\(7S$S9)_>llal27y:=071707

and the state invariant is

2.2. Semantics of Timed Guarded Commands

A state of the program P = (B, C, T, I) is an interpretation
(i.e., a value assignment) of the Boolean variables and the
clocks. For each Boolean variable b € B, s(b) € B denotes
the interpretation of b in the state s, and for each clock z €
C, s(z) € R denotes the interpretation of z in the state s.
We use the notation s[z := y + d] to denote the state s’
equivalent to s except that s'(z) = s(y) + d.

A state (and sets of states) can be represented by an ex-
pression ¢ € & of the form (2). The state s satisfies an
expression ¢, written s = ¢, if ¢ evaluates to true in the
state s, and we write [¢] for the set of states that satisfy ¢.

The semantics of a timed guarded command program
P = (B,C,T,I) is a transition system (S,—), where S
is the set of states of the program, and — is the transition
relation. In each state, the program can either execute a
command ¢ € T if its guard is true (a discrete transition)
or let time pass 4 time units (a timed transition). Executing
a command changes the value of some or all of the vari-
ables, and letting time pass uniformly increases the values

of all clocks by &. We use the notation s 1 s for a discrete
transition from the state s to s’ obtained by executing the
command ¢, and the notation s 2 s’ for a timed transition
obtained by increasing all clocks by é. The discrete transi-
tion % for a timed command ¢ € T of form g— U= d is
defined by the following rule:

3)

The timed transition < for advancing all clocks by § is de-
fined by the following rule:

520 WO<§ <o slf=+dET

s s[@= 7+ 6]

where 4,4’ € R, ¢ denotes a vector of all clocks in C, and
¢+ d denotes the vector where ¢ is added to the clocks in ¢.

Example 2 Consider the timed guarded command program
P from Example 1 and let s be a state satisfying l2 A (z <

5). There are infinitely many timed transitions from s in the
transition system for P, but none of these timed transitions
leads to a state where > 5 because the state invariant
x # 5 needs to hold continuously™. O

2.3. Reachability

Given a transition system (S, —) for a timed guarded com-
mand program P = (B, C, T, I) and a set of states S C S,
Nextgiscrete (S, t) denotes the set of states reachable from S
by executing a timed guarded command ¢ in T

Nextgiscrete(S,t) = {8’ :s € SAs BN s'}. (5)

Similarly, the set of states reachable from S by advancing
time by ¢ is given by:

Nettiimea(S,8) = {s' :s € SAs > s'}. (6)

The set of states reachable from S by executing any timed
guarded command in 7' is given by:

Nemtdiscrete(s) = U Nextdiscrete(sa t) . (7
teT

The set of states reachable from S by advancing time by an
arbitrary amount is given by:

Netiimea(S) = || Nextiimea(S,0) . (8)
JER

The set of states reachable from .S, denoted Reachable(S),
is defined as the least fixed point of the function F(U) =
S U Next(U), where

Next(U) = Nextgiscrete(U) U Nextiimea(U) . (9)

2.4. Encoding Timed Automata

Timed guarded command programs can be used to model
popular notations for timed systems such as timed au-
tomata [2]. A timed automaton over a set of clocks consists
of a set of events, a set of locations, and a set of timed tran-
sitions. Each location is associated with a location invariant
over the clocks, and each timed transition from location [ to
location I’ is labeled with an event a and has a guard g over
the clocks. Furthermore, each of the timed transitions has
a set of clocks {¢} to be reset when the timed transition is
fired:

1 25,
&}

A timed automaton is encoded as a timed guarded com-
mand program. Each location can be encoded as a Boolean

1This is an example of a program with a time-blocked state [1].
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Figure 1. The timed automaton in Example 3.

variable?. In a shared variable model as ours, the presence
of an event from an alphabet 3 can be modeled by a global
event variable e taking on any of the values in X. This vari-
able can for instance be encoded using a logarithmic num-
ber of Boolean variables. Each timed transition corresponds
to a timed guarded command:

-

INeaAg—=1,I',¢:=0,1,0.

The guard of the command is the guard of the timed tran-
sition conjoined with the source location of the timed tran-
sition and a condition e, requiring the event variable e to
have the value a € X. The multi-assignment assigns 0 to
the source location and 1 to the destination location of the
timed transitions and resets the relevant clocks.

Example 3 Figure 1 shows an automaton over the clocks
{z,y} with two locations and two timed transitions. En-
coding this automaton as a program P vyields the timed
guarded command program from Example 1 when ignoring
the event a. O

3. Analyzing Timed Guarded Commands

To verify properties of a timed guarded command program
P = (B,C,T,I), we symbolically analyze the correspond-
ing transition system (S, —). That is, given a set of states
represented by a formula ¢, we determine a formula that
represents the set of states that can be reached by execut-
ing a timed guarded commands according to the inference
rule (3) or by advancing time according to the inference
rule (4). This formula can be obtained by manipulations
entirely within a simplified version of the logic (2) called
difference constraint expressions.

3.1. Difference Constraint Expressions

A difference constraint expression ¢ € ¥ is generated by
the following grammar3:

Y=oy <d| | g Aty | ey | b b (10)

Any expression ¢ generated by the grammar (2) can be rep-
resented by a difference constraint expression ¢, obtained

2This is sometimes referred to as a “one-hot” encoding of the locations.

3For convenience, we include the Boolean variables in this version of
the grammar; in Section 5, we show how Boolean variables are eliminated
by encoding them as difference constraints.

by introducing a new variable z (denoting “zero”) and per-
forming the following two steps: First, replace each occur-
rence of a constraint of the form z ~ d in ¢ with the differ-
ence constraint z — z ~ d. Second, express each difference
constraints of the form 2 — y ~ d in terms of the relational
operator < using the identities:

r—y<d = -(y—z<-d
z—y=d = (z-y<dA(y-z<-d
z—y>d = -(z—y<d)
r—y>d = y—z<-—d.

We use [¢]. as a shorthand for [3z.(y A z = 0)], that is,
[1]. is the set of states that satisfy ¢» when z is equal to 0.
It is easy to prove that [¢] = [¢.], for any ¢ € &.

We define two useful operators on difference constraint
expressions: replacement and assignment. Replacement
syntactically substitutes all occurrences of a variable z by
a variable y plus a constant d in an expression 1), denoted
by ¢[y+d/z]. If z and y are different variables, the replace-
ment ¢[y + d/z] can be expressed in the grammar (10) as
Az.(¢ A (xz —y = d)). Otherwise, 1|z + d/z] is defined as
Y[t/ x][x + d/t], where ¢ is a variable different from z and
not occurring in 4.

Assignment gives a variable z the value of a variable y
plus a constant d, denoted by ¢[z := y + d]. If z and y
are different variables, the assignment ¢[z := y + d] can
be expressed in the grammar (10) as (3z.¢)) A (z —y = d).
Otherwise, the assignment ¢[z := xz+d] is defined as [z —
d/z] (which might seem counter-intuitive). Assignment and
replacement of Boolean variables are defined in the standard
way.

Eliminating the constraints of the form z ~ d from the
grammar in (2) makes it possible to add ¢ to all clocks si-
multaneously by “moving” the common reference-point z:

[¥[c:=c+d]] = [¥]z =2 —9]] (11)

Furthermore, as will be shown in the following, the set of
states reachable by advancing time by any value § can be
computed by an existential quantification of z.

3.2. Next States Functions

Given an expression ¢ of the form (10) representing a set of
states [¢]. C S, we symbolically determine an expression
representing the set of states reachable from [¢/] ..

The set of states reachable by firing the timed guarded
command ¢ from any state in [¢], is determined by the
function NEXTgiscrete (105 t). The function restricts 1) to the
subset where the guard g holds, performs the assignment of
the constants d to the variables &, and restricts the resulting



set to the subset where the state invariant I holds:

-,

NEXTdiscrete('(L', g — U= d)
WAg)F:=d]AT,, (12)

where the assignment [0 := J] is a shorthand for ¢; :=
z +d; for each of the clocks ¢; in ¥ and b; := d; for each of
Boolean variables in 4.

The set of states that can be reached from the set [¢] , by
firing any discrete transition is given by:

NEXTdiscrete (¢) = \/ NEXTdiscrete (Ib; t) . (13)
teT

The z-variable plays a central réle when determining the
set of states that can be reached from [[¢] . by firing a timed
transition. The function NEXT¢imea (¢, §) Symbolically de-
termines the set of states that can be reached from [¢/] ., by
advancing time by some amount ¢ € R:

NEXT¢imed (¥, 0) =
2. (Y A (2= 2" = 8) A Pret)[2/2"],  (14)
where
Pex=(2' <2)A
V2" ((z' < 2" <2) = L[z"/2]). (15)

The predicate Pnex €xpresses whether time can be advanced
by § = z — 2/, that is, § must be non-negative and the state
invariant must hold continuously between 2z’ and z.

Example 4 The predicate Prex; for the state invariantz # 5
is:

Pec= (7' <2)AVZ".((2' <2"<2) = (= 2" #5)),
which is equivalent to:
Pt = (2 <2)A
((a:<z’+5)v ((:c>z'+5)/\(a:>z+5))).
O

We fire all timed transitions symbolically from the set of
states [¢]. by

NEXTtimed(¢) = \/ NEXTtimed('ﬂba&)
JER

= 3z.(¢ A Pred)[2/2], (16)

where Pre is defined in (15). The correctness of the three
next state functions is given by the following theorem which
is proved in Appendix A.

Theorem 1 (Correctness of NEXT-functions) For any ex-
pression ¢ € ¥, any timed guarded command ¢t € T, and
any ¢ € R the following holds:

[[N EXTdiscrete (w; t)]]z = Nextdiscrete ( [[¢]] z3 t) (17)
|[N EXTtimed("/}; 6)]]2 = Nexttimed([[w]]za 6) (18)
[NEXTtimed(w)]]z = Nexttimed(ﬂ:w]]z) . (19)

Example5 Consider a set of states satisfying ¢ = ((1 <
z < 3)V (7T <z <9)). If the state invariant is z # 5
(and thus Pne: is as given in Example 4), the set of states
obtained by firing a timed transition from [+], is given by:

NEXTgimed(¢2) = (32.(¢2 A Prext)) [2/7']
=(1<z-2<B5)V(T<z-2"))[2/7]
=1<z—2<h)V((T7<z—2).

O

A timed guarded command ¢ € T is called urgent if
it is required to fire instantaneously whenever the guard
becomes true. Modifying the semantics to handle urgent
commands is straightforward if the guard does not contain
clocks: Given a set 7' C T of urgent timed guarded com-
mands, we let URG denote the predicate:

Ure= \/ 4.

g—)’l')'::CZ‘ET’

Consider a state s € [/].. We can only fire a timed tran-

sition s % ' if there are no urgent transitions enabled in s.
Thus, when determining the set of states reachable by fir-
ing a timed transition from a state in [¢]., we first restrict
1) to only include states in which there are no enabled ur-
gent commands and then advance time for this subset only:
NEXTgimed (% A “URG).

The symbolic manipulations defined in (13) and (16)
form the basis for constructing the set of reachable states
symbolically. Let NEXT(«)) be a function which determines
the set of states which can be reached by firing either a dis-
crete or a timed transition from a state in [¢/] .:

NEXT(1)) = NEXTgiscrete(??) V NEXTtimed (¢) -

The set of states reachable from [¢]., denoted
REACHABLE(%), is the least fixed point of the func-
tion F(U) = ¢ V NexT(U), which can be determined
using a standard fixed-point iteration. Detecting that a
fixed point has been reached is done by checking that two
successive approximations +; and ;.1 are semantically
equivalent (i.e., that ¢; < ;41 is a tautology). If the tran-
sition system contains a cycle with both a timed transition
and a discrete transition where one of the clocks is not
reset, then determination of the fixed point will potentially
not terminate.



Example 6 Consider the program from Example 1. The
set of states reachable from ¢ = I; A=la A (x =y = 0) is
[REACHABLE(¢,)]., where:

REACHABLE(¢,) =

(LA-bbAz=yAz—2<9)V
((hALAL<z—2<B5AT=yY)V
(—|l1/\l2/\7§:17—z/\7§a:—y§9).

Figure 2 shows the relation between z and y at location /.

O
Y

=N W s Ot

12345678910

Figure 2. The relationship between clocks z and y at loca-
tion ls.

3.3. Previous State Functions

To perform symbolic model checking, for example of a
TCTL formula, the set of states that can reach a given set
[1]. needs to be determined. The set of states that can
reach [+] , by firing a timed guarded command g — ¥ := d
is given by

PREVaiscrete(¥) =\ (30.9AT = d)Ag.AL .

g—)U::JET

The set of states that can reach [¢], by firing a timed tran-
sition is determined analogously to the forward case:

PREVyimed (%) = 32.(¢ A Pyev) [2/7],
where
Poev = (2 < 2')AVZ".((2 < 2" <2') = L[2"/7]) .

The set of states that can reach a state in [¢'], by firing a
single transition is:

PREV(¢)) = PREVgiscrete(?) V PREV{imed (¥) -

Thus, we can construct the set of states that can reach a
state satisfying v as the fixed-point of the function B(U) =
1 V PREV(U). Moreover, PREV can be used to perform
symbolic model checking of TCTL [16]. TCTL is a timed
version of CTL [14] obtained by extending the logic with
an auxiliary set of clocks called specification clocks. These
clocks do not appear in the model and are used to express

timing bounds on the temporal operators. The atomic pred-
icates of TCTL are difference constraints over the clocks
from the model and the specification clocks. Semanti-
cally, the specification clocks become part of the state, they
proceed synchronously with the other clocks but are not
changed by the model. A specification clock » can be bound
and reset by a reset quantifier w.1.

Symbolically, we can find the set of states satisfying a
given TCTL formula ¢ by a backward computation using
a fixed-point iteration for the temporal operators. For in-
stance, the set of states satisfying the formula ¢, EU- is
computed symbolically as the least fixed point of the func-
tion

B(U) =42 V (¢1 APREV(U)).

The set of states satisfying u.1 is computed symbolically
as Ju. Y A (u — z = 0), i.e,, the reset quantifier corre-
sponds to restricting the value of u to zero and then remove
it by existential quantification. The atomic predicates and
the Boolean connectives correspond precisely to the corre-
sponding difference constraint expressions.

3.4. Next State Relation

In the previous sections, we have determined the set of
states using a constrained image approach. To compose sys-
tems synchronously, as used in for instance timed automata,
the timed guarded commands are encoded as a relation R
over “present-state” variables V. = B U C' U {z} and the
“next-state” variables V' = {v' : v € V'}. The relation for
the timed guarded command program P is the disjunction of
the transition relation of the individual guarded commands:

\ 9 A@ =d)Aunch(V\{7}),

g—i:=d €T

Raiscrete =

where unch(X) = A, cx v = v'. The relation for advanc-
ing time is

Riimed = Prea A unch(V \ {z}).
Using the relation

R= Rdiscrete \ Rtimeda (20)

the function NEXT(%) needed in a forwards fixed-point it-
eration becomes

NEXT(y) = (3.9 A R)[5/7'],

where ¢'is a vector containing all variables in V. Similarly,
assuming that ¢ is expressed over @', the backwards one-
step operation is given by

PREV(y) = (30'. ¢ A R)[7'/7].



4. Symbolic Concurrent Compositions

In the previous sections we have shown how to symboli-
cally analyze a timed guarded command program. The un-
derlying semantics is asynchronous, i.e., the total transition
relation is given as a predicate constructed as a disjunction.
However, as we will show in this section, the use of dif-
ference constraint expressions as a basis for the symbolic
verification of timed systems is not restricted to an asyn-
chronous semantics but generalizes directly to synchronous
compositions as it is used in for instance timed automata.

For this purpose, we extend the timed guarded command
programs with a synchronous composition operator . A
synchronous system of timed guarded command programs
P; is written as:

P« Pyx---x Py, .

If R; denotes the asynchronous relational semantics of the
timed guarded command program P; as given by (20), then
the relational semantics of a synchronous system Py x Ps

- x P, is /\;":1 R; . Although simple, this composition
is in fact quite powerful. Not only will it have the effect
that the discrete transitions are synchronized but also that
time proceeds at the same rate in each component. To see
an example of this, we show how to symbolically model the
parallel composition of timed automata as defined by Alur
and Dill [2].

Assume that a set of timed automata A;, 1 < j < m,
with alphabets X; are represented by timed guarded com-
mand programs P; using the event variable e to represent
the current event from the alphabet. These automata must
synchronize on common events. One way to obtain the
parallel composition A; || Ay || --- || A, of the timed
automata is to make the alphabets equal for the automata
by adding idling transitions and then construct the standard
product automaton with respect to the events, properly com-
bining the guards (by conjunction), the resetting of clocks
(by set union), and the changes of location (implemented as
multi-assignments). Using synchronous guarded command
programs, this can be obtained in two steps. First, the au-
tomata are extended to a common alphabet & = J7_, %;
by adding to P;, forall € ¥\ ¥;, the idling guarded com-
mand (e, — := ) where the guard e, expresses that the
event variable e has the value a. Denote by 13j the resulting
timed guarded command program. Assuming that the lo-
cation variables of the individual automata are disjoint, the
full system is then given by:

ﬁl*---*ﬁm*Pe,

where P, is the guarded command program with no extra
Boolean variables or clocks, with the trivially true state in-

variant, and with the transitions:

1—e:=a1

1—>e:=ag

These transitions have the effect of non-deterministically
choosing the next event. If R; is the relation expressing
13]-, 1 < j < m,and R, is the relation expressing P,, then
the resulting transition relation for a composition of the au-
tomata is

The next-state operator is as usual:

NEXT(¢) = (30.¢ AR)[T/T'],
where @ includes all the Boolean and clock variables, as
well as the variables for encoding the event variable.®

Using difference constraint expressions, we get the ben-
efit that well-known and very useful tricks from the work
on ROBDDs, such as early variable quantification and parti-
tioned representation of the transition relation [11] is imme-
diately applicable, as well as the compositional techniques
developed in [18]. Due to the power of difference constraint
expressions, the composition is not limited to the composi-
tion of Alur and Dill, but other compositions, for instance,
as used in Kronos [25] could be expressed symbolically as
well.

Thus, we have shown how the parallel composition of a
set of timed automata can be analyzed fully symbolically,
i.e., both symbolically with respect to the parallel composi-
tion and with respect to the representation of sets of clock
valuations and discrete states.

5. Difference Decision Diagrams

Difference decision diagrams (DDDs) are a new data struc-
ture [20] for representing difference constraint expressions
using a decision diagram in a manner similar to the BDD
representation of Boolean expressions. DDDs can be or-
dered and reduced making it possible to check for tautology
and satisfiability in constant time. Furthermore, the opera-
tions for constructing and manipulating DDDs according to

4In the actual computation of a fixed-point the role of P, can be re-
placed by simply existentially quantifying out the variables encoding e (see
for instance [18]).

5As suggested in section 2.4 this can be done with Boolean variables,
or by using a single continuous non-clock variable e with its own zero-
variable z. and encoding the values as intervals, for instance, a1 = [0; 1],
a2 = [1;2], -+, ap, = [k — 1;k[, i.e., the expression eq; iS¢ — 1 <
e— ze < 1.



the syntactic constructions of (10) are easily defined recur-
sively on the DDD data structure, thus making it simple to
specify and implement algorithms for these operations.

Given a formula ¢ € ¥, we encode each Boolean vari-
able b; € B in ¢ as a difference constraint z; — 2} < 0,
where z;,z; € C are clocks only used in the encoding of
b;. With this encoding of Boolean variables the grammar
for difference constraint expressions (10) can be simplified
to

Y=z -y <d| - |d A | Tz, (1)

Similar to how BDDs represent the meaning of Boolean for-
mulae implicitly, we represent the meaning [«] of a differ-
ence constraint expression  of the form (21) using a deci-
sion diagram in which the vertices contain difference con-
straints. Formally, a DDD is a directed acyclic graph (V, E)
with two terminals 0 and 1 and a set of non-terminal ver-
tices. Each non-terminal vertex corresponds to the if-then-
else operator o — 1, 1o, defined as (e A1) V (ma Ado),
where the test expression « is a difference constraint and the
high-branch )1 and low-branch vy are other DDD vertices.
Each vertex v in a DDD denotes a difference constraint ex-
pression ¢? given by:

¥ = av) = PHIY) v, (22)

where a(v) is the difference constraint of v, and high(v)
and low (v) are the high- and low-branches, respectively.

As an example of a DDD consider the following expres-
siony overz,y, z € R

Yp=1<z—2<3AN@Wy—2z>2Vy—z>0). (23)

Figure 3 shows % as an (z, y)-plot for z = 0 and the corre-
sponding DDD.

Y

= N

123
(@ (b)

Figure 3. The expression + in (23) as (a) an (z, y)-plot for
z = 0, and (b) a difference decision diagram.

Similar to ROBDDs, DDDs can be ordered and redu-
ced. There are three levels of reduction: local reduction,
path reduction, and full reduction. Local reduction cor-
responds to the reduction requirements for ROBDDs (i.e.,
no duplicate vertices and no redundant tests), but unlike
ROBDDs, local reduction does not make DDDs a canoni-
cal representation of difference constraint expressions. Path
reduction requires that all path are feasible (i.e., the con-
junction of difference constraints along a path has a solu-
tion), and this property makes DDDs semi-canonical. In

a semi-canonical representation, there is exactly one DDD
for a tautology (the terminal 1) and exactly one DDD for an
unsatisfiable expression (the terminal 0). Thus, with semi-
canonical DDDs it is straightforward to test for tautology,
satisfiability, and equivalence (after using AppLY with a bi-
implication).

The function APPLY (op, u,v) is used to combine two
ordered, locally reduced DDDs rooted at » and v with a
Boolean operator op, e.g., the negation and conjunction op-
erations in (21). APPLY is a generalization of the version
used for ROBDDs and has running time O(|u||v|), where
| - | denotes the number of vertices in a DDD.

Existential quantification of a variable z in a DDD rooted
at u consists of removing all vertices reachable from « con-
taining z, but keeping all implicit constraints induced by
2 among the other variables. The algorithm implementing
the existential quantification computes the modified and ad-
ditional constraints in polynomial time, yet its worst-case
running time is exponential since the resulting DDD must
be ordered.

6. An Application

We demonstrate the applicability and efficacy of the sym-
bolic approach by analyzing a timed version of Milner’s
scheduler [19]. Milner’s scheduler consists of NV cyclers,
connected in a ring, that cooperate on controlling N tasks.
With each cycler ¢ we associate three Boolean variables ¢;,
h;, and t; as well as two clocks H; and T;. Each cycler ¢ has
two guarded commands and the task is modeled by a third
guarded command:

ci N\ —t; — H;, T;,t;,¢:,h;:=0,0,1,0,1
hi A (H} < H; < H) = ¢(imod Ny41, hi :==1,0
t; A (Til <T; < Tz-u) — t; =0
The first guarded command is urgent, i.e., we use the ur-
gency predicate:

URG = \/ c; N\t .
1<i<N
The state invariant I is given by:
I= N (hi=H <H)AN(ti=Ti<TY).
1<i<N

Table 1 shows the results of computing the set of reach-
able states for increasing IV using a forward fixed-point it-
eration with front sets using the DDDs to represent the dif-
ference constraint expressions.

7. Conclusion

We have shown how difference constraint expressions can
be used to fully symbolically represent and verify concur-



Table 1. The results of the experiments as carried out on
a standard PC with a limit of 500,000 vertices (20MB
of memory). The experiments were made with two dif-
ferent versions of the upper and lower bounds for the
timers. For the first series of experiments (columns 2—
4) we have chosen the delays to be (T}, T, H}, H*) =
(80,100, 25, 200) implying that up to six of the 2.V timers
are concurrently active. For the second series of exper-
iments (columns 5-7) we changed the bounds to (80 +
1,125 + 14, 14 + i, 200 + 7) increasing the number of active
concurrent timers to a maximum of nine. The ¢-columns
show the CPU time (in seconds) needed to find the reach-
able state space. The v-columns show the number of DDD
vertices used for representing the reachable state space, and
the b-columns show how many vertices are used to repre-
sent the Boolean part of the state space.

t v b t v b
<1 19 51 <1 19 5
<1 96 19 || <1 123 9

<1 645 58 1 2093 44
<1 1956 | 163 52 | 29972 | 217
16 1 5508 | 427 31| 36978 | 557
32 4| 18372 | 955 38 | 65803 | 953
64 22 | 67140 | 2011 92 | 146590 | 1569
128 || 162 | 256836 | 4123 || 384 | 362362 | 2442

OO»-B[\DI—\z

rent timed systems. A key idea is to avoid representing ab-
solute constraints. Instead these constraints are expressed
relative to a special variable z, which allows, for instance,
the synchronous advancing of clocks to be performed by a
single existential quantification.

As with BDDs, the effect of applying the transitions and
advancing the time can be expressed by either a constrained
image computation or by a relation between pre- and post-
variables. Both representations can be used for symbolic
verification and the relational representation furthermore al-
lows concurrent synchronous composition to be expressed
symbolically. The similarities with BDDs allow the power-
ful techniques developed for BDDs, to be immediately ap-
plied to difference constraint expressions.

Our results show that an efficient implementation of dif-
ference constraint expressions is highly desirable and we
propose an implementation using difference decision dia-
grams. Difference decision diagrams (DDDs) possess the
same abilities as BDDs of providing a compact represen-
tation while admitting an efficient tautology check. Just
as BDDs provide an implementation of quantified Boolean
logic, which allows the symbolic verification of discrete
systems [12], DDDs provides an efficient implementation
of difference constraint expressions, which allows the sym-
bolic verification of timed systems.

Continuing extending the power of the underlying
Boolean logic, the difference constraints could be replaced
by the more powerful linear inequalities yielding Presburger
formulae. An efficient representation of Presburger formu-
lae would therefore, along the lines of this paper, immedi-
ately provide a symbolic verification of a guarded command
language with Boolean combinations of linear inequalities
as guards and linear expressions in assignments (including
the extensions to automata and concurrent compositions).
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A. Proof of Theorem 1

Proof of (17)
Using the definition (5):
Neittdiscrete(l["b]]zaﬂ = {SI
From the inference rule (3), it follows that s' = s[# := d],
s = g,and s[#:= d] = I. Thus,
Ne-’ftdiscrete(le]]za t) = {3[ ] s € [[111 A gz]]z
s[z:=d] € [L.].}

=[@Ag)T:=d|AL],
= |[N EXTdiscrete(¢a t)]]z .

sey]As 5 s’}
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Proof of (18)
Using the definition (6):

Newtiimea([¥],8) = {s': s € [¥]. As > s'}. (24)
From the inference rule (4), it follows that s’ = s[¢ :=
€+, s € [9]., 6 > 0, and Vo'.0 < §' < 6 : s[¢ ==

&+ 4'] E I. We have that

sl@:=d+ 01 & s[c:=c+ 0 €[L].
s se[l[e:=c-8].
s s€e[l[z=2+6.
S se[l[z—4d8/2]]..

The second to last step follows since [¢[¢ := &+ d]] =
[¢[z := z — 4]] and the last step follows from the definition
of assignment, i.e., [¢[z := z + d]] = [¢[z — d/z]].

We now introduce two new variables, z’ and 2", defined
tobez' = z—4dand 2" = z — &', respectively. Then (24)
can be written as

Nextiimea([¥]2,0) = {s' : s € [¢]. A
Z(6=z2-2)A(z=2">0)A
V2" <2 <z:s€[L[Z"/2].)}-
Observing that the condition on the invariant now can be
expressed within the logic (10), we have that
Nextiimed ([¢]2,9) = {s[¢:=c+ 3] :
sEAIL(G=2-2)YAN(z—2">0)A
V2" (2 < 2" < 2) = L[2"/2])]:} -
Using that {s[¢:= ¢+ 6] : s € [¢],} is identical to [¢[¢ :=
&+ 0]]., we obtain

Nea:ttimed(w]]z, (5) =
[32". (¥ A (6 =2 —2") A Preq)[€:=C+ 4]]. -
Since [¢[¢ := ¢+ 0]] = [dlz := z — 8] = [¢[z + 6/=]]. it
follows that

Nemttimed([[w]]za 6) =
[32'.(0 A (=2 =2") A Prex) [z + 0/2]]- .
Using the definition of replacement, this can be written as
Neztiimed ([¥]z,0) = [(¥ A Prex)[2 — 6/2"][z + /2] -

[Q(z,2)[z -
[Q(z,2")[2' + §/2][z/%']]. Using this
= Y A Ppext, We get:

Observe that for any predicate Q(z,z'),
6/2'|[z +6/2]] =
with Q(z, 2")
Neatiimea([tV]z,0) = [(¥ A Prex) [2' +3/2][2/2"]]-
= |[3z(¢ APt A(z—2" = 5))[z/zl]ﬂz
= [NEXTtimed(¢7 6)]]2 .



Proof of (19)
Using the definition (8):
Nexttimed('[¢]]z) = U Nemttimed([[w]]z; 6) .
S€R

Using (18), it follows that

Neatyimea([¥]:) =
[[\/ 2. (Y A (2 — 2" = 8) A Pred)[2/2']]- -

dER

Since existential quantification distributes over disjunction,

Neztiimea([]:) = [32.(¢¥ A Prea A
V (z =2 =0))[2/]-

dER
= [[Elz(@[) A Pnext) [z/zl]]]z
= [NEXTgimea(®)] -
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