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BDNF-Based Matching of Bigraphs

A.J. Glenstrup T.C. Damgaard L. Birkedal M. Elsman
<panic@itu.dk> <tcd@itu.dk> <birkedal@itu.dk> <mael@itu.dk>

Abstract

We analyze the matching problem for bigraphs. In particuls present an axiomatization of the static
theory ofbinding bigraphs a non-trivial extension of the axiomatization of pure higins developed by Milner
(2004a). Based directly on the term language resulting tfmaxiomatization we present a sound and complete
inductive characterization of matching of binding bigraplOur results pave the way for an actual matching
algorithm, as needed for an implementation of bigraphieattive systems.

1 Introduction

Over the last decade, Robin Milner and co-workers have dgeel a theory of bigraphical reactive systems (Hagh
Jensen and Milner, 2004; Milner, 2004a, 2005). Bigraphieattive systems (BRSs) provide a graphical model
of computation in which both locality and connectivity amminent. In essence,ldgraphconsists of glace
graph a forest, whose nodes represent a variety of computatidjects, and &nk graph which is a hyper graph
connecting ports of the nodes. Bigraphs can be reconfiguraddans ofreaction rules Loosely speaking, a
bigraphical reactive systewopnsists of set of bigraphs and a set of reaction rules, wtdahe used to reconfigure
the set of bigraphs. BRSs have been developed with pringipab aims in mind: (1) to be able to model
directly important aspects of ubiquitous systems by faogisin mobile connectivity (the link graph) and mobile
locality (the place graph), and (2) to provide a unificatidreristing theories by developing a general theory,
in which many existing calculi for concurrency and mobilityay be represented, with a uniform behavioural
theory. The latter is achieved by representing the dynawgfitsgraphs by reaction rules from which a labelled
transition system may be derived in such a way that an ageddisimulation relation is a congruence relation.
The unification has recovered existing behavioural thedice the rr-calculus (Hggh Jensen and Milner, 2004),
the ambient calculus (Jensen, 2005), and has contributedtéor Petri nets (Leifer and Milner, 2004). Thus the
evaluation of the second aim has so far been encouraginkedil et al. (2005) initiate an evaluation of the first
aim, in particular it is shown how to give bigraphical modelsontext-aware systems.

As suggested and argued by Hagh Jensen and Milner (200&gedik (2004); Birkedal et al. (2005) it would
be very useful to have an implementation of the dynamicsgrédmhical reactive systems to allow experimentation
and simulation. In the Bigraphical Programming Languagssarch project at the IT University, we are working
towards such an implementation. The core problem of impteing the dynamics of bigraphical reactive systems
is thematching problemthat is, to determine for a given bigraph and reaction rutethier and how the reaction
rule can be applied to rewrite the bigraph. The topic of thespnt paper is to analyze the matching problem.

The abstract semantic definition of matching, as definederthiory of bigraphs (Hagh Jensen and Milner,
2004), is roughly as follows (omitting many details): Giveneaction rule with redeR and reactunR’ (with R
andR’ both bigraphs), and a bigraph (the agent to be rewritten), it = C o R o d, then it can be rewritten to
Co R’ od. Hereo denotes composition of bigraphs. In other words, if the tieagule matchesA, in the sense
that A can be decomposed into a contéxtredexR and a parametet, thenA can be rewritten.

An implementation of bigraphical reactive systems mustafrse, work on some data structure representing
bigraphs. An obvious possibility is to represent bigrappigraphical expressionthat denote bigraphs. This is
particularly useful if (1) the bigraphical expressions dedined inductively (by a grammar, say), such that algo-
rithms may operate inductively on the representation, 2)dhre are normal forms for bigraphical expressions
and axioms for determining when two bigraphical expressiemote the same bigraph, such that a matching algo-
rithm may operate on normal form representations. Luckiilgreis an axiomatization of so-callgalire bigraphs
with these properties (Milner, 2004a). The equations inaki@matization include all the equations for strict
symmetric monoidal categories. In the present paper wendxtee axiomatization for pure bigraphshinding
bigraphssuch that one can use binding bigraph expressions for nmgtetfibinding bigraphs.



Phrased in terms of binding bigragipressionsthe decision problem for matching is then roughly the fol-
lowing. Given binding bigraph expressioRs A, C, andd, determine whethér A = C o R o d holds, that is,
whether the two expressions on both sides ofth&ign denote the same bigraph. In the present paper we provide
aninductive characterizationf when= A = C o R o d holds, by induction orA andR (the input to a matching
algorithm). It is a precise characterization in the sensg ithis both sound and complete. This provides a de-
tailed analysis of the matching problem, and paves the wagédweeloping and proving correct an actual matching
algorithm (which, giverA andR, must find aC andd such that A = C o R o d holds).

Our inductive characterization is non-trivial, maybe efarly intricate. This is mainly due to the fact that it is
basedlirectly on the grammar for normal form expressions, which could badarantage for an implementation.
Other characterisations exist, notably that of Birkedalle(2006).

We have thus decided to present the matching of binding pigiratwo steps: we first consider place graphs
(bigraphs without any linking), and then deal with bindirigraphs.

In summary, the technical contributions of the present paqptude

e an axiomatization of the static theory bihdingbigraphs, a non-trivial extension of the axiomatization of
pure bigraphs developed by Milner (2004a),

e asound and complete inductive characterization of matcbitbinding bigraph expressions.

The remainder of this paper is organized as follows. In $act we discuss matching of place graphs. We first
(Section 2.1) recall the definition of place graphs and tiserdte normal form theorem for place graphs. Then
we recall the definition of place graph expressions, therdiscnormal form for place graph expressions, and
the sound and complete axioms for equality of place graphessions. In Section 2.4 we recall the notion of
reaction and matching for place graphs. Finally, in Secfids) we embark on the presentation of our inductive
characterization of matching of place graph expressionsorisists of some preliminaries on permutations and
a so-called splitting relation, which are used to expresdtigrees of freedom in matching, followed by a set of
inference rules that comprise the inductive charactédnatSoundness and completeness of the characterization
is proved.

In Section 3 we then discuss matching of binding bigraphs. ditline of this section follows the same pattern
as the section for place graph matching, but we include metaild on the binding discrete normal form (Sec-
tion 3.2), and binding bigraph expressions and axioms {@e&t3), which are new and part of our contribution.
The inductive characterization of matching of binding bigjns is presented in Section 3.4.

In Section 4 we discuss the results of the paper and relateklamal in Section 5 we conclude and give some
directions for future work.

The proofs of soundness and completeness of the inductaracterization of matching are included in Ap-
pendix A and B. We have omitted many of the proofs of soundaesscompleteness of the axiomatization
of binding bigraphs; the overall structure of the proofs thofllow the proofs in Milner's axiomatization for
pure bigraphs (Milner, 2004a). Detailed proofs of this carfdund in an other technical report (Damgaard and
Birkedal, 2005).

2 Place Graph Matching

In Sections 2.1-2.4 we recall the definition of place grapissrete normal forms, axioms for place graphs, and
the definition of reactions and matching for place graphs. cWisely follow the presentations by Haggh Jensen
and Milner (2004); Milner (2004a), so readers who are faamilvith loc.cit. may skip these brief sections. In
Section 2.5 we present our inductive characterization dthiag for place graph expressions.

2.1 Definition of Place Graphs

We begin by calling to mind the definition of the category adg# graphs. Furhter details and explanations can
be found elsewhere (Hagh Jensen and Milner, 2004).

Definition 2.1. A signature K is a set whose elements are caltexhtrols. For eachK € IC, it tells whetherK is
activeor passive

Definition 2.2. An interface I is simply a finite ordinain.



Definition 2.3 (place graph) A (concrete) place graphover signaturdC G = (V, ctrl, prnt) : m — n has an
inner width m and arouter width 7, both finite ordinals; a finite sét of nodes with a control magrl : V — K;
and aparent mapprnt : m V. — V& n. The parent map iacyclic, i.e.,prntk(v) # v, forallk > 0andv € V.

The parent maprnt represents a forest of unordered trees. The widths andn of G : m — n index its
sites0, ..., m — 1 androotsO0, ..., n — 1, respectively. We useto denote the widtld. A place graph with inner
width € is called aragent

Place graphs are composed as follows. Get= (Vj,ctrl;, prnt;) : m; — mjyq (i € {0,1}) be place
graphs withVy N V; = @; then Gy o Gy def (V,ctrl, prut), whereV = VoWV, ctrl = ctrlyWctrly, and
prnt = (idy, W prnt,) o (prat, Widy, ). def

The identity place graph at isid,, = (@, ®,idy) : m — m.

The tensor produd ® | of two interfaced = m and] = n is simplym + n, and the tensor product of two
place graphs : k — [ andG : m — n with disjoint node sets i§ ® G : k + m — [ + n. It consists of placing
the two forests side-by-side (see Hagh Jensen and Miln&d(Zefinition 7.5) for a formal definition). Note that
€ = Ois the unit for®, in the sense thdi ® e = e ® F = F, for all place graph&. Thus, an interated tensor
productFy ® - - - ® Fy_1 equaldde = idg in casek = 0.

A place graplG : m — n is activeif, for all sitess € m, all ancestor nodes afin G (obtained via the parent
function, of course) have an active control.

Two concrete place graphs, and G; are said to besupport equivalent, Gy = Gy, if they differ only by
a bijection between their nodes. Aabstract place graphconsists of an=-equivalence class of concrete place
graphs. Composition and identity of abstract place graplgévien by composition and identity of concrete place
graphs, and this provides a well-defineategory of place graphswith interfaces as objects and abstract place
graphs as morphisms. The induced tensor product on abptemetgraphs, defined By~ ® [G]-~ def [F®Gl=,
makes it into a strict symmetric monoidal category.

2.2 Discrete Normal Form

A placing is a place graptn — »n with no nodes. All placings can be expressed (by compositimhtensoring)
in terms of three kinds of placings (see Figure 1):

1 : 0—-1 a barren root
join @ 2—1 join two sites
Ymn = m4+n—n+m swapm with n places

———— - ———— - -——— e - ———— - -——— e - _———— e — -

Figure 1:1, join, and~y,, , (using the abbreviatiop = m +n — 1)

We usert to range ovepermutations, those placings generated from thg ..

Definition 2.4 (merge) For allm > 0 we definemerge,, : m — 1 recursively, by

def
mergey = 1

merge,, 4 fof join(id; @ merge,, ).
Note thatmerge, = id; and thusnerge, = join.
A discrete ionK : 1 — 1 is a place graph with a single node with contfglsee Figure 2.

Definition 2.5 (prime, discrete) An interfacel = m is prime if m = 1. We then say that it hasit width . A
place grapltG : I — [ isprime if | is prime. All place graphs amiscrete



Figure 2: Anion

A discrete moleculeM is a prime discrete place graph having a single outermost.hod
The following is part of Theorem 4.5 from the work of MilnerQ@4a), restricted to place graphs.

Theorem 2.6(discrete normal form)
1. Adiscrete molecul®! may be uniquely expressedl&®, whereP is a discrete prime.

2. Adiscrete prime may be expressedas merge,, . (idy ® My ® - - - @ My_1)7t, where eactM; : m; — 1
is a discrete molecule. Any other such expressidhtakes the formmerge,, ; (id, @ My® - - - @ M;_;) 7',
where there exist permutationnn, ¥ onn, andy; onm; (i € k) such that

Mj=Myppi and (Ve )m = (id @ puo® - @ pp_q) 7,

wherex’ = % is defined in terms of and.

3. A discrete place graph with outer widthmay be expressed 4% ® - - - ® P,_1)7, where eachp; is
discrete prime. Any oter such expressioribfakes the form{(P; ® - - - ® P/ ;)7 ® a, whereP! = P;r;
and (7o ® - - - ® 7, _1) 77’ = 7 for certain permutations;.

4. A place graplB with outer widthn may be uniquely expressedidgD, whereD is a discrete place graph.

2.3 Place Graph Expressions and Axioms

The set opblace graph expressionss defined as the smallest set of terms built by compositiait@nsor product
from the identities and the following constants:

1 join  yma K

Each expressioh has two interfaces; we writé : I — [, wherel and] are simply numbers. The interface for
an expression is determined in the standard way by inductience it is clear exactly which place graph a place
graph expression denotes. We wtitedf = F when the equatiofi = F isvalid, i.e., when the expressions denote
the same place graph.

There are the following equational axioms over place graqgnessions:

CATEGORICAL AXIOMS:

Aidj= A =id;A (A:T1—7])
A(BC) = (AB)C
ARide= A =ide®A
AR (B®C) = (A®B)®C
idi®id; = idigy
(A140) ® (B1Bo) = (A1 ® B1)(Ag® Bp)
Ye = idg
Y7L = idigy
PLACE AXIOMS:
join(l®idy) = idy
join(join ®id1) = join(id; ® join)
joinyin = join.

1Since all place graphs are discrete we could omit the womtetis; we have included it here to make the transition toibipbigraphs in
subsequent sections easier.



We write- E = F if the equation iprovable, that is, if it can be derived from the axioms above.

Definition 2.7. (discrete normal form) There are four kinds of discrete nalffarm expressions:

MDNF M == KP

PONF P u= merge, (idy @ Mo ® -+ @ My_q)7
DDNF D 1= (Ph®---®P, )7

BDNF B := id,D.

Proposition 2.8. (provable normal forms) Lef be a place graph expression.
If E denotes a molecule, thénE = M for someMDNF M.
If E denotes a prime, then E = P for somePDNF M.

If E denotes a place graph, thénE = D for someDDNF M.

A

If G is any place graph expression, thenG = B for SomeBDNF B.

Remark 2.9. We note that the proof is constructive and thus defines arrittigofor transforming place graph
expressions into discrete normal form.

Theorem 2.10. (Soundess and completeness) For all place graph expresBiandF, - E = Fiff F E = F.

2.4 Reactions and Matching of Place Graphs

We recall the notion of reaction of place graphs defined bytH#msen and Milner (2004).

A ground reaction rule is a pair of place graph@, '), wherer andr’ are ground with the same outer face.
Given a set of ground reaction rules, tteaction relation over agents is the least relation, closed under support
equivalence=), such thatC o r — C o ¥/, for each activeC and each ground rulg, r').

A parametric reaction rule has aredex R and areactum R’, and takes the form

(R:I—J,R:T'—],p),

where the third component is a so-calliedtantiation(for the formal definition, see Hggh Jensen and Milner
(2004)). For every discrete place graph I, the parametric rule generates the ground reaction rule

(Rod,R' o (p(d))),

wherep(d) is the application of the instantitation #o(we again omit the formal definition, séa.cit.).

The matching of place graphs problemthus is to determine, given a red&: I — ] and a place graph
agentA, the set of all pairgC, d), with C active andf : I a discrete place graph, such titab Rod = A. (For
each such paifC, d), we then know how to rewrite the ageat)?

Note that this definition is at a “semantic” level, involviagtual place graphs. In the next section we present a
syntactic formulation using place graph expressions, wiie believe is more suitable for implementing matching
algorithms.

2.5 Matching of Place Graph Expressions

The matching of place-graph expressions problenis to determine, given a place graph expresston] — |
and a place graph agent expressibnthe set of all pairgC,d), with C an active place graph expression and
d : 0 — [ adiscrete place graph expression suchith@to Rod = A.

The decision problem for matching of place-graph expressionss to determine, giverR : [ — |, A,
C, andd (all as above), whethér Co Rod = A. We define the relatiolk, A — C,d to hold just in case
E CoRod = A. Inthis section we present amductivecharacterization of this relation. Our characterizat®n i
by induction over the structure of the place graph expressftcand A. Thus it provides a precise characterization
of what a matching algorithm should satisfy by inductionfoand A, the input to the matching algorithm.

20f course, there are variations of the problem, where oge, geeks to find only one pai€, d) such thalCo R od = A. In the following
we will be interested in giving aompletedescription, i.e., in describingll possibly pairs, and thus we focus on the version of the proble
defined here.



Our inductive characterization uses the discrete normat$édor place graph expressions. It suffices to give
a characterization of the relatidty A — C,d for R and A in discrete normal form since given any othieiand
A, we may compute the discrete normal foRhof R and A’ of A (see Remark 2.9) and then use our inductive
characterization to determine whetr A’ — C, d, since then we, of course, also ha&eA — C,d.

We present our inductive characterization by means of énfee rules. To express them we make use of some
notation for particular permutations and mappings, whighiatroduce in the next two subsections before pre-
senting the inference rules themselves. We do include sotuiive comments in the next two subsections, but
the permutations and mappings are probably best undergtommhnection with the inference rules in Subsec-
tion 2.5.3.

We now give an overview of the ideas used for the inductiveattarization of the relation®, A — C, d,
whereR, A, C, andd are (possibly wide) place graph expressions. First, theatterization eliminates the
wideness ofA : n by dividing R into n redexesRy, - - -, R,,_1, each of which can possibly (again) be wide. Thus,
to establishR, A — C,d, essentially, the characterization first establisRgsA; — C;, d; for eachi € n, and
thereafter constructS andd from C; andd;, i € n. Once the wideness dof is eliminated, the characterization
works inductively on each of the trees;, by eliminating one level of the tree at a time. At each stepeta
of so-calledv functions, which have to satisfy a certain relation (callee splitting relation), determine which
molecules at top-level id; should be matched by a molecule or a site at top-levé!;inrand which molecules
at top-level inA; should contribute to the induced context and possibly leieel matching of redexes. At each
level, a context and a parameter (both possibly wide) areded from the contexts and parameters induced at
lower levels.

In the following we use— to denote total functions ane: to denote partial functions. Moreover, we write
®i_Bito meanBy ® - - - ® By. Givenv : m — n, we define®,(;)— B; to mean(g)?;ol B, whereB] = B; if
v(i) = k andB; = idy, otherwise.

2.5.1 The permutationtV

Given a functionv : n — n’, define a permutation” : n — n by 7V(j) = v(j) + v(j), wherev(j) =
{i" | v(j") < v(j)} andV(j) = |{j' | v(j) = v(j) Aj* < j}|. Further, for anyn-permutationt andn-

. -1
vector of natural numberg, we definert; (j + Z;,‘:lo mrl(i/)) =j+ Z:,TZO(’)A m;, where0 < i < n and
0 <j <mga. Wewriterr’; as7;.
For instance, if = [3,0,1,2,2,2,0,1] and
v={0—12—1,4—1,1—3,5+—3,3+—4,6+— 4,7 — 4},
then we have

n"={0~02—14—21+—35—43—56—67—7}

and a corresponding’., as illustrated by the diagram in Figure 3. The intentiomét tvhenv maps redex prime
indices to bigraph molecule indices! maps the prime indices to context site indices.

Lemma 2.11. Assumey), ;) orders thei’s in ascending order and let primel : [; — 1fori € n be
given. Definen;» = |{i | v(i) = i"}|. If the inner face oB/) is m;, then(Bj @ --- ® B!, | )m’(Pp®---®

Py1) 7ty = @iy Bin(®u(iy=in Pi)

Given a list of bigraphsy : my — Jo,...,By_1 : my_1 — Jpy_1 withn = Y ,c,»m; and a permutation
m:n — n, we define™ : n — n’ byv™(j) = i, where0 < 7(j) — Tt my < m;.

Lemma 2.12. GivenBy, ..., B,y_; andr, then
1. v""is well-defined
2.0 =y

T

3. there existy, . .., 7r,y_q suchthat(my ® - - - @ m,_1) 1" = 1.



Figure 3: Constructingr” and7t, fromv. Vectori = [3,0,1,2,2,2,0,1].

2.5.2 The Splitting Relation

The degrees of freedom in the matching characterizationdagsulated in a relation between a series fafnc-

tions, called asplit. We say that two vectors of functiomsand? and two additional functions; : n — k and

v : k" — k, satisfy the split relation, writtesplit(V/, U,v:n — kv :k" — k), if the following conditions are
satisfied:

-

V= (Ullkl =k, Uy ey —>k) V= (171 tk—nq,..., 0y :kénn/)
Vien' :v;,7 injective
K" =k — (Liew ki + | preimg(7;)[) — | img(v)|
Wiew img(vi) ¥ Wi, preimg(v;) W img(v) & img(v) = k

At every level in the inference, the functions determine how nodes of the redex are matched tesofithe
bigraph in question, as illustrated in Figure 4.

b;
\
|
|

<U— O
<Y— =

Figure 4: At each level oA, thev functions determine how the nodesAfare matched

Whereas each; function maps molecules in thigh prime in the redex to molecules in the agent, eadiunction
maps molecules in the agent to molecules inittreprime in the redex. Moreover, the function maps primes
in the redex to molecules in the agent. Tihdunction points at those molecules in the agent that are to be



considered part of the enclosing context (and not part of¢tex). For thes functions to satisfy the split relation,
each molecule at top-level in the redex primes must be at¢eduor exactly once. Similarly, each molecule at
top-level in the agent must be accounted for exactly once.

2.5.3 Inductive Characterization of Place Graph Expressio Matching

We now present an inductive characterization of place gexpihession matching in the form of a set of inference
rules. The first rule we present allow inferences of sentemdéehe formBX, B4 — BC,d, whereBR and B4
denote the redex and the agent, respectively (in discretaaidorm), whereBC is the context in which the match
occurs, and wherg is the parameter of such a match. Whereas the first rule détidath the BDNF and the
DDNF cases of discrete normal form, the remaining rules deéthlthe PDNF and MDNF cases, individually.

Top-level BDNF/DDNF Matching | BR,BA— BC,d
ViEﬂZPiZmiﬁl T?l:[mo,...,mnfl]

Vil e n': TTj (®V(i):i’ PZ) ’Pi,/ i>Pl-//, di’ vin—n'

dy®---@d, | =dy®-- - ®@dy_4 VjEm:d}prime ft = (7%) " n

idn(PO@"'@Pnfl)T[:m—}n/ idn/(P6®"'®P;l/_1)id0:n/
— idy(Pfmo®--- @ P my_q)7" :n— 1, d%(o) ® - ®d%<m71) sm

Notes:

e From the definition of discrete normal form, the red@k takes the fornid,, (Py ® - -+ ® P,_1)7t : m — n
andB“ takes the fornid,/ (P @ - - @ P/, ,)idg : n’ (agents are ground).

e The notatiorr; (®V(i):i, Pi) is ashorthand forP{ @ - - - ® Pli,» whereP} ® - - '®Plii = 11y (®V(i):i/ Pi)

e The rule splits the redex intd subredexes, where the subredex with index »’ is defined byr; (®V(i):i, PI-).
Given aredex and an agent, different derivations may bealgessith different choices of andrny, . .., 77,/ _1.

e The final number: of prime parameters in the rule may be either smaller thamtidal to, or larger than
the number of induced parameter bigraplys. .., d,,_1, each of which are not necessarily prime. The
width of eachd;/, wherei’ € n’, depends on the number of sites in the subredex with iffdex

e Forj ¢ img(v), we will getPj” = Pj’ andd; = ido, due to the following rules.

The remaining four rules of the inductive characterizatio@ mutually recursive. The first two of these rules
allow inferences of sentences of the for®§® - - - ® PR |, p4 < PCa andPf @ --- @ PR |, M4 < MC, 4,
respectively. These rules serve to build up the surroundargext of a redex match and to propagate potential
parameters of such a match.

PDNF Context Matching PR®---®@PR P4 < pC 4




Pct

m(Pp®---®P,  @Ph® - ®P_)T=P/®---QP,_, m=[mg,..., mMy_1]
vien': Pl =merge, , (idy @M@ @M{ i lj—1  Vien:Prim—1
split((vy : kg = koo, v tky — k), (I ik —ny,..., 0y k—=ny),vin—kv:k" —k)
K" = |img(v)|

r i+ . . 4 . .
;fl ] Vien,jen;: d; = mergeoﬂﬂi_l(j)‘ (Id() 2y ®l7i(j'):j M]-/) idg

Vien,jeki: M, M, <d
vien:dlo--@d ' = - od™ vien,jel;:d) prime
Viek: (®V(].,):l. pj,) M <M, D, Vien:Di=d"Vg...gdml
Dy®---®D,y_q:m dy®@---®d , ;=Dy®--- @Dy Vjern":d;prime

" = (idy @ 7¥) (7)1 = (idn @ %)

7t
Pf@---@P),_,:m" —n", mergey, (idg® My ® - - ® My_1)idg : 1

C .
— mergen/+k//+k///(ldn/ &® Mﬁ(O) R R MU(k”—l) X ®j€img(v) M]/-)T[N : 7’[” — 1,
/ !/ . 1
dﬁ(O) Q- ® dﬁ(m/ul) sm

Notes:

MDNF Context Matching PR@---@PR |, MAS MC,d

Pl®---® Pé_l are the redex primes that are mapped at this level (i.e?p Py ® - - - ® P,_; are the
redex primes that are mapped at deeper levels (i.e., iddid®. The permutationsr and7’ facilitates the
necessary reordering for placing the redex primes matchthdsaevel as the first’ primes of the totah’
redex primes.

Each of the:’ redex primes matched at this level of the induction are on Piim and can thus be written
asP] = mergeni+ki(idni oM@ @ Mf"’l)ni : I; — 1, wherei is the index of the prime in question.

Here theid,,, represents sites at this level and mé? - ® Mf-‘f_l represents molecules that must be
matched at this level against molecules in the agent.

The split condition on ther functions ensures that each molecule at top-level in thexguimes is ac-
counted for exactly once and that each molecule at top-lexthe agent is accounted for exactly once.

Thev; functions determine how to match (top-level) node®bfo nodes ofP4.
Thew; functions determine how to match (top-level) site’pfo nodes ofP4,
Thev function determines in which (top-level) nodesist eachP; should be matched.

The function determines which remaining (top-level) node®dfhave not been matched by any part of
the redex.

(®V(j/):i Pj/) , M; < M, id, if the tensor product is empty, i.e.f (i) = {}.
In total,¥;c,/k; molecules in the'’ redexes are matched directly against molecules in the agémis level.

If a moleculeM at this level in the agent is not matched against a molecudesie in a redex at this level,
either M is matched against a molecule or a site at a deeper level ex @ M is mathed by the context.

The resulting parameter has outer widtt{, which equals the number of sites in (the inner width of) the
redex.




Po®---®P,_1,P'<> P’ d  Kisactive om = 0
Py® - ®Py_1,KP' < KP",d

Mctx

The last two rules allow inferences of sentences of the fakifs M4 < d and PR, PA <5 4, respectively.
These rules serve to pinpoint explicitly which part of theeagare matched by a part of redex and which parts
serve as parameters.

MDNF Redex Matching MR, MA L g

PP < d

MI’dX—r
KP,KP' —d

Notes:

e This rule reads that an agent molecule with conktahatches a redex molecule with contkd], resulting
in a parameted, only if K = K’ and matching of the content of the agent molecule againstdhtent of
the redex molecule results in the parameter

PDNF Redex Matching PR pAL g

v:k — Kk injective  Vj€n:v;:k; — k' injective img(v) ¥ e, img(7;) = K’

Vien:d;= mergeo+kj(id0 ® M%j(o) ®-® M,vj(kj—l))ido Viek: M, ML(i) Sdy
dy@--@d, | =dy® - @dyif1 Vjem:d;prime
merge, 1 (idy @ My ® - -+ @ My_q)7 : m — 1, mergey, s (idg @ My @ - - - @ M}, _;)idg : 1
= ) @By

Prd

m—1) m
Notes:

e Here thev function specifies which molecules in the redex are matclyzinat which molecules in the
agent.

e The three conditions on thefunction and they; functions { € n, wheren is the number of sites at this

level in the redex) ensures that a molecule in the redexhgeihatched directly by a molecule in the agent
or is matched by a site at this level in the redex.
Lemma 2.13. For any discrete prime place graph expressidfsand P4,
PR, PAL diff PR:m — 1, PA: 1, d: mis discrete, and= P4 = PRd
Proof. See Appendix A. O
Lemma 2.14. If idg, PA <% PC d thenE PC = PA andE d = ido.

Proof. As n” = 0, we getn = n’ = k" = 0 andk” = k; further, 7 is a permutation ort, and 7"’ =
(idg ® ido)idy ' = ido, SO

P = merge, o (idy @ Mp() ® -+ @ My(pr_1) @ ®jeimg(v) M)"
= mergey ;(idg® Mo ® -+ ® My_1)idg = PA,
Finally,d = idy is shown by induction on the inference tree height. O
Lemma 2.15. For any discrete prime place graph expressié{s. .., PX, |, PAwe havePf @ --- @ P§, |, P4
S PCdiff PR - @ PE, | :m" —n", PC:n" — 1isan active discrete prime expressian, m" is discrete
expression, ané P4 = PC(PR® --- @ PX, )d.
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Proof. See Appendix A. O

Theorem 2.16(Characterization of place graph expression matchifgy any redexBR : m — n and place
graph expressioB : n” we haveBRBA < BC 4 iff BC : n — n' is active, d : m is discrete, ands BA =
BCBR4.

Proof. See Appendix A. O

3 Matching of Binding Bigraphs

We begin this section by recalling the definition of bindirigraphs (Hggh Jensen and Milner, 2004) in Subsec-
tion 3.1. We then go on in Subsection 3.2 to present our aisabfsbinding bigraphs at the “semantic level”
and arrive at a binding discrete normal form theorem (TheoBel3), which is a generalization of Milner’s cor-
responding theorem for pure bigraphs (Milner, 2004a). Ttaénntechnical novelties are that we generalize the
definition of ion and that we use name-discreteness as oimmnot discreteness — name-discreteness and bind-
ing ions allow for arbitrary wiring ofbboundedges and provide the basis for an inductive definition ofrradr
form. See Subsection 3.2.6 for more discussion of this isBhe semantic analysis is then used in the subsequent
Subsection 3.3 as the basis for a definition of binding biy@pressions, a syntactic definition of normal form,
and sound and complete axioms for equality of binding bigmpressions. It also contains a subsubsection with
a long list of examples of normal forms and their correspogdjraphical representation. Finally, we present our
inductive characterization of matching of binding bigragtpressions in Subsection 3.4 together with a worked
example of a derivation exemplifying most of the intricacad the inference rules.

3.1 Definition of Binding Bigraphs
We recall the definition of binding bigraphs (Hagh Jensenidiider, 2004).

Definition 3.1 (binding signature) A binding signature IC is a set ofcontrols. For eachK € K it provides
a pair of finite ordinals: théinding arity ar,(K) = h and thefree arity arg(K) = k. We writear(K) =
arp (K) + ar¢(K).

Further, it determines a simpkénd for K; K can beatomic or (for the non-atomic controlgctive or passive
If K is passive then is 0. We writeK : kind(h — k) to mean thaK has kindkind, binding arityk and free arity
k. When we are not concerned with the kind part of the contrelywite K : i — k.

Definition 3.2 (binding interface) A binding interface I = (m, loc, X), consists of avidth m, a finite set of
namesX, and alocality map loc : X — m W L, which associates some of the nameXiwith a location inm;
if loc(x) = i € m,we sayx islocatedati orlocaltoi. Whenloc(x) = _L we sayx is global.

As is standard, for an interfade= (m, loc, X) we shall typically represent the locality map by a vector of
disjoint subsetX = (Xo,---, Xm_1), whereX; is the set of names local foc m. If I is global, meaning that all
names inl are global, then we may writesimply as(m, X), or justm, if X = @, or X, if m = 0.

We callI prime if m = 1. In that case, we shall sometimes writas ((X), Y) or just(X) if it is local, or
(Y) if it is global.

We usec to denote the interfac@, (), @).

A binding bigraph will have two binding interfaces and wikk ka pairing of aplace graph as defined in
Definition 2.3, and dink graph following a simple structural requirement, teeope rule
We start by briefly calling to mind the definition of link gragh

Definition 3.3 (link graph) A (concreté link graph G over a signaturéC, is a tuple(V, E, ctrl, link) : X — Y
with finite sets of node¥, edgesE, inner names X, andouter namesY. As place graphs it has a control map
ctrl : V. — K assigning controls to nodes. The functidwk : X & P — E W'Y mapspoints, i.e., inner nameX
and portsP = Yy ar(ctrl V) of G tolinks, i.e., outer name¥ and edge&.

We call a linkidle if it has no preimage undéink. An outer name is anpenlink, and an edge is elosed
link. A pointis calledopenif its link is open, otherwise closed. Further, we call twstdict points on the same
link peers

11



The composition of two link graph&; = (V;, Ei,dctfrli,linki) : X; — X;1 (@ € {0,1}) is defined when
VonNVy = ®@andEyNE; = @; and is thenGy o Gy = (V,E,ctrl, Flink) : Xy — X5; whereV = Vpu V7,
E = Eg W Eq, ctrl = ctrly W ctrly, andlinfk = (idg, & linky) o (linkg W idp, ).

The identity link graph aK isidx = (©,9,®,idx) : X — X.

The tensor product of two link graph interfac&sandY is just disjoint union,.X & Y. Tensor product of
link grapglstl = (V;, E;, ctrl;, link;) : X; — Y; is simply the disjoint union of the underlying constituents
Go® Gy = (VyWVy, EgW Eq, ctrlg Wetrly, linkg Wlinky) : Xo @ X1 — Yy ® Yi.

Definition 3.4 (binding bigraph) A (concrete binding bigraph G = (V,E,ctrl, G¥,GY) : T — ] over a
signatureXC has aninner interface (or inner face) I = (m, loc;, X) and anouter interface (or outer face)
J = (n,loc;,Y). HereV, E andctrl are finite sets of nodes, edges, and a control otdp V — [, exactly as
for link graphs.

The fourth componer@® = (V, ctrl, prnt) : m — n is a place graph, while the fift6 = (V, E, ctrl, link) :
X — Yisalink graph.

We require thatG adheres to thecope rulebelow.

Definition 3.5 (scope rule) Let thebinders of G be the binding ports of nodes i and the local names of its
outer faceJ.

If p is a binder located at a node or raot then for all peerg’ of p, loc(p’) = w' must implyw’ =
pritly (w), for somek > 0.

We say that a link iBound if it contains a binder, otherwideee. As usual, we extend this terminology to the
points in the link. Binding bigraphG : I — | are said to béree if its outer face] is global, i.e., the image déc;
is L.

A binding bigraphG is given entirely by its underlying placg® and link graphGt and its binding interfacek
and]. We writeG = (G?,G%) : I — J. We shall sometimes use a variant of the 5-tuple notatiorrewve inline
the components unique to the place graph and link graph coemts, i.e.G = (V, E, ctrl, prnt, link) : I — ].

Furthermore, we shall need notation for ports on nodes witHlibg controls to precisely specify concrete link
maps. For a node with controlK : b — f, we letpg, ..., pﬁl denote the free ports of andpz(’o), ey pz(’h_l)

denote the binding ports of

Composition and tensor product of concrete binding bigsaph = <GiP, G}} : I; — ]; are given by
composition and tensor product of their underlying place Bmk graphs, and by the tensor product of binding
interfaces. We have only to explain the latter: Tensor peodiéibinding interfaces; = (m;, X;, X)islhp® I def
(mo + my, XoXq, Xo W X1) (letting juxtaposition denote vector concatega}tmn)

Hence, if the bigraphs above have disjoint node and edgeGetsGy = (GF o GE,GLoGE) : Iy —
is defined ifl; = Jo: andG; ® Go % <GP ®GE,GLeGl) : hel, — Jy® ] if the tensor products of the
interfaces are defined. (See Hggh Jensen and Mllner (20@pteriLl) for more details.)

Not surprisingly, the identity for composition is given bypairing of the identities for composition for place
graphs and link graphs. If= (m, loc, X) thenid; def (idy,idx) : I — 1.

The identity for tensor i&d.; thus, an iterated tensor produ¢t® - - - ® F,_; equalsd, in casek = 0.

We say that two concrete binding bigrapfig and G, arelean-support equivalent denotedGy < Gy, iff
they differ only by a bijection between their nodes and thein-idle edges; idle edges are disregarded entirely.

Abstract binding bigraphs are<=-equivalence classes of concrete binding bigraphs. Conipagensor and
identity of abstract binding bigraphs are given by composittensor and identity of the underlying concrete bi-
graphs. Taking interfaces as objects and abstract bindgrgghs as morphisms we have a well-defioategory
of binding bigraphs.

We conclude this section by introducing some more propeiied terminology for binding bigraphs. A
ground bigraph is a bigraph with inner face We shall also refer to such a bigraph asagent A bigraph
G : I — Jis calledprime, if I is local and] is prime.

We shall need to consider and distinguish several forntisafretenesswhich we define below.

Definition 3.6 (Variants of discreteness)
e We say that a bigraph discreteiff every free link is an outer name and has exactly one point.

e A bigraph isname-discretéeiff it is discrete and every bound link is either an edge, bit {5 an outer name)
has exactly one point.

12
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Figure 51, join, andy,, (X7) (using the abbreviatiop = m +n — 1)

e Abigraph is inner-discrete iff every inner name has exaotig peer.
Note that name-discrete implies discrete. Discretenessiame-discreteness share several nice properties.

Lemma 3.7. If A andB are discrete, themrA ® B, (Y)A, and AB are also discrete. The same holds for name-
discrete bigraphsA andB.

3.2 Binding Discrete Normal Form
3.2.1 Placings

To accommodate the local names introduced in binding biggawe extend thplacingsalready introduced for
place graphs:

1 : e—1 a barren root,
join : 2—1 join two sites,
(mg +my, XoX1, Xo & X1) — (mq + mq, X1 Xo, Xo & X1)

swapm with n places preserving names.

Ving,my, (X0, X1)

Compared to the swap bigraph defined for place grapfjs, (X7) lets a set of local names for each site follow
the site they stem from, in the only way allowed by the scope ru
We shall continue to use to range ovepermutations, placings generated by composition and tensor product
from
m,n,(

(XZ)
Forl; = (m;, Xk, X W Xr) (i € {0,1}) we define
def .
Yo, 11 = Y ® idx,.

mg,ml,(X%,X};)

We definemerge, recursively fromjoin and1 as for placings.

3.2.2 Linkings

A linking is a (pure) link grapiX — Y, that has no nodes. All linkings can be expressed in terntssofidiowing
two kinds:

/x : x—¢€ closure,
y/X : X —y substitutionx — y (forall x € X).

A closure closes a single link. F&f = {xo,...,x;_1} andk > 0 we define a multiple closur¢X def /%) ®
oo ® /xp_1. ForY = {yo,...,yx_1}, k > 0, and disjoint sety, ..., X;_; we define a multiple substition
y/)? def Yo/ Xo® ... ® yr_1/Xx_1. Note that a substitution need not be surjective (i.e., ek = @),
thus the dual of closure — name introductipn e — y — is a substitution. Aenaming is a bijective (multiple)
substitution, i.e., eacl; above is a singleton. Rviring is a bigraph with zero width (and hence no local names)
generated by composition and tensor/afandy / X.

As in the work by Milner (2004a), we leb range over wiringsg range over (multiple) substitutions and
andp range over renamings.
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3.2.3 Concretions

A simple concretionis a discrete prime which maps a s€tof local inner names severally to equally named
global names.

X7 : (X)— (X) -concretion.
Note that a special case of a simple concretiadjis= "@™.

Figure 6:" X

3.2.4 Abstractions

An abstractionis a construction defined for every prinfte which localizes a subset of the global name® of
For every primeP : [ — ((Yp),Y), let

(X)P :I— ((YpwWX),Y) abstraction orP,

whereX C Y\ Yp.

Note that the scope rule is necessarily respected sincattiee face ofP is required to be local aB is prime.
Abstractions are in some sense the dual to concretions,r@ndxioms concerning abstraction and concretion
reflect this (see Table 1).

Using abstraction we can express concretions in the semsel@oH@gh Jensen and Milner (2004). As we
will need them later, we introduce a special notation toimiggtish such concretions from the simple ones. We
define a general concretiony X : (1, (X wY), XWY) — (1,(X), X wY) in terms of a simple concretion and
abstractionaS§Y™X = (X)X wY".

With the help of linkings we gdbcal wirings — bigraphs that by composition can change the linkage ofloca

names. We define lacal renaming (for vectors of nameg andx s.t. |ij| = |%|) by (7)/(¥) = (/) (/X ®

€

id;)"%7). We extend this notation to multiple substitutions, andrefif) / (X) % () ((5/X @ id; ) X").

Just as plain substitutions can introduce idle global natoeal substitutions can introduce idle local names
when their underlying global substitution is not surjeet{e.qg. as if(y) /(?)).

We extend the naming convention for global renamings andtiutions, and let!°¢ and¢'°¢ range over
local renamings and substitutions, respectively. Furttosvards stating the axioms succinctly, we shall need to
applya local substitution°¢ to a vector of namesef$. Formally:

Definition 3.8 (Applying a local wiring) Let ¢ be the function underlying!¢. Wlog. assume that'®c =
(ﬁ)/(Z), thenallloc = [ . ,Z? — Uj,.. "Z|Zi| — Uj,.. ]

Defines!°¢(X) to be the imagele¢(X).

We definarl"c(f() as the vector of namesets resulting from applyitff pointwise to each set iX.

We can generate all isomorphisms in the category of bindiggaphs using permutations, renamings, and
local renamings (cf. Hagh Jensen and Milner (2004, Projposi.2b)):

Proposition 3.9. Every binding bigraph isomorphism; (m,Z,Z w U) — (m,X,X & Y) (of widthn) may
be expressed in the following form

1=(MRa)(V®...0 Vy_1 ®idy)
where these requirements hold:
o m=|X|=|Z|,
e n:U—Y,

eViem:v; = (E)/(zﬂ) for X = (X(),...,xm_l), andZ = (Zo,...,Zm_l).
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3.2.5 Bindingion

For a non-atomic contrdk : b — f € K, let i be a sequence of distinct names, @@ sequence of sets of
distinct names, s.{X| = band|Y| = f.

Thebinding ion Kyiz) - (1,(X),X) — (1,(D),Y) is a prime bigraph with a single node of contfolwith
free ports linked severally to global outer nanjesind each binding poite b linked to all local inner names in
X;.

Kyzy - (X) — (Y) abindingion

Figure 7: A binding ion

Figure 7 shows an (abstract) binding ion.

This definition of binding ion is a straightforward genetaliion of thefree discrete iondefined by Hagh
Jensen and Milner (2004, Chapter 11). We can recapture ttiee by requiring every set iX to be a singleton.
WhenX = ({x0},...,{x,_1}), we overload our notation and wrif§; z) to mean a free discrete ion.

It is useful to take the slightly more complex binding ion asoaistant, when stating the axioms and proving
completeness of the derived theory. For a further discassiothis topic, see Section 3.2.6.

As a derived form we definmoleculesfor binding bigraphs.

Definition 3.10. For any name-discrete prinfe: I — (1, (X), X W Z) and ionKy(X), we define dree discrete
moleculeas

(Kyz) ®@idz)P: 1= (1,(2), YW Z)

Note that even though we use the more general binding ionérd#finition above, our definition of free
discrete molecules are equal to the one given by Hagh Jensellitner (2004, Chapter 11), in the sense that it
covers the same set of bigraphs.

As P is discrete and prime it is easily seen tiAdtis also discrete and prime. In fact,

Proposition 3.11. A free discrete molecule is a name-discrete, prime bigrajpi avsingle outermost node.

This relies on the fact that both name-discreteness ancetistess is preserved under composition and tensor
(Lemma 3.7). Further, every free discrete bigraph is alsoerdiscrete.
Vice versa,

Proposition 3.12. Any free discrete prime bigraph with a single outermost nisdefree discrete molecule.

3.2.6 Binding discrete normal form

In this section we present our binding discrete normal folheotem. It is used in the following section as a
basis for the definition of binding bigraph expressions amdaf corresponding syntactic normal form theorem.
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Our discrete normal form theorem is based on name-disasterather than simply discreteness, as in Milner's
corresponding normal form theorem for pure bigraphs. Tlsoa we use name-discreteness here is that simple
discreteness is not preserved under abstractions andetmms, as needed foindingbigraphs. Indeed, consider
a discrete bigraptD with width n. Thn (®;.,,"X;")D is not discrete, ifD is not name-discrete. Given a
nondiscrete prim@ : [ — ((X),XwY), (Y)P:I — (XWY) is discrete. Our use of name-discreteness allows
us to impose nearly the same level of constraints on lockatie and on global linkage. As a consequence, it
is easy to verify that both abstraction and composition withcretions preserves both name-discreteness and
non-name-discreteness. Name-discreteness still alldvitseay wiring of boundedges, though. Exactly for that
reason, we have chosen to take the binding ion as a constant taerm language. Syntactically, this allows us to
restrict the usage of substitutions and to define a simpledtiek property that characterizes name-discreteness.
We simply use the binding ion, and the fact that it is not indiscrete to add arbitrary bound linkage.

We proceed by defining four forms of binding bigraph expressithat generate all binding bigraphs up to
certain specified isomorphisms. Based on the considestibove, the normal form is based on name-discrete
forms.

Theorem 3.13(binding discrete normal form)

1. Any free discrete molecuM : I — (1, (®),y W Z) can be expressed as
M = (Kyz ®idz ) P

whereP : [ — (1, (X), X W Z) is a name-discrete prime.
Any other such expression fM takes the form

. /
(Kgizy ®1dz) P
where the following requirements hold:

o there exists a local renaming®c : (X’) — (X) s.t. Kg(;()le"“ = Kj 5, and

(X")
e P=(al°“®idy)P.

2. Any name-discrete prime: I — (1, (Yg),Y) may be expressed as
P = (Yg) ((merge,,  Qidy) ((ag ®id1) " Xo @ ... ® (-1 Qid1) X1 ' QMo ®...® My_1) 1)

where even; : J; — (1, (@),YI.M> is a free discrete molecule, evéry; ' is a simple concretion, and
is a permutation.

The renamings; have the interfacesX; — Y<, wherel;c, YC Wy YM = Y
Any other such expression f@rtakes the form

(Y) ((merge, ., ®idy) ((ag ®id1) X' @ ... ® (a),_; ®id1) X;,_, @ My®...@ My_;) 1')

where the following requirements hold:

e There exist permutations p; (i € k), p/, s.t.
— (zx{] & id1)'_X6—' = (‘Xp(O) & id1)'_Xp(0)—'
- M; = MyGipin
- (Id(X[/)) ®...Q® ICI(X:7 ) RXPo& ... ®pk_1)7'[/ = p/ﬂ.'.

-1
e Furthermore, let denote the vector of inner widths of the product .
((ag@) id]) X" ®...® (-1 ®id)) X1 T @My ®...® My_q), letX = (X;,...,X,_,), and
let X = (Xo, ..., X_1)-

Thenp’ is determined uniquely by, I, X,andX’ asp'=p as defined in Lemma 3.15.

IX'X
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3. Any name-discrete bigragh (of outer widthn) can be expressed as
D=((Ph®...9P _1)n1)Q@u«

where eveny’; is a name-discrete prime, is a renaming, andrt is a permutation.
Any other such expression bftakes the form

(Ph®...0P,_))®a
where there exists permutatiops (i € n), s.t.P/ = Pp;, and(pg ® ... ® py—1)70 = 1.

4. Any bigraphG : I — (n, Ys, Yp & Yr) can be expressed as

G = (@@)/(2) ®w> D

i<n

whereD : I — (n, X, X & Z) is name-discretay : Z — Yr is a wiring, and®; ., (7;)/ (X;) : (X) —
(Y3) is a local substitution of width on the bound names &f.
Any other such expression Gftakes the form

<®(]7i)/(i/i) ®w/> D'

i<n

where there exists a renamings.t. w’ = wa, andn local renamingsa!¢ (X)) — (X)), st
(®i<n(#)/ (X)) Bicn ¢ = (®icu(71) / (X'1)), and (@ 2} @ ) D' = D.

Furthermore, for every class of expressions the given BBKgression is well defined and generabedy bi-
graphs of the appropriate type.

See Damgaard and Birkedal (2005) for a proof of the theorem.

3.3 Binding Bigraph Expressions and Axioms

The set obinding bigraph expressionsis defined as the smallest set of expressions built by coriposiensor
product and abstraction (on primes) from identities andcthestants we have just introduced:

1 join Vimg,mi,(Xo,%1) /x y/X X7 K?(X)
Each expression has two interfaces of the fdrm X, Y) which determines when tensor product, composition,
and abstraction are well defined. As for place graph expasshe interface for an expression can be determined
by induction. Similarly, we can determine the binding bjgiiadenoted by an expression by induction. As usual,
we writeF E = F to mean that the expressién= F is valid; and- E = F if the equation iprovable.

Milner (2004a) stated and proved a set of axioms completpdo bigraph expressions. We extend that result
and prove the set of axioms in Table 1 complete for bindingadyph expressions
Note that, as tensor product is defined only when name setedhterfaces are disjoint, and as abstraction is
defined only on prime bigraphs with the abstracted namesiotier face, we only require the equations to hold
when both sides are defined.

Below, we shall prove this set of axioms complete for the gartyg of abstract binding bigraphs. We build
upon the work on aximatizing pure bigraphs published by ®til(f2004a). Principally, we have extended the set
with 5 new axioms concerned with binding. We have, howeven altered Milner's axioms for ions, because
ions in binding bigraphs have names on both faces. The réngaaixioms are straight transfers (or very minor
adjustments in the case of swap bigraphs).
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Categorical axioms
(C1)
(C2)
(C3)
(C4)
(C5)
(C6)
(C7)
(C8)
(C9)

Global link axioms
(L1)
(L2)
(L3)
(L4)

Global place axioms
(P1)
(P2)
(P3)

Binding axioms
(B1)
(B2)
(B3)
(B4)
(BS)

lon axioms
(N1)
(N2)

Aid; =

A(BC)

ARide =

A® (B®C)

id; ® id

(A1 ® B1)(Ao ® Bo)
Yie

YIIYL]

Y1,k(A® B)

x/x

/yoy/x

/yoy

z/(YWy)o (idy ®y/X)

join(1®idq)
join(join ®idy )
JOin Y1 1,(,0)

(@)pP
(Y)’_Y—'
("X ®idy)(X)P

((Y)(P)) ®idxG

(XwY)P

(id; @ vc)Ky(l}Ez
Kz

L | s S [ s S

—idjA

(AB)C
—ide®A
(A®B)®C
id]@]

(A1Ap) ® (B1Bo)
idy

idrey

(B® A)vH,

idy
/x
ide
z/ (YW X)

idy
join(idy ® join)
join

Table 1: Axioms for binding bigraphs
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3.3.1 Preliminaries

Lemma 3.14(Wi£ing commutes with allqbinding bigraph expressianbpr all bigraph expression& : Iy — I
(wherely = (m,Z,Zw U) and; = (n, X, X wWY)), and for all wiringsw : (0, (), Yo) — (0, (), Y1) =Jo —

FGow = w®G
Lemma 3.15(The push-through lemma)For primesP; where
P (m, X, Xi) — (1, (YD), YPwyh),
and 7 : (n,YBY)— (nm(YB),Y)

and
YF =4 Y, YB = (Y8, ...,YB ),
i<n
Y,=YPuyl, Y=WY,
i<n
Xi= b (X);, X=X, Xu-1)-
j<m;

There exists a permutation, ; which depends solely am, m, andX, s.t.
F 7T O (PO ® ... ® Pn—l) = (Pﬂ_l((]) ® ... ® Pﬂ_l(nfl)) Oﬁm,x
We extend the place merging constructigerge to local interfaces.

Definition 3.16. Let bmerge(xolxl) thebindingmerge bigraph be defined as

bmerge x, x,) = (XoW Xq)((mergeRidx,ux,) o ("Xo @ X))

We also define an inductive derived fotmerge, 5
def

bmerge ) 1
bmerge, 3 ! bmerge(x,,xmil)o(bmergem_lx/ééidxm_l)
where X = (X0, , Xp—2, Xm—1),
X' = (Xo,---, Xm—2),
X=X,
i<m
X'= 1 X
i<m—1

We proceed by stating a few useful propertiebmﬁrge( Xo,X1)*
Lemma 3.17.

F bmerge(xl,XO) © lerlr(XO/Xl) = bmerge(XOrXI)l
t bmerge, A(%) 0= bmerge, 3,

= bmerge, o (Qj<ibmerge, ¢ ) = bmerge, s,

where in the last equatiom = ¥;_; m; andX = Xy ... X;_1.
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3.3.2 Placq:_id expressions

We define the subclaﬁacq_ of bigraph expressions as all expressions in the term laggyuahich are gen-
erated by identitiesy, and® from bmerge, 5 andvyp. ThusPIacq_ consists of all place bigraph expressions
extended only with identies on local names (Recall thattla;beases obmerge s instantiate to elementsand
merge.)

We aim to prove that the theory is complete Rlacq = expressions.

Note that, in a strict symmetric monoidal category the catiegl axioms are known to be complete foand
® of the symmetrieg ; - hence the theory is complete for permutations.

We start by showing a normal form ftEﬂacq_id expressions.

Lemma 3.18(Normal form forPIace]_id expressions)For everyPIaceI_id expressiorE

FE = (brme'rgem0 %, ®--- @ bmerge o7

mk—leI:—l)
for somek > 0 and permutation expressions.t. the composition is well defined.
Now we are ready to state completenessHlarcq 5 expressions.

Lemma 3.19(Completeness fd?lacq_id expressions)If - E = ;- bmergemi,gi o srand
- F=Qj< bmerge, ; o7’ andl=E = F, then E = F.
777

3.3.3 Linkg expressions

We consider next the class of global link expressions, thig&ph expressions generated by closure and substi-
tution. We will refer to this collection of expressionslask . Note, that we have transfered exactly the global
link constructs used by Milner (2004a).

As we also have the exact same axioms for global link exprassit is easily seen that we can straightfor-
wardly adapt also the proof that the axiomatic theory (fa& Hinding bigraph term language) is complete for
global link expressions.

Proposition 3.20(Link completeness)The theory is complete for link expressions.

3.3.4 A syntactic analogue of name-discreteness

We defindinearity for binding bigraph expressions:
Definition 3.21 (Linearity). A binding bigraph expression is linear iff it contains onlyriwg of the formaty / x.

In other words, in linear expressions all substitutionsraramings — an inductive property with respect to
the term language, which we will utilize to full effect in tHiellowing sections. We shall see that any name-
discrete bigraph has a linear expression.

Having establish linearity, we can proceed along the sanes las set out by Milner (2004a) using structural
induction as our governing proof principle.

We start by establishing a few basic properties of linearesgions.

Lemma 3.22. If E is linear, then- E = E’ ® a, for someE’ anda with E’ linear with local innerface.
Lemma 3.23.1f E: (m, U, U) — (n,Y,Y & V) is linear with local innerface, then
FEo @)/(Z) = (@) (%) @ idy) o E,
<<m <n
for i7;, X;, andE’ with E’ linear with local innerface.

We shall use the following lemma to help show completenes®idree expression in the following section.
Importantly, it also constitutes a step toward a syntaatienal form for all expressions, analogous to the normal
form we established in Theorem 3.13.

Proposition 3.24(Underlying linear expression}Jor any expressiot denoting a bigraph of outer width, there
exists a wiringw, a linear expressioit, and a local renamin@); ., (i/;) / (X;), s.t.

-G =(Q)/(Xi)®w)oE

i<n
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3.3.5 lonfree expressions

With the help of the following lemmas, as a corollary of théabtished properties for linear expressions, we find
that the theory is complete for ionfree bigraphs expression

Lemma 3.25.If E = E; o E; is linear, ionfree, and with local inner and outer face, thénandE, are also linear
and ionfree with local inner and outer face.
Same foilE = E; ® Ej.

Lemma 3.26. If E is linear and ionfree of widtl with local inner and outer face, thenE = ®,_,,(¥;)/ (X;) o
G”, whereG” € Place_ .

Lemma 3.27.If E is linear and ionfree, then there exists conretidisanda s.t.- E = (®;.,,” X; % oE') ®a,
with E’ linear and ionfree and local inner and outer face.

Lemma 3.28(A normal form for ionfree expresssiondlor all ionfree epxression& of widthn
FG=ws® (@(Yi) ((w} ®idy) o rxp)) oGP,
i<n
whereG” € Place .
id

With the help of the lemmas above, we have established a hdoma for ionfree expressions based on
Placq_,d expressions andlink i expressions with necessary abstractions and concretiGosapleteness for
ionfree expressions follows easily.

Corollary 3.29 (The theory is complete for ionfree expressiaons)

3.3.6 Syntactic Normal Form

Corresponding to the four classes of normal forms in ThedBel3 we define four classes of syntactic normal
forms for binding bigraph expressions:

Definition 3.30(syntactic binding discrete normal forraNF)).

MDNF M = (Ky(;() ®idz)P

PONF P = (Y) ((merge, ., ®idy) (®icp((a; @ id1)"X;7) @ Qick M) 77)
DONF D = ((B®...0P,_1)m) @«

BONF B = (®;n(#)/ (X)) ® w)D.

We omit the proofs for the following lemmas, which go by mattatical induction on the number of ions.
As we have established completeness for ionfree expressiom have the base case. The inductive steps are
analogous to the proofs for the similar lemmas for pure lgsa(Milner, 2004a, Lemma 5.11).

Lemma 3.31(All BDNF forms are closed under composition with isos)
We also need thaiBDNF expressions are closed under composition.

Lemma 3.32(DBDNF is closed under compositionfor all composabl®BbNF's C, D, there exists ®BDNF D’,
st.-DoC=D"

Now we state formally the proposition that establishes tireaspondence between our semantic normal form
and the syntactic normal form above. Also, we formally sthg linearity is, in fact, a syntactic correspondent to
name-discreteness (item 3 in the following proposition):

Proposition 3.33(provable normal forms)Let E be a linear expression, an@ any expression.
1. If E denotes a discrete free molecule, thelt = M for somemMDNF.
2. If E denotes a name-discrete prime, theit = P for somePDNF P.

3. F E = D for somebDNF D.
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4. + G = B for someBDNF B.

We are now able to state the formal completeness propogitging our results for linear expressions to bridge
the gap to the full binding bigraph term language.

The proofs are similar to the ones for pure bigraph expresdibliiner, 2004a, Prop. 5.13 and Theorem 5.14),
as we have laboured to establish properties, forms, andresdibat allow us similar manipulations.

Proposition 3.34(Linear completeness)f E andE’ are linear expressions anél = E’, then- E = E’.

Theorem 3.35(soundness and completened3)r all binding bigraph expressionsandF,F E = Fiff - E = F.

3.3.7 Examples of Syntactic Normal Forms

In this section we present a series of examples of bindingaplgs and their syntactic normal form. They will
be used subsequently in the following section on matchigedse readability, we writeto mean(®)((idp ®
merge, )ideidc ); identity permutations are omitted, and whenever cleanftbe context, we omit the interfade
fromidj.

M = (Qp, ®ido)L,
Mg = (P, ®idp)l,
ME = (O 09 @ id0)1,
Méq = (N[el,ez,y%] ® Id@)].
PzA = (@) (merge, (X)id)(Mf1 ®M§1),
M = (Mg, ®ido)P3,
P = (Q)(merge, ®id) M7,
]\/I()q = (L[er 213 14] X Id@)PlA,
Péq ({y3,y4,zl,zl})(merge3 ®id)(Mjf®M§‘®M()“),
Ba = (/e e e} @ /{os 15} @ /{1y v3} ©yi/ (vl i)
w
® (y3,y4,2)/ ({ys}, {ya}, {21, 23))) o ((P) @1id)
gloc
These terms are illustrated in Figures 8—12.
Ya et s vy 0
I/Q ____O\I I/P -~ O\I I/O - O\I
| | | | | |
1 I 1 I 1 I
[ [ [
| b b j
\ o __ 7 \ o __ 7 \ o __ 7

Figure 8: M4, Mz, andM4!

P (@) ((merge; @idga 2, 2)(((y1/x3 @ y5/x4) ®id1) {e', €%, x3, x4} )id),
M§ = ( €3y 1 ®Id{el ez,yl,y%})PE{’

M{{ - ( [e* 3] ® Id)l

PR = ({y3/y4})((m€786’2 ®id)(Mf ® ((ya/xs @id1) {x5}7))id),

P} = ({yz,yz})((mergel ®id)M id),

BR = ((idgy,y @ /{e})(ey/{e!,e? &, e}, {yn e

(v2)/ ({v3, v3}) @ (y3,ya) / ({3}, {va}))
(id@ ((P; @ Pf)id))

22



______

________________

Figure 10:P{1, PA = M2




(@) ((merge, ®id)((id ® id1) @ 7)id),
<L[zl,z%,13,l4] ® id)POC’
Pr = ({21,722, y3,ya}) ((merge, ®id)((id @ idy ) {y3,y4} " @ M§)7),
((y1/y1 @ /{03,133 @ /{la, y2}) ® (y3,ya,2/ ({y3}, {va}, {21, 23})))
(idgoy 4,1 @ (Pidid))

wherert swaps two holes .

dy = (id® (x5)/({ya}))({ya}) ((merge; ©id)((Qp, ©idp)1)id),
Py = (©)((merge, ®id) ((Npe1 2,1 @ idp)1 @ (Opyz 2.,y @ id)1)id),
Dy = (03/03®@ (e' €% x3,x4)/ ({e'}, {e*}, {1, 3}, {y1})) P§,

D = Dy® d8

3.4 Matching of Binding Bigraph Expressions

In this section we present our inductive characterizatibmatching of binding bigraph expressions by means
of inference rules. They follow the same overall structisda matching of place graph expressions. The main
technical complication for matching of binding bigraph eegsions is that we have to ensure that all links in an
agent are accounted for either in the context or in the redéwe accounting is done with the help of a map
which, at each level in the matching derivation, maps limkitie agent to links in the context or the redex. Several
of the inference rules contain side-conditions relating tahey express how th& mappings for subderivations
combine to @\ mapping for a whole derivation. The actual conditions elaf course, to the wiring and renaming
present in the agent and redex. In the following we use thatioot||}_, and ||V(l.):k, which is defined ag!"_
and®,(j)—r. using|| instead ofx.

We now present the rules along with associated notes. Ths auné slightly complicated, so we urge the reader
to also look at (1) the following lemmas and theorems, whigh spundness and completeness statements express
the key invariants to keep in mind, and (2) the example in dlewing subsection.

Top-level BDNF/DDNF Matching BR BA<—BC 4,7
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Vien:W;={W;} Vien:P:(m,X;)— (W)W,ul;) U=Wie,l; w:U—Y
w=(dy®/YV)ij/V V=U\w YY) Vien:w:U-—Y, Vien:w=7iy/V|LU
Vien :W ={W!/} Vien:P: <(w{) WU W =Wy W U =i U
WU Y Yien W= {W'} =Wiew W/ U"=AUN\V U Y
AWy —WwU'wYWYWZ mapping(/\,w,w’,V,u’,Wi’j) Vien : A=A WwUl
={AMu)— W) | e AAW)elU"} vin—n
Vil en' Yy =Uyp-rYi Vi’ €n':By= (idg, ® ) s @ (7:)/ (W;))P;
Vi' €1’ Ay, By, Ph<s Pl Iy — ((WI), Wi & u{/},di/, Zy
vien W =W, Wil Vien :W!'=[Wh. . WL Vien,jek: Wl =AW}
Z=WiewZi dy®@---@d, ;=dy®@ - -@dy_q ViEm:d}prime

m=[mg,..., My_1] ft=(Y) "'
T (wal 1)/ () G/ () e (o0 -0 Paym) - 8) — (0, 7y )
(' ® () / (Wp) @ (ynf_l)/(W’ _)) (€@ (Ry@-- @ Py, _,)ido)) o, V1YY 8 Y)
o (@ T ) - () (W) (idzy @ (P - By, D)
o C(n, Y, {(YIwYwZ) — (Y, {Y}wY')
dZ’ﬁ(O) ® ~-®d%<m71> s (m, X, {X} wZ),

wheremapping(A, w, ', V, U, Wi’j) is a relation defining the constraints angiven by

Yy, up € U2 w'(ur) # w'(u2) = Au) # Muz)
Viy, iy € 0,1 € kiy, o € kip, w01 € Wi wp € W 2y # 1y = A(wr) # Aws)

Vuj,up € U2 w' (1)) = w'(uh) /\/\(ul) €Y= (u)) &Y NA(uh) = Auf).

The first two constraints ensure that two distinct linksBfl are not merged iBB¢—this makesw” and
QL ‘1( )/ (W”) well-defined. The last ensures that internal edge&irare matched with internal edgesBr'.
Notes

e V contains the points of internal free edge B4,
° fli/ contains all global outer names for redex primes matchdti in
e Forj ¢ img(v), we will getPj” = Pj’, dj = idg andZ; = {}, due to the following rules.

e We must account for all the links in the agent; some of them aral/up in the context, others occur in the
redex. Considering the outermost wiring of the agent, theeod, and the redex, maps the inner names of
the agent wiring to either an inner name of the context wiong link of the redex wiring. The conditions
onA, expressed by theapping relation ensure that points in the agent that are linkedttmgeirre mapped
to points that are linked together similarly.

PDNF Context Matching | A, (wo ® (70)/(X0))PR || - - || (wWn-1® (Fu_1)/ (Xn_1))PR |, PASPC,d, 7
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(idy ® ') ((Illen/ ® (7)) / (W))P)) | IIiGn(wi®(?i)/(Wi))Pi) = |licwr (@} ® @)/ (W) P
Vien:w:U—Y, Vien:w:U —Y Y =WeY Y= [yo,...,y;/_l}

i
Vien' : Pl = (W))((merge, . ®id)((a?@id) X0T@ @ (af T @idy)" X[

MO @@ M) s (1, R, {RIY) — (W), W w UL)

Viek:M;: (Vi) Vien,jeki: MmN RN vl v=yily
Vien: P (m, X, {Xi}) — (W), W; w U;)
split(k, k", k" k;, v;, v;,v, 7, n;,n,n’) Ve = (Wicppn Vi) W (Ulelmg V) WiV}
Vien W = Wigs - W, ] Vien i =[yj,. ... v, ]
Vien,jekii AL iV — V]

Vien'je€ kvt €V, ), j € pi: oY) = ailyly) & A ) (04) € W
Vien,jek ot €V, ;) Avt) eY & (wlf/\ii(j))(vA) = A(v?)
vien,jek,vt eV, ;:Avt) eZ e Ar_(.)(vA) = A(vA)

W’ = A(W') u'=xu'y Vvien,jen;:V] = Wy,

- . — - - gl I\ W i j
VZEk”‘/\’Vﬁ(i)_ld Vienw,jen:p;: VI \W; — Z VZE?’[,]GHI ,B }v]\w{'

Vien’,jEni,wEWij,j’Eqi:wewj Azxj(y{ ) =
= (v e W/, Aa! (y;i,) =Aw)) V(v e U Awl(v) = AMw))

i
‘ ‘ Eomdi o
=Aly,  vien jeki Ay, ML M, G —di T,z

i(7)’
Vien,jen :d = (Bl )/ (W)

((w!) (mergey 17 © 1) (@)= Mj/)ido))ido (X)), X1 w Z)

ViEn’,jEni:Wi [Wl]o, . ,Wi] ] ViEn’,jeni:yT%: [yéo,...,yéqi}

Vien :d@...@d ' =d0e...od" vien,jel;:d) prime
Viek:AS ( ():( © (7:)/ (W) P}), M; < MY, Dy 1, ZL
vien' :D;=d Ve od"V  View:Z =W 2,

Viek:M I -V Z=\WicpxZl
Dy®-+ ®Dj, 1 =Dg®:--®Dy 1  Vj€m:Djprime

m =Yicwl; V— (id<n,,f/,> ®n')o (7T’)‘1 m=[mg,..., My 1] T = (idyy ® ﬁfﬁ)‘ln
Pctx —
TN V—>W” U'wzwy,
((wp ® @)/ (WP |- | ( w1 ® (o 1)/(W”~ DPn_q) + (m, X) — (n", Y {Y}0Y),
W ><<mergeo+k ® idy) (Mo ® -+~ ® My_1)idg) : (W), W' & UI')
(W") ((mergen g g @ |dW//Uu//) / . .
((ag @ idy)" {yo}j @ @ (ag_g ®idy) {7}
& M17(0) -@M; v(k'"— 1) & ®1€1mg (v) Ml/-)ﬂ//)
<7’l", > <(W//) WII L‘!’J ull>l
D;(O)®-~~®D’ m—1) X {X}wz),Z
Notes:
e The use of|| permits the wiringsuy, ..., w},_, to share outer names. (See an example thereof in the

following example subsection.) Formally, for tWBDNF expressions; and B, with interface(;) —
(n,X,XwU)and(,) — (m,Y,Y & V), the expressioB || B, is a shorthand for(B; ® 7B, ), where the
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substitutiongr andt are defined as follows (Hagh Jensen and Milner, 2004, Prag)9fu; € UNV, and
w; ¢ XWY W (UUYV) are fresh names in bijection with thg, thent(u;) = w; ando(w;) = o(u;) = u;.

. /\5»(]‘) is a restriction ofA adjusted relative to the wiring in the redex and the renanmrthe context. The
conditions orv\;(].) ensure that

— local redex names are correctly connected; notedhis the renaming in the context that maps local
inner names to outer names

— global redex names are correctly connected; noteYthabnsists of the global redex names andis
a wiring of the redex with codomaixi’.

— context-parameter connections are connected correettglirthatZ is the set of names that connect
the parameter with the context.

e The setswij are determined via the conditions df if A maps a nameg to an outer name in redex, then
should be a member (Wlf since redex always has a local inner face by definition; igadA maps a name
y to an element irZ, theny should remain global and thus should not be include(d/jm

¢ As for place graph matching, part of the agent can be matditedeatage, see the equation ﬂ:{)rand there

can be subderivations for redex—matchinrg, and for context—matchingf—n The example in the following
section shows all three possibilities.

e Inthe codomain o\, Y refers to the set of free internal redex edges determinealénB.

MDNF Context Matching | A, (wo @ (7o) /(Wo))PR || - - || (wWn—1® (Fu_1)/ (Wy_1))PR |, MA S MC,d, Z

AMY)=Y'wVwz AN {XjwY - {XuY'wvez AN|,=4A],

(Wi @ @)/ (W) P, P S Pd,z Aj=7  ANX=X
A ATY Y = (FHoY WV Z || (@i ® )/ (W) Py, (Ky g, © idy) P’
= (K @idy )P, d, Z

K is active orn = 0 A,

Mctx

Notes:
e The use of| permits sharing of outer names, see the notes to rule Pcseabo

e The conditions on\ ensure that (1) the outer names of an ion in the agent are rdapplee corresponding
outer names of the corresponding ion in the context, anch@)he outer names of the prinan the agent
are mapped to the corresponding outer names of the prifria the context.

MDNF Redex Matching A MR MAS 4 7
MY)=Ywz N X wYy —{X}wYwz A|,=A,

—

NPPSdz A =7 NX =X
_ . . . r
AM{ytwY - {FIuY' Wz, (Ky(ﬁ) ®idy)P, (Kg/(ic) ®Ridy )P —d,Z

Mrdx

PDNF Redex Matching A PR PAL 47
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v:k— K injective  Vien:v;:ki—Kk injective img(v) Wi, img(ﬁi) =K
Viek: M;: I — (V) vz‘ek’~M{;11(_><Vi/> Uk 1V Uk 1V4’

=W X Vien:V =Wenu Vi Viek’:Ai:A|V, /\(W’):W AU =U

Vien: X;={%} Vien: % =[xg,..., %] Vien:Wi:[Wl‘O,...,Wﬂi]
Vienyt eV Ay) = ai(xij) @yt e Wy W= {W;}
Vien:Bi:Vi\W;, — Z ‘v’iEn:ﬁi:A‘V/\W
Vien:di= (i@ (%)/ (W) ((Wi)«mergeo-;—ki Ridy,) (M ) @+ © Méi(ki,l))ido))

s ((X0), Xi WZ;)
Viek:A V(i) , M;, M’ ()%dnﬂ, Nt
dy@---@d, ;=dy®@- - @dyif1 Viem:diprime  Z=W;cykZi

Prd
AW YU S Welwz,
(W) (gmergewrk ®idxwy) (2o ®id1) X @+ @ (a1 Qidy—1)" X1 @My ® - -+ @ My_1)7)
s (m, X) — (W), Ww U),
(W') ((mergey, 0 ® idV/)(M(’) ® ® M,’(, 1)ido) (W), Wwu’)
I
Notes:

e Whenk = 0 the rule can be used to infer a conclusion without any sutsdgons. (See examples thereof
in the following example subsection.)

e EachWj;, j € [; is determined via the conditions anin line 5.

e The name séitV; consists of the bound names of the molecules in the agergfibatd go into hole number
i in the redex. In other words, a name should b&inf the link in redex to which it is connected, is bound.
If it is not bound, then it should be linked viay—recall that the redex by definition has a local inner face
and thus the parameter cannot be connected to redex via glaives.

We extend Lemma 2.11 to nondiscrete primes with global names
Corollary 3.36. Assumeg®),(;)—; orders thei's in ascending order and let primegv; @ (#;) /( *1))P1- c L —
((Yo),Y; wW;) fori € n be given, withW = ¢); W;. Definemy = [{i | v(i) = "}, W), = W)= Wi,
Xpr = Wy Yi and X = HH ()= Y;, where -H- appends its arguments. If the inner faceBﬁ/ is
<m1~n, Xi”/ Xi”>1 then

. —1 SN\ _

(idw ® (B @+ @ B,/{n_l)ﬂv)(”?:o (wi @ (i) / (Xi)) Pi) 71
71 = —

= [l (idyyr, @ B ) (I, 5y (wi @ (F2) / (Xi)) i)

We now define a prime bigraplhw/ that maps local inner namég’ and inner namedl’ according to\:
Definition 3.37. For any map\ : (W' — W) w (U" — U), we define a bigrapky,, : (W), W v U’) —
(W), We U) by w ® (§)/ (W) where

1. ¥ = [yo,.-.,yx) is alist of all the elements iV, andW; = {w € W' | A(w) = y;},

2. w=7/V,wherejf’ = [y), ...,y is alist of all the elements iti, andV; = {v' € U’ | A(v') = y'}.

Note that(W)Q}B = Q,(W)B and (merge ®idy) ®; o'l — Q) (merge ®idyy) for U' = y; U/
Lemma 3.38. Let M = (K 5, ® idy)P, M' = (Kj g @idy )P Az {Fl8Y — {71 oY WU, Aj = y’,
AY) =Y WU, AN {X}wY - {X}wY WU, A'X = X" and)'| = A|,. Thenk (idy ® P')B = O,

’Y {X}
iff (idy ® M')B = QM.
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Proof. See Appendix B. O

Lemma 3.39. For any mapA : (W' — W)W (U’ — UW Z), primeR = (W)((merge, ,, @idxyy)((xo ®
id]) X0 @ @ (ap_q Qidy_1) Xy 1T @My® - @ My_q : (m, X) — ((W), Ww U), and discrete prime
A = P4 (W)W wU') we haved, R, A<= d, Z iff d : (m,X,{X}w Z) is discrete, and= O, A =

Proof. See Appendix B. O

Lemma 3.40. For any mapA : (W — W”)w (U’ — U" WY W Z), parallel product of bigraphR =

(wf @ @)/ WENPR - N (@l & @G )/ (W ))PE, 2 (m, X) — (n",Y,{Y} wY), and discrete
prime A = PA : (W), W & U’) we have\, R, A<>C,d, Z iff C : (n",Y) — ((W"), W’ wU") is active,
d: (m X, {X}wZ)is discrete, antk O}, A = (idzuy ® C)(idz ® R)d.

Remark 3.41.
W' is the set of local outer names of the context
U’ is the set of global outer names of the context
Y is the set of global outer names of the redex
Z is the set of global outer names of the parameter
Proof of Lemma 3.40See Appendix B. O

Theorem 3.42(Characterization of binding bigraph expression matchirigr any bigraphsBR : (m, }?) —
(n,Y,{Y}wY) andBA : (n',Y,{Y'} wY') we haveBR,BA < BC,d, Z iff B : (n,Y,{Y} W ZWY) —
(n',Y',{Y'} wY') is actived : (m, X, {X} v Z) is discrete, and= B4 = B (BR @ idy)d.

Proof. See Appendix B. O

3.4.1 Example of Matching Binding Bigraph Expressions

In Figure 13 we present an example derivationBdf, B4 — B¢, D, Z, with BR, B4, BC, and D defined in
Subsection 3.3.7. The side conditions have been omittesling just the conclusion of each inference step,
illustrating the overall structure of the inference.

The same example is shown graphically in a succint form iufeidl4, which illustrates how is adjusted
when going from one level of the inference to the next. The poments below the solid horizontal line give an
“exploded” view of the levels that comprise the bigraphs\abite line.

To understand the example in detall, it is useful to referdthifigures, and to the graphical representation of
the examplesin 3.3.7.

We now give some explanatory comments to the example dienivat

In the example, we have chosen the names in such a way thatappimyA is given by “forgetting the
superscript,” i.e., thé mappings map name§' to x;, namesx’ to x, and is otherwise the identity (maps names
x;j to x;). Thus we do not distinguish notationally between the dffe A-mappings in the inference trees in
Figure 13 and simply writé for all of them.

In the application of the B rule, we use the following instatibns of variable sets:

Uy = {et, ey},
u = {4},

u = {,&e,eh},
V. = {n}

Y = {n}

Note that in the application of the B rule, the wiring

w = (id{y1} & /{e})(e,y1/{el,€2,63,€4}, {yl})
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is split into a closure and two wirings

@ = (idgy,; ®/{e})
wo = (ewy/{e' e} {y}),
w; = (e/{e*}).
such thatv = @(wy || wy); only wy andw, are used in the subderivation. The reader should observ¢hiha
outer face ofvy andw, share a name, which stands for the closed link in the agent. Hence the fadt(rather
than®) in rule Pctx.
Note that in the first (counting from the bottom) applicatwfrthe Pctx ruIe,P(;“ andPlR are decomposed, to
allow derivations based oMXR together withM3' and PR together withM4!, and, moreover, to allow us to find
thatD = d} ® Dy, where, recall,

dy = (id ® (x5)/ ({ya})) ({ya}) (merge; ®id) ((Qyy,) @ idg)1)id).
The latter is obtained because of the hole in the contextifpaly the following part ofP{Q:

((ya/xs ®id) {x5}7).

In each leaf of the derivation we have shown, in square btackee values of some of the variables in that
particular application of the rule Prdx.

k=0n=1kK =2

Prdx
A

PR = (@) ((merge, ®id 2,42 ((y1/x3 Qy3/xs) ®idy) {e!, €%, x3, x4} 7)id),
P = (@) (merge, ®id) (M4 @ M%),

LN
Do = (03/03 @ (¢!, x3,x4)/ ({'}, {e*}, {y1, 3} {v3})) By
Mrdx Z = {os}

. . r
k=0,n=0K=0m=0) A M = (Mo 1) @ idg12,43)) P M = (Mis ) @ ) P, — Do, Z

Prd Pct
Mrdx AL 1 ide, @ Metx A ey /e, @ e} {1} @ (o) / ({3 Y31 P, PR = P, Do, Z
pop o ME M < ide, A (e /{8, {1} © (v2)/ ({3, ¥3})) P, Mgt < M§, Do, Z

A (id@id) (e 1/ {e!, e, e} ) © (v2)/ (b 3 D)BE Il (e/ {e*} © (y3,ya) / ({ys}, {ya})) PF), P S PE, D, 2

BR = ((idyy,; @ /{e})(e,yn/{e! %, e e*}, {y1}) © (y2)/ ({yh 3 }) © (y3,va)/ ({y3}, {va})) (id @ (P @ P)id)),
BA = (/{e!, &% e*} @ /{os, L} @ /{14 yb, 3} @ y1 /{wh, v3} @ (y3,ya,2) / ({ya}, {yab {21, 23})) (id @ (Pglido))
BE = ((y1/y1© /{03, 13} ® /{ls,y2}) ® (y3,ya,2/ ({3}, {ya} {21, 23}))) (id{o, 4,3 © (PFidid)),

D=Dy® d8,

Z = {os}

Figure 13: Example derivation

4 Discussion and Related Work

We believe that the present work has brought us significatdlser to defining (and proving sound and complete)
algorithms for bigraph matching. Although this claim canthdy justified only by providing an actual matching
algorithm, it can be argued that the syntactic inductiveireadf the matching specifications of Sections 2 and 3
provide a good first step in the direction of defining a matghdtgorithm.

In particular, the degrees of freedom in matching have besafenexplicit in the rules (in the form of permuta-
tions), which may help an algorithm designer in the procéstiminating the degrees of freedom. In fact, a naive
top-down algorithm may search for matches by trying difféq@ermutations at each step in turn (back-tracking in
case no match can be found.)

Making the degrees of freedom in matching explicit also &mbound definitions of canonical matches and
of ordering of matches, which could be of import for definfag bigraphical reduction systems.

An important property of our characterization of matchisgthat whether algorithms are bottom-up (e.qg.,
based on algorithms for subtree isomorphism), top-dowpttdérst, breadth-first, eager, or lazy, they will all
need to satisfy the characterization provided here.
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Another property of the matching characterization is thatay help an algorithm designer in making restric-
tions that may lead to simpler and/or more efficient matctahygprithms for bigraphical reactive systems. For
example, the so-callesimplereaction rules (Hggh Jensen and Milner, 2004) clearly elatd@ some degrees of
freedom in the matching characterization.

Gardner et al. (2000) describe a tool for implementing acticaphs. Action graphs are a predecessor of
bigraphs. The tool contains an implementation of matchifgch, however, is not proved correct. It is mentioned
that such a proof would require “a formal characterizatibgm@phical contexts and their link with the syntax”.
This is part of what we have provided here for bigraphs.

5 Conclusion and Future Work

We have extended Milner’s axiomatization of the staticsuriebigraphs to binding bigraphs and given a sound
and complete characterization of matching of binding ppgraexpressions.

There are several possibilities for future work. First, therk here allows for experimenting with different
matching algorithms and for proving such algorithms carveith respect to the underlying bigraph theory.

It is not obvious that different applications of bigraphadeto the same requirements for the efficiency of
matching. One of the key properties of the work presente@ fethat the results can be used for different
matching algorithms with different efficiency properti&ge are currently working on defining a general matching
algorithm, which we will report on in subsequent papers. Wago use this matching algorithm for several
purposes, including bigraph reduction simulation (e.gstam modeling) and bigraph reduction checking (e.g.,
using bigraphs as a runtime monitor technology).

In the present work we have focused on binding bigraphs aseteby Hagh Jensen and Milner (2004). There
are other variants of binding bigraphs, notably the soechlibcal bigraphs (Milner, 2004b). It is too early to tell
which is the “right” definition of binding bigraphs. We cojere that our characterization of matching can be
adapted to other variants of binding bigraphs without to@mdifficulty.
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A Proofs for Place Graph Matching

Proof of Lemma 2.13.

“=>" by induction on the inference tree height.

Base caseWe must havér = 0 and thusn = n. As P4 is discrete, aIIMlQ’s are discrete, and thus aﬂj’s,
makingd discrete.

We now find

PRg = merge, idnrc(dgr(o) R ® d;T(m—l))
= merge,(dy® - ®d)_;)
= merge, ((®?;01 mergek]_(M;i(O) ® - ® M’ﬁ]_(kﬁl)))

and due to the constraints @pin rule Prdx, this is equal tererge,, (My @ - - - @ My, _;) = pA.

Inductive step:Using rule Mrdx and by the induction hypothesis, we find #hat; is discrete, so as above,
we concludef is discrete.

We now find

PRd = merge,  (idi @ My® -+ @ Mk_l)rc(d;T(O) ® - ® d;T(m—l))
= merge, (id; @My® - @ My_1)(dy®---@d),_;)
= merge, ((idy @My ® - @ Mi_1)(do®@ - @dyix_1)
= mergen+k(d0 R ®Rdy 1 OMydy, ® -+ ® Mk—ldn+k—1)

By the rule Mrdx and the induction hypothes)ils’v(i) = M;d, i, so we get
= merge, ((dg® - - ®@d, 1 ® M:/(o) ® - ® Mé(kil))
= merge, (®}) merge (My ) ® - @ My 1)) @My @ @M 1))
and due to the constraints erand7; in rule Prdx, this is equal tererge,, (My ® - - - @ My,_;) = PA.

We prove “=” by induction on the expression depth BR:
Inductive stepAssumePR : m — 1,P4 : 1,d : m is discrete, an®? = PRd. We can now expresBR, p4
andd as normal forms

PR = merge, 1 (idy @ Mo ® -+ - @ My_q)7
pPA = mergey s (idg ® My ® - - - ® M;,_, )ido
d = (d;T(O) ®--- ®d;'[(m—l))id0

for somen, k, k', M;, M}, r and discrete primes,. We then find that
PRd = merge, (idi @My @+ ® Mk—l)”(d;-((o) ® - ® d;'((m—l))
= merge, ((idy @My® - @ My_1)(dy®@---®d,,_,).

For the composition of the two parentheses to be possibdesuffix of the list of primesi;. must be groupable
according to the inner widths of the moleculeg. We call the tensor product dl;’s that compose withM; for
d, i, getting
d{)@"'@‘i;%,l =dy®- Qdy k1,
and
PRA = merge, (iddy ® - - ®ididy_1 @ Mody @ - - @ My_1dy 1 5_1)

= mergey, pu(idg ® My ® - -- @ Mj,_)idg
= PA

As the second equality, given by the assumption, holds, abform properties imply that there must be a 1-
1 correspondence betweéd;d,, ;'s and a subset of thM]’.’s, and that the remaining/I]’.’s are divided into

do,...,dy. Express the correspondence by an injectivek — k' so thatM;d,, . ; = Mf/(l.), and the division
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of M(’s by injectivev; : k; — k' so thatd; = mergewkj(ido ® Méj(o) ® - ® M;j(kj_l))ido andimg(v)
We now haveKPid,,  ; = M;d,, ; = ML(Z.) = KPL(Z.) and thusPd,,,; = PL(Z.) for somekK, P;, P;(Z.), so by the
hypothesis we ge;, PL(Z.) < d,; and by MrdxM;, ML(Z.) < dyiforiek.
The above results combined with : 0 — &’ for i > 0 constitute all the premises of Prdx that allow us to

concludePR, pA <5 4.
Base caseWe must havé = 0, so the above proof applies, as the hypothesis is not uséd-=o0b. O

Proof of Lemma 2.15.

“=>" by induction on inference tree height.

Inductive case:Consider rule Pctx; A4 is discrete, and by the induction hypothesis via Mctx, adl th
molecules comprising© are discrete, s#C is discrete. In the inference of rule Mctx, Kf is active, then by the
hypothesis”” is active, saVI} of rule Pctx is active. IK is not active;1 = 0, and thus by the hypothes®' has
no sites and is trivially active.

Using Lemma 2.11 and the induction hypothesis via Mctx, we firat

(®jecimg(v) Mj7j) T V(P0® - ® Pyo1) T (®jeimg(v) D 1)

®]€1mg ®1/ (1) )(®]61mg (v) Dn/+j) (1)
= ®]€1mg M]T[ (®V )Dn '+
= Ojeimg( )M/
Further,
n'—1 : 0 ki—1 17(0) 17i(li—1)
®iy merge, i (idn, @ Mi ®@ -+ @ M; )ni(d ®---®d; )
= ®?%_01 merge, . (idn; @ M®--® Mf" )@@ ® d” i1y
- 51 merge, . (idy, @ MO @ - @ M'™ )(d? ® - ® d” kil

= @ merge, (A0 ®d””l MUY @ - @ MET g,
and by Lemma 2.13 we then get

®f o merge, i (@@ @d” oM, (0) @ @My k1))

(2)
= ®?:0 mergeni+k]_((®] 0 Merge ;-1 \®Vz = M ) ® M, (0)® - '®Mvi(ki—1))'

We now calculate
' (Pp@ - QP 1 ®Py®-- ®P”_1)n(d/(idm®ﬁfﬁ)*1n(0)® @i, 020y t(mr-1))
(Idn/®7'[ )(7'[/) -1 /(PO® ®P/ 1®P()® ®Pﬂ—1)(ldm®ﬂrﬁ)(d6 ®dm// 1)
' (dy @) (PP, P ® - ®Pn—1)(idm®ﬁ%)(DO®"'®Dn’+k71)
P _ —
L (idy @ 1) (R merge,, +k(|dn,®M0®~-~®Mf’ D) @ P @- - @ Py
(idm®n;1)(( nfldlﬂz( ) ®d!m(z )) @Dy @+ @ Dy 1) (3)
Lem 2.1 ( " mergen " (Idn1®M0 '®Mi1 l)?Tl'(d;m(O) ®d/7'f,(z )))
Q7 (PO@ Q@ Py 1)n”(®]€1mg )Dn+j)
o ®?:_01 mergeni+ki((®] B merge,s-; ) By =i My ) ® M, 0) @+ @ My (5,-1)
®7TV<P0®"'®PH 1)n”(®]€1mg D /—H)

—
—

because by Lemma 2.18,, ® - - - @ Dy k1 = Qjcimg(v) D+ ;-
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Using this result, we are now able to calculate

pC(péz Q- @135” Dd
= merge, +k//+k///(|dn/ ® My(0) @+ @ My(r_1) ® Qjcimg(v) M]’n]’)
' (By@ - @ Py @ Py @@ Py)7 (d/( dnor)1(0) @ O A 70 ) (1))
2 merge, g y o (idy @ Mp(g) @ - - @ My (1) @ Qjeimg(v) MiT})
<®?i61 mergeni+ki((® 10 merge; -1 ; 1 (i) Mj) @ My, 0y ®@ -+ @ My, k,-1))
@Y (Po® - -+ ® Py1) T (Rjcimg(v) Dn/+]‘))
= merge,  wn m <(idn/ ® My(o) @ -+ @ My(pr_1))
(®:’ o merge, i ((®]10 mergei;-1 ) @)= M) @ My, () ® - -- ®va(kﬁl)))
®(®jeimg(v) M) (Po @ -+ @ Py—1) i (@ cimg(v) Dn/+f))
)

= mergen/+k~+kw((®?:‘olmergem+k,»(®,’6 merge;s1jy Q1) My) € My o) ® -+ @ My (k1))
OMy(0) @ -+ & My 1) ® (®j€img (v) M]))

Due to the conditions in theplit relation, this is equal tererge, (Mo ® - - - @ My_1) = P4,
Base caseWe must have: = 0 andimg(v) = {}, and thust’” = 0, so the above reasoning applies, as the
hypothesis is not used famg(v) = {}.

We prove “=" by induction over the expression depthBf:

Inductive stepAssumeP ®---@Pl, :m" —n", PC:n" — 1is an active discrete primd,: m" is
discrete, an? = PS(P} @ - - ® P/, _,)d. These bigraphs can be expressed in normal form, fovany — k
with |img(v)| = k'"":

PA = mergeg 1 (ido ® Mg @ - - - ® My_1)idg
— /! . ! H
g _ (dﬁ(o) ? ? d.ﬁ(m//il))ldo " A
PE = merge,s oo (idy © (@ e M) © ®jcimgn) M)T

whereM]’.’ has no sites, whiIM]’. has at least one site.

Leaving the specification of till later, we let 7/ = (7”/)~'(id,y ® 7"), and find thatt” = (id,y ®
n¥)(r')~1. Now find ar such thatr/(Pj®@ -+ - ® P!, | ® By®---®@Py_q)m = P{®---® P, |, and
calculate:

(idw @ (Rjerr M
Idn/ ® ®]Ek”

) ® ®]€1mg M;) ﬂ//(P(/)/ Q- ® Pr/z/”fl)(d/ﬁ(o) Q- ® d/ﬁ—(m”_l))

( ) ®®]Elmg )M/)

(idy ® 7*) (') I (Pg@ -+ @ Py @ Py @+ @ Pyq)r(dyy k)1 n(o)®'"®d/(idm®ﬁ'"4,)—1n(mu1))

(' n’® ®]€k”M )®®]€1mg M])('dn'®7r )(P(/)® ®P 1 ®P® - ®Pn—1)(idm®ﬁ1r/'ﬁ)(d6®'“®d:n”fl)
( ®Pl' ) (®]€k”M )®(®jeimg(u) M;) (P0® ®Pn—1))('dm®ﬁ;%)(d6®"'®d;n”—l)

We can express eadt in normal form byP; = merge, ;. (idy, @ M) @ - -- @ Mf"’l)m foralli € n’, and
group thed)’s according to the primes and molecules they compose witthatd, ® - -- ®d’ , | = Dy®---®
Dn/—i—k”/—l- This y|8|d5

,_ M k171
- (((X’?:o1 merge, iy, (idn, & M} @ - @ Mi™)71;) @ (®jerr M}') ® (®jeimg(v) M) (P @ -+ ® Pn71))
(Idm ® ﬁ:%)(DO ® e ® Dn’+k”’—1)

Writing for all i € n’ eachD; as a tensor product of discrete primBs = d;”f(o) R ® d;”f(lf_l), we
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continue with
= (®?;—01 merge, i (idn, ® Mo - M:frl)ni(d;m(o) ® - ® d;m(lﬁl)))
@ (Qjer M)
® (®jeimgu) MO (Po @+ ® Py1) 7 (Dyr @ + -+ ® Dy o 1)
! PR —
= (®:1:61 mergeni+ki(id”i ® M? R - ® M:fz 1)([1;0 .® d/l l))
® (Qjerr Mi')
® (Qjeimg(v) Mi(®y(jr)=i Py) Dwi),
using Lemma 2.11 with an appropria;teGroupingd;j’s according to each factor ¢fd,;, ® M? Q-® M'ff’l)
sothati® @ - @d" ' =d%@---@d"" i oralli € n', we get

- ((@"0 merge, (0@ @d @Ml @ @M AT
(®]€k”M )
® (®j€img M/(®v =i ] )Dn’+i))/

where by normal fornvj € n; : d{: = mergekf: (ido ® ®j/€k§ ij,) idg foralli € n'.
In total, we have
PE(Pf @@ Py _y)d
= mergen’+k”+k"’('dn’ ® (®jek“ M]N) ® ®j€img(v) M]/')””(Pé/ Q- ® Pr/l/// 1)(d/ (0) - d%(mufl))
= merge, wn m <<®?i‘01 merge, . ((®]€n mergek](®] ek’ ))
©MU @@ M d”+k1)>
® (®jepr M)

® (®j€img M/(®V =i ])Dn/+i)>’

The assumption states that this is equattage, ,; (ido @ Mo ® - -+ ® My_1)idg = P4, but normal form
properties imply that this only can be possible if there is-4 torrespondence between the molecules of each
expression. Let this correspondence be giversplit(7,7,v : n — k,7 : K/ — k) withv = (v : ky —
k,...,vy ky —k)and? =y :k —nq,..., 7, : k — n,) so that

Vien,jen;: mergekj((g) jerl ij ) = Merge 51 ) (Ido ® Qp(jr M]-/)

Vien,jek: M]dnﬂ M
Viek: M// M—( )
Vie lmg( ) Mz/(®1/ (jh=i Pj/)Dn/—H' =M;

vi(f)

By rule Mrdx and Lemma 2.13 we now g&t € n',j € k; M My, 5y = d "+ As PC is active, so
is M/ and thuskKP” of rule Mctx, soK is active and the induct|0n hypothe5|s applies, yieldifige k :

(®V i :-Pj/) , M; < M/, D, ;. We now have all the premises required by rule Pctx to corecthdtP ©
. ® P//

n// l/PA(i}PC/d'
Base caseWe havek = 0 and thusP4 = 1,n = 0,k” = 0,n' = n”, andk; = 0 fori € n’. The redex
must be a tensor product aferge bigraphs, and by checking the premises, we can concludelbyPaix that

PR@---@PR,_im" —n,1:1 S merge,:n’ —1,10---@1:m". O

Proof of Theorem 2.16. .

=" AssumeBRBA < B€ 4. The conclusion of rule B shows thBf : n — n’ is active, as it consists of
active components, and as all factors of the tensor produttitutingd are discrete by Lemma 2.1B,: m is
discrete.

n//
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We then find using Lemma 2.11 and Lemma 2.15 that

B¢BRd
_ idn//(P”ﬂ.'(’) Q- ® P,// 171.”// 1)7Tvidn(PO R ® Pnfl)n(d(ﬁrvﬁ)*ln(o) R d,(f[;_l)*lrc(m—l))
= (P”rc(’)® ®P,’1’// 1o )T (P @ -+ @ Pyq) 7 (dg @ - - @ dyy, )

= (@) ) Phmn( @)= P))(do @ -+ @ dyr_y)
= ®7// _01 Pz,/,/ ;//<®v z”P)dz”

“«<" AssumeBC : n — n’ is active, d : m is discrete, and“ = B“BRd. We can express these bigraphs
by their normal forms

BR = idn<P0®"'®Pn71)7T

BA = idu(Pl®---®P, ))idg
B¢ = idy(Pf®-- @P{;/, L
d = d

!/
7(0) © @Ay gy

where eactP/ is active, and then calculate

B°BRd = idy(P{®---®@P" | )n"idy(Py@- - ®@Py_q)7 (d(_v) 12(0) ® ®d’( oy n(m_l))
(Pl ®--@Ph )r"(Pp®- - ®Py_1)Ak(dy®- - ®@d),_ ;)

E);ﬁressing(d{) ®---@d,_q)as(dy®---®d,_q) and lettingy = v Lemma 2.11 allows us to continue
Wi

= (Pf®-- ®P,’[N 1)(7T0® e @ T 1) ' (Py® -+ @ Py 1) 7 (do @ -+ @ dyr_y)

= (Bymo @+ @ Py _y7tyn 1) (P ® - @ Py 1) a(do® - @dyr_yq)

= ( ;ri, *01 P//7T”(®1/ (i) l//Pl))(d()@"'@dn//_l)

= ®7// _01 PZ,/,/7T1//<®V (i)=i" Pi)di”

The assumption states that this is equ&dzl;,o(@” 1 P},)idp, but this mustimplyP; 7t (., (i)~ Pi)din = Pjy

i""=0 i
forall i’ € n”, which by Lemma 2.15 gives us;»(®, (i~ P;), P < P/, d;». Now we have all the premises
that allow us to concludB®, B4 — BC, d using rule B. O

B Proofs for Binding Bigraph Matching

Proof of Lemma 3.38.

We find
(idy@M)B = QM
& (idy ® (Kgzn ®idy)P)B = ((7)/(¥ )@ Aly) (Kyx) ®idy)P
& (Kyign @idygy) (idy @ P)B = (Kyy(g) @ idyrgrr) ((X)/(X) @ A|)P
& (K @idyun) (du © P)B = (Kp ) @ idyian) (X)/ (X) @ V[ )P
& (Ky i ®@idyngy) (idy @ P)B- = (Kg//(X)(@'dY/uu)Q?X}P
& (idy®P)B = Q?X}P

Proof of Lemma 3.39.
=" by induction over inference tree height:

Inductive step AssumeA, R, A < d, Z. By construction, rule Mrdx and the hypothesis, all constitts ofd
are discrete, sd is discrete.
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We now calculate:
(idz @ R)d
= (e ) (e, g i) (B o 9100 X £ @ M) ) ) @115y

idz ® (W 7mg%%@wxwo«®ggmwmmnyy®®ﬁgMgnxymz®n Her'd

= (wz® ) (merge,, . ®idxuy) (R (a; ®id1)"X;") ® ®t§Monw4)®£$*m

(W) (merge,, , ; ®idxwviz) (Q1 idz, @ (¢ ®id)"X;") ® @ idz,,, ® Mi)) Rk,
= (W) (merge,, ,  @idxwviz) (QI (idz, ® (&; ® id1)"X;)d;) @ @4 (idz, ., ® M;)d,4)
Fem AP (W) (merge,  Didxwvz)
(e e ot i) X, ) (B @ (2)/(R) (%) (merseqp, @idy) @5 MY 1))
® ®1] 05" <>>
= (W) (merge,, ®idxwvwz)
(@0 Gz @ (s i) (8 )/ ()
() <<mergeo+k, widg) @' 0 M} ) ))
® ®) 05’ <>)

Due to normal form properties, the conditionswandv;, and by pointwise inspection of what points of the
inner faces of th&€) bigraphs are mapped to, this is equal to

(W79 B W) Ay Ly
= (W) (mergey ®idXLﬂVuz)®;{/Bl Qg ’ VMl’-
(Y=g B9 A y
= (W)OQy° =0 “(mergek/®|dv/)® o M}
= Qf (W’)(mergek,@)ldvl)@k oM
= Q’\ A

Base caseWe must havé = 0, in which case the above reasoning applies, as the indutyipothesis ys not
needed.

We prove “=" by induction over the expression depth Af

Inductive step:AssumeA, R, A and discretel given with Q{/‘V/A = (idz ® R)d. We can express these
bigraphs by normal forms:

R = (W)((mergewrk@idxwv)((a0®id1)'_X0—'®~~~®(zxn,l@idn,l) X 1
®MO®"'®Mk71)7T)5<mrX>—’<(W) W)

A = (W )((mergeo+k,®|dvl)(M0® -®@ My, _,)idg) : (W), W WU
d = dg@--od :mX R} w),

M i L — (V)

YR W)

whereX = W X andV = Uk Ly, for somen, k, k', M;, M}, a;, X;, W, W', V' and discrete primes,. We
also note that We must haWz(W’) WandA(U') = U, and then find that

(idz ® R)d
_ (idz®(W) ((merge, . @idxu) (@) (i @ id1)™Xi ") & @) M) ))@m Y

= (idz ® (W) ((mergeMk Ridxwy) (Q4 (1 ®id) X,) ® @) Mi)”)) (idz © m1) @' d]

We group the primes of the parameter according to the irdesfaf thé X; " and M; bigraphs they compose with,
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sothatd, @ --- ®d),_; =dy® -+ ®d, 1, and continue with

= (idZ ® (W) (merge, , Ridxwy) () (¢ ®id)"X;T) @ @5 M) 7T7Tl> R ta;

= ((W)(mergewrk ®idevwz) ((®:1:01 idZ, ® (061‘ ® id1)'_X‘—|) Y ®i(:3 idznﬂ. ® Ml)) ®?:+0k71 di (4)
= (W)(mergen+k ®idX&JV&JZ) ((® (Idz X (Dél &® Idl)'_X —l) ) X ® (Idzn_H. &® Mi)dVH—i)

whereZ = ;. Z;- By assumption, this is equal to

O (W) ((mergey w ®@idyr ) (M@ -~ @ M}, )
= (W) (Qf(mergey p ®idy) (M) ® -+ & M’/_l))

. MV/ ,
= (W)((m€7g60+k/ ® 'dqu)(Q@ OM(/) R - ® Q i 1M]/<’ 1))

Normal form properties imply that there must be a 1-1 mapietyveen theVl!’s and the molecules in (4); let
this be given by functions

vk K injective Vi€ n:v k5K injective  img(v) W |4 img(7;) = K
ien
such that

—

Vien:di= (B;® (%)/(W)) ((W-)((mergeo+k ®idV’)<M/I(0) e ® M,vi(k,»—l))ido)) {(X5), X; WZy)
whereVi € n: X; = {Hi} AW; = (WA V! = Wien k) Vi A Bi = /\|V.'\w
andVi i n: X = [xjo,..., x| A W; = [Wi, ..., Wit ] /\y eV AMy?) = wi(xij) & = Wi
Vick: Q@”“)M;(i) = (idz,,, ® M;)d,,; whereVi € k' : \; = A|,,
By the induction hypothesis and Lemma 3.38, the last equatiplies thatA,;), , M;, M’ ()L»dnﬁ, nti- We

now have all the premises that allow us by rule Prdx to corel®R, A SN d,Z.
Base caseln this caseél’ = 0 impliesk = 0, so the above argument applies as the induction hypotrsesdat i
used. O

Proof of Lemma 3.40.
=" by induction over inference tree height:

Inductive stepAssumeA, R, A < C,d, Z. Thend is discrete because all the constituentd afe discrete by
construction, Lemma 3.39, rule Mctx and the hypothesis.

We now calculate
(idy ® C)(idy ® ')

(idy ® (W) (merge @id) (R {7} 7) © (5" My)) © Bicimg(vy M}) ") (idy & ')
= idy ® (W) (merge ®id) (®1 ' &/ {7/} ) @ (5! My(s) ® Ricimg(v M)(|d<n,y,>®n )y Ha o (s)
= idy®(W”)(merge®id)((®? o T {T ) @ (®F5! My(i) ® (®icimg(v) M) ¥) ' !
)) Il

e )1 1)1 @) M) 1, (B M),

and then

(CIEZ5" wf @ @/ )R I (15 (s @ (50)/ (i) ) e

- ((II””(’ AU EANN( e ( 1 )/ (F) By) ) o7 iy © 77) ©
= (05 i @/ RD)PY 1135 (@@ (7 (F)P,) ) (e 75)

- <||”‘1<w®yl> AP | (1120 (wi @ (i) / (Wy)) Py) 7
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Further,
(idz ® (wf @ {7} (7}) / (W]))P/) Di
g ;S0 (T /0F)) (09 ((merge ., 210) (@' 0] 20 7X0) & (@5 M) ) ) ) @l

= (.dZ, (w! @ {7} () (W, ))(w{)( merge, ;. @id) ( ®', (o] @id) X7 @ (R Mf))n,))(idz@n;l)@] o

iy ® w] @ &l {7} () / (W) (W)

( ( merge, i, ®id) (((X) 'dZ/ @ (o} ®|d1)FXJ—|) ® (®;fi:*01 d £ ®M])>> ®;t ‘Sk ldJ
O
= (|dz/®w @& {FI T/ (W ) (W )( merge,, ., ®id) ((® |d ® ®|d1)rX]"')d/) (®] " Lid H,®M’)d"+]))>

( (W,

(

Y (i @ wf @ (T () / (W]))
WD( merge,, i, ©id) ((® 'dZ/ ® (] @idy)™X]7) (B @ (7)) / (W)))
idy, Ay
((W])((mergeow 1) |®Id 1) @)= ' Mf/))> ® (®;{:01 0" ()MV’(]‘))>>.

Finally, we find
(idzwy ® C)(idz ® R)d

= (idz ® (idy ® C)R) @' Dl

(i4z ® (idy © R (idz © 7 ) @15 D]

= (idz @ (idy ® O)idy © ') (115" (] & T/ (WD) P I (1o (i © @)/ (W) P,) ) et ) @+ D

B iz s (W merge i) ( 1150 iy, © i (737) 1 (@™ M) 1 dgryy, © (@ieimgr) M)

(1 @l @) /)P I (115 o(wm)/( ) P,) ,ﬁ>))®;¢gk*mi

= (idz®((W)(merge@id)(<||’:1<idy,_/m;r{ YIS () >< PN 1 ®," Myy)
(3, © (@icimg M) ) (115 ( )/ (W) R) 7 )))®7:0“Di
D (g (W) omerge i (175 (o o757 1 )R || (®k” 1M(1) u
llicimg(v) (idy, ® M) ||,y —i(wj © (¥ Q1 1 D;
- (W")(merge@id)((llr’ o idy (] @ {7} l)/(W’))P') H (®k” 1M lmw
llicimg(w) 19z, .w,®Mz‘('dZ’ ® |l (jy=ilwj @ (7 )P])) RV 1D,

(W) (merge id) ((n ! (idz; © (w} @ {7} () / (W) P) D ) (@5 0™ My
”ieimg(u) (IdZ;,HLﬂY,' ® Mi) (idz;uﬂ ® ”1/(]):1(0‘)] ® (g])/(vvl))P])D”'+1)
whereY; = Uy (i)=ir Yi- By rule Mctx, the hypothesis and Lemma 3.38 we know fitgt: v ® M) (idy, ®
nl4i 1 n! i

I A . .
||V(].):l.(a;]- ® (i) / (W;))P;) Dy 1j = Q) M;, so we continue with

= (W")(merge®id)
n'—1 id / LG /(WP D k” 1QMV Q/\fM
(”i:o (i Z§®(“’i®“i {737 (7) /(W) P)) i) 1(®; )) | ”ieimg(v) @ Vi

@ (W' (merge ®id)

(15" iy ! 0 a7
<W1,) (mergeni+ki ®id) ) ) ) ) )
(@5 (id,; @ (o] @id) X (B @ (7)) /(W)

idV,

(W) ((mergey 1511 @ 193 (@)~ Q' M)
k-1 il
®(®j:01 Qg (])Mvi(j)))>)

My, A
)) H ”ieimg(v) Q®I Mi)

(® 51,
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Normal form properties and pointwise inspection of how namithe inner faces of th@ bigraphs are mapped,
considering the conditions otf andA’ ui (i) imply that this is equal to

(W”)Q%((mergewk ®@idy) (Mo @ - -+ ® My_1)ido)
= Q{/‘v/(W’)((merg60+k Ridy)(My® -+ ® Mkfl)idO)

Base caseWe must havémg(v) = @, so the above reasoning applies as the induction hypotisesi$ used.
We prove “=" by induction over the expression depthBpf:

Inductive step:Assume”ﬁa @ { /(WP (m, X) — (n",Y,{Y}wY), PC: (n"Y) —
(W), W & u”) is an active discrete prime] : (m, X, {X} w Z) is discrete, and)},P4 = (idzwy ®
PC)(id; ® ||” 71 ® (#!)/(W!"))P!")d. These bigraphs can be expressed in normal form, fowany — k
with | img (v )\ =

pA = (W )((mergeo+k®idv)(id0®Mo® -+ @ My_1)ido)
— / H
d = (d (0) . ®dﬁ(m_1))ld()

<

PE = ( ’)((mergen+k,,+k,,,®idwuw,)

(@1 (@, @ i) {71 7) © (& 5" M) ® ®jeimgny M) ")
WhereM]’/ has no sites, WhiIM]f has at least one site.

Leaving the specification of till later, we let 7/ = (7/)~! (id /® ), and find thatrf” = (idy ®
7¥) (")~ L. Now find asr such thatidy ® 7’) ((||" Sl (7)) (WH)P) || [l /(Wi))Pi) =

1
”n *1 w! @ (i) /(W!")) P/, and calculate:

(idzwy ® (@) (&) @id) {7} ) @ (® k”_lM”)®®j€img(v) M) (idzuy ® 7)
(iz@ 15" w" ® @‘;’)/(w"))P") R
= (idzwy ® (@1 (af @id){H} ) ® (® k//alM;‘/)®®j€img(v) M) (idzey @ idy @ 1) (idzwy © 77') 7
(idzwy ® 7t') <ldz @ (115 @i @)/ (W) P Iy (wi @ (?i)/(Wi))Pi> (idz © 71) @y iy O (i)
= (idzoy ® ( ® (a’-@idl)f{y;}v®(®’-‘”*1M'-’>®®jeimg<v M) (idzoy @ idy @ 71')

(idz @ (111" (@] @ )/ (RDIP) 1 [122g (i ® (i) / (W) ) (idlz & iy © 728) @'
= (aze (11 Idw®(w ®id1>{ })(w ®<y,>/<W/>)P’) (@5 M)

gy <®]elmg || ® (7)/ (W) P) s ) @' ]
_ < v 0 IdZ/ w ®|—lxly>:—|( /—»/ l/ 1/) k”—lM//)

H('dZ’ ('dY” (®j€img (” 01( ( 1))Pi)ﬁ1r/'r‘z)> ®:n01d;

whereY” = Ujc, Y; andZ’ = ;e Z;, ;-
We can express ead in normal form byP! = (W/) ((mergeni%i ® idyrgyr) ((®7;61 (¢ @id))™X) @

®;<’;01 M{:)ni) forall i € n’, and group thel!’s according to the primes and molecules they compose wath, s
thatd(’) XX d;nfl = DO (SRR %) Dn/Jrk”’fl' This y|8|dS

= (053 i gty 108
(Wl/) ((mergeni+k]_ ® idWi’LtJllzf)((®] 0 ( ® Idl)'_X]—') ® ®k -1 M]) ))

(@5 M) i iy (@jcimg) M7 (g (1 50/ () PO 5) ) D
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/m (/)

Writing for all i € n’ eachD; as a tensor product of discrete primies= ® , We continue with

(15" (10 (@] 0 it/ iy 0
(merge,, ., ® idyrgu) ((®;2 CY ®'d1)rX]—')®®k 1M]) )

Rl d/m(;))
(@Y1 M) I (i (s (@jcimgt MY NI i (7)/ (R P)28) @5 Dy
(172" (107 (o g )
(merge, . @ idwou) (R (¢ @id) X)) @ @' M]))
®/ o d})
(@Y™ M) I (7 ity © M, 500 @ 5)/ (W) Ey) @Y Doy )

using Corollary 3.36 with an appropriateand IettingY” = U,,(j/):j Y. Groupingdﬁj's according to each factor
of ®;‘(i:701 M{: sothati? ® - - ® d;l"fl =d®---®d +k Yforalli € n’, we get

R — -
(mergeniJrki ® .dzgwwi,w;) ((@7151(@2, ® (o) ®idy) XM d)) ® ®’.‘ (id n, niti ® Mhd +f))

l (QK);-‘lBl M) || (||j€img(v)(idz/.w~®M (Il 'dz/ (w; @ (§y)/ (Wy)) Py )D o )))

— ((” (id ®w ®vclyl/W’)(mergen K, ®'dz’uw’uu’) | | |
((®':0 (|d1®ﬁé®ai i/Wi])(mergekl |d)®.,€k]‘ ng/) ®®;.c’;01(id mﬂ-@Mf)d?iH))

@Y™ M) I (it (01 © MY, 50107, (0 55) /(W) P Do ) )

<(||7L_01 (mergen itk @ 1dznovnugagy) N
(i ('d1®ﬁ] ® (@) [ {al§}} © i/ Wi 1 {7 })alifl/ W) (merge, [©id) @0 M] 1)
@ 150" (idpnpes ® (ich @ ] 1 V] @ alg/ W 1 VM) ) )

(@5 M) \|<||jemg(v)<idz;w®M (g9 (idz, © (wy ® @) /() >Dn+]>))

because by normal forivij € n; : d{: = (ﬁi ® (g’{)/(W{)) ((W{) ((mergek{: ® id)(®j/€k§ M{.'].,)ido))ido for all

ien.
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In total, we have

(dzey ® PE)(idz @ || (wf @ () / (W) PY)d
= (idzwy ® (W//) ((mergen [ ® idW”UU”)
(@ @) ) © (@ M) © @jeimtn M) )
(idz ® ”ln:al( ! (?;/)/(W//))P//) ®m 1 d/ ()
= (W”) ((mergenurkmrk/l// &® IdZ&JYUW”UU”)
(idzwy ® ( ot (e @id){7}) © (® k o M) @ @jeimg(v) M) (idzey © 7"")
(Idz ® ”n 71 w{/® (]}Z/)/(W”))P”) ®m 1d/ ))

= (W) <(merg€n 1k @ 1dzgywwmur )
((”z o (idzy ® wi @ aiifi /W) (merge, . @ idzrwpour)
((®j:0 (idy ®,B]<®0c /W])(merge ®id) ®,€k] )
® ®;‘f*01(id wy © M) +f))
| (®kﬁ 'MY)

| (”jeimg(v)(idz;w]!'@M || 'dZ’ (wjr @ ()] (Wyr)) Py )Dn+]))>>

The assumption states that this is equalXy, P4 = Q3 (W') ((merge, ® idy) (Mo ® - -+ @ My_1)) =

A A L
(W) ((mergey . ® idzwwwnwu//)((}@‘v‘)M@ -l Q(D‘Vk‘le,l)ido), but normal form properties imply that
this only can be possible if there is a 1-1 correspondencedast the molecules of each expression. Let this
correspondence be given bylit(k, k", k"', k;, v;, v;, v, 7,n;,n,n’) so that

Vien,jen;: (,B]l:®zx /W])(merge ®|d)(®] ek] )

Aly,
= (merge‘vq( ) ®|d ) (Ido ® ®17i(j/):j Q@ ! M//>

Vien,jek: (id .y oM)dit = QMVVI‘”’M :
/] €K it @ vi(f)

|V)

Vi K MY = Q" My AAly,, = id
Vi e 1mg( ) (Idz/ Y"®M || Idz/ ®(w]/®(y’]/)/(W ))P )Dn I+t —Q M /\)\C *)\|VI

By rule Mrdx and Lemmas 3.38 and 3.39 we now getc n',j € k; : Ay M M, )L»d” it ,Z} . As

PC is active, so isM? and thusKP” of rule Mctx, soK is active and the induction hypothesis applies, yielding
Viek: (®U —i ) M; <—>M , D1 ;. We now have all the premises required by rule Pctx to corecthet
Py ®---®Pl, |, PA<PCd.

Base caseWe havek = 0 and thusPA = 1,n = 0,k” = 0,n' = n”, andk; = 0 fori € n’. The redex
must be a tensor product eferge bigraphs, and by checking the premises, we can concludelbyPrix that

Pé{® ®P// o m”—>n”,l:li>mergen”:n”—>1,1®~~~®1:m”. O
Proof of Theorem 3.42.

“=" AssumeBR, B4 — BC,d, Z. ThenBC is active and! discrete, because all the constituent prinfés
are active and the constituentss are discrete by Lemma 3.40.
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We now calculate

(idzoy @ (®5! P )('dz®(w®®7 01<y,>/< ))(P0® Put) ) @15 1)
(idzoy @ (@5 P/ ) (idz @ ((idy @ /Y) 1124 j (@i ® g’) /(W;))P) >|dz®7r %) @t ]
(e @ M) (idz @ (Gidy @ /7) |11 ?)/(Wz) PRI ) @1,
= (idz@ (idy © (@5 Prah)at) ((idy © /) ||”1 )/ (W)P) %) @15 dy ©
fed (Idz® (n' W WU V) ®/Y ”7 01 'dA ®P” ) ” (Wf (ﬁ)/(_‘ )P, )) ®” ld
= (('d !, WL WU T) ®/Y) ” Pz,/®'dz,wl,)((('d ®7T ”v a(wi @ (7 )/(Wi))Pi)®'dZ,/)) ®?/:01di’
= (id s e wongums vy ®/Y) 7 PH@'dz,w?,,)(Bz’®'dZ,/)dz’
LA ('d n!, WL WU V) ®/Y) || QBEPII,’
whereW” = [Wy,..., W",_].
Further, we can show that
n'—1 n'—1
<w"®® W) W in o) © /) ]| O =o' & @ @)/(W) =B, @)
i=0

by case analysis over € W' 1 U':

Casew € Wi’j: In this case, we know by Definition 3.37(1) thig{w)
find thatlinkp (w) = ygj = linkg, (w).

= yij, and agV" = A(W}) by rule B, we

Casew € U' A A(w) ¢ V: Inthis case()gi(w) = A(w) by Definition 3.37(2), and by rule B we firiéhkp, (w) =
Moy _ o

"l (w) = w"(Mw)) = w'(w) = linkp, (w).

Casew € U/ ANA(w) € V: Lete = ||'7,_1 Qgi(w) = (||7;61 wi)AMw) = wA(w), and consider the sdt =

{w e Wuwu| (||, e wi)A(w') = e}. Due to the mapping condition in Rule B, this is exactly the se
of elements tharu’ maps to some edge’(w). Thus,linkp, = link, in this case.

Finally, we calculate:

BC(BR®idy)d

_ ( // nfl (WIH )(ldzuy®®n -1 P// /)
(ldz®(w®® L)/ (R) (P -+ @ Pyy) ) (® ml'v_ i)
2 (w'e J OR)) 0y gy suanamy © /) 120" 0P
© (w@@“*% >/< A1) P!
= B4

For “<”, assumeBC is active,d is discrete and3* = BC(BR ®idz)d. We express the bigraphs in normal
form:

BA = (w ®®"*l< D/ (AD) (e ® (®Ly' Pido) : (', ¥/ {¥'}wY')
BC — (" @@ )/ (A) (dzwr & (@ POT)
(nY{Y}UYUZ) !, ¥, VY Y

B = (0o @@/ () (o (@11 ) : (mX) — (0,7, {T}wY)

d = U, 1d’ < X, {X }UZ) d prime

p; (m;, Xz> - <(Wi)/WiU u;)
wheret = (ﬁ]i)_lﬂf vV = 1/7-(/,, m = [Tﬂo,.. My 1} Vi € n: p; : <mi,}?l~> — <<Wi),WiH'Jul‘>. By
Lemma 2.12 we havB® = (" ® ®!" 5" (7)) /(W!")) (idzwy © (Q!5! P/'mt;) ")) for somer, . .., 7ty — 1.
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Lettingw = (idy ® /Y)ij/V andVi € n : w; = i/ V | U;, we now calculate

(

dZUY®(®” 1P// ) )<|dz®(aJ®®l o(yz) ( ))(®f1—01p1,) >®m 1d’
i)

- (.dz®<.dy® Vo Pl ) ) (w0 @ @ (7i)/ (W) (@] Po) e )('dz®7f Ny d,
(

®
= (idze (idy @ (@ P'm)n) (w ® @1 (70) /(W) (@ P)nr!) @1y
= (idz® (iay © (@' P'm)n) ((idy © /V)g/V © @) 0<y,>< 7)) (@) Pyl ) @7t d
= (02 by @ (@ P/ m) ) (dyy, ) © /) (|| <yz>/< ,)) )fr;)®m L,
- (idz@('d W, psumey) © /) ('dyuy® (®F 5 Pl'm; )(|| )/ (W;)P;) 7 )®’” d,
P (idz © (d g, orpon) © /7)o (idg, © Pifmy) ||V<i> (@i <yz>< ) @

whereY; = Uy(i)=i Yi- We regroup thel}'s so thady @ - - - @ d;, | = do ® - - - ® d,y_1, and continue with

71 , - - _
= (id @ (mwumsyez) © /Y) (”n (idz,uy, ©® Pimy) (idz, @ ||, )—p(wi ® (yi)/(wi))Pi)) by di
= (i d(W” {W "y YWZ) ® /Y ”1’ IdZ WYy ® P") ('dZ/ ® (idf/]_, ® 7tr) ”V(i):i/(wi ® (i) /( _»i))Pi)di/
whereZ = l);c,» Z;. We now find

BC(BR®idZ)d

= (" @@L T/ (W)
(ndzuy®<®"—1P” m)n) (idz @ (w © @3 (5:)/ (W) (R P)m) @15 iy,
= (w”® (yl)/(wn))('dm 1AW ’}uu"uyuz)®/y)

|| Z UY ®P//)('dZ ®( 17 7-[1/ ”v(i):i/( i® (?i)/(wi))Pi)di/
= (@ /Y@@”*l( 0/ (W) B

n—l

whereB’ = ||, _, |dZ WY, ® Pj/)(idz, ® By)dy andBy = (id?ﬂ ® myr) || H—ir(@i @ (77;)/ (W;)) P,

By assumption, this is equal tav’ ® ®! ’1( ")/ (W!))P', whereP' = ®” 1 P/. Note that all points
are contained irB’ and P/, respectively, so there is a 1-1 correspondence betweepmihts of B" andP’. By
constructionB’ has no free internal edges, so all of its free points are tintkesome outer name @&'. Based on
the correspondence between point8frandP’, defineamap : W w U — W" W U" WY WY W Z mapping
outer names oP’ to corresponding outer namesBf. A is well defined becaus® is discrete, and satisfies

mapping()\, w, ', Y, Y, U, Wi’j)
"={Au)—o'W) | W el ANu) e U}
Vien',jeki: Wi =AWj) whereVien': W = [W),,.. S WEIA AW = [W3,.. Wi
We now find that)}}, P’ = B’ and consequently thaﬁz%P{ = (idzi,w?,., ® Pyf)(idz, ® By)dy, where

Vien : A =AW wUj. By Lemma 3.40 we then findi’ € n’ : Ay, By, P}, i>Pl.’,’ d Ly — (W), Wl W
ulf),dy, Zy. We now have all the premises that allow us by rule B to coreBffy B4 — B, d, Z. O
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