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Abstract

We propose an uncorrelated heteroscedastic LDA (UHLDA) technique, which extends the uncorrelated LDA (U
technique by integrating the weighted pairwise Chernoff criterion. The UHLDA can extract discriminatory information pr
in both the differences between per class means and the differences between per class covariance matrices. Mean
extracted feature components are statistically uncorrelated the maximum number of which exceeds the limitation of the
Experimental results demonstrate the promising performance of our proposed technique compared with the ULDA.
© 2004 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction group, respectively, which can be estimated as follows:

In statistical pattern recognition, linear dimensionality re-
duction (LDR) techniques are widely applied to reduce the ~*
complexity of the statistical model and often result in the
improved classification accuracy in the transformed lower-
dimensional space. Fisher's linear discriminant analysis

C
> Pi(m; —my(m; —m)T
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Y > PPjm;—mym; —m)T and

(LDA) is one of the most popular supervized linear dimen- i=1 j=i+1
sionality reduction techniques, which tries to find an optimal c
set of discriminant vector$/ = [¢g, ..., @41 by maximiz- Sy = Z PS;, 1)

ing the Fisher criterionyp (W) = [WTS,W|/[WTS,W].
Here, S, andS,, are the between-class scatter matrix and
average within-class scatter matrix of the training sample WhereC, P;, m;,m and S; represent the total number of
pattern classes, a priori probability of pattern clagsthe
mean vector of class;, the mean vector of all training sam-

i=1
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Uncorrelated features are usually desirable in pattern straints, is the eigenvector corresponding to the maximt
recognition tasks because an uncorrelated feature set iseigenvalue of the eigenequatiddS, ¢ = AS,, ¢, where
likely to contain more discriminatory information than a T e nTeo1 1
correlated one of the same dimension. Recently, Jin f2lal.  Y=I=SD"(DSS,"SD") "DSS," D=I[p102... ¢;l
proposed the uncorrelated LDA technique (ULDA), which
can obtain discriminant vectors by maximizing the Fisher
criterion under the c_on_straints that the ex_tracted fea_ture 2.2. UHLDA based on the weighted pairwise Chernoff
components are statistically uncorrelated, i.e. the derived
discriminant vectors are subject to tBe-orthogonal con-
StraintS:goiS,q)j =0,Vi #j,i,j=1,...,d.Yang et al[4]
also demonstrated that ideal discriminant vectors should not U
only correspond to maximal Fisher criterion values but also
correspond to minimal correlations between the extracted the subsequent pattern recognition tasks, these discrimir

feature components. Therefore, the ULDA can yield a set o oo set are actually not optimal due to the deficienci
of discriminant vectors with better discriminating power as < ribed in introduction. Here. we introduce the mult

shawn experlﬂwentiﬂgxn Rif$_2,4]. il suff ; class Chernoff criterion functiodc (W) into the ULDA,
_o_wev_er,.t e ULDA technique still suffers from some o, can pe regarded as the heteroscedastic extension o
def|C|enC|e§. f'rStly’,'t is incapable of dealing W'th he.t-. Fisher criterion/r(W). The Chernoff criterion-based LDA
erosceda}stlc hdata;] In a proper way due} to ”thﬁ |m|pI|C|t solution was derived by Lood] and its efficiency has been
assumption that the covariance matrices for all the Cassesexperimentally demonstrated. However, the incorporation

are equal. Hencle, the derived dlSCfImlnﬁnt \llectors by the the Chernoff criterion within the ULDA framework can en-
ULDA can merely attc_empt to _separate_t € class means asg o the discriminatory information in both class mean
much as possible while ignoring the discriminatory infor- differences and class covariance matrices’ differences to

matlop present n th_e}h(.ilfffe renlcez bethen the %er c(;as? extracted while the transformed feature components are ¢
covariance matrices. This fact leads to the upper bound o tistically uncorrelated. The multi-class Chernoff criterion i

the number of discriminant vectors extracted by ULDA to defined asyc (W) =|WTScW|/[WTS,W|, where positive

be limited toC — 1 as proven in Ref[2]. Secondly, from semi-definiteS, is the multi-class directed distance matri;

the equ_lvalent pairwise o!ecomposmon expression of the that captures the summation of Chernoff distances betwe
S, matrix, we can easily find that the class pair with large different class pairs and is defined by

distance between them in the original feature space are
overemphasized in the pairwisg formula, which results
in the obtained transformation attempting to preserve the S;

andl is the identity matrix.

criterion
Although the set of discriminant vectors obtained by th

LDA technique can ensure the transformed feature col
ponents to be uncorrelated, which may significantly fav

C C i
> Y RPS

distances of already well separated classes while causing i=1 j=i+1
larger overlap between pairs of classes that are not well c-1 ¢
separated in the original feature space. Consequently, the = Z Z P; PjS%,/z((Sﬁl/ZSijsgl/z)*l/Z
discriminant directions that may well separate the neighbor- i=1 j=i+1
ing classes in the original feature space cannot be obtained —1/2 —1/2 —1/2
by the ULDA if there are some classes far away and well xS, m; — m;)(m; —m))'s, s,
separated from some other classes. In this paper, we propose X Sij S;,;l/z)_l/2
an uncorrelated heteroscedastic LDA (UHLDA) technique 1 12 o1)2 120 12
based on the weighted pairwise Chernoff criterion, which +n'n‘(|09( " SijSw -7 109(S, ™ 7SS, )
can successfully solve the above problems. T 12 12 1/

— n; log(s,%s; 8,28, @

wherern; = P; /(P; + P;) andn ;= P; /(P; + P;) are relative

2. Uncorrelated heteroscedastic LDA technique L LN / .
4 a priori taking into account two classes that define the p:

2.1. ULDA technique ticular pairwise termsg and§; are the pairwise directed
distance matrix between classesnd j and the average
Suppose thag, andU are positive semi-definite matri- ~ Pairwise within-class scatter matrix definedas; +n;S;.
ces andS,, is a positive definite matrix. The first ULDA ~ Si andS; are the covariance matrices of classeand j,
discriminant vector, denoted by, is calculated as the  respectively. The detailed derivation is presented in Réf.
eigenvector corresponding to the maximal eigenvalue of ~ From Eq. (2), we notice that, i, all class pairs have
the eigenequatio$, ¢ = 1S, ¢. Suppose that eigenvec- same weights irrespective of their separability in the origin
tors @1, ¢o, ..., ¢;,i =1, have been obtained. The + space, which may possibly yield bad discriminant directior
1)th ULDA discriminant vectokp; , 1, which maximizes the ~ favoring originally well-separated class pairs. In order |
Fisher criterion function/z(W) with S;-orthogonal con-  avoid this problem, we introduce a weighting fadﬂ'-}j’(dﬁ)
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for each class pair. As suggested by L§bj this weighting 2.3. Enhancing numerical stability of the UHLDA
factor is chosen as
. Although the UHLDA has demonstrated promising cha
wj (d):%erf( d ) where ertx):i/ o dr acteristics by extracting more powerful discriminant vex
2d 22 NE tors, it may possibly suffer from some instability problem
] o ] ) during the implementation. Here, we present the followir
is related to the pairwise approximated Bayesian accuracy. go|ytions to enhance the UHLDA technique:

Therefore, the neighboring class pairs, which are not well 1 pue to the usage of the classwise covariance mat
separated in the original feature space, can have increasedsh 1<i <C —1, in the calculation OEC (Eq. (3)), the sin-
influence in the computation @&, than the class pairs well gularity of S; may possibly occur when the number of train
separated in the original feature space. We can modify the ing samples in some classes is too small even if the av
multi-class directed distance matr, defined in Eq. (2),  age class within class scatter matB is nonsingular (e.g.
by introducing weighting factors as follows: E-coli data in our experiment). To overcome this probler
we employ a recently proposed covariance estimation te«

~ c & o i nigue called maximum entropy covariance selection meth
Sc = Z Z P Pjwij (dj)Sc, ®) [5], which forms a new covariance mat®“" by consid-
i=1j=i+1 ering the combination of both original covariance masjx
and the average within-class scatter maS8jx (assumed to
where be nonsingular) based on the maximum entropy princip
o TTj Teol The calculation of the estimated covariance maﬂﬁfiw is
dij = —5= (m; —m;) 5~ (m; —m;) shown inTable 1
1 During the calculation o§c, if S; becomes singular, we
+ 2 (Iog|Sjj| — ; log|S;| — m; log|S;1) can use the new covariance estima8¢f* to substitute the
original one and thus the singularity problem of individuz
is the pairwise Chernoff distance measure. class covariance matrix can be solved.
By substituting the between class scatter magjxused 2. In our implementation, we use the singular value d
in the ULDA (Section 2.1) with the multi-class pairwise  composition (SVD) technique, instead of the eigendecol
weighted directed distance mat®¢ (Eq. (3)) and follow- position, to compute the eigenvectors, eigenvalues, invers

ing the same steps as the ULDA to generate discriminant and logarithm.
vectors, we derive a novel UHLDA technique. The UHLDA
increases the upper bound on the number of extracted dis-

criminant vectors fronC — 1 (ULDA) to N — 1, whereN is 3. Experimental results
the dimension of the original feature space, and all discrim-
inatory information existing in the differences between all We test the performance of our UHLDA technique o

pairwise class means and pairwise class covariance matri-4 data sets from the UCI repository: lonosphere, Son
ces can be successfully extracted by properly adapting the Ecolit and Pendigits. Compared with the ULDA solution
weights of well and poorly separated class pairs in the orig- the UHLDA demonstrates its superiority by extracting mot
inal feature space. Furthermore, all the transformed feature discriminatory features, thereby improving the final class
components are statistically uncorrelated as in the ULDA fication results.

technique. We employ the Bayesian linear discriminant classifie
It is worth noting that although the ULDA solution has (LDC) and quadratic discriminant classifier (QDC) to eva
been proven to coincide with the LDA solution in R3], uate the discriminating power of the extracted features. F

we find that this conclusion is true only if the equation the first 3 data sets, classification rate is based on the 10-f
S =Sy + Sy, is satisfied, which is based on the traditional cross-validation. The classification rate for the last data se
definition of S, Sy, and$; in the Fisher criterion. Her&, based on the given separate test set. In our experiments,
is the total scatter matrix estimated &s= Y_"_; (X; — first remove the null spacs (0) = {X|S/X = 8} of the total
m)(X; —m)T. In our UHLDA, due to integrating the new  Scatter matrixS; due to the fact that the null space &f(0)
weighted pairwise Chernoff criterion to replace the original does not include any discriminatory information. Then, tr
Fisher criterion, i.e. we chan@ into another matriS¢, S UHLDA is performed in the orthogonal complement spac
is not equal tcS,, + Sc. Therefore, the traditional LDA so-  of S(0).

lution based on the proposed weighted pairwise Chernoff Table 2 shows the best classification results and tt
criterion cannot coincide with the ULDA solution based on  corresponding  optimal - dimensionality (shown in th
the same criterion, and only the proposed UHLDA tech- ———

nique that combines the ULDA with the weighted pairwise 1The E-coli data set includes some classes with trainit
Chernoff criterion can obtain the statistically uncorrelated samples smaller in number than the data dimension, where
feature components as verified by our experiments. singularity problem occurs.
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Table 1
The maximum entropy covariance selection algorithm

1. Find the eigenvector sé@ = [¢1, ¢,. .... ¢y] of the combined covariance given I8/ + S,.
2. Calculate the variance contribution of ba&handS,, under the base oD, i.e. calculate
Lk chy ... Gy ) = diag(@TS;®) and [, Y, ... c¥ | = diag(®TS, D).

3. Form a new covariance estimaf*”’ = ® diag|maxci. c¥). ..., max(c'y . g%)](DT.
Table 2
Classification performance based on the ULDA and UHLDA techniques
Data sets Methods lonosphere (315/34/2) Sonar (208/60/2) Ecoli (336/7/8) Pendigits (7494[/3498]/1
LDC ULDA 0.8689 (1) 0.7362 (1) 0.8750 (6) 0.8296 (6)
+0.0650 +0.0955 +0.0519
UHLDA 0.8775 (10) 0.7600 (8) 0.8781 (6) 0.8330 (10)
+0.0633 +0.1078 +0.0561
Original 0.8689 0.7362 0.8690 0.8296
+0.0650 +0.0955 +0.0562
QDC ULDA 0.8602 (1) 0.7362 (1) 0.8393 (6) 0.9128 (9)
+0.0565 +0.0955 +0.0246
UHLDA 0.9087 (6) 0.7750 (14) 0.8661 (5) 0.9605 (15)
+0.0536 +0.0856 +0.0346
Original 0.8773 0.7607 0.8038 0.9591
+0.0574 +0.0828 +0.0660

Note: The numbers in parentheses below the names of data sets represent (No. of training samples [/No. of testing samy
dimensionality/total number of pattern classes).

parentheses) obtained by the ULDA and UHLDA tech- [2] z. Jin, J.Y. Yang, Z.S. Hu, Z. Lou, Face recognitior
nigues based on the LDC and QDC classification rates, based on the uncorrelated discriminant transformation, Patt
respectively. The original classification results without di- Recognition 34 (7) (2001) 1405-1416.
mensionality reduction are also presented. We can observe [3] Z. Jin, J.Y. Yang, ZM. Tang, Z.S. Hu, A theorem on th
that classification rates based on the extracted features uncorrelated optimal discriminant vectors, Pattern Recogniti
by our UHLDA are the highest. Especially for the QDC, 34 (10) (2001) 2041-2047. \ . .

. h o . [4] J. Yang, J.Y. Yang, D. Zhang, What's wrong with Fishe
the UHLDA solution achieves significant improvements

. . criterion?, Pattern Recognition 35 (11) (2002) 2665—-2668.
over the ULDA solution since both the UHLDA and QDC [5] C.E. Thomaz, D.F. Gillies, R.Q. Feitosa, A new covarianc

methods take into account the second-order information, estimate for Bayesian classifiers in biometric recognitior
i.e. the differences between per class covariance matrices. IEEE Trans. Circuits and Systems for Video Technolog
It is also clear that the UHLDA technique can extract more (special Issue on Image- and Video-Based Biometrics) 14
discriminant vectors without the limitation @f — 1. (2004) 214-223.
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