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1 Programming Language

1.1 Syntax

We use the notation x for finite sequences.

“mZ o

= C(G) | T

class C(T) : G {Gf; M}
G m (Gu) {B)

Gz;s;return r;

x =y
X = null

x = y.f

xf =y

x = y.m(z)

x = (G)y

if (x == y) {s1} else {s2}
x = new C(G)()

x = delegate (Gz) {B}

x = delegate y.m

x = y(z)

S1;52

1.2 Operational Semantics

Generic class

Class definition
Method definition
Method body
Statement
assignment
initialization

field access

field update
method invocation
cast

conditional

object creation
inline delegate
named delegate
delegate application
sequential composition

For the operational semantics we assume disjoint countably infinite sets of stack locations, L, heap locations,
Ly, variables, A,, type variables A, class identifiers, C, method identifiers, M, field identifiers, IF, and object

identifiers, Q.
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Z(OxF3BV) x (03 L(G) x (L, =3 D)
(EtAXEpXA;XA;XIBX‘AP)&J(@XM)
Z(CB A xF) x (CxM3 A% x Ay x B x A,) program

locations

object identifiers
values

variables

class identifiers
field identifiers
method identifiers
type variables
statements
generic classes
type environment
environment
stack

heap

delegate

where FTV is the set of free type variables. We use the notation A* for the set of finite lists of A elements.
We take the permutation action on to be atom-permutation on A, A;, and B, and the trivial action on L,

0,V,C, F, M.



The operational semantics is given as a big-step semantics, with step-indices corresponding to a small-step
semantics.

S" = S[E(x) — S(E(y))] S’ = S[E(x) — null]
(P,6,E,S,H,x=y) 1 (S',H) (P,§,E,S,H,x=null) |; S’ H)
S" = S[E(x) — H(S(E(y)),f)] H' = H[(S(E(x)),f) — S(E(y))]
(P,5,E,S,H,x=y.f) |1 (S',H) (P,5,E,S, H,x.f=vy) 1 (S,H)

Hy(E(S(y) =C(G)  P(C)=(T,) P(Cm)=(x2
JV,lz,lt ¢ Dom(S) _E’: [this |—>_lt,x»—>ll,i — ]
(P,[T — G, E', S[l; — S(E(y)), lz — S(E(q)),l. — null], H,s) |, (5", H')
m(a

(P06, E, S, H,x=y.m(u)) In1 (S'[S(E(x)) — S"(E'(N)], H')

Hy(S(EY) < [Gl(9) 8 = SIEG) — S(EG)]  S(Ey) =mll 8 = S[EG) v mll
(P767E7S7 H,x= (G)y) i (S/7H) (P>57 E, S H,x= (G)Y) i (SlvH)

S(E(x)) =S(E(y))  (P,6,E,S,s1) I (S',H')
(P,§,E,S,H,if (x==1y) then s; else s3) {11 (S', H')

o ¢ Dom(Hy) H' = Hlo— C{[G](6)), (0, f) — null] P(C) = (T,f) S" = S[E(x) — o]
(P,§,E,S, H,x = new C(G)()) |1 (S, H)

l ¢ DOHI(HC) S = S[E(X) — l] E. = E|FV(s,r)\(>’<U2) H = H[l — ((5, FE. X zs, I’)}
(P,6,E,S,H,x = delegate (Gx) {Gz; s;return r}) |, (5, H')

I ¢ Dom(H,) H' =H_.l— (S(E(y)),m)] S" = S[E(x) — ]
(P,§,E,S, H,x = delegate y.m) {1 (S’, H')

H.(S(E(y))) = (o,m)  Hy(0)=C(G)  P(C)=(T,.)  P(Cm)=(xZsr)
lyy 1z, 1 € Dom(S) E' = [this — l;,X = I,z L]
(P, [T~ G, E.s S[ly = S(E(y)),l. — S(E(q)),l, = null], H,s) |, (S', H')

— G
(P 5 E7S> H,x = ( )) lanrl (S/[S( (X)) = SI(E/(I’))],H/)

la, 1= ¢ Dom(S) ( (E(y)) = (0, Ee; %, 2,5,1)

S
(P,bc, Belx = 1y, 2 L], S[ly — S(E(u)),, ~— null], H,s) I, (5", H')
(P,0,E, 8, H,x = y(u)) Un+1 S'E(x) = S"(E'(r))], H')

(P767E557H751)un (SlaHl) (P76aE78,7H/752)‘U”mT (P767E755Hasl)unerr
(P76>E7S7H7sl;52) lln+m T (P,(S,E,S,H,SUSQ) ‘Un err

We use the notation P(C) for 71 (P)(C) and P(C,m) for m3(P)(C, m). Furthermore, we use [Z — Y] as
shorthand for [z — y1,..., 2 — yy], with the implicit assumption that the two sequences have the same
length. We omit most of the rules for exceptional termination.



1.3 Metatheory

Lemma 1.
(P,8,E,S,H,s) | (S H') = (P,§,m(E),S,m(H),n(s)) In (S",7(H"))

and
(P,0,E,S,H,s) : safe, = (P,0,n(E),S,n(H),n(s)) : safe,

Lemma 2. If x € FV(s) then
(P,8,E,8,H,s) In (S',H') = (P,6, B\ x, S, H,5) In (S, H')

Lemma 3 (Safety monotonicity). If S1#S2, Hi#Ha2, and (P,d, E,S1, H1,s) : safe, then

(P,0,E, Sy % Sa, Hy % Ha,s) : safe,
Lemma 4 (Heap frame property). If

(P,58,E,S, Hy * Hy,s) |, (S", H")
and (P,0,E,S,Hy,s) : safe, then there exists a Hy such that H = H{ * Hy and

(P,6,E, S, Hy,s) |, (S, Hy)
Lemma 5 (Stack frame property). If
(P,6,E, Sy % Sa, H,s) |, (S',H')

and (P,0, E,S1, H,s) : safe, then there exists an S7 such that S’ = S{ * Sz and

(P757E7817H7s) ‘U’n (SiaH/)



2 Assertion Logic

2.1 Syntax

w,w'

M,N,L,P,Q,R

w—w | wxw' | Prop | Class | Val | Int | Loc Types
PVvQ | PAQ | P=Q | T | L | ¥:w.P | 3x:w.P Propositions
P+xQ | PxQ | emp | Mf—N | M=, N

LN | M = ((x).{P}.{d.Q}) | M:N

M:wM | MN | x | &x | null Other terms

The judgments of the assertion logic are of the forms:
Ay EMiw, AjgipEM=N:w, A;jgih|[Pr,..,Pp - Q

where A is the type variable context, ¢ is the program variable context and 1 is the logic variable context,
which are defined as follows:

A = AT | e type variable context
¢ = ¢,x:Val | e program variable context
¥ u= 1t,a:w | € logic variable context

Variables cannot be repeated in the program or logic variable context and the same variable cannot appear
in both the program and logic variable context. Since program variables are always of type Val we will never
write the type.

Definition 1 (Value substitution).
(R— ((@).{P}{d.Q}))[M/X] = R[M/x] = ((u)-{P[M/x]} {d.QM/x]})

(L % N)[M/x] = LIM/x] > N[M/x]
&y[M/x] = &x

y[M/x}{M e

y  otherwise
assuming u, d, and y are fresh for x.
Definition 2 (Location substitution).
(R—= ((0).{P}{d.Q}))[M/&x] = RIM/&x] — ((u) {P[M/&x]} {d.Q[M/&x]})
(L 2 N)[M/&x] = LIM/&x] % N[M/&x]

M  ifx=y
&y  otherwise

&y[M/&x] = {

yM/&x] =y
assuming u, d, and y are fresh for x.

Definition 3 (Free variables).

FV(M — ((0){P} {d.Q})) = FV(M) U (FV(P)UFV(Q)) \ (uU{d})
FV(L+ N) = FV(L) UFV(N)
FV(&x) = {x}
FV(x) = {x}



Definition 4 (Free value variables).

FVV(M — ((0).{P}_{d.Q}))

FVV(M)U (FVV(P)UFVV(Q)) \ (U {d})

FVV(L+ N) =FV(L) UFVV(N)
FVV(&x) =0
FVV(x) = {x}

Definition 5 (Free location variables).

FVA(M — ((u).{P}{d.Q}))

FVA(M) U (FVA(P)UFVA(Q)) \ (uU {d})

FVA(L +% N) = FVA(L) UFVA(N)
FVA(&x) = {x}
FVA(x) =0

Definition 6 (Lookup).
lookup L as x in P = 3x: Val. (L — xxP)



2.2 Typing rules

Well-formed terms Ao FR:w

A; ¢;p,u:Val - P : Prop A;¢;p,u:Val,d:Val - Q : Prop
Aséid - M ((4)-{P} {d.Q) : Prop

A; ;9 EM:Val

A; @51, x:whk P:Prop Qe {3,v} A; ;1 L Loc A;;p EN:Val
A;p;p EQx:w. P:Prop A;¢;z/JI—L|i>N:Prop

A;¢;9 B T @ Prop

A;¢;0p L Prop A; ¢;1¢ F emp : Prop
op € {N\,V,*, -, =} A;¢;1 = P : Prop

A;¢;9 F Q: Prop
A; ;9 FP op Q: Prop

A; ;M :Val A; ;9 N : Class

X€E @
A;¢;9p F M:N : Prop A;¢; 9 F &x : Loc

A;¢;¢ F G: Class
A; ¢;1p F C(G) : Class

A, T;:¢;9 T :Class

A;¢;1 Fnull : Val

A;p,x; ) Fx:Val

A;p;p,a:whka:w

A, xiwhk MW AigipEMiw—w AigpEM:iw
A Fdxcw M:iw— W A:p;p M N

A; ;M Val A; ;N :Val
A;¢;9 E M — N : Prop

Ao EM:w A;p;pEN:w
A; ;9 M=, N : Prop




2.3 Proof rules

Standard HO Intuitionistic separation logic, extended with the following rules:

AjgspEM:ival  Ajgip,u|[PEP Ajdie,0,d[QFQ

Ado M (@) (PI{dQ}) F M (@) (P} {d.Q'})

A;¢;p L L Loc A; s, x FP,Q : Prop
A; ¢;1p | Lookup L as x in P x lookup L' as x in Q- L # L’

A;p;p L Var A; ¢;1p,x = P : Prop A;¢;9 F Q: Prop
A; ¢;1 | (Lookup L as x in P) * Q 4+ lookup L as x in (P % Q)




2.4 Semantics

[w—w] = [w]— ]
[wxw] = [w] x[w]
[Prop] = {U €PN xS xH)|Vr € Perm(A,). Va € U. w(a) € U}
[Val] = Val
[Loc] = Ls
[Class] = T
[Int] = Z

where Val is the least set satisfying:
Val 2 V @ Strings & Val x Val
The order on N x S x H is given as follows:
(n, S, (hy, he, he)) < (my S (Rl Ry, RL) iff m<nAS<S Ah, <h,ANhy <h,Ahe <h.,
where all the finite functions are ordered as follows:

f<g iff Dom(f) C Dom(g) AVz € Dom(f). f(z) = g(x)

Contexts ’ 9], [¥], [A] € Set ‘

Selgl ={(E,S) €E, xS | E injective A Dom(E) = ¢ A Rug(E) = Dom(S)}
9 ey] =kx:w) €. [w]
0 € [A] = {6 € E; | Dom(d) = A}



Propositions and Terms

[A; ¢3¢ F C(G) : Class](6; (B, S): 1)
[A; ¢;9 e : C:Prop](d; (E,S); 1)
[A;¢;9 = T : Prop](d; (E, S); )

[A; 590 F L 2 Prop](d; (E,S);9)

[A; ¢;9 = emp : Prop](d; (£, S); 7))
[A; 659 = P AQ :Prop](d; (E, S);9)
[A; ¢;9 = PV Q: Prop](d; (E, S);9)
[A;¢;9 = P+ Q : Prop](d; (E, S); )
[A; ¢;9 = P = Q: Prop](d; (E,S);9)

[A; ;9 = M.f— N : Prop](d; (E, S); 9)
[A; ;9 F Va: w.P: Prop](é; (E,S);¥)
[A;¢;9 F FJa: w.P: Prop](é; (E,S);¥)
[A; ¢, F M=, N:Prop](; (E, S); V)
[A, T;¢;9 F T: Class](d; (E, S); )
[A; ¢, x50 x : Val](6; (&, 5); )

[A; ;9 F null : Val](d; (E, S); )
[A;¢;9,a: wiha:w](d; (E,5);9)

[A; ¢ - Aa:wM:w— W'(0;(E,S);d)
[A; ¢3¢ FM N :w](0; (E, S),9)

[A; ¢, x;9 F &x : Loc](0; (E, S); )

[A; ;9 L = N Prop|(d; (E, S);9)

where | = [A; ¢;¢ F L : Loc](d

; (B, 8);9).

14659 M o] < [A] x [¢] x [¥] —

[] |

C{[A; ¢;1 - G : Class](8; (E

,9);9))

= {(n,C,(hy,ht,he)) ENXSxH|Joe0,CeC,§ €.

ing(0) = [A;¢; ¢ e Val](d; (B, 5);9) A
hi(o) = [A;¢; 9 = C: Class](d; (£, 5);9)}
N xS xH
0
N xS xH
[A; ;4 = P2 Prop](d; (£, S); ¥) N [A; d;9 = Q : Prop](6; (E, 5); ¥)
[A; ¢3¢ = P 2 Prop](d; (£,5);9) U [A; ¢3¢ = Q : Prop](d; (£, 5); 9)
— {1, C, (ho, hi,he)) € N xS x H | 3C1, Ca, hy, ho.
C1#C Nhi#HRo NC =CLUCy Ahy =hyUhgy A
(n,C1, (R, hes he)) € [As 5 4p = P2 Prop](6; (B, 5);9) A
(n, Ch, (s, o, ) € [ 6136 - Q - Prop](5: (E, 5): )}
{BENxSxH|VB > B.
B’ € [A; ¢;4 - P : Prop](5; (E, S); ) =
B' € [A;¢;9 = Q : Prop](0; (E, S);9)}
{(n,C, (hy,ht,he)) E N xSxH| Jo € O.
inoia(o) = [A; ;9 B M val](d; (E, S);9) A
ho(0,f) = [A; ¢4 = N : Val](s; (E, S); )}
ﬂ [A; ¢;9,a:w bk P:Prop](d; (F,S);¥,a— v)
velw]
U [A; ¢;9,a:w b P Prop](d; (F,S);¥,a— v)
vE[w]
{BeENXxSxH|
[A; ¢ 9 B M w](6; (B, 5);0) = [As¢;9 = N w] (65 (B, 5); 9)}
6(T)
S(E(x))
null
¥(a)

vt [w]. [A; 3,8 wkEM: W]

([A; 59 EM =W — w](5; (B, S);
E(x)

;(E,89);9
9)) ([A;¢5¢ =N : (05 (E,S);

[a = w])

{(n,C,H) e N xS xH |l € Dom(C) A

o) =

10

[A; ¢;¢ F N :val](d

(E,9);0)}

)



[As;¢; ¢ =M= ((0).{P}-{d.Q}) : Prop] (4, (E, S5), ) =
{(n, - (hy, ht,he)) € N X S x H | Jo, I, Ee, X, 2Z,s,r,C, G, T.
he([A; @59 F M :val](é, (E, S),¥) = (b, Ec,X,Z,s,r) A
Vm <n.Vk <m.VC €S.VH € H. Vl,,l. € Loc\ (Dom(C)URng(E,)). Vo, € Val.
(m—1,C,H) € [A;¢;¢,ut P:Prop](d, (E,S),du— v,]) =
(6; B, C[ly +— s, 1, + null], H,s) : safep A
(6; B, Clly + g, [, + null], H,s) |y (C',H') =
(m —k,C'"\lp; H) € [A;¢;9,0,d - Q : Prop](5; (E, S), [t + Uy, d — C'(EL(r))])

he([A; ¢5 = M : Val](d, (E, S),9) = (o,m) A hy(0) = C(G) A P(C) = (T, ) AP(C,m) = (X,Z,5,1) A
Vm < n. Vk < m.VC € S. VH € H. Vi, 1., 1, € L, \ Dom(C). V&, € V.
(m—1,C H) € [A;¢;4p,u b P:Prop](d, (E,S),d[u— v;]) =
([T = G|, E',C[ly + ¥y, 1, — null,l; — o], H,s) :
([T — G|, E',C[ly > Vs, 1, — null,l; — o], H,s) |y (C',H') =
(m — k.C'\ L H') € [A 5 9,8.d F Q : Prop] (5, (B, §), V[ - b,.d s C'(E'(1)])

safe; A

where B = E [x + l,,Z + [.] and E' = [this + [;,X > [, Z — L.].

Entailment ’ [A; ¢34 | Py, .y P Q] 2‘

[A; ;¢ | P1,...,P, E Q] =V € [A]. V(E,S) € [¢]. V9 € [¢].

( () [A;¢; ¢+ P; : Prop](s; (E75)§19)) C [As¢;9 F Q : Prop](d; (E, S);9)

1<i<n

11



2.5 Metatheory

Lemma 6. Let
P={UcPI(NxSxH)|Vr € Perm(A,). Va € U. 7(a)}

Then (P, C) is a complete Bl-algebra, with BI structure (I,*,—) given by:
I=10
UxV ={(n,CUC’, (hy Uh.L, h,he)) | C#C" A hy#hl A
(n,C, (hy,he,he)) € U A (n,C, (R, by, he)) € V)
U*V:U{We [Prop] | WU C V}
for U,V € [Prop].
Lemma 7 (Alpha renaming). If A;¢;9¢ = P : w then,
Vo € [A]. Y(E,S) € [¢]. VO € [¢].
[Asgs9 B P2 w](6; (B, 5);9) = [Asm(e); m(¢) b w(P) - w](6; (w(E), S); m(d))
Lemma 8 (Weakening and strengthening). If A; ;v FP:w, x &€ ¢ U then,
Vo € [A]. V(E,S) € [¢]. V9 € [¢]. Vi € L \ Rng(S). Yv; € Val. Vo € [w'].
[A;0;0 F P :w](d;(E,S);9) = [A;0,x;9 F P :w](6; (E[x — 1], S[l — v1]);9)
=[As s, x 1w P w](6; (B, S);9[x — v2])
Lemma 9. If A;¢;9 - P : w then,
V4§ € [A]. VE, Sy, Se. VO € [¢]. (E,S1),(E,Ss) € [¢] AVx € FVV(P). S1(E(x)) = S2(E(x))) =
[A;d;¢p P2 w](0(E,51);9) = [A; ¢3¢ F P w](6; (E, S2);9)
Lemma 10 (Substitution (Logical variable)). If A;¢;v,a:whk P:w' and A;¢;¢ F M : w then,
Vo € [A]. Y(E,S) € [¢]. VO € [¥].
[Asdi,a:wh Prw](0;(E,9); 0,2 [Asds v = M w](6; (B, S);9)) = [As ¢59 = P[M/a] : (6 (E, S);9)
Lemma 11 (Substitution (Program variable)). If A;¢,x;¢ = P :w and A;¢,x;9 = M : Val then,
Vo € [A]. Y(E,S) € [¢,x]. VI € [¢].
[As ¢, x4 = P w](6; (B, SIE(x) = [A;¢,x:9 F M : Val](6; (E, S); 9)]); 9) = [As ¢, x4 - P[M/x] - w](6; (E, 5); )
Lemma 12 (Splitting). If A; ¢, x;9 F P : w then,
Vo € [A]. V(E,S) € [¢]. VU € [¢]. VI € Ly \ Dom(S). Vv € V.
[A; o, x;¢ F P w](d; (E[z— 1], S[l — v]);9) = [A;¢;9,x: Val,y: Loct Ply/&x] : w](d; (E, S);¥[x — v,y —1])
Corollary 1 (Splitting). If A;¢;1,x: Val b P :w then,
Vo € [A]. V(E,S) € [¢]. V9 € [¢]. VI € Lg \ Dom(S). Vv € Val.
[A; ¢, x;0 F P :w](9; (Ex — 1], S[l — v]);9) = [A;0;9,x: Val = P : w](J; (E,S); dx — v])
Lemma 13. If A;¢p;9 F L: Loc and A;¢;1,x : Val = P : Prop then,
Vo € [A]. Y(E,S) € [¢]. VU € [¥].
[A;¢; 90 F lookup L as x in P : Prop](; (E,S);¥) =
{(n,C,H) e N xS xH |l € Dom(C) A
(n,C\Il,H) € [A;¢;9,x: Val = P : Prop](d; (E, S); 9x — C(1)])}
where | = [A; ;¢ F L: Loc](d; (E, S); 9).

12



3 Specification Logic

3.1 Syntax
S, T == {P}s{Q} <M |{P}s{d.Q} «M Specifications
M S Pﬁn(Ap)
MS = C(A).m: {(¢;v).{P}-{d.Q}) method specification
r w= T, MS|e program context

We use the notation I'(C) to lookup C’s type variables and T'(C, m) to lookup m’s specification.

3.2 Typing rules

Well-formed Specifications ’ A;¢;9 S Spec

Ay EP:Prop  A;¢sp- Q:Prop  MC ¢
A;p;p = {P}s{Q} <M : Spec

A;p;p P : Prop A;p;1p,d:Val - Q : Prop MC ¢
A; ¢, F{P}B{d.Q} <M : Spec

Well-formed Contexts

A; —;1,¢,this - P : Prop A;—;1, ¢, this, d - Q : Prop
C(AY.m: ((¢;4).{P}-{d.Q}) : Context-Spec

Note that we do not allow P and Q to refer to the location of this or ¢.

I' : Context MS : Context-Spec
€ : Context I', MS: Context

13



3.3 Proof rules
Statements ’F; o, E{P}s{Q} <M ‘

A;¢,x,y;9 = P : Prop
Ly A, %,y B {ly/x|Pix = y{P} a{x}

A;¢,x;9 = P : Prop
T A; ¢, x50 F {[null/x]P}x = null{P} < {x}

Ty A ¢, %,y F {xf = dxf = y{xf oy} b

;A ¢, x,y;a b {yf—alx=yf{yf—aAx=a}a{x}

fields(C) = f1,..., fn
5 Ay x; — F {emp}x = new C{A)(){x : C{A) Ax.f1 — null .- *x.f, — null} < {x}

rC)=A I'(C,m) = ((x).{P}-{d.Q})
T; Asryy, o9 B {[u/x,y/this]P Ay : C(A)}r = y.m(u){[a/%,y/this, r/d]Q} < {r}

IC)=A TI(C,m)=
Ly Asxy; — F{y s CA) x = y.m{Vip. x — ((

((U;9).{P}{d.Q})
u)-{Ply/this]} {d.Qly/this]})} < {x}

igM  agFVA(P,Q) yCFEV(B) T:A;y,64F {P}B{d.Q}aM
L Asy, 0, L {l = &y}
X = delegate(@ﬂ) {B} B B
{x+> ((0).{Lookup [ as z in P[I/&Y]|[z/y]}-{d.Lookup [ as z in Q[I/&Y][z/y]})} < {x}
(anondel)

R=y— (@ {P}{dQ}) x¢FV(R) yeo
T A ¢, %, %9 F {R « P[x/u]}x = y(X){R * Q[x/u, r/d]} < {x}

(delcall)

LiA;0,%y; 0 F{P Ax=y}si{Q} <M1 T;4;0,%,y;9 F {PA-(x=y)}s2{Q} <My
A ¢, %y ¢ E{PHE (x == y) {s1} else {s3}{Q} <M; UM,
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Structural Rules ’F; A {P}s{Q} <M ‘

;A 59,8 : wk {P}s{Q} <My ag FV(P)
;A ;¢ F {P}s{Va: w.Q} <My

DiA; g B {P}si{Q}aM1 T3 A;¢59 F {Q}s2{R} <My

[ A; ¢y p F {P}si;s0{R} <My UMy (seq)

Asgip |PEP TiA; 09 H{P}s{Q} <M A;s9 | Q' FQ
;A 59 = {P}s{Q} aM

A;¢;1 - R Prop T A ;9 - {P}s{Q} <M FVV(R)INnM =10

;730 - {P * R}s{Q# R} <M (frame)

[;A; ¢ F {P}s{Q} aM
505 0,x9 = {P}s{Q} oM

[ A; 639 = {P}s{Q} <M
L5 Asm(9); m(¥) F Am(P)}m(s){m(Q)} a (M)

DiA; ;0 F {P1}s{Qi} <My T5A;0;¢ F {P2}s{Qa} <My op € {A,V}
[ A;¢;9 F {P1 op P2}s{Q1 op Q2} <My UM,

T A5, x:w - {P}s{Q} <M Ao FR:w FVIR)ynM =0
I54; 059 F {P[R/X}s{Q[R/x]} <M

5 A;¢;9 F {lookup ! as x in P}s{lookup [ as x in Q} <M
Ty A, x;0 F {&x =1 AP}Is{Q} <M U {x}

Method definitions I'-M: IV

(lookup)

;A ¢, ;0 - {P[x/d]}return x; {d.P} <0

;A 509 F {P}s{Q} <M, ;A ;¢ F {Q}s; return x{d.R} <My
[ A; ;9 - {P}s; s;return x{d.R} < M; U Mg

A;p |[PEP A0 H{P}B{d.Q}aM  A;¢;9 [ Q' FQ
;A5 ¢59 = {P}B{d.Q} <M

;A5 ¢,z;9 F {P Az =null}s;return x{d.Q} <M
I'; A; ¢;1p = {P}Gz;'s; return x{d.3] : Var. lookup / as z in Q[I/&Z]} <M\ z

(localvar)

this,i & MUFVA(P,Q)
MS = C(A).m - (3 9)-{P} {4.Q})
T, MS; A; 4, this; ¢ F {P}Gz;s;return x{d.Q} <M
I, MS; A+ G m(Gu) {Gz; s return x; } : MS
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Class definitions 'HL: TV

Vi € Dom(M). I; T =M, : T;
't class C(T) : D {public Cf;M}: T

Programs ’d) F{PIL;Cxs{Q} <M ‘

Vi € Dom(L). T +L; : Ty [; =% F {P}s{Q} <M
;9 F{PIL;C x5{Q} aM

16



3.4 Semantics

Specifications ’ [A; ¢;9 = S : Spec] : [A] x [¢] x [¢] — {U € PAN) |0 € U}‘

[A; d; 9 = {P}s{Q} <M : Spec](d; (E, S);9) = {n € N |
VYm <n.Vk <m.VCeS.VH € H.
(m—1,C,H) € [A;¢;9 = P : Prop|(d; (E, S);9) ANC#S =
(6; E;CWS; H;s)) : safer A
(0; E;CW S Hys) Uy (S H') =
(m —k; 8"\ E(¢); H') € [A; 3¢ F Q : Prop][(8; (B, S| () ); 9) A
Vx € ¢\ M. S(E(x)) = S"(E(x))}

[A; ¢34 - {P}GZ; s;return x{d.Q} <M : Spec](d; (E,S);¥) = {n € N |
Vm < n.Vk <m.VC €S.VH € H. VI, € Loc\ (Dom(C) UDom(S)).
(m—1,C,H) € [A;¢;9 - P : Prop] (4, (E, S); ) ANCH#S =
(8; E';C W S[l, — null]; H;s) : safey A
(6; E';Cw S[l, — null]; H;s) Jx (S"; H') =
(m—k;S"\ E(¢); H') € [A; ;9 = Q : Prop](6; (B, S| 5(g)); I[d — S"(E'(x))]) A
Vx € ¢\ M. S(E(x)) = S'(E(x))}

where E' = E[z + [,].

Context Specification ’ [MS : Context-Spec] : {U € PYN) |0 € U} ‘

[C(A).m: {(T;4).{P}{d.Q}) : Context-Spec] = {n € N |
Vm < n. Yk < m. Vx,z,s,r. VO € S. V9 € [W]. V6 € [A]. Vi, z, 1. € Dom(C). Yu;, v, € V.
P(C) = (A,)) AP(C,m) = (X,Z,s,r) A
(m—1,C,H) € [A;—; ¢, this,u F P : Prop](d; ([], []); ¥[this — vy, U — Uy]) =
(8; E,C[ly = vy, Iy = Vg, 1, — null], H,s) : safey A
(8; E,C[ly = vg, I ¥ vy, 1, — null], H,s)) Uy (S, H') =
(m—k, 8"\ l;Ul,, H) € [A; —; %, this,i,d - Q : Prop] (6, ([J, [|); 9[this + vs, 0 Ty, d — S"(E(r))])}

where E = [this s l;, X+ 1,2+ 1]

Context ’ [T : Context] : {U € P{N) |0 € U}‘

[T : Context] = ﬂ [MS : Context-Spec]
MSeT

Entailment ’ [T;As; ;9 E S : Spec] : 2‘

[T;A; ;¢ =S Spec] =Vn € N.V(E,S) € [¢]. V9 € [¢]. V5 € [A].
n € [I': Context] = n+1¢€ [I;A;¢;9 F S : Spec](d; (E,S); )
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Others

[; T - public C m(Cu) B: MS| =V¥n € N. n € [[: Context] = n+ 1€ [C(T).m: MS: Context-Spec]

[T+ class C(T) : G {public Cf; M} : MSk, MS] =
Dom(MS) = Dom(M) A Vi € Dom(M). [T; T = M, : MS;]

[T;9¢ F{P}L; Cx;s{Q} <M] = [[; —;x;¢ F {P}s{Q} <«M] A Vi € Dom(L). [I" - L; : ]
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3.5 Metatheory
Lemma 14. IfT; A; ¢ 1) - {P}s{Q} <M then FV (s) C ¢.
Lemma 15. If Vi € Dom(L). [T L; : Iy] then [T : Context] = N.
Lemma 16. Rule (a) is sound.
Vr € Perm(Ap). [I;A; ¢4 F {P}s{Q} <M] = [I'; As 7(¢); w(¢) E {m(P)}mr(s){m(Q)} «m(M)]
Proof. Let n,m,k € N such that k < m < n+ 1. Assume n € [I' : Context],
(m—1,C,H) € [A;m(¢);m(¥) = m(P) : Prop](d; (£, S); V)
and C#S. By alpha-renaming and equivariance it follows that,
(m—1,C,n ' (H)) € [A; ¢34 F P : Prop] (8; (1 (E), S);m~ 1 (V)

Hence,
(r~YE),CwS,n  (H),s) : safe,,

and thus by alpha-renaming,
(E,CW S, H,7(s)) : safe,,

Correctness: If
(E,CwS H,n(s)) Ip (S, H)

then by alpha-renaming,
(r~Y(B),Cw S, 7 (H),s) Iy (9,7 (H))

and thus,
(m—k,S"\ 7T_1(E)(¢)77T_1(H/)) € [A;¢;¢ F Q : Prop](d; (W_I(E)7 S'|7T—1(E)(¢)); 7r_1(19))
and by alpha-renaming and equivariance we thus have that,

(m —k,S"\ E(n(¢)), H') € [A;m(); m(¢) - m(Q) : Prop](d; (E, S| 5(x(4))): V)
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Lemma 17. Rule (frame) is sound.

I As ¢3¢ =R Prop T A 59 F {P}s{Q} <M FVV(R)NM =10
;A9 F {PxR}s{Q*R} <M

Proof. Let n,m,k € N such that kK <m <n+ 1. Assume n € [I" : Context],
(m —1,Cy, Hy) € [A;¢59 = P2 Prop](d; (E, S); 9)
(m —1,Cy, Hy) € [A; ;9 F R : Prop](d; (E, S); V)
C1#Cy, Hi#H,, and (C1 W Co)#S.

By assumption,

[A; ¢54 F{P}s{Q} «M](6; (E, S);¥,n + 1)

and thus,
(E,C1 WS, Hy,s) : safe,,

and by safety monotonicity,
(E, Ciw(CywS H W HQ,S) : safe,,

Correctness: If
(E701 L‘!‘JCQ H—JS;Hl H‘JHQ,S) ‘U’k (S/?H/)

then by the stack and heap frame properties it follows that there exists a S1 and Hj such that,
(E,C1 WS, Hy,s) y (S, Hy)

and S’ = Cy W S| and H' = Hy W Hy. Hence,

(m —k,S1\ E(¢), HY) € [A; ;¢ = Q: Prop](d; (E, 5| 5(4)); 9)
Furthermore,

[A;¢;9 = R Prop](d; (E, 5); 9) = [A; ¢3¢ F R : Prop[(6; (E, S| p(g)); V)

since Vx € FVV(R). S(E(x)) = S’(E(x)) and thus, by upwards-closure,

(m —k,Ca \ E(¢), Hz) € [A; ¢3¢ = R : Prop](; (E, S'| p(¢)); V)
and thus finally,

(m =k, (S1 W Cs) \ E(¢), H & H2) € [A; ¢3¢ P+ R:Prop](8; (B, §'|5(4)); V)
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Lemma 18. Rule (seq) is sound.

DiA; g {P}si{Q}aM;1  T[54;0;9 F {Q}s2{R} <M,
T3 A; g0 = {P}s1;s2{R} <My UM,

Proof. Let n,m,k € N such that kK <m <n+ 1. Assume n € [I": Context],
(m—1,C, H) € [A;¢54 = P : Prop](d; (E, S); 9)
and C#5S.

Safety: By assumption,
[A; g3 = {P}s1{Q} <M1](6; (E, S);9;n + 1)

and thus,
(E;C WS, H;s) : safe,,

Hence, for any | < k if (F;C W .S; H;sy s2) {; err then there exists I1,15,.5’, and H' such that,
(B;C'w S Hssy) Uy (S, H')
(E; 8 H';s2) du, err
and [ = [y + l5. Hence,
(m—11; 8"\ E(¢); H') € [A; ¢3¢ = Q= Prop] (; (B, §'| p(g)); )

and thus
(E;(S"\ E(¢)) WS |ge); H',s2) : safen, i 41

Since l1 + l; =1 < k < m it follows that 5 < m — [; + 1 and thus
(E;S'sH',s3) Y, err

which is a contradiction.

Correctness: If

(E;CWS; H;sy;80) i (S, H)
then there exists k1, ko, S”, and H” such that,

(B;C WS Hys1) U, (5", H")

(B; 8", H"; 59) Ibi, (S, H')
and k = k1 + ko. Hence,
(m — ki3 8"\ E(¢); H") € [A; ¢3¢ - Q : Prop] (; (B, 8" |g(4)): V)
Furthermore, by assumption,
[A; 619 F {Q}s2{R} <M2](6: (E, §”| () s n + 1)
Since 1 < k; we have it follows that ko < (m — k1 + 1) <n+ 1 and thus,
(m — ki + 1~k 8"\ E(¢); H') € [A;¢;9 R : Prop](d; (E, S| 5()); 9)

and by upwards-closure:

(m—k; "\ E(¢); H') € [A; ¢;9 F R : Prop](6; (E, 5| p(e)); V)
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Lemma 19. Rule (lookup) is sound.

T;A; ;¢ F {lookup | as x in P}s{lookup l as x in Q} <M
L5050, 59 F {&x =1 AP}s{Q} <M U {x}

Proof. Let n,m,k € N such that kK <m <n+ 1. Assume n € [I" : Context],
(m—1;C; H) € [A: ¢34 F &x = | AP : Prop](6; (E, S); 9)
and C#S. Then ¥(I) = E(x) and,
(m —1;C; H) € [A;¢,x9 = P2 Prop](d; (E, 5); 9)
and by splitting,
(m =105 H) € [A; ¢3¢, x E P2 Prop](6; (Elp, S\ E(X)); J[x — S(E(x))])
By the definition of lookup it thus follows that,
(m—1;C[E(x) — S(E(x))]; H) € [A; ¢;9 I Lookup [ as x in P : Prop](d; (E|e, S\ E(x)); V)
and by assumption:
[A;¢; ¢ {lookup I as x in P}s{lookup I as x in Q} <M](8; (E|4; S\ E(x));¥;n + 1)

Safety: Hence,
(Elg; (CIE(x) — S(E(x))) & (S\ E(x)); H;s) : safey

and by weakening,
(E;CWS;H;s) : safey

Correctness: Furthermore, if

(E;CwS;H;s) Iy (S H")
then since x ¢ FV(s) it follows that,

(Ely; C'w Sy Hss) i (S, H')
and thus,
(m —k; 8"\ E(¢); H') € [A; ¢34 - Lookup I as x in Q : Prop] (6; (Elg, S'|5(¢)): V)
By the definition of lookup we thus have that E(x) € Dom(S’ \ E(¢)) and
(m —k; S\ E(¢,x): H') € [A;¢31p,x = Q : Prop](d; (Elg, | 5(g)); VIx — (5" \ E(9))(E(x))])
and by splitting,

(m —k; 8"\ E(¢,x); H') € [A; ¢, %9+ Q : Prop](6; (E, S | p(sx); )
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Lemma 20. Rule (anondel) is sound.

uuUy=FV(B) ;A 9,039 F{P}B{d.Q} <M ugM
A;y;¢,u P Prop A;y;,tu,dFEQ: Prop
D5 A;¥,%9, 1 {l = &y}x = Au. {B}; {x — ((0).{lookup | as z in P[l/&y][z/y]}-{d.Lookup &I as z in Q[l/&y][z/y]})} < {x}

Proof. Let n,m,k € N such that K <m <n+ 1. Assume n € [I" : Context],

(m—1,C, H) € [A;y,% 6,1 = & : Prop](6; (E, S); 0)

and C#S. If,
(B;CwWS; Hyx = Au{B};) Ui (5", H')

then S’ = CW S[E(x) — l] and H' = H[l — (0, E,,B)]) where E. = Ely, k =1 and | € Dom(C' & S).
Let k' <m/' <m—1,C, €S,H, € H,l,,1, € Loc\ (Dom(C,) URng(E,)), s, € V such that,
(m' —1,C,., H.) € [A;y,%;9,1,u - Llookup [ as Z in P[l/&y][z/y] : Prop](d; (E, S"); V[u +— ©.])
Hence,
(m' = 1,Cc \ E(y), He) € [Asy, %9, 10,2 = P[l/&y][z/y] : Prop](6; (£, S"); 9[t = V2,2 — Ce(E(Y))])
and by strengthening and renaming,
(m' —1,Cc\ E(y), He) € [A; =9, 1,0, = P[I/&y] : Prop](&; ([], [); 9[t = v,y = Ce(E(Y))])
and splitting,
(m' —1,C.\ B(y), He) € [A;9,U59 = P Prop](3; ([y = E(¥), 0 = L], [E() = C(E(Y)), L — Ta]);9ly)
Futhermore, by assumption,
[A5y, 89 - {P}B{Q} aM](&: ([y — E(¥), 0 = L], [E(F) = Ce(E®F)), lu = va]); 9] y;n +1)
and since ¥ <m’/ <n+1,
(6, s Ce \ E(Y) & [E(Y) = Ce(E()), lu = tx, I = mull]; He,s) - safeys

where E' = [y +— E(Y), U+ l,,z — [,]. Safety follows by safety monotonicity.

Correctness: If,

(6, E';Cully — ¥y, 1. — null]; Hyss) Y (87, H”)
then,
(m' — k', 8"\ E'(U,y), H") € [A;y,G;%,d = Q : Prop(&; ([ = E(¥), 6 = L], 8" |5 (ag); Vlpld = S"(E'(r))])
and since 0 € M, S”(l,) = U,. By splitting and renaming we thus have that,
('K, S"\E'(y,0), H") € [A; —,1,2,5,d - Q[l/&][z/5] : Prop] (6 ([, [}); 0]z~ S"(E()), 6 Bz,d — 5" (E'(r))))
and weakening,
(m'—K', S"\E(y,0), H") € [A;9,x 4. 1,2,u - Q[/&3][z/3] : Prop](6; (£, 5'); [z — S"(E(9)), T = vz, d — S"(E'(r))])
and hence,
(m' =k, 8"\, H") € [A;y,%;1,1,0,d b Lookup | as z in Q[I/&y][z/y] : Prop](s; (E, S'); 9] — 0y, d — S”(E'(r))])
O
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Lemma 21. Rule (delcall) is sound.

R=y—(){P}{dQ}) xgFV(R) yeq¢
545 0, %, %9 = {R+ Px/u]}x = y(x); {R + Q[x/u, x/d]} < {x}

Proof. Let n,m,k € N such that kK <m <n+ 1. Assume n € [I": Context],

(m —1;C1; Hy) € [A;0,%, ¢ Fy = ((0).{P}{d.Q}) : Prop](4; (E,5); ¥)
(m — 1;Ca; Ha) € [A;¢,%, %39 = P[%/u] : Prop](d; (E, §);9)
H, (E(y)) = (6(:’ E.,u,z;s, I’)
Cl#CQ, 13'13'%'5.[?[27 and (Cl G} CQ)#S
By strengthening, splitting, renaming and upwards-closure it follows that,
(m —1;C1; Hy) € [A;0, %9 Fy = ((0){P}{d.Q}) : Prop](6; (Elsx, SlE(ex); V)

and
(m —2;Cy; Ha) € [A;¢,%;9,0 F P2 Prop](0; (Elgx S|E(ex): P[i — S(E(X))])

Hence, ~ ~
(8¢, EL; Ca[ly — S(E(X)), 1, — null]; Ho;s) : safe,, 1

where E, = E [t l,,Z — L.].

Correctness: If

(e, B;C W S; H x = y(X);) i (S, H')

then
(0, EL; C W S[ly — S(E(X)),1. — null]; H;s) |1 (S, H")

and S = S”[E(x) — S”(E.(r))] and H' = H”. By the stack and heap frame property there exists C} and
H/, such that, B B
(0¢, EL; Colly, — S(E(X)),l, — null]; Ha;s) dr—1 (Ch, H))

and S” = C1 WS WC Y, and H' = Hy W H). Hence,
((m=1)=(k=1); C3\lu; H3) € [A;¢,%¢,0,d - Q : Prop](8; (Elpx, Slm(s.5); [0 — S(E(X),d — Co(E(r))])
Since S”(E(¢,%)) = S(E($,X)), by splitting and renaming it follows that,

(m — k; C5 \ Lu; Hy) € [A; 6, %51, x = Q[x/U, x/d] : Prop](8; (Elpx: 8" B (o.0)): Vlx = Co(EL(N))])
and by splitting again,

(m — k; Cy \ lu; Hy) € [A;6,%, %0 = Q[x/T, x/d] : Prop][ (85 (B, 8" | (g, [E(x) = Co(EL(r)]); 9)
Hence, by upwards-closure,

(m —k; (SW C3) \ E(¢,%,x); Hy) € [A;,%,x:1) = Q[x/u, x/d] : Prop](d; (B, S| p(p,x,)): 9)

and since 1 < k and x € FV(R) it follows by upwards-closure and strengthening and weakening that,

(m —k; C1; Hy) € [A;6,%,x9 Fy = ((0).{P}{d.Q}) : Prop](6; (E, &'| (s.2); V)
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Lemma 22. Rule (localvar) is sound.

T; A5 ¢,z F {P Az =null}s; return x{d.Q} <M
I A; g9 - {PYGz;s; return x{d. 3l : Var. lookup | as z in Q[I/&Z]} <M\ z

Proof. Let n,m,k € N such that kK <m <n+ 1. Assume n € [I" : Context],
(m—1;C; H) € [A; ¢3¢ = P : Prop](d; (E, 5); 9)
C#S and I, € L, \ Dom(C & S). By weakening,
(m —1;C;H) € [A;¢,2;9 1= P : Prop] (8 (', §'); 9)
for E' = B[z~ [.] and S’ = S[l, ~ null]. Since C#S’,
(E',CWwWS' H,s):safey

and if,
(E',CwS' H,s)l (S",H")

then
(m —k; 8"\ E'(¢,2); H') € [A;¢,Z;9,d F Q : Prop](8; (E', Sipi(4.5)); [d — S”(E'(x))])

splitting the zs into their values and locations we get:

(m—k; S"\E'($,2); H') € [A; ¢3%,2,1,d = Q[l/&2] : Prop](&; (|4, Spr()); V[d = S"(E'(x)), 2= S"(L.), 1 L:])
and thus, by definition,

(m—k,S"\E'(¢); H') € [A; $;%,1,d - Lookup [ as Z in Q[I/&Z] : Prop](§; (E'|4, Spr(g)); 01d = S"(E'(x)), I+ 1.])

O
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4 Examples
Proof outline of append

public static Node(X) append(X)(Node(X) front, Node(X) tail) {

Node(X) tmp, tmp2;

{ list(front, xs, P) = list(tail, ys, P) }

if(front == null) {
{ front = null A list(front, xs, P) * list(tail, ys, P) }
{ xs =[] A list(tail, ys, P) }
{ list(tail, xs@ys, P) }
return tail;
{ r. list(r, xs@ys, P) }

} else {
{ front != null A list(front, xs, P) * list(tail, ys, P) }
{ v, xs', n, x. xs = viixs' A front.next — n * front.item — x * P(x, v) * list(n, xs', P) x list(tail, ys, P) }
tmp2 = front.next;
{ v, xs', x. xs = viixs" A front.next — tmp2 * front.item — x % P(x, v) * list(tmp2, xs', P) * list(tail, ys, P) }
tmp = append(X)(tmp2, tail);
{ v, xs', x. xs = viixs' A front.next — tmp2 * front.item — x x P(x, v) x list(tmp, xs'Qys, P) }
front.next = tmp;
{ 3v, xs', x. xs = vixs' A front.next — tmp x front.item — x * P(x, v) * list(tmp, xs'Qys, P) }
{ list(front, xs@ys, P) }
return front;
{ r. list(r, xs@ys, P) }
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