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Appreciation from the second author Tony Hoare and I have exchanged ideas on con-
current processes for three decades. To a sufficiently distant observer it has seemed that we
were doing the same thing, and that therefore we should not have made it look different. A
closer view shows this to be false. Complementary things, yes; and both have been enriched
by the cross-fertilisation.

A little history shows something of these different approaches. Around 1979 we first discov-
ered our complementary interests in concurrency. Tony at first expressed his ideas through
the medium of a programming language [6], and I through a prototypical algebraic the-
ory [8]. The difference became plainer as time went on. Tony was keen to find a single
formalism in which specifications of concurrent systems could be refined into programs. I,
on the other hand, was keen to find a mathematical concept of process that could stand in
analogy with the familiar notion of (single valued) function, and I was happy that specifica-
tion should be done in an associated logic. We enjoyed discussing these things. I recall one
discussion at a blackboard (or was it a whiteboard?) where Tony hinted to me his first ideas
about failures semantics.

The present short paper, in honour of Tony and continuing our long, friendly and sometimes
rivalrous collaboration, is another step towards harmonising our approaches.

1 Motivation

Over the past decade a topographical process model called Bigraphs [11] has been
developed, aiming to provide a rigorous definitional platform for ubiquitous com-
puting. A first priority has been to show how existing process calculi can be embed-
ded faithfully in the bigraphical framework. This effort has been largely successful,
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and the effort on bigraphs is now broadening into the experimental modelling of real
ubiquitous systems.

An exception to this success has, hitherto, been the attempt to accommodate
CSP [7] within the bigraphical framework. Why has this seemed difficult? (Readers
not familiar with bigraphs can safely skim, or even ignore, the rest of this section,
since bigraphs are hardly mentioned thereafter.)

The difficulty is not due to the semantic treatment. CSP favours a preorder based
upon the notions of refusals and failures, thus providing process specifications as
well as fully defined processes. On the other hand, CCS [9] emphasises the equiva-
lence relation of bisimilarity, relying on other means, such as an associated logic, to
provide specification. However, this difference is no barrier to accommodating CSP-
style specifications in the bigraphical framework, where both semantic treatments
fit comfortably.

More significant are two features special to CSP: channel ownership, and a large
repertoire of operations on processes. Consider the latter first. The bigraph model
is a symmetric partial monoidal (spm) category, and the main operations of paral-
lel composition in both CCS and CSP can be modelled essentially by the tensor
product, which is a structural operation central to such categories. However, it was
not clear how to model other CSP operations, such as general choice or interleav-
ing. It seemed that a more cumbersome categorical structure would be needed, and
this would not do justice to the inherent simplicity of CSP. But the appearance is
unfounded; by the device of unfolding—a special case of parametric recursion—
these operations (many, perhaps all) can be defined by reduction to a normal form,
a device present in the bigraph model.

Turning to channel ownership: In CSP, one can maintain the distinction among
the channel-sets owned by several processes by careful limitation of the use of non-
injective renaming; for example, in his book [7] Hoare uses process labelling. In
bigraphs it appears that similar control can be exercised by careful restriction of the
use of substitutions, which are themselves elementary bigraphs. This is achieved by
defining a so-called sorting, a device inspired by many-sorted algebra to determine
a sub-spm-category of bigraphs for any particular application.

In a future paper we shall identify the sorted bigraphical model for CSP. Here we
confine ourselves to the representation of CSP operators by unfolding, which can be
presented independently of bigraphs.

2 Outline and Disclaimer

As we have already declared, we hope in a future paper to represent CSP as a bi-
graphical reactive system. Here, we wish to demonstrate the complementarity be-
tween the CSP approach and one that features bisimilarity. We avoid any judgement
that one or the other approach is superior. Our main focus here is upon finding
how the richly-various set of CSP operators can be defined so as to harmonise with
bisimilarity.
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Let us make explicit the differing concerns of the two approaches. CSP defines
the failures preorder that allows specifications, as well as their refinement into im-
plementations, to be expressed within a single syntactic framework. The emphasis is
upon refinement. On the other hand, the aim in CCS [9] is to characterize the notion
of process as an equivalence class of process expressions, respecting the order in
which non-deterministic choices are made as the process progresses. This equiva-
lence relation is the (strong) bisimilarity∼ introduced by Park [12], an improvement
on the equivalence originally given for CCS.

Bisimilarity is a congruence, i.e. preserved by syntactic context. Furthermore
bisimilarity is also preserved by the transition relation between processes. This latter
property—preservation by transition—is not satisfied by the CSP failures preorder
or its variants; it could not be, since these preorders allow a specification to be
refined into process expressions that differ in when they make non-deterministic
choices. To achieve complementarity between these approaches we must, as far as
possible, define any CSP operator OP to ‘make sense’ for bisimilarity; i.e. (for binary
OP) if P1 ∼ Q1 and P2 ∼ Q2 then OP(P1,P2)∼ OP(Q1,Q2). We believe that this can
be achieved for all the operators; here we shall ensure it for a selection of them.
Moreover, the equational laws of CSP declared in Hoare’s book for the operators we
examine (except those involving ⊓, non-deterministic ‘or’) are almost all satisfied
not just for failures equivalence, but for strong bisimilarity.

Now, since the failures preorder includes strong bisimilarity, the preorder can
be understood to be over processes themselves, not only over the expressions that
denote them. It is therefore possible to combine the theories of CCS and CSP.

To define the CSP operators over processes, we shall work with a new head nor-
mal form. This will be based upon a generalisation of the CSP choice construction.
We can then define the operators quite simply, using the unfolding of process ex-
pressions. This notion of unfolding (related to that already studied for bigraphs, see
[11]) turns out to be confluent. Moreover, the equivalence induced by unfolding is
closely related to bisimilarity, even coinciding with it in the absence of recursively
defined processes.

Roscoe [15] has already defined a head normal form for CSP, and thence a full
normal form following De Nicola [5]. These forms depend crucially upon the way
⊓ (non-deterministic ‘or’) distributes over other operators. Thus, at least for finite
processes (those without recursion), two process expressions in normal form are es-
sentially identical if and only if they are failures-equivalent.1 However, our purpose
is to achieve a similar result for bisimilarity equivalence, where we regard non-
deterministic ‘or’ as an action that does not in general commute with other actions.
We therefore unfold the ⊓ operator in the same way as the other operators.

Let us repeat: the failures model and the notion of bisimilarity are not in compe-
tition; each has a rationale with independent value.

1 Roscoe’s normal form also caters explicitly for divergence; this lies beyond the scope of our
paper.
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3 CSP with Enriched Syntax

Recall the well-known CSP syntax, employing several binary operators. The con-
structions were designed to introduce the phenomena of choice, concurrency, non-
determinism, hiding, etc., one-by-one.

Channel names x,y, . . . (also called channels) are drawn from an infinite vocab-
ulary X . Each process P has a finite2 alphabet αP ⊂X . CSP has many process
constructions, often binary operators. We shall not model them all here; for exam-
ple, we shall not consider the sequential composition P;Q nor the interrupt operator
P△Q. We consider the following six process constructions, and conjecture that our
treatment can be extended to some or all of the others:

P,Q ::=
(x1→P1 ∣ ⋅ ⋅ ⋅ ∣xn→Pn) choice αP = αPi ⊇ {x1, . . . ,xn}

(xi distinct)
P1 ∥P2 parallel αP = αP1∪αP2
Q∖Y hiding αP = αQ∖Y
P1□P2 general choice αP = αP1 = αP2
P1 ∣∣∣P2 interleave αP = αP1 = αP2
P1⊓P2 ‘or’ αP = αP1 = αP2

The n-ary choice construction is deterministic, in the sense that there is a unique
choice of action for each channel x ∈ αP.

The important intuition of parallel composition P∥Q is that on the shared chan-
nels x ∈ αP∩αQ the actions of P and Q are synchronised, while on unshared chan-
nels only the unique possessor acts, the other remain unchanged. Thus the parallel
composition preserves determinism.

The other operators introduce non-determinism in various ways. In particular,
the hiding construction Q∖Y renders the actions in αQ∩Y unobservable. Hence the
actions are able to occur without further participants.

In his book, Hoare avoids formalising the operational behaviour of CSP. It has
been formalised by others, probably first by Brookes, Roscoe and Walker [3], em-
ploying the structural operational semantics pioneered by Plotkin [13]. However we
adopt a different approach here, defining the behaviour by unfolding each syntactic
construction to a head normal form. As we shall see, this unfolding is a confluent
reduction system. Indeed, for finite CSP (i.e. no user-defined recursions) this unfold-
ing terminates in a normal form; moreover, two process terms unfold to the same
normal form if and only if they are strongly bisimilar.

In the next section we shall define how each of the several operators unfolds. But
first we have to define our head normal forms. To understand our definition better, it
is helpful to recall an equation that records how parallel composition ‘unfolds’ into
a choice among alternatives. It was first introduced as a law [8], and later became
the expansion theorem of CCS [9]. Recall that the parallel composition of two CCS
processes is written P ∣Q, and that this allows P and Q each to perform an input

2 For simplicity, we assume alphabets to be finite. Later work may relax this restriction.
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action x or output action x independently or to communicate—creating a hidden
action τ—if P can do x and Q do x or vice-versa. Thus interaction in CCS involves
exactly two participants, unlike in CSP.

The expansion theorem then captures the behaviour of the parallel composition
of two ‘summations’ (or choice forms, in CSP terminology), expressing it again as a
summation. Each summand takes the form µ.P, where the prefix µ takes the form x,
x or τ . (A summand µ.P corresponds to a choice element µ→P in CSP.) We declare
that x = x. Letting P = ∑i λi.Pi and Q = ∑ j µ j.Q j the expansion theorem asserts:

∑
i

λi.Pi ∣ ∑
j

µ j.Q j ∼ ∑
i

λi.(Pi ∣Q)+∑
j

µ j.(P ∣Q j)+ ∑
λi=µ j

τ.(Pi ∣Q j)

where ∼ denotes strong equivalence, later improved to strong bisimilarity by David
Park [12].

This theorem arose from the semantics of CCS defined by structured operational
semantics [13], i.e. by an inference system over labelled transitions. But it suggests
another way to formulate the semantics. Let us convert the expansion theorem into
a rewriting rule

∑
i

λi.Pi ∣ ∑
j

µ j.Q j ↪→ ∑
i

λi.(Pi ∣Q)+∑
j

µ j.(P ∣Q j)+ ∑
λi=µ j

τ.(Pi ∣Q j)

where the directed relation ↪→ unfolds a parallel composition into a summation.
CCS would also need such an unfolding rule for restriction (hiding); then bisimilar-
ity, and other semantic equivalences or preorders, can be defined in terms of such
rules.

We propose to adopt this approach in the bigraph model; it will be especially
useful for process calculi like CSP which have many operators, each giving rise to
an unfolding rule. We shall do this here for CSP directly, in terms of its familiar
syntax. Thus we avoid further reference to bigraphs, but we pave the way for a
simple embedding of CSP in bigraphs, allowing the insights of CSP to be conferred
upon other calculi.

For this to work, we must enrich the choice construction

P = (µ1→P1 ∣ ⋅ ⋅ ⋅ ∣µn→Pn)

to allow non-determinism; this entails allowing the actions µi to be not necessarily
distinct, and also to be drawn from αP∪{τ}, where τ represents a hidden action.
For simplicity, since the order of choices is immaterial, we shall define ProcsetsX
to mean the set of finite3 sets of process expressions over alphabet X , and enrich the
choice construction to a so-called head normal form (hnf):

P = F : αP∪{τ} −→ ProcsetsαP .

3 Here again, it may be possible to remove the finiteness constraint for some purposes.
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Thus a hnf F is a function mapping each action µ ∈ αP∪ {τ} to a finite set of
possible successor processes. For example, the hnf

F : x 7→ {P1,P2},y 7→ {Q},τ 7→ {R1,R2}

could be written in an extension of the CSP choice notation as

F = (x→P1 ∣x→P2 ∣y→Q ∣τ→R1 ∣τ→R2) .

We conjecture that sequential composition P;Q can be treated by introducing a spe-
cial hnf SKIPX , for each alphabet X , to represent successful termination. We define a
process P to be in normal form if and only if the only constructions in P are enriched
choices.

Definition 1 (normal form). A process P is a normal form iff the only process
operators in P are enriched choices.

In the rest of the paper we will present several relations on CSP terms, and we
will tacitly assume that these relations only relate terms with the same alphabet.

4 Unfolding

We now define all the CSP operators listed above by means of unfolding to hnfs.
Let us use F,G,H to range over hnfs, P,Q,R over arbitrary processes, and S,T over
finite sets of processes. Furthermore we extend the operators to sets of processes by
defining, for example,

P∥S def
= {P∥Q : Q ∈ S} and S∥T def

= {P∥Q : P ∈ S,Q ∈ T} .

For each operator we give a single axiom that defines its unfolding for arguments
that are themselves hnfs. In the following we assume αF = X and αG = Y , and to
avoid too many parentheses we assume that set union ∪ binds less tightly than all
the operators. Note that X = Y in the case of the operators □ (general choice), ∣∣∣
(interleaving), and ⊓ (or).
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F ∥G ↪→ H where H(z) =

⎧⎨⎩F(z)∥G (z ∈ X ∖Y )
F ∥G(z) (z ∈ Y ∖X)
F(z)∥G(z) (z ∈ X ∩Y )

and H(τ) = F(τ)∥G∪F ∥G(τ)

F □G ↪→ H where H(x) = F(x)∪G(x) (x ∈ X)
and H(τ) = F(τ)□G ∪ F □G(τ)

F ∣∣∣G ↪→ H where H(µ) = F(µ) ∣∣∣G ∪ F ∣∣∣G(µ) (µ ∈ X ∪{τ})

F ∖Z ↪→ H where H(x) = F(x)∖Z (x ∈ X ∖Z)
and H(τ) = F(τ)∖Z ∪

∪
x∈X∩Z F(x)∖Z

F ⊓G ↪→ H where H(µ) = F(µ)∪G(µ) (µ ∈ X ∪{τ})

In addition, we allow unfolding to occur in any context; that is:

for any process context C [⋅], if P ↪→ P′ then C [P] ↪→ C [P′] .

For finite CSP, this defines unfolding fully. Infinite CSP allows mutually recursive
definitions of any number of process identifiers. For each such identifier A there is a
unique defining expression PA, and the definition augments the unfolding operation
with the axiom

A ↪→ PA .

Each PA may contain occurrences of any of the process identifiers, but these oc-
currences must be guarded—i.e. must be within the body of some enriched choice
construction.

Now recall that a (directed) relation → is confluent if, whenever a→∗a1 and
a→∗a2, then there exists a′ such that a1→∗a′ and a2→∗a′.

Theorem 1 (confluence). The unfolding relation ↪→ is confluent.

Proof. The proof will be given fully in a later paper. Intuitively, it relies on the
intuition that unfolding loses none of the non-determinism represented in each op-
eration.

In summary, the proof uses a generalisation of the Parallel Moves Lemma for
term rewriting, which may be found as Lemma 4.3.3 in [17]. This asserts that a re-
duction relation on terms is confluent provided its rules are left-linear (no repeated
parameter variables on the left-hand side of a rule) and non-overlapping (no preemp-
tion of one rule by another). These conditions are satisfied by our set of unfolding
rules. The Lemma is slightly generalised since it originally applies to terms, whose
syntax consists of strings of symbols, and we have introduced the syntax of enriched
choice constructions, which are finite maps to sets. ⊓⊔

Although unfolding is confluent, it may fail to terminate. One reason is the recursive
unfolding of process identifiers; indeed, the single recursive rule A ↪→ {x 7→{A}}
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repeats the action x ad infinitum. Perhaps surprisingly, this is the only reason for
non-termination. To see this, we first define strong normalisation.

Definition 2 (strong normalisation). A process P is strongly normalising if it has
no infinite unfolding.

Theorem 2 (strong normalisation). Recursion-free processes are strongly normal-
ising.

Proof. In outline, we assign to each term a multiset, consisting of the heights of all
the process operators in the term, except for enriched choice operators. For instance,
the term

((F ∥F) ∣∣∣F)□((F ∥F) ∣∣∣F)

—where F is an empty hnf—will be assigned the multiset {2,2,3,3,4}, since there
are two operator occurrences (both ∥ ) with height 2, two (both ∣∣∣ ) with height 3,
and one (□ ) with height 4. (For convenience, leaves have height 1).

Now it is known [4] that if an ordering on a set C is well-founded, then so is its
extension to an ordering on finite multisets over C. Here, take C to be the natural
numbers; then the ordering extends to finite multisets as follows: B≻ B′ if B′ can be
obtained from B by replacing some elements by finitely many smaller elements.

It remains to prove that every unfolding strictly decreases this ordering. Indeed,
an unfolding does not increase the height of a term; and it replaces a single process
operator with a finite number of process operators, but of smaller height. ⊓⊔

For the next section we shall need to use the transitive reflexive closure of un-
folding, written ↪→∗. We shall also need the transitive reflexive symmetric closure
of unfolding which we will call structural congruence.

Definition 3 (structural congruence). Structural congruence, denoted by ≡, is the
transitive reflexive symmetric closure of unfolding, (←↩ ∪ ↪→)∗.

This concludes the properties of unfolding that we need.

5 Bisimilarity

We shall now introduce transition relations labelled by actions X ∪{τ}; we shall
let µ range over these labels. The simplest case is for a hnf F ; we want F ↘µ P′

whenever P′ ∈ F(µ). However, we want transitions for an arbitrary process term P,
not necessarily a hnf; so we allow P to unfold into a hnf first. Thus transitions are
defined by the following rule:

P ↪→∗ F P′ ∈ F(µ)

P↘µ P′
.

Having defined transitions, we can now define strong bisimilarity in the usual way.
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Definition 4 (bisimulation, bisimilarity). A strong bisimulation is a binary relation
R over processes such that, whenever (P,Q) ∈R and P↘µ P′ then there exists Q′

such that Q↘µ Q′ and (P′,Q′) ∈ R, and conversely when Q↘µ Q′ then there
exists P′ such that P↘µ P′ and (P′,Q′) ∈ R. Bisimilarity, denoted by ∼, is the
largest bisimulation; that is, it is the union of all bisimulations.

A weaker equivalence relation, weak bisimilarity, places less constraint upon τ ac-
tions P↘τ P′; for example, two τ actions in sequence are equivalent to one. We
are only concerned here with the strong version; its role is to provide one answer
to the question ‘What is a process?’; the answer is ‘A bisimilarity-class of process
expressions’. This recalls the definition of a natural number, attributed to Bertrand
Russell, as ‘an equivalence class of sets under bijection’.

CSP places emphasis on the failures preorder on process expressions; this is—
intentionally—much weaker than strong bisimilarity, and as a preorder it represents
the way in which a process may be said to satisfy a specification. A point relevant to
the present work is that, since the failures preorder includes the strong bisimilarity
equivalence, it can be understood as a relation on processes, i.e. bisimilarity classes
of process expressions, rather than on the process expressions themselves. In other
words, the CSP semantics can be factored into two; first we determine which ex-
pressions denote the same process, and second we determine whether one process
satisfies or implements another considered as a specification.

The remainder of this paper therefore has two concerns: First, how does (strong)
bisimilarity relate to structural congruence as we have defined it, namely as the tran-
sitive reflexive symmetric closure of unfolding? Second, which of the well-known
equations of CSP—as for instance listed in Hoare [7]—already hold for bisimilarity,
and which hold only for failures equivalence?

Our first result is that bisimilarity is no stronger than structural congruence:

Theorem 3 (bisimilarity includes structural congruence). ≡⊆∼.

Proof. It is enough to show that≡ is a bisimulation, and this is straightforward. ⊓⊔

The second result is more surprising, since we are used to thinking of structural
congruence as a demanding (i.e. small) congruence. But the version of structural
congruence introduced here places more emphasis upon similar behaviour, and less
upon syntactic similarity. In fact:

Theorem 4 (structural and behavioural congruence). In finite (i.e. recursion-
free) CSP, structural congruence and strong bisimilarity coincide; that is, ≡=∼.

Proof. It only remains to prove that ∼⊆≡. Unfolding in finite CSP is both conflu-
ent and strongly normalising, so each term unfolds uniquely to a normal form (i.e.
containing no process constructions except for enriched choice). Hence it is enough
to prove that if two normal forms are bisimilar, they are structurally congruent. This
can be proved by induction on the structure of normal forms. ⊓⊔

Why does this result fail in the presence of recursion? It is enough to find two
recursively defined processes that are bisimilar but not structurally congruent. This
is easy; consider the two recursive definitions
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A ↪→{x 7→{A}} and B ↪→{x 7→{B}} .

They are not structurally congruent, since they never unfold to the same process, but
they are bisimilar; indeed, consider the singleton bisimulation {(A,B)}.

Since bisimilarity does not coincide with structural congruence in the presence
of recursion, we have to prove it to be a congruence by other means. In fact we must
prove that it is preserved by each of the operators. This, though a little tedious, is
straightforward.

Theorem 5 (congruence of bisimilarity). Strong bisimilarity is a congruence.

Proof (outline). We shall be content to present the case that one operator, ∥ , pre-
serves bisimilarity. The proof of congruence of the other operators follows the same
template.

We wish to prove that if P1 ∼ P2 then P1 ∥Q ∼ P2 ∥Q. For this, it is enough to
prove that B

def
= {(P1 ∥Q,P2 ∥Q) ∣ P1 ∼ P2} is a bisimulation.

Let P1 ∥Q↘µ R1. We must find R2 such that P2 ∥Q↘µ R2 and (R1,R2) ∈B.
Now by definition of transition we have P1 ∥Q ↪→∗ H, with R1 ∈ H(µ).

We consider only the case in which µ = z ∈ αP1 ∖αQ (other cases are similar).
By the definition of unfolding for ∥ , we have P1 ↪→∗ F1 and Q ↪→∗ G, with H(z) =
F1(z)∥G, and R1 = P′1 ∥G where P′1 ∈ F1(z).

From this we first deduce that P1↘z P′1. But P1 ∼ P2, so there exists P′2 such that
P2↘z P′2 and P′1 ∼ P′2. This implies that P2 ↪→∗ F2, with P′2 ∈ F2(z).

It follows that P2 ∥Q ↪→∗ F2 ∥G and F2 ∥G ↪→H ′ for some (unique) H ′; so, by the
transition rule, P2 ∥Q↘z R′2 for any R′2 in H ′(z). But H ′(z) = F2(z)∥G in this case,
and P′2 ∥G is in F2(z)∥G. Hence P2 ∥Q↘z P′2 ∥G. So we are done by taking R2 to
be P′2 ∥G. ⊓⊔

What are we to make of our ‘discovery’ that, for finite CSP, bisimilarity (∼)
agrees with what we have called structural congruence (≡)? We have to admit that
there is no unique notion of structure—and hence of structural congruence—for
processes. This amounts to saying that, given a syntax of process terms, like CSP
or CCS or ACP [2], there is no unique congruence on its terms such that we all
agree that its congruence classes are processes. For some people, process structure
involves a causal relationship among actions; in that case a process in which an
action x causes an action y differs from one in which x merely precedes y. For other
people, process structure will involve duration of action or locality of agents, and so
on.

Our definition of unfolding commits us to an abstract notion of process in which
causality, timing and placing are all ignored; the only remaining structure is that of
non-determinism, recording the possible transitions in any state, whether or not un-
der control of the process’s environment. This structure is captured for finite CSP by
the congruence based upon unfolding, and—as we have seen—strong bisimilarity
equally captures it.

How does this generalise to infinite CSP, where recursive definitions enable in-
finite unfolding? An infinitely proceeding process, one that enable an infinite se-
quence
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P1↘µ1 P2↘µ2 P3↘µ3 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

of transitions, corresponds closely to an infinite chain

S1 ∋ S2 ∋ S3 ∋ ⋅⋅ ⋅ ⋅ ⋅ ⋅

of inverse membership of sets, in the theory of non-well-founded sets. Peter Aczel,
in his book [1], argues that equality of such sets coincides with bisimilarity, i.e. it is
the largest symmetric relation R such that

if S R T and S′ ∈ S, then S′R T ′ for some T ′ ∈ T .

The bisimilarity of process terms differs only in that transition is a little more com-
plex than inverse membership; indeed the relation∋ is replaced by the compound re-
lation ↪→∗∋. Therefore, even for infinite CSP, we are justified in interpreting bisim-
ilarity as a structural congruence.

6 Equational Theory

In this section we examine the equational laws of CSP as given in Hoare’s book [7],
for concurrency (∥), general choice (□), hiding (∖Z), interleaving (∣∣∣), and non-
deterministic ‘or’ (⊓). They all hold when equality is interpreted as failures equiv-
alence; that is the intention in CSP. We indicate which of them hold also for strong
bisimilarity (∼); in fact, we tag with the symbol÷ all those—a minority—which do
not so hold. As is well-known, the discrepancy between these two interpretations is
largely due to the τ-transitions, which matter more in strong bisimilarity than in the
failures model. They are relevant to the failures model in a negative sense: a failure
of P is a pair (t,S), where t ∈X ∗ and S ⊆X , such that P can perform t to reach
a state in which no τ-transitions are possible and in which no action in S can be
performed.

Each law that holds for strong bisimilarity, ∼, can be established by exhibiting
a suitable bisimulation; we omit these to avoid boring the reader. As mentioned
above, a law is tagged with ÷ if it does not hold for ∼, and in each case we sketch
a concrete counter-example. Many of these laws involve the non-deterministic ‘or’
(⊓); we will discuss this a little further at the end of this section.

Of course it has long been known that such laws do not hold for ∼. The point
of this section is to add detail to our claim that the theory of CSP can be factorised
into two complementary parts: first, we quotient the class of CSP expressions by the
congruence∼, calling each congruence class a process, and we identify an algebraic
theory of these processes; second, we assert further laws that hold for the failures
preorder over processes as so defined.

For the purpose of this section, let us first define the well-known CSP processes
STOPX and RUNX as hnfs:
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L1 P∥Q = Q∥P
L2 P∥(Q∥R) = (P∥Q)∥R
L3A P∥STOPαP = STOPαP ÷
L3B P∥RUNαP = P
Let a ∈ (αP∖αQ), b ∈ (αQ∖αP), and {c,d} ⊆ (αP∩αQ).
L4A (c→ P)∥(c→ Q) = c→ (P∥Q)
L4B (c→ P)∥(d→ Q) = STOP if c ∕= d
L5A (a→ P)∥(c→ Q) = a→ (P∥(c→ Q))
L5B (c→ P)∥(b→ Q) = b→ ((c→ P)∥Q)
L6 (a→ P)∥(b→ Q) = (a→ (P∥(b→ Q)) ∣ b→ ((a→ P)∥Q))
Let P = (x : X → P(x)) and Q = (y : Y → Q(y)).
L7 (P∥Q) = (z : Z→ P′ ∥Q′)

where

⎧⎨⎩ Z = (X ∩Y )∪ (X ∖αQ)∪ (Y ∖αP)
P′ = P(z) if z ∈ X otherwise P′ = P
Q′ = Q(z) if z ∈ Y otherwise Q′ = Q.

Table 1 Equational laws for ∥ from §2.3.1

STOPX
△
= {µ 7→ /0 ∣ µ ∈ X ∪{τ}},

RUNX
△
= {x 7→ {RUNX} ∣ x ∈ X}∪{τ 7→ /0}.

As described in [7], STOPX is the process with alphabet X which never actually
engages in any of the events of X . On the other hand RUNX is the process which at
all times can engage in any event of its alphabet X . We shall discuss these definitions
further at the end of the section.

In Table 1 we list the equational laws for ∥ as presented in §2.3.1 in [7]. We note
that all the laws hold for ∼ except for L3A. The reason for the latter is that if P can
perform a τ-transition then P∥STOPαP can perform one, whereas STOPαP cannot.

In Table 2 we list the equational laws for the general choice □ from §3.3.1. For
this operator several of the laws do not hold for ∼. For L1, the reason is that the
process P□P can possibly perform two τ-transitions when P can only perform one.

As expected the laws relating □ and ⊓ do not hold for ∼. For L5, the left-hand
side must choose either P(a) or Q(a) when performing a shared event a whereas this
choice is “delayed” in the right-hand side. For L6, if P↘τ P′ then the left-hand side
may become P′□(Q⊓R), while the right-hand side becomes either P′□Q or P′□R.
Similarly, we can find a counter-example to L7 by letting Q perform a τ-transition.

Table 3 contains the laws governing the hiding operator. All of the laws hold for
∼, except for two. For L5, suppose that the choice x is hidden by Z, i.e. x ∈ Z. Then
the left-hand side can perform a τ-transition to become P∖Z, but this τ-transition is
not possible for the right-hand side of the equation. For L9 we tacitly assume that we
have generalised the binary non-deterministic ‘or’ operator into an n-ary operator.
The law contravenes ∼ for the same reason as L5.

Table 4 contains the laws for the interleaving operator. As expected the law L1
does not hold for ∼. A simple counter-example can be constructed by making P
perform any transition. For L5, P ∣∣∣RUN can possibly perform a τ-transition (if P
can) which cannot be matched by RUN.
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L1 P□P = P ÷
L2 P□Q = Q□P
L3 P□(Q□R) = (P□Q)□R
L4 P□STOP= P
L5 (x : X → P(x))□(y : Y → Q(y)) =

(z : (X ∪Y )→

⎧⎨⎩
P(z) if z ∈ (X ∖Y )
Q(z) if z ∈ (Y ∖X)

P(z)⊓Q(z) if z ∈ (X ∩Y )
÷

L6 P□(Q⊓R) = (P□Q)⊓ (P□R) ÷
L7 P⊓ (Q□R) = (P⊓Q)□(P⊓R) ÷

Table 2 Equational laws for □ from §3.3.1

L1 P∖{}= P
L2 (P∖Y )∖Z = P∖ (Y ∪Z)
L3 (P⊓Q)∖Z = (P∖Z)⊓ (Q∖Z)
L4 STOPX ∖Z = STOPX∖Z

L5 (x→ P)∖Z =

{
x→ (P∖Z) if x ∕∈ Z
P∖Z if x ∈ Z

÷

L6 If αP∩αQ∩αZ = {}, then(P∥Q)∖Z = (P∖Z)∥(Q∖Z)
L8 If Y ∩Z = {}, then(x : Y → P(x))∖Z = (x : Y → (P(x)∖Z))
L9 If Y ⊆ Z, and Y is finite and not empty, then

(x : Y → P(x))∖Z = ⊓x∈Y (P(x)∖Z) ÷

Table 3 Equational laws for ∖ from §3.5.1

L1 P ∣∣∣(Q⊓R) = (P ∣∣∣Q)⊓ (P ∣∣∣R) ÷
L2 P ∣∣∣Q = Q ∣∣∣P
L3 P ∣∣∣(Q ∣∣∣R) = (P ∣∣∣Q) ∣∣∣R
L4 P ∣∣∣STOP= P
L5 P ∣∣∣RUN= RUN Provided P does not diverge ÷
L6 (x→ P) ∣∣∣(y→ Q) = (x→ (P ∣∣∣(y→ Q)))□(y→ ((x→ P) ∣∣∣Q))

L7
If P = (x : X → P(x)) and Q = (y : Y → Q(y))

then P ∣∣∣Q = (x : X → (P(x) ∣∣∣Q))□(y : Y → (P ∣∣∣Q(y)))

Table 4 Equational laws for ∣∣∣ from §3.6.1

Finally, Table 5 contains the laws for non-deterministic ‘or’. Due to the simple
unfolding rule for ⊓, we are in fact able to prove that the three first laws hold even
for structural congruence (≡), by reducing both sides to the same hnf. However,
laws L4 and L5 do not hold for ∼ since the left-hand side has not made the choice
between the processes, whereas the choice has been made in the right-hand side.
For laws L6 and L7 we can find simple counter-examples by letting respectively P
or R perform a transition. This will leave the non-deterministic ‘or’ unchanged in
the left-hand side of the equation, but enforce a choice in the right-hand side.

We note that we cannot redefine⊓ in such a way that these laws hold for∼. That’s
because the laws take advantage of the properties of the failures preorder, which
intentionally conflates what may be regarded as two kinds of non-determinism: the
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L1 P⊓P = P
L2 P⊓Q = Q⊓P
L3 P⊓ (Q⊓R) = (P⊓Q)⊓R
L4 x→ (P⊓Q) = (x→ P)⊓ (x→ Q) ÷
L5 (x : X → (P(x)⊓Q(x))) = (x : X → P(x))⊓ (x : X → Q(x)) ÷
L6 P∥(Q⊓R) = (P∥Q)⊓ (P∥R) ÷
L7 (P⊓Q)∥R = (P∥R)⊓ (Q∥R) ÷

Table 5 Equational laws for ⊓ from §3.2.1

dynamic kind arising from uncontrolled decisions at run-time, and the static kind
arising from lack of knowledge of what process is running. The latter kind is what
lies behind the failures preorder. But bisimilarity aims to define the notion of non-
deterministic process (irrespective of how much we know about it), so it is only
concerned with the former kind.

We conjecture that further CSP operators—for example sequential composition
and interrupt—are amenable to definition by unfolding, and that certain of the laws
they satisfy will hold for∼. Recall our conjecture that the constant SKIPX , essential
for sequential composition, can be treated as a special normal form, whose character
is determined by unfolding rules. We also conjecture that both STOPX and RUNX ,
which we defined above, can instead be treated as special normal form constants, in
such a way that the laws listed for them will all hold for ∼.

7 Conclusion

This paper is motivated by the wish to represent CSP as a bigraphical reactive sys-
tem. This is to ensure that the bigraph model, which aspires to be a generic frame-
work for process modelling, can indeed represent the phenomena that are special to
CSP. This will not only add validity to the bigraph model; it will also allow other
bigraphical reactive systems to benefit from the specific insights of CSP.

In this paper we have therefore handled some of CSP’s repertoire of operators
in a way that reflects how they will be defined in bigraphs, while remaining close
to CSP’s syntactic framework. In bigraphs, we expect to define these operators by
generalising a notion of unfolding already present in bigraphs (see [11]). This gen-
eralisation has already been mooted, and the CSP encoding will add motivation for
it.

Indeed, the work presented here suggests a class of unfolding relations for which
unfolding in bigraphs is guaranteed to be confluent, though it is not yet clear how
broad this class may be. After doing the present work the authors have become aware
of Roscoe’s [16] proposed definition for ‘CSP-like’ operators; it will be interesting
to compare CSP-like operators with those that unfold confluently.

The second CSP phenomenon which we have mentioned, the ownership of chan-
nels, has not been discussed further in this paper. It will be handled in bigraphs by
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imposing a constraint on what bigraphs are admitted in the encoding. As mentioned
in the introduction, such a constraint in bigraphs is called a sorting; a sorting is
usually needed when encoding a calculus, because of the generality of bigraphical
contexts.

Let us renew our claim that the present approach complements, rather than con-
travenes, the original presentation of CSP. It enriches the choice construction, mak-
ing it non-deterministic. Hoare’s original choice construction preserves determin-
ism, thus allowing the phenomena of concurrency to be introduced one-by-one as
the repertoire of operators is extended. But the original choice construction is still
available as a special case of the enriched one. Also, our hnfs provide a simple for-
mal understanding of many of CSP’s wide range of operators, and a simple way
to define the bisimilarity of CSP process expressions. As we have noted, most of
CSP’s equational properties, not involving ⊓, hold not just for the failures preorder,
but even for strong bisimilarity.

In doing this work we have gained a more intimate understanding of the power
and beauty of CSP, such as cannot be gained by just reading about it. We would
be grateful for any feedback from those who have worked closely with CSP, in the
hope of a better integrated theory of concurrent processes.
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