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Abstract

The dictionary problem is among the oldest problems in computer science. Yet our under-
standing of the complexity of the dictionary problem in realistic models of computation has been
far from complete. Designing highly efficient dictionaries without resorting to use of randomness
appeared to be a particularly challenging task. We present solutions to the static dictionary
problem that significantly improve the previously known upper bounds and bring them close to
obvious lower bounds. Our dictionaries have a constant lookup cost and use linear space, which
was known to be possible, but the worst-case cost of construction of the structures is propor-
tional to only loglogn times the cost of sorting the input. Our claimed performance bounds
are obtained in the word RAM model and in the external memory models; only the involved
sorting procedures in the algorithms need to be changed between the models.

1 Introduction

Dictionaries are among the most fundamental data structures. A dictionary stores a set S which
may be any subset of universe U, and it answers membership queries of type “Is x in S?7”, for any
x € U. The elements of S may be accompanied by satellite data which can be retrieved in case
x € S. The size of the set S is standardly denoted by n.

We consider universes whose elements can be viewed as integers or binary strings. In this
chapter we concentrate on static dictionaries — a static dictionary is constructed over a given set
S that remains fixed. Dynamic dictionaries allow further updates of S through insertions and
deletions of elements. Even static dictionaries are sometimes used as stand-alone structures, but
more often they appear as components of other algorithms and data structures, including dynamic
dictionaries.

The dictionary problem has been well studied. Many solutions have been given, having dif-
ferent characteristics regarding space usage, time bounds, model of computation, and universe in
question. A challenge is to simultaneously achieve good performance on all the terms. We consider
only dictionaries with realistic space usage of O(n) registers of size ©(log|U]) bits. In the usual
case when |U] is at least polynomially larger than n, this amount of space is necessary (ignoring
constant factors) regardless of presence of satellite data. Algorithms involved in construction of a
dictionary may be randomized — they require a source of random bits and their time bounds are
either ezpectations or hold with high probability. Randomized dictionaries reached a stage of high
development and theoretically there is little left to be improved. On the other hand, the progress
on deterministic dictionaries was much slower. While in the dynamic case we have some reason to
believe that there is a considerable gap between attainable worst-case performance for deterministic



dictionaries and the attainable expected performance for randomized dictionaries, there is not any
evidence of a required gap in the static case.

A theoretical interest in deterministic dictionaries comes from the question of what resources
are necessary to implement an efficient dictionary structure, and random bits are a resource. Hav-
ing guaranteed time bounds, deterministic structures can be used in systems with strict perfor-
mance demands. A sufficiently simple deterministic dictionary having comparable performance to
a randomized dictionary would make the randomized structure obsolete. Unfortunately, the new
solutions described here are not simple enough to be competitive in practice, except possibly in
some special cases.

In this chapter we focus on dictionaries with constant lookup time. Because of faster construc-
tion time, dictionaries with slightly slower lookups may sometimes be of interest. For example,
a structure supporting searches in time O(loglogn) can be built in linear time on sorted input
[Ruz09].

1.1 The word RAM model and related work

The word RAM is a common computational model in data structures literature. It has the machine
word size of w bits and a standard instruction set, resembling the primitive instructions of the
language C. Execution of any instruction takes one unit of time. A usual assumption for RAM
dictionaries is that the elements of U fit in one machine word.! Contents of a word may be
interpreted either as an integer from {0,...,2" — 1} or as a bit string from {0,1}". For more
information see, e.g., [Hag98].

We will list some important results for deterministic dictionaries with constant query time. Each
of those results required a different idea, and a new insight into properties and possibilities of some
family of hash functions. A seminal work by Fredman, Komlés, and Szemerédi [FKS84] showed
that in the static case it is possible to construct a linear space dictionary with a constant lookup
time for arbitrary word sizes (no assumptions about relative values of w and n). This dictionary
implementation is known as the FKS scheme. Besides a randomized version with expected O(n)
construction time, they also gave a deterministic construction algorithm with a running time of
O(n?w). A bottleneck was choosing of appropriate hash functions. Any universal family of hash
functions [CWT79] contains functions suitable for use in the FKS scheme. Raman [Ram96] devised a
deterministic algorithm for finding good functions from a certain universal family running in time
O(n?w); this implies the same time bound for construction of the FKS dictionary. For w = nS),
an efficient static dictionary can be built in time O(n) on a sorted sequence of keys. This follows
from a generalization of the fusion trees of Fredman and Willard [FW93], and it was observed by
Hagerup [Hag98]. The previously fastest deterministic dictionary with constant lookup time is a
result of Hagerup, Miltersen and Pagh [HMPO1]. Their construction method has a running time
of O(nlogn). There exists an issue with compile-time computation of a special constant that is
required for each w, because the only known computation method is a brute-force search that takes
time 22y,

Allowing randomization, the FKS scheme can be dynamized to support updates in amortized
expected constant time [DKM™94]. The lower bound result in the same paper states that a de-
terministic dynamic dictionary, based on pure hashing schemes, with worst-case lookup time of
t(n) must have amortized insertion time of Q(t(n) - n'/t™) (this lower bound does not hold in

!This assumption simplifies analysis. Some schemes, including ours, scale well when keys are multi-word strings.



general, e.g. see the result of Pagh [Pag00]). A standard dynamization technique [OvL81] applied
to the static dictionary from [HMPO1] yields a similar type of trade-offs: lookups in time O(¢(n)),
insertions in time O(n'/*™), and deletions in time O(logn), where t is a “reasonable” parameter
function. The method in [Ruz08b] was devised as an alternative to the method from [HMPO1]
that eliminates the problem with the high compile-time demand. The dynamic dictionaries from
[Ruz08b| almost match the dynamic result from [HMPO1] — the difference is that update bounds
are amortized, instead of worst-case. An illustration of complete independence from the word size
w is that the structures from [Ruz08b| can be easily adapted to the Real RAM model to work with
arbitrary real numbers. This is not a feature of any other known hashing method.

1.2 External memory models

Real computers don’t have one plain level of memory but a memory hierarchy. Transfers of data
between levels of memory are often a dominant term in execution times. The theoretical I/O-
model was introduced to model behavior of algorithms in such a setting [AV88]. The I/O-model
was generalized to the cache-oblivious model [FLPR99], where the algorithm does not know the
size of the internal memory M and the block size B. That is, the analysis of an algorithm should
be valid for any values of B and M. Comparison-based sorting of n integers (which occupy one
memory cell) takes ©(Sort(n)) I/Os [FLPR99], where Sort(n) = 5 logy/p 5-

From the structures mentioned before for the word RAM model, it can be observed that the
methods of Raman [Ram96] and Ruzi¢ [Ruz08b] can easily be adapted to the external memory
models and attain analogous bounds, respectively O(%log |U|) and O("j;) I/Os. We take the
block size parameter B to represent the number of log |U|-bit items that can fit in a memory block.
For the dictionary from [HMPO1], no better bound than O(nlogn) I/Os can be stated. The main
problem for 1/O performance was the dictionary for universes of size polynomial in n, which is a
component of the construction from [HMPO1].

1.3 Background of our techniques

Our contribution consists of two parts. One part is a very efficient dictionary for universes of size
nPW) . Beside its use in composition with methods that perform universe reduction, this case has a
significance of its own. The most prominent example of stand-alone use of dictionaries for “small”
universes is representation of a graph. In the problem of storing and (random) accessing edges
of a graph, the universe is of quadratic size. The problem is also of interest to some situations
in practice, since in reality integer keys are not often very large relative to n. The main part
of our structure uses the same kind of hash functions that were used in [HMPO1] for this case.
Interestingly, those functions are very similar to the functions from [TY79] where construction
time was ©(n?). The construction algorithm from [HMPO01] runs in time ©(nlogn). We devised a
different and more efficient construction algorithm.

The other part of the contribution is a follow-up on our technique of making deterministic
signatures from [Ruz09]. That paper introduced a new type of hash functions and associated
algorithms for injectively mapping a given set of keys to a set of signatures of O(logn) bits. The
methods are computationally efficient in various models of computation, especially for keys of
medium to large lengths. More precisely, when given keys have a length of at least log®™¢n bits,
the algorithms for selecting perfect hash functions have a linear running cost on sorted input.
Those functions have rather succinct descriptions, and they might have an application outside of



O we will

dictionary structures. In our quest for a faster construction in the case w = log
give up the requirement of complete injectiveness, and replace it with considerably weaker and
rather specific properties. These weaker functions will be meaningful only within our dictionary

construction.

1.4 Our results
The result for the case of universes of polynomial size is summarized in the following theorem.

Theorem 1. Let S be any given set of n integers from the universe {0,1,2, ... ,no(l)}. In the word
RAM model, in time O(nloglogn) it is possible to deterministically construct a static dictionary
over S that performs lookups in constant time and occupies linear space. In the cache-oblivious
model, and hence in the 1/0 model as well, a similar structure can be built using O(Sort(n) loglogn)

1/0s.

The method is discussed in Section 2. The given structure complements additional results from
[Ruz09] in the external memory setting, such as a static predecessor structure for variable and
unbounded length binary strings.

In the second part of the paper (Section 3) we describe the structures and associated procedures
that are efficient when w = logo(l) n. In conjunction with the earlier results, this implies the
claimed results for the general case, which are formally expressed in the following theorems. In the
performance bounds we plugged in the currently known upper bounds on sorting (which may be
optimal).

Theorem 2. In the cache-oblivious model, a static linear space dictionary on a set of n keys can
be deterministically constructed using O(Sort(n)loglogn) I/O0s, so that lookups to the dictionary
take O(1) 1/0s.

Theorem 3. In the word RAM model, a static linear space dictionary on a set of n keys can be
deterministically constructed in time O(n(loglogn)?), so that lookups to the dictionary take time

o(1).

We could have also listed results for strings, etc. The stated general bounds do not match the
actual times in every case. We make remarks on some meaningful special cases, when performance
is better.

Remark 1. Suppose that log|U| = Q(lognloglogn). The construction cost of the dictionary
referred to in Theorem 2 is O(Sort(n)) 1/0s.

Remark 2. Supposing that w = O(lognloglogn), the time taken to build the dictionary from
Theorem 3 is O(nloglogn).

Remark 3. Ifw > log®™“n and the input set of keys is sorted, the time taken to build the dictionary
from Theorem 3 is O(n).

At the moment, our fast static dictionaries do not yield an improvement for dynamic determin-
istic dictionaries. It is one of major challenges in data structures research to either significantly
improve performance of dynamic dictionaries, or to prove general lower bounds that would defi-
nitely establish a gap between deterministic and randomized dictionaries. How far deterministic
dictionaries can go remains unknown, even in the static case.



2 Universes of Polynomial Size

2.1 Notation and comments

We use the symbol ¢ to denote bitwise exclusive or operation. The number of collisions of a function
h on a subset A of its domain represents the value [{ {z,y} : h(z) =h(y)Az,y € ANz # y}|. For
multisets A and B, the value [{ {z,y} € Ax B : x = y}|, which may be thought of as the number
of collisions between the multisets, is denoted by coll(A4, B). For a multiset A, A @ y stands for the
multiset {x @ y},ca. We use notation [z] to represent the set {0,1,...,2 — 1}. Also, logz means
logy x.

Throughout the presentation, statements of performance bounds for both the word RAM model
and the external memory models will appear at several places. The discussion was not separated for
different models because we end up with essentially one construction algorithm for all the models,
with the only difference being the sorting procedure that gets called (although on a RAM sorting
can be avoided at some places, and we may have slightly simpler algorithms). By changing the
procedure for sorting, we get methods efficient in the word RAM model, the I/O model, or the
cache-oblivious model. In the external memory models we take the block size parameter B to
represent the number of (log|U|)-bit items that can fit in a memory block. For this problem,
log |U| = O(logn).

2.2 About universe size

Suppose that the universe has size 2/2lgN=2loglog N1 " for some N which is a power of two. We
provide a dictionary structure that on a given set of n < N keys uses memory space of size O(N),
can be constructed in time O(nloglog N + N), and performs lookups in O(1) time. Hence, for
universes of size O(n?/log®n) such a structure immediately satisfies the desired performance. In
case Q(n?/log?n) < |U| < n°M we may use a sequence of dictionary structures of the same type.
The first dictionary is built over the projection of S on the first 2logn — 2loglogn bits. If the size
of the projected set is n1, then each projected value can be assigned a unique identifier in the set
[n1]. During lookups these identifiers can be retrieved using the dictionary. The second dictionary
is built over elements that are formed by concatenating the associated identifier and the projection
of original key on the next 2logn — logn; — 2loglogn bits. This process is continued until all bits
are exhausted. Since |U| = n®®) there is a constant number of dictionaries in the sequence.

A possible practical optimization is to handle small subsets directly. Namely, if an identifier
value corresponds to a “small” number of elements of S, a specialized structure can store those
elements, and they skip the rest of the general procedure. There are structures that can very
efficiently handle sets of size log®") N (see Section 2.8).

2.3 Central part

Here we give a high-level description of the construction. Explanations of subprocedures and
second-level structures follow in later subsections. Let ¥ = log N and ® = [log N — 2loglog N.
Suppose that ¢ : U — {0,1}® and v : U — {0,1}¥ are functions such that the combined function
(¢,7) is 1-1 on U. An easy choice is to take ¢ to be the projection on the ® highest order bits,
and 9 to be the projection on the ¥ lowest order bits of binary representations of keys. We have
that ® +log® + logV¥ < ¥ + 1 and logn < V.



The main hash function is of type
h(z) =¢(z) ® ag)

where (a;) is an array of U-bit elements, with i € {0,1}*. Our aim is to set the values of the
array elements in a way that makes the function h have no more than 3®2n collisions on a given
set S C U. It will become clear that this is always possible. After the function A is fixed, buckets
of elements colliding under h need to be resolved. This is much easier than the original problem,
since the average size of buckets is small. If the size of a bucket is less than ®3W¥ then a structure
specialized for small sets will handle it. The total number of elements in the remaining (“large”)
buckets is O(gg ). This can be seen by analyzing function ) ; b; under constraint (sz) < 302
and with variable domains [®3W, co). Let S’ be the subset of S comprising the elements that fall
in the “large” buckets. Constructing an efficient dictionary over S’ will be an easier task, because
we can afford to spend O(|S’|®¥ + 2%) construction time on it; we cover this in Section 2.9. No
additional new techniques are required to design these second-level structures.

We will now give an overview of the algorithm for selecting values for the elements of the array
a. The array a is initially set to all-zeros. Values of array elements will be decided in stages, with
each stage being responsible for a separate set of bit positions. In our numbering of bit positions,
position 0 refers to the most-significant bit position. Let i, = [log ¥ —loglog ® — 1]. There will be
a total of 2i, +2 = O(log V) stages. In the stages numbered 1,2, ..., 14, the sizes of active sets of bit
positions decrease roughly geometrically, while in the remaining i, 4+ 2 stages they have the same
(small) size. Let pg = 0, p; = [(1 —279)¥] —i- |log®] for 0 < i < iy, and p; = p;_1 + |log @] for
ix < 1 < 2iy + 2. In the ith stage bits at positions between p;_; and p; — 1 (inclusive) are decided
on all elements of a.

The last i, + 2 stages could be replaced with different and shorter sequences. Yet, in this
presentation of the algorithm we keep the chosen setting because it is relatively simple and incurs
a relatively small increase in the overall constant factor. Operation in all the stages is done by
the same procedure, parameterized by values p;—; and p;. We introduce symbols 7; denoting
9pi—pi—1+|log @]

After the ith stage of the algorithm, the projection of h(x) on the high-order p; bits is known.
In other words, for any x € U the value of h(x) div 2¥ 77 is fixed after the ith stage. To describe
operation of the algorithm in stage i, we will define sets T'(v,j,k), v € {0,1}Pi-1, 0 < j < P,
0 < k < 2277 (whenever we talk about sets T(v, j, k) the stage number i is assumed to be fixed).
Sets T'(v, j, k) are defined recursively as follows:

e For any v € {0,1}Pi-1, T'(v,®,0) = {x € S | h(z) div 2YPi-1 = v}.
e For j < @, if [T(v,j + 1,k div 2)| < n; then T'(v,j,k) = 0.
e For j < @, if |[T(v,j+ 1,k div 2)| > n; then
T(v,j,k) = {x € T(v,®,0) | k2 < ¢(z) < (k+1)27} .
Only non-empty sets T'(v, j, k) are of interest to us. For any fixed v, subset relation on the family
of non-empty sets T'(v, j, k) can be described by a binary tree, with nodes labeled by pairs (j, k).
Sets T'(v, j, k) that correspond to leaves of that tree are those that satisfy j = 0 or T'(v,j —1,2k) U

T(v,j—1,2k+1) = 0. Let {Sy}y,: be the collection of all such “leaf” sets, over v € {0,1}Pi-1.
The collection {S,;} is a partition of the set S.



No matter how the elements of the array a are modified in current and later stages, that is
on bit positions from p;_1 to ¥ — 1, the number of collisions that h may create is bounded by
>0 2ty <1y [Suiy| - [Suiy| Plus a bound on the total number of collisions within the sets Sy. If a
set S,; has size greater than 7; then it has to be one of the sets T'(v,0,k). However, the set
{x e S| ¢(x) =k} DT(v,0,k) is always mapped injectively by h. This follows from the definition
of the function h, the fact that (¢,) is 1-1 on U, and the properties of xor operation. Therefore
collisions may happen only within the sets S;; such that |S,| < n;. An upper bound on the total
number of collisions that may happen within the sets S,; is %nm, which can easily be seen by
analyzing function 1 5 ZJ 1 b5 2 under constraint >_jbj = n and over domain [0,7;]". The goal of
processing in stage ¢ is to modify the values in the array a so that the number of collisions of h on

S does not exceed
n
77i2 2131 —Pi—1 Z Z |Sv11 ‘Svlz ; (1)

v 1<l2

when the stage ends. By solving appropriate recurrences, the following technical lemma can be
shown. The proof is in Section 2.4.

Lemma 4. If modifications to the array a by the selection algorithm make the number of collisions
of h on S not exceed (1) at the end of stage i, for each i, then the final number of collisions will be
less than 3®%n.

The term -, > 1, [Suiy |- [Sui,| from (1) can be re-expressed in an algorithmically more useful
form. Each set T'(v,j, k) is the union of some sets S,;. Thus, we may write |T'(v, 7, k)| = >_|Sul,
where the sum is over all [ such that S,; C T'(v, j, k). The product |Sy, |- [Su,|, for some i1, 2, will
be a term in the expanded expression for a product of type |T'(v, j, 2k)| - |T'(v, j, 2k + 1)|. Actually
it will appear as a component of exactly one such product; in the mentioned binary tree, the node
with label (5 + 1, k) has to be the lowest common ancestor of the nodes that correspond to the sets
Syi, and Syy,. As a result, it holds that

c1>12‘1>1'11

Z Z ‘Svh ’S’UZQ‘_ZZ T'(v,j,2k)| - ‘ (v,,2k+1)| .

v l1<la v j=0 k=0

After we specified the goal of processing in every stage, we proceed to giving a high-level
description of the sequence of operations done at each stage. We introduce multiset variables
X (v, j, k), and we implicitly initialize all of them to (). In the outermost loop of the procedure, j
takes values from 0 to ® — 1. We describe principal operations performed for a fixed j. First, for
all leaf sets T'(v, j, k), i.e. those that equal one of the sets S,;, we make the assignment

X(v,.K) = {(h(x) div 27) mod 271 | & € T(v,j.K)} .

where values h(x) are taken to be determined by the current state of the array a. We effectively
calculated the projections of the current values h(z), x € T'(v,j, k), on the bits at positions p;_;
through p; — 1. The multisets can be stored as sets of element-multiplicity pairs. For each k,
0 <k <2%7-1 1, the algorithm will find a value ¢ € {0, 1}?"Pi-1 such that

> coll(X (v, 5,2k), X(v,5,2k +1) ©6) < oo IZrTw,%)l T (v, j, 2k + 1)



and then make assignments X (v,j+1,k) = X (v, 7,2k)U (X (v, j,2k+1) &), where the union is in
the multiset sense. The subprocedure that finds a suitable value § is described in Section 2.6. The
elements of the array a are modified so that a; = a; @ 0Pi-16 0Y~Pi, for (2k+1)27 <1 < (2k+2)27.
At the end of the current iteration of the loop over j, the equality

X(v,j+1,k) = {(h(z) div 2Y7P)) mod 2Pi Pi-1 | z € T'(v,j + 1,k)}

holds for every non-leaf set T'(v,j + 1, k).

It is not hard to formally verify that a procedure conforming with this high-level description
meets the specified goal of reducing the number of collisions of the function h on the set S. Per-
formance analysis is completed in Section 2.7. We mention here that the following fact is used.

Lemma 5. There can be at most 4n% non-empty multisets X (v, j, k).

2.4 The proof of Lemma 4

An upper bound on the number of possible collisions after completion of stage ¢ is given by the
following recurrence for ¢ < 74:

2
n n 1
_ . _ 9pi—DPi—19|log®| " )
co = 5 c; =2 2 5 + 2pi—pi_1cz_1 .
The solution to the recurrence is
¢ Dj—Dj—1 1 n2
_olloge) N 2T n”
¢ =2 2 Z; P —Pj + 2D
]:

According to the definition of the sequence (p;), the difference p; — pj, for j < i < i,, satisfies the
following inequality.

(pi = pj) — (277 =27 W+ (i —j)llog @[ < 1. (2)

Using (2) we may bound QZJPZZ;I by 422 "0+ (i=i-Dllog®] - Ag g result,

9t |log @ |

i—1
. 927w j|log @]
¢ <42 2 ZQ + 2(1—2*1’)@”

J=0

A simple and relatively tight upper bound on ¢;, is 22 ¥ 2ixllog®](py 4 g—;) We use this value as
the starting point in the recurrence that corresponds to the remaining stages:

G — 92 Voix|log @] n+”j 5,_22L10g<bjﬁ+ 1 Z:
0 — 2\11 bl (2 2 2[10g¢J 1—1 -

The solution to this recurrence is

i—1

s _ 92llog@] ™ 1 LR

G = 2 2 z% 2j|_10g<1>j + QiUqu)J ‘o -
J:

After the whole procedure of selecting values for the elements of a is finished, the number of
collisions of h on S is no more than &, o < n®?(2 + 27¥n). From ¥ > logn it follows that
Gi, 12 < 3®%n, as required at the beginning.



2.5 Determining and arranging sets S,

We need a procedure that efficiently determines which of the sets T'(v, j, k) are leaf sets, that is,
those that equal one of the sets S,;. This procedure needs to be executed at the beginning of
every stage of the algorithm. The output should be a list of triples of form (v, j, k). Naturally,
the first step of the procedure is to sort the elements of S according to values of the function
(h(z) div 2Y7Pi=1 ¢(z)). One way of determining leaf sets T'(v, j, k) is to build path-compressed
tries. A trie would be built for each value of h(x) div 2¥~Pi-1 separately. By computing and storing
weights of subtrees at each internal node, it is easy to determine the leaf sets recursively by the
definition. This method would be efficient in the word RAM model, but we would have problems
making it worst-case efficient in the external memory models.

We constructed a different and somewhat simpler algorithm for this problem, which is efficient
both in terms of RAM time and I/O cost. The pseudo-code of the procedure for determining
leaf sets T'(v,j, k) is listed in Algorithm 1. Apart from the initial sorting, it runs in O(n) time
making O(n/B) I/Os. In terms of external memory computation, effectively two scans of the array
are made; it is possible to do only a single scan with a small complication. The algorithm is not
completely trivial, but it is not a problem to prove its correctness. We leave the tedious details
out. Performance in the external memory setting is obvious. The only non-obvious points in time
analysis for the RAM model are the two while loops that increase/decrease values of j and k. We
charge each iteration of these loops to the latest output leaf set that contained at least %m elements.
The crucial observation is that a total of O(®) iterations may be charged to a set, possibly split
between different executions of the loops. Since 7; > ®, for any ¢, we are done.

So far we have the labels of the leaf sets T'(v,j, k) in form of triples (v, j, k), and the set S
is stored so that the elements of each set T'(v, j, k) appear at consecutive cells. As a preparation
for subsequent computations, the sets are separated into ® groups according to the value of the
index j. Consider the group j, for some 0 < j < ®. The sets in group j do not participate in
computations during the first j iterations of the outer loop in stage i, i.e. for 0 < j < j. When
j reaches value j it is time to include those sets in processing, which requires the corresponding
multisets X (v, j, k) to be computed (remember that we are dealing only with leaf sets at this point).
Remark that the description of the function h has changed since the start of stage ¢, and therefore
this computation cannot be performed at an earlier time, before the iteration number j. In the
external memory setting the computation of the multisets X (v, j, k) involves sorting of all elements
in Uy xT'(v,j, k), where the union only includes the leaf sets, according to values of the function
¢, in order to compute the values of the function h on those elements. The function values are
then computed by making linear scans over the obtained sorted sequence and the array a. Another
sorting operation is used to group elements of each set X (v, j, k) together, with the sets laid out
sorted according to the values of indices k and v, respectively (having ¢(z) as the first attribute in
a sorting key is not the same as having k-value as the first attribute when the key is composite).

2.6 Finding suitable ¢ values and merging the multisets

We do not store the multisets X (v, 7, k) in the simplest form. To facilitate bit-by-bit selection of
d values, we store weighted full binary tree representations of the multisets X (v, j, k). Namely, for
each multiset X (v, j, k) we store an array of length s; = 2Pi~Pi-1+1 _ 1 Let (wq);=; denote such
an array. Then for 2Pi7Pi-1 < ¢ <'s;, w, has the value of the multiplicity of element g — 2Pi"Pi-1
in the multiset. The multiplicity of an element that does not belong to the multiset is zero. For



(x4) < sequence of elements of S sorted according to values of the function
(h(z) div 29771, ¢());

J =

k — 0;

v+ h(zy) div 2¥~Pi-1;

count «— 1;

Gstart < 1

for ¢ — 2 ton do
if v # h(z,) div 2Y7Pi-1 then
if count > 0 then
Append triple (v, 7, k) to the output list;
J—
k — 0;
v+ h(z,) div 2¥Pi-1;
count < 1;

Qstart < 4; )
else if ¢(zy) > (kK +1)2’ then
if count > 0 then
Append triple (v, j, k) to the output list;
while (k +2)27 < ¢(z,) do
J—J+L
k — k div 2;
end
k—k+1;
count «— 1;
Qstart < 4;

else
count < count + 1;

if count > n; then
while j >0 A (k+1)27 > ¢(z,) do
J—J—1
k — 2k;
end
if (k+1)2/ < ¢(zy) then
if ¢(QStart) < (k? + 1)2j then
Append triple (v, j, k) to the output list;
while ¢(QStart) < (kf + 1)2j do
Qstart < Qstart + 1;
count «— count — 1;
end
kE—Fk+1,
end

Algorithm 1: Finding leaf sets T'(v, j, k)
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1 < q < 2Pi7Pi=1 ", has the value of wag + wag41.

Applying the operator & with argument § on X (v, j, k) has the following effect on its weighted
binary tree representation: if the bit at position [ of § has value 1 then for every node of level [ its
left and right subtree are interchanged (the root is at level 0). Each level in the weighted tree for
the set X (v, j,k) @ d is a permutation of the same level in the tree for X (v, j, k). For level [, the
first [ bits of § determine the permutation.

For leaf sets T'(v, j, k) the weighted tree representations of the corresponding multisets X (v, j, k)
are constructed after computation and grouping of the sets X (v, 7, k), mentioned in Section 2.5. It
will be convenient to have the arrays of weights split into segments corresponding to levels of the
trees, and to group together segments for each level. There are p; — p;—1 groups, and within each
group segments are arranged sorted according to the values of indices k and v of their sets X (v, j, k).
All this preprocessing of data structures is done for the multisets X (v, j, k) that correspond to the
leaf sets T'(v,j,k) in the (j + 1)-st iteration of the outer loop in stage i. A result of the first
j iterations of the loop are the same kind of data structures for the multisets X (v,7j,k) that
correspond to non-leaf sets T'(v, 7, k), also laid out in the same way. As the last preparation step
in the (j + 1)-st iteration, before doing the main operations, those two sets of data structures are
merged into one. Since in both parts all pieces are already arranged sorted according to tree-level
number, and then indices k£ and v, no sorting operation is involved in this step.

Recall of our principal task at this place — for fixed j and k we need to select § such that the
following relation is satisfied.

> coll(X (v, 5,2k), X(v,j,2k+1) @) <
1 , :
WZW(U’J,%N | T(v,j, 2k + 1) (3)

Initially § is set to 0, and in increasing order of bit positions it is decided whether to set the bit to
1 or not. Since in each problem the values of j and k are fixed, we may use (w,q) to denote the
weight arrays of the multisets X (v, j, 2k), and (wgq) to denote the weight arrays of the multisets
X(v,j,2k + 1) @ 6. Define the function

2411
H.0) =3 Y gl
v g=2!

For any 4, the value of u(p; — pi—1,9) is an upper bound on

> coll(X (v, 5,2k), X(v,j,2k+1)@0) .

Therefore it is sufficient to set the bits of & so that u(l + 1,8) < $u(l,8), for every | (only the first
[ bits of § influence p(l,9)). Let §; be the value obtained by taking the first [ bits of § and setting
.. . . 5 o o
the remaining bits to zeros. By expanding w,, and Wy N0 Wy 29 + Wy 241 and w,, 9g T Wylag+1, We
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get that

2421
— s ]
u(l,0) = Z Z (wUQ'wvlq+wUQ+1 'qu+1)+
v g=2l+1
2i+2 1

& 0
+Z Z (qu T Wy g1 + Wygt1 - wvlq) .

v g=2l+1

We expressed p(l,0) as the sum of two terms such that: if the bit at position [ of § is set to 0 then
wu(l +1,0) becomes equal to the first term, and otherwise if it is set to 1 then (I + 1,d) becomes
equal to the second term. The choice is made based on which value is smaller.
When deciding on the value of bit atugosition [, the procedure needs to permute the sequence
2l+2_q

(wgq)il:;;} according to §; to get (wglq)qzzlﬂ, for each v. In the word RAM model this is easy to

do in O(2"*1) time, while in external memory sorting is required. Joining the weighted binary tree
representations of multisets X (v, j, 2k) and X (v, j, 2k+1)@4 into the same type of representation for
the multiset X (v, j + 1, k) is straightforward. It can even be done on-the-fly during the selection of
bits of 4. If the data structures for X (v, j+1, k) are stored at the same places were the structures for
X (v, j, 2k) resided, then the memory that stored the structures for X (v, j, 2k+1) becomes available.
The space should be compacted to contain no unused holes. The compaction can be done either at
the end of processing in the iteration number j, or on-the fly during the other computations.

Total time spent in stage ¢ on all operations covered in this subsection can be expressed as
O(2P~Pi-1) = O(’k) per every non-empty multiset X (v, j, k). When counting the number of I/Os
in the external memory version, note that sorting operations in this part of the algorithm are
conducted as procedures of multisorting of groups of elements of equal sizes. All other operations
involve only sequential scans. The total number of I/Os made in stage i for the operations covered
in this subsection can be expressed as O(Sort(2Pi~Pi-1)) = O(zSort(1;)) per every non-empty set
X (v, 4, k).

2.7 Completing the analysis of the main algorithm

We analyze the total cost of one stage of the algorithm for selecting values for the elements of the
array a. Aggregate complexity of the procedures specified in Section 2.5 is proportional to the
complexity of sorting n integers of size O(log N) bits. In the external memory setting the limited
size of numbers does not help us (at least it is not known to), and the required complexity is
simply O(Sort(n)) I/Os. In the version for the word RAM model we choose to use radix sort when
n > N/log? N. Then, using a space of size O(n) sorting takes time O(n). When n < N/log? N
we use a comparison-based sorting sorting procedure. In any case, a time bound for this part is
O(n+ N/log N).

In Section 2.6 it was said that the total time spent in stage i on all the operations from that part
can be expressed as O(%) per every non-empty set X (v, j, k). Lemma 5 implies that the operations
described in Section 2.6 run in total time O(n) in any stage. In the cache-oblivious model the cost
is O(3 logag/pmi) = O(Sort(n)) 1/Os.

Proof of Lemma 5. Consider any fixed v and the set T'(v, ®,0) with its associated binary tree
that captures the subset relation on non-empty sets 7'(v, j, k). In the degenerate case |T'(v, ®,0)| <
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7; the tree is just the root node, and X (v, j, k) = () for any j,k (X (v, ®,0) is also empty since no
assignment involving that variable is made in the course of the algorithm; the outermost loop goes
until j = ® — 1). Suppose that |T'(v,®,0)| > n;. Since the collection of leaf sets T'(v,j, k) is a
partition of T'(v, ®,0), among the leaf sets there can be at most 2|T'(v, ®,0)|/n; sets having size at
least 7;/2. Any non-leaf set has a descendant leaf set of size at least 7);/2, which is straightforwardly
derived from the definition of sets T'(v, j, k). We “assign” each non-leaf node to one of its descendant
leaf node sets of size at least 7;/2 (multiple nodes can be assigned to a leaf node). Further, we assign
each leaf node (j, k) such that |T'(v, j, k)| < 1;/2 to one leaf descendant (j1, k1) of its parent for which
|T(v, 41, k1)| > ni/2. Each leaf node (j, k) such that |T'(v,j, k)| > 7;/2 can have at most 2(® — j)
nodes assigned to it — at most two per every level on the path to the root. Consequently, there
can be at most (2® + 1)%\T(v, ®. 0)| non-empty sets X (v, j, k), for the chosen fixed v. Summing
over all v finishes the proof. O

The only remaining thing is to take into account the operations of modifying the elements of a,
that is, the operations of type
a=a @ oPi-150YPi

Every element gets modified ® times in every stage of the algorithm; therefore O(2®®) time is
spent on this process in one stage. Because of the inequality ® + log® + logV < ¥ + 1, a time
bound is O(2¥/¥) = O(N/log N). The elements of (a;) are modified in order of increasing index
l. Hence, I/O cost is O(%).

Even if the sequence (p;) was changed, possibly resulting in a higher number of stages, there
could be at most ¥ = log NV stages. Hence, the bounds which were expressed only in terms of N
yield a combined bound of O(NN) over the entire algorithm. With the chosen parameters there are
O(log¥) = O(loglog N) stages, implying a complete time bound of O(nloglog N + N). In the
cache-oblivious model the algorithm makes O(Sort(n)loglog N + N/B) 1/0Os.

2.8 Subsets of size logo(l) N

In the word RAM model, a generalization of fusion trees of Fredman and Willard [FW93] yields
a linear-space static dictionary that on a set of m keys has a lookup time of O(1 + llngf) and it
can be constructed in O(m) time on sorted input (this was explicitly stated by Hagerup [Hag98]).
Plugging in m = log® M N and w = Q(log N) shows that lookup time would be O(1) in our case.
Sorted sequence can be obtained through radix-sorting elements of type (bucket-id, x) from all the

small buckets.

Alternatively, we may use a combination of our deterministic signatures method [Ruz09] and
packed B-trees (e.g. see [And95]). This combination is a bit simpler than fusion trees, and it can
also be used in external memory. A signature function that maps keys to O(loglog N) bit values
can be found in linear time on sorted input. The signatures of size O(loglog N) bits are stored in
a packed B-tree. Since the word size is 2(log N) bits, the tree will have a constant depth.

2.9 The secondary structure for large buckets

On a RAM we could resort to using the structure for polynomial-size universes from [HMPO1].
Because there are o(n/logn) elements at this part, the added construction cost is o(n). However,
in external memory this structure is inefficient to construct.
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We will use a variation of our algorithm to cut the number of collisions on these elements down
to o(n/logn). Then within the buckets created by this second-level structure we use hash functions
with quadratic range; quadratic space can be afforded in each bucket because the sum of collisions
is small. This approach is the same as in the FKS scheme [FKS84|. To find injective hash functions
deterministically we may use the algorithm from [Ram96] or the algorithm from [Ruz08b]. The
former one would run in time O(m?logn) on a bucket of size m, while the latter one would take
time O(m?logm). In any case the combined time is o(n). These algorithms can easily be made
efficient in the cache-oblivious model.

It remains to describe changes to some parameters from Section 2, which will allow a higher
drop in the number of collisions. The parameters that correspond to sequences (p;) and (n;) will
be set differently. Now there will be W stages. We simply set p; = ¢ and 7; = 1, for 0 < ¢ < W. The
algorithm is obtained by substituting p; and 7); for p; and 7;, respectively. Except from some parts
of the analysis, everything else stays the same. The recurrence for the number of possible collisions
after completion of stage i is now simply: ¢y = O((g%)?), & = £¢—1. The final number of collisions
is O(n/(®V)?) = O(n/log?n). Performance bounds for procedures described in Section 2.6 grew
by a factor of O(®¥), but this was amortized by having the input set of smaller size.

Remark that only a small fraction of the elements goes through the additional complications
from this part.

3 Larger Universes

3.1 Background on signature functions

The basic type of functions used in [Ruz09] is f(z,s,a) = x div 2° + a - (z mod 2%), where a is
a parameter chosen from {1,2,...,n¢— 1}, ¢ > 2. The parameter s has a value dependent only
on the domain of z, for example s = L% log|U|]. The integer division and modulo functions were
chosen as they are perhaps the simplest of all pairs of functions (¢, ) such that (¢,v) is 1-1 on
U, and so that both functions map to a (significantly) smaller universe. In a more general form,
we write f(z,a) = ¢(z) + a - ¥(x). Suppose that K is the number of keys that can be packed in a
machine word. With ¢ = 3.42, on any given set of n keys, a value for the parameter a that makes
the function f injective on the set can be found in time O(n(log n)2% + (logn)3). The basic
function can be combined in different ways to achieve a larger reduction of universe. The ultimate
goal is to have a function that maps original keys to signatures of size O(logn) bits. Many concrete
variants of this approach can be imagined, yet we need only two.

Let z[0]z[1]...xz[g — 1] be a string representation of key x over some alphabet. One possibility
is to apply f to all characters and concatenate the resulting values, viewed as binary strings. We
may use the same multiplier parameter for all characters, and thus the length-reduced value for
key x after one level of reduction has a form of f(z[0],a)f(z[1],a)... f(x[¢ — 1],a). The process is
repeated with different multipliers and possibly different alphabets at subsequent levels of reduction.
We refer to this way of combining function f as the parallel reduction. In the second version,
which we call suffix reduction, only the last characters get reduced at a single reduction level.
Although the structure of reduction sequences is different for those two variants, as well as the
processes of parameter selection, the final functions for those two compositions can have similar dot
product forms. A precondition for this is to suitably set intermediate alphabet sizes in the parallel
reduction. For example, after two levels of parallel reduction we want the function to have a form
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of z — f(f(z[0],a)f(x[1],a),d")... f(f(z[g —2],a)f(z]g — 1],a),a’). Having the final functions in
dot product form means that they can be evaluated rather efficiently on a word RAM. For more
information about these methods see [Ruz09].

A final injective function is composed of functions generated by the method of parallel reduction
and the method of suffix reduction. It can be evaluated in constant time on a word RAM. When
log*tn < w < 2Ten the construction algorithrrln runs in linear time on sorted input. We may use
fusion trees to cover the extreme case w > 2loen efficiently. In this chapter we show an improved
complexity of dictionary construction in the case that w < logo(l) n.

3.2 Speed-up of the suffix reduction

The briefly outlined method of making deterministic signatures produces perfect hash functions with
ranges of polynomial size. The functions have rather succinct descriptions, and they might have
an application outside of dictionary structures. Here we will give up the injectiveness requirement,
and replace it with considerably weaker properties. These weaker functions will be useful only
when combined with additional data structures, foremost a dictionary structure for universes of
polynomial size. The variant of the suffix reduction method that we introduce is particularly
efficient in the external memory models. Yet it also produces some useful results in the word RAM
model.

Let z[i], denote the ith character of key = viewed as a string over the alphabet [27]. It is
assumed that o = Q(logn). In the original version of suffix reduction we want to find multipliers
ap,at, ..., aq—2 such that the function

aop - z[0]s + (... + (ag—3 - z[qg — 3]s + (ag—2 - x[q¢ — 2]o + z[¢ — 1]5)) .. .) (4)

is injective on S. The multiplier selection algorithm is applied ¢ — 1 times, as suggested by the
expression in (4). In the new version, the multiplier selection procedure is again called g — 1 times,
but each time with an input set of size O(n/(logn)?). There will be no limit on the number of
collisions that the final function may cause. Yet the function will have some properties that will
allow the initial searching problem to be reduced either to a problem over a universe of size O(o)
bits, or to a problem over a set of size O(log? n). The high level idea is to look for clusters of elements
that already piled up and will hash to equal values by the final function, and to prevent further
collisions between already formed clusters. Sorting operations (over shorter keys) will dominate the
running times. Suppose that values for the parameters a;, aj41,. .., aq—2 were selected. If two keys
x and y share the prefix of length [ and the function values on their suffixes of length ¢ — I collide,
Le. ap-zlllo +apr -zl + 1o+ ... +2[g— 1o =ar - y[l]lo + @141 - y[l + 1o + ... + y[g — 1|5, then z
and y will certainly be mapped to the same value by the final function. On the other hand, if the
length [ prefixes of x and y differ, it does not matter what are the values of the partial function
on their suffixes of length ¢ — [, since the separation of their hash values will be decided at a later
time. The construction algorithm will keep track of sufficiently large clusters of elements that are
certain to collide given the already selected multipliers. Different clusters will be ensured to map to
different values. However keys not yet belonging to any cluster are able to join existing clusters or
form new ones. The time of joining a cluster for a given key, specified by a prefix length, is possible
to determine quickly during lookups. Some pieces of information related to this joining point will
enable us to substantially reduce the search space. To be precise, the reduced search space will
consist of keys of length O(o) bits. If we set 0 = O(logn) then the method can be composed with
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the structure from Section 2. In some uses of the method, as we will see in Section 3.3, we need
to set a higher value of o; there the “pipelined” dictionary for keys of length O(c) bits is more
complex.

The computationally dominant process in the construction algorithm will usually be sorting.
The procedure performs O(q) sorting operations over sets of O(n) keys of length O(c) bits. In the
external memory models this amounts to O(Sort(n)) I/Os (with the block size B expressed in terms
of (log|U|)-bit items, where U is the universe of keys that are input to the method). Combining
this with the result from Section 2 produces the result stated in Theorem 2. In the word RAM
model, the total sorting time is in general O(nqloglogn), based on [Han04]. When o = ©(logn) we
may use radix sort and get a time bound of O(ngq), which explains Remark 2. When ¢ is sufficiently
large it makes sense to use a serial version of the parallel sorting algorithm from [AH92]; however,
in our applications, suffix reduction is used with relatively small values of q.

We will mainly describe the process of constructing the functions, and through it provide under-
standing of the properties that the functions possess. The lookup procedure will become immediate
once the construction is understood.

Suppose w.l.o.g that the sequence of the input keys is ordered as 1 < x2 < ... < x,. As a
preparation step, the procedure will assign some identifiers to prefixes of the keys. The identifiers
need to be relatively small. Consider the set {x[0],z[1],...2z[l — 1], | = € S} of prefixes of length
[ of the keys. To each value in this set we want to assign a unique identifier from the set [n]. No
relation is imposed between identifiers of prefixes of different lengths. For each element x; € S we
further want to have identifiers of its prefixes stored in a word-packed form, in the natural order.
Assignment of prefix identifiers and storing of identifier sequences can be done simultaneously,
doing an iteration through the sorted sequence of keys. For the first element we write the sequence
(0,0,...,0). Suppose that the sequence of prefix identifiers for xy is (po,p1,...,pq—1). Let I be the
length of the longest common prefix of x; and z;y1. Then for element x| we write the sequence

(Po, P15 5P P+ 1, pg—2+ 1, pe_1 +1) .

The entire operation involving elements x; and zx41 can be executed in constant time using some
standard techniques of computation using word-level parallelism. Let p(k,l) denote the identifier
value of prefix of xj, of length [.

We introduce a collection variable C' and initialize it to (). During the construction procedure,
every element of S will be assigned at most one element from C. Let (¢;)7; be an array such that
¢; holds a reference to the item from C assigned to x;, if one exists; otherwise ¢; has value —1.

For the first parameter in the sequence, which is a4—2, we do not even need to run the selection
algorithm; we simply put some value, e.g. a4,—2 = 1. Then, the algorithm computes the set of
triples

{(p(k,q—2), ag—2-zk[q — 2|6 + 2klqg — 1o, k) Yooy -

This set gets sorted in lexicographic order. The algorithm inspects subsets containing elements that
match on the first two fields of the triples. Subsets of size less than log? n are ignored. Consider a
subset of size m > log?n. Let the value of the second field be y and the set of values at the third
field be {ki1, ko, ..., kn}. The tuple (k1, y) is added to the collection C, and references to it are set

on ¢, 1 <4 < m. No matter how the remaining parameters are selected, the elements xy,, ...,z
will be mapped to the same value by the final function.
Suppose that values for the parameters a;41,a;42,...,aq—2 were selected. We feed as input to

the procedure that should select a value for a; the set {(y, z[l],) | (k,y) € C} (the input was
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represented as a set of pairs of values of functions ¢ and ). After the selection of a;, the set
of triples {(p(k,1), a; - xx[lle + ai41 - [l + 1o + ... + 2klq — 1], k)}}_;, is computed and then
sorted in lexicographic order. The algorithm inspects the subsets containing elements that match
on the first two fields of the triples. Subsets of size less than log? n are ignored. Consider a subset
of size m > logZn. Let the value of the second field be y and the set of values at the third field
be {ki,k2,...,kn}. If ¢, = —1 for all i € {1,...,m}, then the tuple (ki,y) is added to C, and
references to it are set on cg;, 1 < ¢ < m. Otherwise, suppose that cx; # —1. According to our
construction, if c;, # —1 for any 7 € {1,...,m}, then it must be ¢, = c,. The assignments
cr; = cx; are made for all 7 # j, and the second field of the associated tuple in C' is changed to y.

Denote the final function by g. If ¢ = n©() the range of ¢ has a size of O(c) bits. The set
{g9(z) | € S} is plugged in as the input to a dictionary for universe of size O(o) bits. For any
i, 1 < i < n, it holds that either |{z € S | g(z) = g(z;)}| < log®n or ¢; # —1. The former case
can be directly handled by a specialized structure. In the latter case, let (k,y) be the element of C
referenced by ¢;. The index k becomes the associated attribute of the hash value g(z;) = g(xg).

For keys 2 € U whose hash value g(z) falls in one of the buckets of size no less than log?n,
define function g by

g(x) = (L, p(k, 1), =[l], a1 -2l + 1o+ ... +2lg—1o) ,

where k is the index associated with value g(x), and [ is the length of the longest common prefix
between x and xy. It is not hard to prove that [{x € S | g(z) = y}| < log?n, for any y. The
elements g(x) are stored in another dictionary for universes of size O(o) bits, for keys x € S whose
hash value g(z) falls in one of the “large” buckets. With each stored value g(z) we associate a
reference to a dictionary specialized for sets of size logo(l) n.

Examining the performance complexity of the presented method is easy. Supposing that the
pipelined dictionary for keys of length O(o) bits has a lookup cost of O(1), the entire cost of lookup
is (a larger) constant. Excluding the construction complexity of the secondary dictionaries, sorting
processes usually dominate the cost of the construction procedure (only when ¢ is extremely large
will the cost of the basic procedure that selects ao,...,a,—2 outweigh the cost of sorting in the
main procedure, and we never use this method for large ¢). The main procedure performs O(q)
sorting operations over sets of O(n) keys of length O(co) bits.

It is interesting to observe that recursively applying the above reduction method a constant
number of times leads to a dictionary with a construction time of O(nlog®n) on keys of length
logo(l) n bits, for any fixed € > 0; the lookup time is constant for a fixed e, but grows quickly as €
decreases towards 0. A theoretically superior approach is outlined in Section 3.3.

3.3 Speed-up of the parallel reduction

This section covers the remaining case that w(lognloglogn) < w < log®T¢n to complete Theorem
3. The approach is conceptually very similar to the approach that led to the speed-up of the method
of suffix reduction, but some details are different and the computation is more involved. Because
of the similarities we give only an outline; it should be enough for understanding, provided that
Section 3.2 is understood (as well as some of the prior work on our signature functions, on which
everything is based).

Consider partially reduced keys, after some number of levels of the parallel reduction. We call
a prefix value heavy if it is shared by at least (logn)? partially reduced keys. We ensure that
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the current level of reduction avoids any collisions between heavy prefixes. For this purpose, it is
convenient to maintain the trie of the partially reduced set (see [Ruz07]). It is again possible to
substantially reduce the search space for a given key by using information related to the key’s point
of joining a cluster of piled up elements.

In order to determine the level at which a key joined a cluster in constant time, we need to
evaluate partially reduced values of the key for all levels in constant time. This is possible if
Q(K?) copies of a key can fit in a single machine word, where K is the number of reduction levels.
We explain this now. For simplicity, assume that 2K? copies of a key can fit into one word; the
assumption will easily generalize to Q(K?). The value of each partial evaluation is a concatenation
of dot products (in a complete evaluation there is just one dot product). The constant operand is
the same for all products (at one level), while the second operand is a segment of a key; different
segment for different products. Because the constant operand is the same, all dot products can
still be computed in constant time, using two multiplications and a few bitwise operations. The
resulting value is not compacted — there are gaps with zero bits — but this is not a problem, they
may stay this way. However, partial evaluations that go until different levels use different kinds
of dot products, and the key needs to be prepared (split using bitwise AND) differently due to
different alphabet sizes. Therefore, we write K equidistant copies of the key in one word. The
other word contains constant operands of dot products for different levels, spaced at distance equal
to two key sizes. There needs to be a lot of zero space between copies of the key in the first word
to hold all K calculation results. Actually, for each copy there is one meaningful result which is
kept; the others are by-products of the computation, and they are thrown away.

For w = log®" n we have that K = O(loglogn). To provide a situation where Q(K2) copies of
a key can fit into one word, we use two levels of the searching problem reduction from Section 3.2,
using the setting ¢ = O(loglogn). Hence the incurred construction cost from these two reduction
steps is O(n(loglogn)?).

The construction of this version of the parallel reduction function has a time cost proportional
to K times the sorting time. For w = logo(l) n we again get a bound of O(n(loglogn)?). Since
through the method of parallel reduction we map the keys to a range of size O(logn log 1o§'n) bits,
at the bottom end we again employ the suffix reduction, but this time paired with the dictionary
for polynomial-size universes.
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