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Parametric Domain-theoretic models of Linear Abadi & Plotkin

Logic

Lars Birkedal
Rasmus Ejlers Magelberg
Rasmus Lerchedahl Petersen

Abstract

We present a formalization of a linear version of Abadi and Plotkin’s logic for parametricity for
a polymorphic dual intuitionistic / linear type theory with fixed points, and show, following Plotkin’s
suggestions, that it can be used to define a wide collection of types, including solutions to recursive
domain equations. We further define a notion of parametric LAPL-structure and prove that it provides a
sound and complete class of models for the logic. Finally, we present a concrete parametric parametric
LAPL-structure based on suitable categories of partial equivalence relations over a universal model of
the untyped lambda calculus.
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1 Introduction

In this paper we show how to define parametric domain-theoretic models of polymorphic intuitionistic /
linear lambda calculus. The work is motivated by two different observations, due to Reynolds and Plotkin.

In 1983 Reynolds argued that parametric models of the second-order lambda calculus are very useful
for modeling data abstraction in programming [23] (see also [18] for a recent textbook description). For
real programming, one is of course not just interested in a strongly terminating calculus such as the second-
order lambda calculus, but also in a language with full recursion. Thus in loc. cit. Reynolds also asked
for a parametric domain-theoretic model of polymorphism. Informally, what is meant [24] by this is a
model of an extension of the polymorphic lambda calculus [22, 7], with a polymorphic fixed-point operator
Y: Va. (@ — a) — asuch that

1. types are modeled as domains, the sublanguage without polymorphism is modeled in the standard
way and Yo is the least fixed-point operator for the domain o;

2. the logical relations theorem (also known as the abstraction theorem) is satisfied when the logical
relations are admissible, i.e., strict and closed under limits of chains;

3. every value in the domain representing some polymorphic type is parametric in the sense that it satis-
fies the logical relations theorem (even if it is not the interpretation of any expression of that type).

Of course, this informal description leaves room for different formalizations of the problem. Even so,
it has proved to be a non-trivial problem. Unpublished work of Plotkin [20] indicates one way to solve the
problem model-theoretically by using strict, admissible partial equivalence relations over a domain model
of the untyped lambda calculus but, as far as we know, the details of this relationally parametric model have
not been worked out in detail before. (We do that here.) In loc. cit. Plotkin also suggested that one should
consider parametric domain-theoretic models not only of polymorphic lambda calculus but of polymorphic
intuitionistic / linear lambda calculus, since this would give a way to distinguish, in the calculus, between
strict and possibly non-strict continuous functions, and since some type constructions, e.g., coproducts,
should not be modeled in a cartesian closed category with fixed points [8]. Indeed Plotkin argued that such
a calculus could serve as a very powerful metalanguage for domain theory in which one could also encode
recursive types, using parametricity. To prove such consequences of parametricity, Plotkin suggested to use
a linear version of Abadi and Plotkin’s logic for parametricity [21] with fixed points.

Thus parametric domain-theoretic models of polymorphic intuitionistic / linear lambda calculus are of
import both from a programming language perspective (for modeling data abstraction) and from a purely
domain-theoretic perspective.

Recently, Pitts and coworkers [19, 4] have presented a syntactic approach to Reynolds’ challenge, where
the notion of domain is essentially taken to be equivalence classes of terms modulo a particular notion of
contextual equivalence derived from an operational semantics for a language called Lily, which is essentially
polymorphic intuitionistic / linear lambda calculus endowed with an operational semantics.

In parallel with the work presented here, Rosolini and Simpson [25] have shown how to construct para-
metric domain-theoretic models using synthetic domain-theory in intuitionistic set-theory. Moreover, they
have shown how to give a computationally adequate denotational semantics of Lily.

In the present paper we make the following contributions to the study of parametric domain-theoretic
models of intuitionistic / linear lambda calculus:

e We present a formalization of Linear Abadi-Plotkin Logic with fixed points (LAPL). The term lan-
guage, called PILLy for polymorphic intuitionistic / linear logic, is a simple extension of Barber and
Plotkin’s calculus for dual intuitionistic / linear lambda calculus (DILL) with polymorphism and fixed



points and the logic is an extension of Abadi-Plotkin’s logic for parametricity with rules for forming
admissible relations. The logic allows for intuitionistic reasoning over PILLy terms; i.e., the terms
can be linear but the reasoning about terms is always done intuitionistically.

e We give detailed proofs in LAPL of consequences of parametricity, including the solution of recursive
domain equations; these results and proofs have not been presented formally in the literature before.

e We give a definition of a parametric LAPL-structure, which is a categorical notion of a parametric
model of LAPL, with associated soundness and completeness theorems.

e \We show how to solve recursive domain equations in parametric LAPL-structures by a simple use of
the internal language and the earlier proofs in LAPL.

o \We present a detailed definition of a concrete parametric LAPL-structure based on suitable categories
of partial equivalence relations over a universal model of the untyped lambda calculus, thus confirming
the folklore idea that one should be able to get a parametric domain-theoretic model using partial
equivalence relations over a universal model of the untyped lambda calculus.

We remark that one can see our notion of parametric LAPL-structure as a suitable categorical axiomatization
of a good category of domains. In Axiomatic Domain Theory much of the earlier work has focused on
axiomatizing the adjunction between the category of predomains and continuous functions and the category
of predomains and partial continuous functions [6, Page 7] — here we axiomatize the adjunction between
the category of domains and strict functions and the category of domains and all continuous functions and
extend it with parametric polymorphism, which then suffices to also model recursive types.

In the technical development, we make use of a notion of admissible relations, which we axiomatize,
since admissible may mean different things in different models. We believe our axiomatization is reasonable
in that it accommodates several different kinds of models, such as the classical one described here and
models based on synthetic domain theory [16].

The work presented here builds upon our previous work on categorical models of Abadi-Plotkin’s logic
for parametricity [5], which includes detailed proofs of consequences of parametricity for polymorphic
lamdba calculus and also includes a description of a parametric completion process that given an internal
model of polymorphic lambda calculus produces a parametric model. It is not necessary to be familiar with
the details of [5] to read the present paper (except for Appendix A of [5], which contains some definitions
and theory concerning composable fibrations), but, for readers unfamiliar with parametricity, it may be
helpful to start with [5], since the proofs of consequences of parametricity given here are slightly more
sophisticated than the ones in [5] because of the use of linearity.

In subsequent papers we intend to show how one can define a computationally adequate model of Lily
and how to produce parametric LAPL-structures from Rosolini and Simpson’s models based on intuitionistic
set theory [25] (this has been worked out at the time of writing [16]) and from Pitts and coworkers operational
models [4] (we conjecture that this is possible, but have not checked all the details at the time of writing).
As a corollary one then has that the encodings of recursive types mentioned in [25] and [4] really do work
out (these properties were not formally proved in loc. cit.). We will also extend the parametric completion
process of [5] to produce a parametric LAPL-structure given a model of polymorphic intuitionistic / linear
lambda calculus, see [14].

1.1 Outline

The remainder of this paper is organized as follows. In Section 2 we present LAPL, the logic for reasoning
about parametricity over polymorphic intuitionistic / linear lambda calculus (PILLy). In Section 3 we give



detailed proofs of many consequences of parametricity, including initial algebras and final coalgebras for
definable functors and recursive types of mixed variance. In Section 4 we present our definition of an
LAPL-structure, and we prove soundness and completeness with respect to LAPL in Sections 4.1 and 4.2,
respectively. The definition of LAPL-structure builds upon fibred versions of models of intuitionistic / linear
logic [3, 11]. In our presentation we assume that the reader is familiar with models of intuitionistic / linear
logic.® In Section 5 we present our definition of a parametric LAPL-structure and prove that one may solve
recursive domains equations in such. In Section 6 we present a concrete parametric LAPL-structure based
on partial equivalence relations over a universal domain model. To make it easier to understand the model,
we first present a model of PILLy (without parametricity) and then show how to make it into a parametric
LAPL-structure. We also include an example of calculations in the concrete model.

2 Linear Abadi-Plotkin Logic

In this section we define a logic for reasoning about parametricity for Polymorphic Intuitionistic Linear
Lambda calculus with fixed points (PILLy"). The logic is based on Abadi and Plotkin’s logic for parametric-
ity [21] for the second-order lambda calculus and thus we refer to the logic as Linear Abadi-Plotkin Logic
(LAPL).

The logic for parametricity is basically a higher-order logic over PILLy. Expressions of the logic are
formulas in contexts of variables of PILLy- and relations among types of PILLy-. Thus we start by defining
PILLy.

2.1 PILLy

PILLy is essentially Barber and Plotkin’s DILL [2] extended with polymorphism and a fixed point combi-
nator.
Well-formed type expressions in PILLy are expressions of the form:

ay: Type,...,an: Type - o: Type
where ¢ is built using the syntax
ou=al|l|o®71|oc—oT|lo|][]a.o.

and all the free variables of sigma appear on the left hand side of the turnstile. The last construction binds
«, o if we have a type
ay: Type,...,an: Type o: Type,

then we may form the type
ay: Type, ..., ;i1 Type, ajr1Type...an: Type b [] aj.0: Type.

We use o, 7, w, o', 7'...t0 range over types. The list of «’s is called the kind context, and is often denoted
simply by = or &. Since there is only one kind this annotation is often omitted.
The terms of PILLy are of the form:

= . . el o S L .
E|T1: 01,0, Tn Opj &)t Opyeee, Tyt Oy F L2 T

To aid readers unfamiliar with these matters, we have written a short technical note containing detailed definitions and propo-
sitions needed here [15].



where the o3, o}, and 7 are well-formed types in the kind context Z. The list of z’s is called the intuitionistic
type context and is often denoted T, and the list of z"’s is called the linear type context, often denoted A. No
repetition of variable names is allowed in any of the contexts, but permutation akin to having an exchange
rule is. Note, that due to the nature of the axioms of the to-be-introduced formation rules, weakening and
contraction can be derived for all but the linear context.

The grammar for terms is:

tu=z|*x|Y | XNz:ot|tt|t®t || Aa: Type.t | t(o) |
letz: c®y: Thetint|letlz: obetint|let x betint

We use A°, which bear some graphical resemblance to —o, to denote linear function abstraction. And we use
s, t, u...to range over terms.

The formation rules are given in Figure 1. Z | I'; A is considered well-formed if for all types o appearing
inT and A, E F o: Type is a well-formed type construction. A and A’ are considered disjoint if the set
of variables appearing in A is disjoint from the set of variables appearing in A’. We use — to denote an
empty context. As the types of variables in the let-constructions and function abstractions are often apparent
from the context, these will just as often be omitted. What we have described above is called pure PILLy.
In general we will consider PILLy over polymorphic signatures [9, 8.1.1]. Informally, one may think of
such a calculus as pure PILLy with added type-constants and term-constants. For instance, one may have a
constant type for integers or a constant type for lists « = lists(«): Type. We will be particularly interested
in the internal language of a PILLy model (see Section 4), which in general will be a non-pure calculus.

We will also sometimes speak of the calculus PILL. This is PILLy without the fixed point combinator
Y.

2.1.1 Equality

The external equality relation on PILLy terms is the least equivalence relation given by the rules in Figure 2.
The definition makes use of the notion of a context, which, loosely speaking, is a term with exactly one hole
in it. Formally contexts are defined using the grammar:

Cl-] == —|let xbeC[-]int|let x betinC[-] |t C[-]|C[-]®t]|
letz®@ybe C[-]int|letz®ybetin C[—]| A°z: 0.C[—] |
Cl-]t|tC[-] 'C[-] | let!z be C[—]int | let!z be tin C[—] |
Aa: Type.C[-]| C[-]o

AZE|T;AFo—E|I"; A’ F 7 context is a context C[—] such that for any well-formed term = | T; A F
t: o, theterm 2 | I'; A’ - C[t]: 7 is well-formed. A context is linear, if it does not contain a subcontext of
the form !C[—].

We prove a couple of practical lemmas about external equality.

Lemma 2.1. Suppose = | I'; A+ f,g: lo —o 7 are terms such that
E|T,z: 0;AF f(lz) = g(lz).
Then f = g.
Proof. Using the rules for external equality, we conclude from the assumption that

E|T;Ay: lokletlzbeyin f(lz) = let !z be y in g(!z)



EIT;—F*: T

EIT;—FY: J[Je./(la —a) -«

ElNz:0;—Fz:0

E|Tyz:obz:0
EIAFtio—o7 E|A'Fuio
E|IT;AA FtusT

EIAz:oFu:T
E|ITARXz:0ut0—T
EI;ARt:e E|;A s
EITAAFt®s:0®T
E|IT;—Ft:o
E,a: Type |[IAFE: o
E|TAF Aa: Type.t: [Ja: Type.o
E|T;ARt: [Ja: Type.o EF 7: Type
EIT;ARr): o[t/d]

A, A disjoint

A, A disjoint

E | T'; A is well-formed

E|T;AFs:0®0 E|T;A z:0y: 0’ Ft:T
- A, A’ disjoint
E|T;AA'Fletz: oQy: o' besint: 7
EIT;AFs: o E|T,z:0;A ' Ft: 7T
A, A disjoint

E|T;AA Flet!z: lobesint: 7
E|IT;ARt: T E|T;A Fs:0
E|T;A,A'Flet x betins: o

Figure 1: Formation rules for terms



B-term
EIT;AFR (Xz: 0. t)u = t{u/z]

-type
E|T;AF (Aa: Type.t)o = tlo/q] pop

n-term
EIT;ARXz:0.(tz) =1t

-type
E|T;AF Aa: Type. (ta) :t77 yP

, B—*
E|T;AFlet x be x int=t

- n—x*
E|T;AbRlet x betinxk =t

. f-®
E|ITAFletz@ybes@uint = t[s,u/z,y]

- n—Q®
E|IT;AbRletzQybetinz@y=t

1
E|T;ARletlz: obeluint = tlu/x]

E|T;AF letls: abetin!w:tn_!
E|T;Art=s:0 C[-]isaZ|[;AFo—Z|T";A"+ 7 context
EITA'FCt]=Cls]: T
C[—] is a linear context
E|T;AFlet x betinClu] = C[let x be tin ]

C[—] is alinear context and does not bind z, y or contain them free
E|TAFletz®ybetin Clu] = Clletz @ y be tinu]

C[—] is linear and does not bind z or contain it free
E|T;Ab let!lz betin Clu] = Cllet 1z be ¢ in u]
EIls—Ffilo—oo

E|Ts—F [V o () =Y o ()

Figure 2: Rules for external equality



H: Ctx 2k o: Type E|T;A: Ctx
E|T|0: Ctx EITAFt: 0 EITARt=u
E|T|OF p:Rel(o,7) E|T|OF p: AdmRel(o, )
E|T|OF¢:Prop  E[T|O|¢1,..., 001

Figure 3: Types of judgements

and further that
E|T;Ay: lok f(letlz beyinlz) = g(let !z be y in lz).

Thus
BIT;4,y:lo - f(y) = 9(v),
and hence f = X°y: lo. f(y) = A°y: lo.g(y) = g. 0

2.1.2 Ordinary lambda abstraction

We encode ordinary lambda abstraction in the usual way by defining
c—>1=lo—orT

and
Az:o.t=Xy:lo.letlzbeyint
where y is a fresh variable. This gives us the rule
ElNz:o;AFt: T
E|ITAFAz:0t:0 > 7T

For evaluation we have the rule
El—Ft:o E|TARfro—T
E|ITARfli:7

and the equality rules give
(Az: o.t) s =t[s/z].

Note that using this notation the constant Y can obtain the more familiar looking type

YV: 1o (@ = a) =«

2.2 The logic

As mentioned, expressions of LAPL live in contexts of variables of PILLy and relations among types of
PILLy . The contexts look like this:

E|T|Ry:Rel(ri,7),...,Rn: Rel(my, 7)), S1: AdmRel(w1, w}),- .., Sm: AdmRel(wp,,w!,)

where = | T'; — is a context of PILLy- and the 7;, 7/, w;, w}, are well-formed types in context =, for all 5. The
list of R’s and S’s is called the relational context and is often denoted ©. As for the other contexts we do
not allow repetition, but permutation of variables. The R’s and the S’s are interchangeable.



The concept of admissible relations is taken from domain theory. Intuitively admissible relations relate
1 to I as expressed by axiom 2.18 described later.

It is important to note that there is no linear component A in the contexts — the point is that the logic
only allows for intuitionistic (no linearity) reasoning about terms of PILLy, whereas PILLy terms can
behave linearly.

Propositions in the logic are given by the syntax:

¢ u= (t=cu)|p(t,u)| ¢DY[L|T[PAY|VY|Va: Type.d |
Vz:o.¢|VR: Rel(o,7). ¢ | VS: AdmRel(o, 7). ¢ |
Ja: Type.¢ | Jz: 0. ¢ | AR: Rel(o, 7). ¢ | 3S: AdmRel(o, 7). ¢

where p is a definable relation (to be defined below). The judgements of the logic are presented in figure 3.
In the following we give formation rules for the above.

Remark 2.2. Our Linear Abadi & Plotkin logic is designed for reasoning about binary relational para-
metricity. For reasoning about other arities of parametricity, one can easily replace binary relations in the
logic by relations of other arities. In the case of unary parametricity, for example, one would then have an
interpretation of types as predicates. See also [26, 27]

We first have the formation rule for internal equality:
E|—Fto El—Futo
E|T|OFt=,u:Prop

Notice here the notational difference between ¢ = w and ¢t =, u. The former denotes external equality
and the latter is a proposition in the logic. The rules for D, v and A are the usual ones, where O denotes
implication. T, L are propositions in any context. We use 3 for biimplication.

We have the following formation rules for universal quantification:

E|T,z: 0| O©F ¢: Prop
E|T|OFVYz: 0.¢: Prop

Z|T|O,R: Rel(o,7) F ¢: Prop
E|T|©FVR: Rel(o,7). ¢: Prop
E|T'|©,S: AdmRel(o,7) F ¢: Prop
E|T|©FVS: AdmRel(o, 7). ¢: Prop
E,a|T'|©F ¢: Prop
E|T|OF Va: Type. ¢: Prop

The side condition £ | T' | © is well-formed means that all the types of variables in I" and of relation
variables in © are well-formed in E (i.e., all the free type variables of the types occur in =).

There are similar formation rules for the existential quantifier.

Before we give the formation rule for p(¢,u), we discuss definable relations.

E | T'| © is well-formed

10



2.2.1 Definable relations

Definable relations are given by the grammar:

pu=R| (z:0,y:7).¢

Definable relations always have a domain and a codomain, just as terms always have types. The basic
formation rules for definable relations are:

2| |O6,R: Rel(o,7) F R: Rel(o, 1)

E|lz:0,y: 7| OF ¢: Prop
E|IT|OF (z:0,y: 7). ¢: Rel(o,7)
E|T|OF p: AdmRel(o, 7)
E|T|OF p:Rel(o,7)

Notice that in the second rule we can only abstract intuitionistic variables to obtain definable relations. In the
last rule, p: AdmRel(o, 7) is an admissible relation, to be discussed below. The rule says that the admissible
relations constitute a subset of the definable relations.

An example of a definable relation is the graph relation of a function:

<f> = (‘T: g,y T)f'T =r Y,

for f: 0 — 7. The equality relation eq,, is defined as the graph of the identity map.
If p: Rel(o, 7) is a definable relation, and we are given terms of the right types, then we may form the
proposition stating that the two terms are related by the definable relation:

E|IT|OFp:Rel(o,7) E|T;—Ftio,s:T
E|IT|OFp(t,s)

(1)

We shall also write ¢ps for p(t, s).
We introduce some shorthand notation for reindexing of relations. For f: o/ — o,9: 7' — 7 and
p: Rel(o, ), we write (f, g)*p for the definable relation

(z: o', y: 7). p(f z,9 ).

2.2.2 Constructions on definable relations

In this subsection we present some constructions on definable relations, which will be used to give a rela-
tional interpretation of the types of PILLy .
If p: Rel(o,7) and p': Rel(a’, 7'), then we may construct a definable relation

(p—o p): Rel((o —0 o), (T — 7)),

defined by
p—op =(fr0—d,g:7—1).Va: 0.Vy: 7.p(z,y) D p'(fz,9y)-

If
Ea,p|T| ©,R: AdmRel(a, 8) - p: Rel(o, T)

11



is well-formed and = | T | © is well-formed, Z, a - o: Type,and =, 8 - 7: Type we may define

V(a, B, R: AdmRel(a, 8)). p: Rel((J] @: Type.o), (] B: Type. 1))

® V(a, B, R: AdmRel(c, 8)). p =

(t:]]a: Type.o,u: [[B: Type. ).V, B: Type.VR: AdmRel(a, B). p(ter, up).
For p: Rel(o, 7), we seek to define a relation !p: Rel(lo,!7). First we define for any type o the proposition
(=) lonoas
zl=3f: 0 — 1. f(z) =1 *.

The intuition here is that types are pointed, and x | is thought of as x # L. Since we have also fixed points,
we may think of types as domains.
We further define the map e: o — o as A°z: lo.let !y be z in y = Az: 0. . We can now define
lp=(z: lo,y: 7).z 2T y | A(z 1D plez, ey)).

Following the intuition of domains, ! is to be thought of as lifting, and e the unit providing the unlifted
version of an element. The intuitive reading of !p is, that L is related to L (represented by the fact, that z is
related to y if neither = | nor y |) and that two !’ed elements are related if their un-!-ed versions are.

Next we define the tensor product of p and p’

p®p:Rel((c ®d'),(r®1)),

for p: Rel(o, ) and p’: Rel(o’, 7"). The basic requirement for this definition is that ® should become a left
adjoint to —o in the category of relations LinAdmRelations to be defined in Section 4. To give a concrete
definition satisfying this requirement, we take a slightly long route. We first introduce the map

f:o0@T —o]]a.(0 =T —oa) o«

defined as
fr=letr’'®z":c@7bexinAa.\°h: 0 o7 - a.hz' 2"

Then we define
p®p = (f,f)"(¥(e, B, R: AdmRel(e, B)). (p — p' — R) — R),
or, if we write it out,

pRp = (r:0®0,y: 7®7).Va, B, R: AdmRel(a, ).
Vi:o—o1—oa,t':0 —1 —f.(p—p' — R)(t,t') D
R(letz' @ 2" bexintz’ 2" lety @ ¢y beyint' y y").

The reason for this at first sight fairly convoluted definition, is that we will later prove, using parametricity,
that o ® 7 is isomorphic to [[a. (6 — 7 — a) — «, and we already have a relational interpretation of
the latter. The idea of using this definition of ® is due to Alex Simpson. We use the same trick to define a
relation on I:

Following the same strategy as before, we define a relation Ig;: AdmRel(I, I) using the map

fiI— Jlooa—a
defined as \°z: I.let %« be z in id, where id = Aa. \°z: . z and define
ITRer = (faf)*(v(aaﬂaR: AdmReI(a,B)) R — R)a
which, if we write it out, is

(x: I,y: I).V(a, B, R: AdmRel(a, 8)).Vz: a,w: . zRw D (let x be z in z) R(let x be y in w).

12



2.2.3 Admissible relations

The relational interpretation of a type with n free variables is a function taking n relations and returning a
new relation. However, we will not require that this function is defined on all vectors of relations, but only
that it is defined on vectors of “admissible relations”. On the other hand this function should also return
admissible relations. Since “admissible” might mean different things in different settings, we axiomatize
the concept of admissible relations.

The axioms for admissible relations are formulated in Figure 4. In the last of these rules p = p’ is a
shorthand for Vz, y. p(z,y) 3C p'(x,y).

Proposition 2.3. The class of admissible relations contains all graphs and is closed under the constructions
of Section 2.2.2.

Proof. Graph relations are admissible since equality relations are and admissible relations are closed under
reindexing. For the constructions of Section 2.2.2, we just give the proof of —o.
We must prove that for p, p’ admissible relations p —o p’ is admissible

E|T|OFp': AdmRel(o’,7') E|T|©F p: AdmRel(o, T)
E|T,z,y| OF (f,9)-0(f 1,9 y): AdmRel(oc — o', 7 — ') E|l,z:0,y: 7| OF p(x,y): Prop

BN, z:0,y: 7| OF (f:0—0',g:7—7).p(z,y) D p'(f r,9y): AdmRel((c —o o'), (1 — 7'))

E|IT|OF(f:o0—od,g: 7 —o7)Vz:0,9: .p(x,y) D p'(f x,9y): AdmRel((c —o &'), (T — 7))
where in the top deduction on the left, we have reindexed p’ along the evaluation maps

XNf:o—od. fz XNg:T—oT.gy.

Now, finally, we may give the last formation rule for definable relations:

a1, ..., 0n Fo(@): Type E|T|OF p1: AdmRel(7y,77),..., pn: AdmRel(7,, 7))
E|T|OF o[p]: AdmRel(a(7), (7))

Observe that o[5] is a syntactic construction and is not obtained by substitution as in [21]. Still the notation
olpi/ai,- .-, pn/as] might be more complete, but this quickly becomes overly verbose. In [21] o] is to
some extent defined inductively on the structure of o, but in our case that is not enough, since we will need
to form o|p] for type constants (when using the internal language of a model of LAPL). We call o[p] the
relational interpretation of the type o.

2.2.4 Axioms and Rules

The last judgement in figure 3 has not yet been mentioned. It says that in the given context, the formulas
1, ..., ¢, collectively imply . We will often write @ for ¢4,..., ¢y,.

Having specified the language of LAPL, it is time to specify the axioms and inference rules. We have
all the usual axioms and rules of predicate logic plus the axioms and rules specified below.

Rules for substitution:

E|ITz:0|O|TH¢ E|TFt:0o
E[T[O]TF ¢t/z]

Rule 2.4.
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E|T|©,R: AdmRel(o,7) F R: AdmRel(o, T)

=|T'| ©Feq,: AdmRel(o,0)

E|T|OF p: AdmRel(o, T) EIT;—Ftio' oou:7 —1 z,9y¢T
EIT|OF (z: 0,y: 7). p(t z,uy): AdmRel(c’,7")
EIT|OFp,p: AdmRel(o,7) z,y¢T
E|T|OF (z: 0,y: 7). p(z,y) Ap'(z,y): AdmRel(o,T)
E|T|OF p: AdmRel(o,7) z,y¢T
EIT|OF(z:0,y: 7).z 1D p(z,y): AdmRel(o, 7)
z,y¢ T
EIT|OF (z:lo,y: 7). (x {3C y |): AdmRel(o, 7)
E|T|OF p: AdmRel(o,7) z,y¢T
E|IT|OF (z: 1,y: 0).p(y,z): AdmRel(7,0)
E|T|OF¢:Prop z,y¢T
E|IT|OF (z:0,y: 7).(x | Ay lD ¢): AdmRel(o, 7)
z,y¢ T
E|IT|OF (z:0,y: 7). T: AdmRel(o, 1)

E|T|OF p: AdmRel(o, T) E|T|OF ¢: Prop z,y¢T
E|IT|OF (z:0,y: 7).¢ D p(z,y): AdmRel(o, 1)
E,a|T'|©F p: AdmRel(o, T) =|r|e EF o: Type Eb7:Type z,y¢TD
EIT|OF (z: 0,y: 7).Va: Type. p(z,y): AdmRel(o, 7)
E|T,z:w|O©F p: AdmRel(o,7) z,y¢T
EIT|OF (z:0,y: 7).Vz: w.p(z,y): AdmRel(o, T)
E|T|6O,R: AdmRel(w,w') F p: AdmRel(o,7) z,y ¢ T
E|T|OF (z: 0,y: 7).VR: AdmRel(w, ). p(x,y): AdmRel(o, )
E|T|6O,R: Rel(w,w') - p: AdmRel(o,7) z,y ¢ T
E|T|OF (z: 0,y: 7).VR: Rel(w,w’). p(z,y): AdmRel(c, 7)
E|T|OF p: AdmRel(a,7),p : Rel(o,T) EIT|O|Trp=/
E|T|OFp': AdmRel(o,7)

Figure 4: Rules for admissible relations
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E|IT|O,R:Rel(o,7) | TH¢ E|T|OF p:Rel(o,7)
Rule 2.5. —
E|IT|O©[TF ¢lp/R]
E|T|©,S: AdmRel(o,7) | T+ ¢
Rule 2.6.

E|T|OF p: AdmRel(o, )
EIT[O]TF ¢p/S]

Ea|ll|O|TE$
Rule 2.7.

ZFo: Type
E|Tlo/a] | Blo/a] | T+ ¢lo/a]
The substitution axiom:

Axiom 2.8. Va, B: Type.Vz,z': a.Vy,y': B.VR: Rel(a, 8.)R(z, y)A

T =01 Ny =B y' D R(z',y)
Rules for V-quantification:

Ea|ll'|O|2FY
Rule 2.9. EIT|OF®
E|T|©|®FVa: Type.y

Ellz:0|©|®Fy
Rule 2.10. EITOF®
EIT|O|®FVzr: 09

E|T|O,R:Rel(r,7) | @+
Rule 2.11. EIT|OF®
E|T|©]|®FVR: Rel(r,7).9

E|T|6,5: AdmRel(r,7') | ® - v
Rule 2.12. EIT|OF®
E|T| O] ®FVS: AdmRel(r, 7').4)

Rules for 3-quantification:

Eall|O[¢Fy
Rule 2.13. EIT|OFy
E|T|0O|3a: Type.gp F

E|Tz:0|O|dF2
Rule 2.14. EIT|OFy
E|IT|O|3z:0dF9

E|T|O,R: Rel(r,7) | p -9
Rule 2.15. EIT|OF %
Z[T|O|3R: Rel(r,7)p - ¥

E|T]0,S: AdmRel(r, 7’ =
Rule 2.16. T mRel(r, ) | ¢+ ¥

; EIT|OFy
E|T|©]3S: AdmRel(r,7").¢ - 9
External equality implies internal equality:

Elly—Ft=u:o
Rule 2.17.
EIT|O|THt=5u
There are also obvious rules expressing that internal equality is an equivalence relation.
Intuitively admissible relations should relate | to 1 and we need an axiom stating this. In general, we
will use (—) | as the test for z # L.
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E|T|OF p:Rel(lo,!7),p': AdmRel(lo,!7) =z,y ¢ T
Rule2.18. = IT|O|

Vz:o,y: 7.p(lz,ly) D p'(lz,ly) b
Va:loy: 1.z [y 1D (p(z,y) D p'(z,y))

We have rules concerning the interpretation of types as relations:
a bk a;: Type Z|T|OF p: AdmRel(7,7)
EIT|O|TEFw]=pi
@k o —o': Type E|T| O+ g: AdmRel(7,7)
EIT]|O|TFE (00— 0a)p] = (ofp] — o[A)
ato®o': Type E|T| O©F p: AdmRel(7,7)
EIT|O|TFE (e®d)p] = (olp] ® o'[p])
E|T|OF 5: AdmRel(7,7)
EIT|O|THF I =Iza
at[[B.o(a,p): Type E|T|©F g: AdmRel(7,7)
EIT|TFE(IB-0(&B)p] = V(8,6 R: AdmRel(8, ')). o[7; R])
atlo: Type E|T|©F g: AdmRel(7,7)
EIT|O|THF(o)[p] =lalpl)

Here p = p' is shorthand for Vz, y. zpy 3C zp'y.
If the definable relation p is of the form (z: o,y: 7). ¢(=,y), then p(¢, ) should be equivalent to ¢ with
x, y substituted by £, u:

Rule 2.19.

Rule 2.20.

Rule 2.21.

Rule 2.22.

Rule 2.23.

Rule 2.24.

Ellzioy:7|OF¢:Prop E|;—Ft:ou:T
EIT|IO|TE ((z:0,y: 7).4)(t,u) 3 ¢[t,u/z,y]

Rule 2.25.

AXIOM 2.26. =1 . 1ok Y([Ja (@ — @) — @)Y

Given a definable relation p we may construct a proposition p(z,y). On the other hand, if ¢ is a propo-
sition containing two free variables z and y, then we may construct the definable relation (z, y). ¢. The next
lemma tells us that these constructions give a correspondence between definable relations and propositions,
which is bijective up to provable equivalence in the logic.

Lemma 2.27. Suppose ¢ is a proposition with at least two free variables z: o,y: 7. Then
((z: 0yy: 7). ¢)(z,y) T ¢
Suppose p: Rel(o, 7) is a definable relation, then
p=(z:0,y: 7). p(,y).
Proof. The first biimplication follows trivially from Rule 2.25. For the second, we need to prove
Vz: o,w: 7. p(z,w) 2C ((z: o,y: 7). p(z,y)) (2, w),

which is trivial by the same rule. O
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The substitution axiom above implies the replacement rule:

Lemma 2.28.
E|IT|-Ft=,¢ E|Nz:o;—tFu:r

E|T| - F ut/z] = ult'/z]
Proof. Consider the definable relation

p=(y: 0,2: 0).uly/z| =; u[z/x].
Clearly p(t,t) holds, so by substitution p(¢,¢’) holds. O

Lemma 2.29.
plz,y) Np' (e, Y ) Dp@p(z@z,y®Y)

Proof. Suppose p(z,y) A p'(z',y') and that (p — p’ — R)(t,t"). Then clearly R(t z z’,t' y 3') and thus,
since
letz@z' bez@z intzas’ =tz

we conclude p @ p'(z @ ',y ® v'). O
Lemma 2.30. For z: o, (1z) | always holds in the logic.
Proof. Define f: lo —o I'as A\°z: lo . letly be z in . Then clearly f(lz) = . O
Lemma 2.31. Forany p: Rel(o,7), z: o,y: T

zpy Xlz(lp)ly

Proof. Since e(!z) = let !y be !z in y = = this follows from Lemma 2.30. O

2.2.5 Admissible relations preserved by structure maps

We now proceed to show a couple of practical lemmas expressing that various structure maps preserve
admissible relations. The maps that we are interested in are

€s:loc—o0
0g: lo —ollo,

which, categorically in the models of PILLy-, are the structure maps of a comonad, and

dy: o —olo®lo
es:lo—o 1,

which are the maps that make the comonad into a linear category. The maps are syntactically given as

€ = Az:loletlybexiny

bg = Xxz:lo.letlybexin!ly

dy = MNx:lo.letlybexinly®ly
e = Nxz:loletlybexin x.

Lemma 2.32. For all admissible relations p: AdmRel(c, 7),

(€sr€r): lp—op,  (05,0,): 1p —ollp

are maps of relations, i.e., !p(z, y) implies p(e,z, €;y) and p(d,z, 6, y).
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Proof. The lemma clearly holds in the case of z,y of the form !z’,!y/. Since p(e,z, €,y) and 'p(d,z, 6+y)
both define admissible relations from !o to !7, by Rule 2.18 we conclude that !p(z, y) implies

(z 12 yl) D ples, €ry)
and (z |3C y }) DMp(dsx,0,y). Since lp(z,y) D (x 3T y |) we are done. O

Lemma 2.33. For all admissible relations p: AdmRel(o, 7),

(do,dr): 1p —olp®lp,  (eg,er): p —o Ige
are maps of relations, i.e., lp(z, y) implies |p®!p(d,z, d;y) and Ige (e, x, ery).

Proof. To prove that (d, d) is a map of relations, since

1N

let z' @ " be (let 'y be z in ly®ly) intz' 2" = let!lybe z intlyly
we need to prove that

o(z,y) D (Va, B, R: AdmRel(a, B)).Vt: lo —olo —o a,t': 17 —olT —o 3.
t(lp —olp — R)t D R(let!zbezint!z !z, letlzbeyint' !z 12)

Since the expression on the right hand side of the first O is admissible in z,y and !p(z,y) D = |3C y |, by
Rule 2.18 it suffices to prove the implication in the case = =!z’,y =!3y’. In this case, let !z be z int !z 1z =
t 1z’ 12', so the implication is trivial.

To prove that (e, e) is a map of relations, we need to prove that

p(z,y) D (Va, B, R: AdmRel(a, 8)).Vz: o, w: .
zRw D (let % be (let v be z inx) in z) R(let = be (let lv be y in %) in w).

The implication clearly holds in the case of z,y of the form !z’, 14/, and so, since !p(z,y) D = | Ay |, as
before we conclude from Rule 2.18 that the implication holds in general. O

2.2.6 Extensionality and ldentity Extension Schemes

Consider the two extensionality schemes:

(Vz: 0.tz =rux) Dt =g—or ©
(Va: Type.ta =; u @) Dt =[]q: Type.r U-

These are taken as axioms in [21], but we shall not take these as axioms as we would like to be able to talk
about models that are not necessarily extensional.

Lemma 2.34. It is provable in the logic that
Vf,g: o= 1.(Vz: 0. f(1z) =; g(1)) D Vz: lo. f(z) =; g(x).
In particular, extensionality implies
Vfigio—=1.(Vz: 0. f(lz) =, g(1z)) D f =07 g

Proof. This is just a special case of Rule 2.18. O
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The schema
— | = | — FVa: Type.oleqs] = ed,(a)

is called the identity extension schema. Here o ranges over all types, and eq is short notation for

€0q,s---»€0q, -
For any type 8, a1, ..., an - o(8, &) we can form the parametricity schema:

- ‘ - | — - Vavu: (H 6 0-)'V/8,BI' VR: AdmReI(/B,BI) (U’ ﬁ)U[R, eq&](u /BI),
where, for readability, we have omitted : Type after 3, 3’.
Proposition 2.35. The identity extension schema implies the parametricity schema.

Proof. The identity extension schema tells us that

Vavu: (I B.0).u([] B.o)[eqz]u.

Writing out this expression using Rule 2.23 for the relational interpretation of polymorphic types, one ob-
tains the parametricity schema. O

In the case of second-order lambda-calculus, the parametricity schema implied identity extension for
the pure calculus, since it provided the case of polymorphic types in a proof by induction. It is interesting
to notice that this does not seem to be the case for PILLy-, since it seems that we need identity extension to
prove for example eq, ® eq, = eq,q, -

Lemma 2.36. Given linear contexts C' and C', suppose
Vz:0.Vy: 7.Clz ®y] =, C'lz @ y].

then
Vzio@r.letz®@ybezinClz®y] =, letz®ybe zin C'[z @ y]

Proof. Consider
f=Xz:0.Xy: 7.C[z @ y] =Xz 0. Xy: 7.0z @]

then
f (eqa —o eqr —° eQw) f,-

If z: o ® 7 then by identity extension eq, ® eq,.(z, z). By definition of eq, ® eq, we have
letz ® 2’ be zin fzz' =, let z ® 2’ be zin f'zz’
which proves the lemma. O

This completes our presentation of LAPL. In the following section we show how to use the logic to prove
various consequences of parametricity. We shall write “using extensionality” and “using identity extension”
to mean that we assume the extensionality schemes and the identity extension schema, respectively.
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3 Proofsin LAPL

3.1 Logical Relations Lemma
Lemma 3.1. Inpure LAPL, for @, S F 7, & - w and p': Rel(&, T),

T[w/Bl[p) = 7[5, wipl]
Proof. Simple induction on the structure of 7. The cases 7 = «; and 7 = f are trivial. For the case

r=7T1"
(7' @ ") [w/p] [p] = 7'[w/Bl[A) ® 7"[w/B][7)
o, wlpl] © T"[p, w[p]] = (7' ® ") [p, w[A]

Likewise for the cases of 7 = 7/ — 7" and 7 =!7'. The last case is 7 = [[ /. 7' and in this case «’ is not
free in w, SO

(I1- ") [w/B][p] = Ve, &, R: AdmRel(ey, o). 7'[w/B][p, R] =
Vay, o, R: AdmRel(af), o). 7'[p, R,w[pl] = ([1 . ) [7, w[p]]

Lemma 3.2. Suppose = | T, z: o;— F t(z): Tand 2 | T, 2": o'; — F #'(2'): 7' and
E|T|OF p: Rel(o,0"),p': AdmRel(r, 7).
Then
EIT|O] Vz:oy: 0. p(z,y) D p'(tz), ' (y) b
V:lo,y: 1o’ lp(z,y) D p'(let !z be z in t(2), let 12’ be y in ¢/ (2))
Proof. Consider the special case of Rule 2.18 used on the relations (z: lo,y: lo’).!p(z,y) and
(z:loyy: 10’). p'(let !z be z int(2),let 12’ be y in¢'(2")).
This gives us

E|IT|0O]| Vz:o,y: o p(lz,ly) D p'(let!z belz int(z),let 12/ be ly in¢'(2")) -
Vz:loyy: o' lp(z,y) Az 3Ty l) D p'(let!z be z int(z),let 12’ be y int'(2"))

From this we conclude the desired implication using the fact that !p(lz,!y) 3C p(z,y) (Lemma 2.31),

let !z be !z int(z) = t(z) and !p(z,y) Dz . y J. O
Lemma 3.3 (Logical Relations Lemma). In pure LAPL, for any closed term — | —; — - ¢: 7,
tt.

In words, any closed term of closed type, is related to itself in the relational interpretation of the type.
Proof. We will prove that for any term

al7:d(a);d: d(a) - t@z,z):
in the pure calculus; the proposition

— | —;— F V&, 5. YR: AdmRel(&, 8 :
ZE[R)g A& (R O (a7, &)7[R)



holds in the logic. Here Z&[R]j is short for
101 [R]y1 VAYAN $n0n[ﬁ]yn

The special case of the vectors @, &, d” of length zero is the statement of the lemma. The proof proceeds
by structural induction on ¢, and it is for the induction we need the seemingly stronger induction hypothesis
described above.

Case t = z;: In this case & is of length one, and the proposition is trivial.

Case t = zj:

In this case Z is empty, and this case is also trivial.
Case t = . We always have «I[R]x.
Caset=Y: Thisis Axiom 2.26

Caset = \° Tyl ont1-t'; By induction, the proposition holds for ¢'. We must show that if f&[ﬁ]gA
3[Ry, then
t(a, 7', %) (on+1 —o T)[RILBT'D).
The induction hypothesis tells us that if further xn+10n+1[R]yn+1, then

(8, &, %, 2n s ) TR (B, 75 7, ynt1),
and since (&, ', T) zp1 = (&, 7, Z, zn41) We have the desired result.
Case t = t' t: By induction the proposition holds for the terms ¢’, #”, and so since
t(a, i, %) =t'(a, 9 t"(a,7,2)
the proposition holds by definition of (7 —o 7/)[R].
Caset =t ®t": By induction, the proposition holds for ¢, ¢”. Clearly
t(a, i, 7) =t(a,&,9) @t'"(a,,?)
and so the proposition holds by Lemma 2.29.

Case t = Aayny1-t: We must show that if Z&[R]7 A [ R]i/, then

-

#(&@, 7', 0) (] ams1- 7)[BILB. 7, 7).

i.e., forall a1, o, 1, Rmg1: AdmRel(am1, 00, 41),

4@, 7', %) o1 7[R, Ron 145, 7 7) i

By induction, the proposition holds for ¢’. But up to the position of the quantifiers
Vi1, Oy 1, Rint1: AdmRel(a 41, 0yt 1),

this is exactly the proposition we need, and the rest of the proof is just simple logic.

— —

Case t =t'(w): By induction, the proposition holds for ¢'. So since t(a, %", %) = t'(@, ", Z)(w(d)), if
#3[R)ij A #F[R], then D
t(a, 7', 7) 7[R, w[R[t(B, T, 7).

By Lemma 3.1, we get the desired result.
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Case t =!#': In this case Z is of length zero. By induction, under the usual assumptions,
#'(a,#)7 (R (B,7)-
Since t(@, #') =!'(a, '), we need to show
W' (@, )\ R (B, ).
which follows from Lemma 2.31.
Caset=letz: w®2z': w bet int”: We know by induction that
(&, &, 8)(w ® )R (B, 7, 7),
and if further zw[R]v and z'w’[R]v’ then
&, 7,2, 2,2 )[Rt (B, 7, ,v,0).
The latter tells us that
Nz, 2 "M@, 7, %, 2, 2') (w][R] — w'[R] —o T[R]))\°v,v". " (B, 7, ¥,v,v"),
so by definition of w[R] ® w'[R], we get

— o

letz: w®2'": w bet'(aac Z)int"(a,x z
letv: w®v': W' be t'(B,7,7) Int”(ﬁ 7,7, v,v")

as desired.
Caset = let!z: wbet' int": By definition
(@, ', %) = let 1z be t'(&, &, T) int"(&, 7, T, 2).

-,

Suppose we are given &, 3, R: AdmRel(&, 3), and suppose Z&[R]i and '3 [R]. If we further know
zw[R)7', then by induction

t" (o, @', 7, 2)T[R]" (8,7, 4, 7).
By Lemma 3.2 we conclude that if v(!w[R])v’ then
(let!z be v int" (o, ¥, %, z))7[R](let 1z be v in t" (8,7, 7, 2))-
Since by induction ¢'(&, #, Z)\w[R]¢' (&, 7', ), we are done.
Case s = let « be s’ ins”: By induction, if Z&[R]ij and #'&'[R]i/ then
s"(a,@,&)7[R)s" (8,7, 7)

and
31(625 J_"'Ia f)IRelsl(ﬂa ?7, ?7)
The definition of the latter tells us exactly that

—

(let x be s'(@,#, %) in s"(a&, &, Z))r[R](let x be s'(3,7,7) ins"(B,7, 7))

as desired.
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3.2 A category of linear functions

At this point we wish to show certain types definable via polymorphism. To state this precisely, we introduce
for each kind context = the category LinTypexz as follows:

Objects are closed types = | —; — - o: Type.

Morphisms [£ | —;— F f: o — 7] are equivalence classes of terms of type o —o 7; the equivalence
relation on these terms being internal equality.

Composition in this category is given by lambda abstraction, i.e. f: 0 — 7 composed with g: w — o
yields \°z: w. f(gx).

We now aim to prove that under the assumption of identity extension and extensionality, for all types
= F o: Type we have an isomorphism of objects of LinTypex:

o2 J]a. (0 —a) -«
for « not free in o. We can define terms

fio—o]]a.((c —a) — a)

and
g: [[a.((6 o a) oa) —o
by
f=Xz:0.Aa.\°h:0 < a.hz
and
g=Xz: []a.((c < a) - a).zoid,
Clearly

g(fz)=(fz)oid, =z
so gf = id,. Notice that this only involve external equality and thus we did not need extensionality here.

Proposition 3.4. Using identity extension and extensionality, one may prove that fg is internally equal to
the identity.

Proof. Foraterma: [[a. (0 — a) — a we have
foga=Aa.X°h: 0 — a.h(aoidy).
Using extensionality, it suffices to prove that
E,a|lh:o—oa|—Fh(acid,) =qaah

holds in the internal logic.
By the parametricity schema we know that for any admissible relation p: AdmRel(r, 7")

(a7)((ed, — p) — p)(aT’)
If we instantiate this with the admissible relation (h), we get
(ao)((ed, —o (h)) — (h))(a a)
Since id,(eq, — (h))h we know that (a o id,){(h)(a o h), i.e.,
h(aoids) =q a ah,

as desired. 0
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This proof may essentially be found in [5].

Intuitively, what happens here is that o is a subtype of [[ . (6 —o &) — «, where the inclusion f maps
x to application at 2. We use parametricity to show that [] a. (¢ — «) —o « does not contain anything that
isnotino.

3.3 Tensor types

The goal of this section is to prove
cQ@T=]]a. (0 =T —oa) o«

for = F o: Type and E + 7: Type types in the same context. The isomorphism is in the category
LinType-.

This isomorphism leads to the question of weather tensor types are actually superfluous in the language.
The answer is yes in the following sense: Call the language without tensor types (and I) ¢ and the language
asis T'. Then there are transformations p : T'— tand ¢ : t — T, ¢ being the inclusion, such that poi = idp
and i o p = id;. This is all being stated more precisely, not to mention proved, in [14, 13]. In this paper we
settle for the isomorphism above.

We can construct terms

f:o0@T —o]]a.(0 =T —oa) o«

and
g:([Je.(0—7—oa)—oa)—ooc®T
by
fy=letz@z':c@rbeyinAa. \°h: 0 o7 —oa.hzx
and

gy =1yo T pairing,

where the map pairing: o0 7 —-< o ® TS
pairing = \°z: 0. \°z": Tz @ 2.
Let us show that the composition g o f is the identity.

gofy=g(letzz':c@rbeyinAa.\°h: 0 o7 —oa.hzz')=

(letz®z': c@Tbeyin Aa.\°h: 0 —o 7 —0 a. h z z') o ® T pairing =

(Aa.X°h: 0 —oT —oa.letz®z':c®@7bheyinhzz')o® T pairing =
letz®z':c®7beyinz®z =y.

Proposition 3.5. Using extensionality and identity extension one may prove that the composition
fo: (Jla.(c =7 —oa) oa) o ([[a.(c =7 —a) —a)
is internally equal to the identity.

Proof. We compute

fogy=f(yo®r pairing) =
letz®z': o0 ® 71 be (y o ® 7 pairing) in Aa. \°h: 0 o7 o a.hz '
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Suppose we are given atype aandamap h: o —o 7 — «. We can define ¢,: 0 @ 7 — a as
bp=XNy:0QT1.letz®@z:0c@Tbeyinhz.

Then ¢p(pairing = ') = h = 2/, which means that pairing(eq, — eq, — (¢p))h. By the parametricity

schema
Ea|lh:o—oT—oay: [[e.(c—oT—o00a)—oa|—|TkH

(y o @ 7)((ed, —o €d, —o {¢n)) —o ($n))(y @)
SO

(y o @ 7 pairing){¢n)(y o h),
i.e,

én(y o @ T pairing) =4 y a h.
Writing this out we get

Ea|lhio—oT—oay: [[a.(c =T —oa) oa|—|Tk
letz ®z': o @ 7 be (yo ® 7pairing) inhzz' =, yah.

Using extensionality we get
Aa.X°h:o—o T —oa.letz®1z': o ®7be (yo® 7 pairing) in (hzz') =4 y.
This is enough, since by the rules for external equality the left hand side is

letz ®z': 0 ® 7 be (y o ® 7 pairing) in (Aa. \°h: 0 —o 7 —0 a.hz z').

3.4 Unit object

The goal of this section is to prove that identity extension together with extensionality implies
IZ]]a.a—a

The isomorphism holds in LinType for all =.
We first define maps f: I — [Ja.a — aand g: ([[a.a — a) — I as

f=Xx: I.let x bexinid,
g:kot: Ha.a—oa.tf*,

where
id = Aa. X°y: a.y.

We first notice that
g(f(z)) = (let x bezinid) I x=
let x bezin (id I x) =let x be z inx = =z.

Proposition 3.6. Using identity extension and extensionality, we have that fg is internally equal to the
identity on [[ . « — «v.
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Proof. First we write out the definition
fag=Xt ([Ja.a — a).let x be (¢ Ix)inid.

We show that for any ¢: [] @. @ — «, for any type o, and any z: o we have fg(t) o z =, t o =.
Given o, z as above, we can define h: I —o o0 as h = A\°z: I.let x be z in z. Then (h) is admissible,
so by identity extension

(t D)({h) —o (B))(t 7).

Since h(x) = z we have h(t I x) =, t o z, and by definition

h(tIx)=Ilet x be (tI%)inz=Ilet x be (tIx)in(idox)=
(let x be (tI%)inid)ox = fog(t)ox.

3.5 Natural Numbers
We define the type of natural numbers as
N=]]a (o —-a) > a—a.
We further define terms 0: N, s: N — N as
0=Aa.A\f:a—oaXz:az, s=Xy:NAadf:a—oaz:a flyalfz)

and prove that (N, 0, s) is a weak natural numbers object in each LinType=, and, using parametricity and
extensionality, an honest natural numbers object.

Suppose we are given a type o, aterma: o and a morphism b: ¢ — 0. We can then define h: N — o
as h(y) = yo!ba. Then clearly h(0) = a, and h(sz) = b(z o !ba) = b(h(x)), so (N, 0, s) is a weak natural
numbers object.

We can express the weak natural numbers object property as: for all a, b, there exists an h such that

I—2oN—2 5N

RN

0 ——=0
commutes.

Lemma 3.7. Identity Extension and extensionality implies
Vz: Nz NlsQ =z

Proof. Suppose we are given o,a,b and define h as above. Since boh = hosand h 0 = a, we have
s((h) — (h))band 0(h})a, by parametricity of z, (x N!s 0)(h)(z o b a), i.e.,

(zN!s0)o'lba=,z0ba.
Letting o range over all types and a, b over all terms, using extensionality and Lemma 2.34, we have
zNls0 =y z,

as desired. 0
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We can now prove that N is a natural numbers object in each LinType-.

Lemma 3.8. Assuming identity extension and extensionality, given o, a, b, the map h defined as above is
up to internal equality the unique A’ such that 4’(0) = a, h'(s ) = b(h' z).

Proof. Suppose b’ satisfies the requirements of the lemma. Then s({h") —o (h'))b and 0(h’)a (this is just a
reformulation of the requirements), so for arbitrary z: N, by parametricity of z,

zolba=, W (zNl!s0) =, h'(z).

Thus, by extensionality, A’ =n_o, h. O

3.5.1 Induction principle
The parametricity principle for the natural numbers implies, that if R: AdmRel(N,N), and z: N, then

(zN)((R — R) - R — R)(z N).

So if s(R — R)s and R(0,0), then
(z N!s0)R(z N!s0).

By Lemma 3.7, x N s 0 =y z, so we can conclude that R(z,z). If ¢ is a proposition on N such that
(z: N,y: N). ¢(x) is admissible, then from parametricity we obtain the usual induction principle

(¢(0) AVz: N.¢(z) D ¢(s(z))) D Va: N. ¢(z).

3.6 Types as functors

Definition 3.9. We say that &  o: Type is an inductively constructed type, if it can be constructed from
free variables @ and closed types using the type constructors of PILLy, i.e., —,®, I,!and [] c..

For example, all types of pure PILLy are inductively defined, and if ¢ is a closed type then [ a.o x
« is an inductively constructed type. However, some models may contain types that are not inductively
constructed! For example, in syntactical models, any basic open type, such as the type « - lists(«) is not
inductively constructed.

We define positive and negative occurences of free type variables in inductively defined types as usual.
The type variable « occurs positive in the type « and the positive occurences of a type variable aino —o 7
are the positive occurences of « in 7 and the negative in o. The negative occurences of a in ¢ —o T are
the positive in o and the negative in 7. The positive and negative occurences of « in || 5. o are the positive
and negative occurences in o for a # [. The rest of the type constructors preserve positive and negative
occurences of type variables.

If o(«, B) is an inductively defined type in which the free type variable « appears only negatively and the
free type variable S appears only positively, then we can consider ¢ as a functor LinType® xLinType —
LinType by defining the term

Mo(ap): [T, B, (o — ) = (B — f') = o(e, B) — o(c, ),

which behaves as the morphism part of a functor, i.e., it respects composition and preserves identities. We
define M, (4,5 by structural induction on o. This construction immediately generalizes to types with less or
more than two free type variables, all of which appear only positively or negatively.
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For the (nontrivial) base case of the induction, if o(«, 8) = 3, define

Mg = Aa, B,d/, B\, 9.9
In the case o (8, @) —o 7(«, ) we define the term
oo Mo (5,0)-or(a) o o
[Ie, 8,0, (&) — ) = (B — B') = (0(B,a) — 7(a, B)) — 0(f', ') — 7(, )
by
Ma(ﬂ,a)—oT(a,ﬁ) = AOt, ﬂ’ 05/7 /8,' /\fa g.
Ah:o(B,a) — 7(a,B). (MraBo' B fg)oho(Msp' o Bagf).
For bang types, we define:
Mis(a,p) = A, B, ', B A f: o — . Mg: B — B'. N°x: lo(a, B).
letly be z in /(M) a B B' f gy).
For tensor types, we define:
My (o p)2r(a,8) = Ao, B,/ BN f 9. X°2: o(a, B) ® T(a, B).
letz ®y: o(a, ) @ 7(c, B) be zin (Mo o' B fgz) @ (Mra B/ B f gy).
The last case is the case of polymorphic types:
MHw.a(a,ﬂ) = Ao, B,/ , 8. Af,9.X°2: [Jw.o(a, B).
Aw: Type. My(q gy Ba’ ' f g (zw).
Lemma 3.10. The term M, respects composition and preserves identities, i.e., for f': o — o/, f: o/ —o
a,g: f—pandg': g’ — g,
o My@pyafa B'Nfo ') g"og) = (My(ap o B a" B"1f 1g") o (My(ap a B o B'If lg),
[ a(a,ﬂ)a ,8 a ﬁ 'Zda'ldﬂ = idg(a’ﬂ).
Proof. The proof proceeds by induction over the structure of o, and most of it is the same as in [21], except
the case of tensor-types and !. These cases are essentially proved in [2]. O
Notice that in the proof of Lemma 3.10 we do not need parametricity. Suppose
E|l——-Ff:d —oa,g:8—8.
We shall write o(f, g) for
My B o BUf g.
The type of o(f,g) is o(a, 8) — a(a/,8"). Notice that we apply M to !f,!g, since M is of intuitionistic
function type (— instead of —). By the previous lemma, o defines a bifunctor LinType® x LinType —

LinType.
First we consider this in the case of only one argument:

Lemma 3.11 (Graph lemma). Assuming identity extension, for any type « + o with a occuring only
positively and any map f: 7 —o 7’

a[(f)] = (a(f))-
Likewise, suppose a = o' is a type with o only occuring negatively. Then identity extension implies

o[(£)] = (e (£,
where o (f))* is (z: o(7),y: (7). (o (£))(y, ).
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Proof. We will only prove the first half of the lemma; the other half is proved the same way. Since « occurs
only positively in o, we will assume for readability that M, has type [[ a, 8. (a — B) — o(a) —o o(B).
By parametricity of M., for any pair of admissible relations p: AdmRel(a, @') and p': AdmRel(3, 8')

(Ms o B)((p — p) = (o]p] — 0lp])) (Mo o' B). (2)
Let f : 7 —o 7' be arbitrary. If we instantiate (2) with p = eq, and p’ = (f), we get
(Mo 7 7)((egr —o (f)) = (edo(r) — o[(/)])) (Mo T T'),
using the identity extension schema. Since id,(eq, — (f))f,
lid!(eqr — (f)!f,
and using M, 7 7' !f = o(f) we get

id (o) (edo(r) —o oT(F (),

Va: o(r). z(a[(f)]) (o (f)z)-
We have thus proved (o (f)) implies o[(f)].
To prove the other direction, instantiate (2) with the admissible relations p = (f), p' = eq,» for f: 7 —o
7. Since f({f) —o eq)id,
U(f)(0[<f>] — eqo’(T’))idU(T’)‘
So forany z: o(7) and y: o(7") we have z(a[(f)])y implies o (f)z =q(;+) y. This just means that o[(f)]
implies (o (f)). O

3.7 Initial algebras

Suppose a - o : Type is an inductively constructed type in which « occurs only positively. As we have just
seen, such a type induces a functor

LinTypez — LinTypez

for each =. We aim to define an initial algebra for this type.
Define the closed type
pa.o(a) =]]a.(oc(a) — a) = a,

and define
fold: [Ja.(0(a) — a) = (pa.o(a) — )
as
fold = Aa. Af: o(a) — a. X\°u: pa.o(a).ualf,
and
in: o(pa.o(a)) —o pa.o(w)
as

inz=Aa.\f: o(a) — a. f(o(fold a!f) 2).
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Lemma 3.12. For any algebra f: o(7) — 7, fold 7 ! f is a map of algebras from (pa. o(c),in) to (7, f),
i.e., the diagram

o(pa.o(a)) in—o;wz. o(a)

o(fold 7 !f)i Lfoldr '
/

o(r) —————7
commutes.
Proof. For z: o(pa. o(a))
(fold7!f)oinz =inz7!f = f(o(fold 7!f) z),
as desired. O

In words we have shown that in defines a weakly initial algebra for the functor defined by o in LinTypex=
for each =. Notice that parametricity was not needed in this proof.
Lemma 3.13. Suppose = | I';— F f:o(1) o 7and 2 | I'; — F ¢g: o(w) — w are algebras for o, and
E|Iy—F h: 7 — wisamap of algebras, i.e., h f = g o(h). Then, assuming identity extension and
extensionality,
ho (fold 7!f) =,0.0(a)—w fOld w !g.

Proof. Since h is a map of algebras

fo(h)) — (h))g,
so by the Graph Lemma (3.11)
f(o(h)] — (h))g
and by Lemma 2.31
(o [(h)] — (R)))'g.

Clearly (fold, fold) € eqH a.(o(a)—a) , and thus, by identity extension,

—(po.o(a)—oa)
(fOIdafOId) € HOé. (O’(Oé) - CV) - (/8 - a)[eqNa.U(a) /IB]’

so forany z: pa.o(a),
(fold 7 ! f z)(h)(fold w !g z),

i.e.,
ho(foldr!f) = =pa.0(a)—w fOldw g,

as desired. 0
Lemma 3.14. Using identity extension and extensionality,
fold pa. o(a) in =14 5(0)—opao(a) @ua.o(a)-
Proof. By Lemma 3.13 we know that for any type 7, f: o(7) — 7 and u: pa.o(«@)
(fold 7 ! f) o (fold pa. o () lin) uw =, fold 7 ! f u.
The left hand side of this equation becomes
fold 7 If (u pa. o(a) lin) = (u pa.o(a) lin)r 1 f

and, since the right hand side is simply
uT!f,

the lemma follows from Lemma 2.34. O
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Theorem 3.15. Suppose = | —; —  f: o(7) —o Tisanalgebraand = | —; — - h: pa.o(a) —o Tisamap
of algebras from in to f. Then if we assume identity extension and extensionality, = 4 5(a)—r fold 7 !f.

Proof. By Lemma 3.13 we have
h o (fold pav. o() lin) =4 5(a)—or fold 7! f.
Lemma 3.14 finishes the job. O

We have shown that in defines an initial algebra.

3.8 Final Coalgebras

As in section 3.7 we will assume that o F o(«): Type is a type in which « occurs only positively, and this
time we construct final coalgebras for the induced functor.
Givenany a F 7(«): Type we can define the closed type

[Ha7(e) = 18- ([ e (7(@) — B)) — B8
with combinator
pack: [Ja.(7(a) — [ B-7(B))
defined as
pack = Aa. \°z: 7(a). AB. X f: []a. (7(a) — B). f a z.
Define
va.o(a) =[Ja.(a —oo(a) @a=]]8.-([Ta. {a —o(a)) @ — ) —

with combinators
unfold: J]a. (e — o(a)) - a — va.o(a),

out: va.o(a) — o(va.o(a))

defined by
unfold = Aa.A°f:!(a —o(a)).A°z: a.pack a (f ® x)

out = Xz:va.o(a).zo(va.o(a))r,
where

r:]Ja.(a—oo(a) ®a —o(va.o(a))
r=Aa.Xy: (a —o(a)) @ a.letw® zbeyino(unfold aw)(let ! f be win f z).

Lemma 3.16. For any coalgebra f: 7 — o(7), the map unfold 7 ! f is a map of coalgebras from f to out.

Proof. We need to prove that the following diagram commutes

41000(7)

unfold 7 ! f o(unfold 7 ! f)

(a) —oo (va. o(a)).

q o1

V.
But this is done by a simple computation

out(unfold 7 ! f ) = out(pack 7(!f) ® z) =
pack T(!f) ® z o(va.o(a)) r=r7((If) @ z) =
a(unfold 7 (1f)) (f ).
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Lemma 3.16 shows that out is a weakly final coalgebra for the functor induced by o on LinType- for
each =. Notice that parametricity was not needed here.

Lemma 3.17. Suppose h: (f: 7 — (1)) — (f': 7 — (7)) is a map of coalgebras. If we assume
identity extension, then the diagram

unfold 7 ! f
T———ova.o(a)

h
LW;

7_I

commutes internally.
Proof. Using the Graph Lemma, the notion of h being a map of coalgebras can be expressed as

f({h) — o[(R)])f".
Now, by parametricity of unfold,

unfold 7 £ ({h) —o €0, 4(a))unfold 7' L £/,

which is exactly what we wanted to prove. O
Lemma 3.18. Using extensionality and identity extension,

unfold va. o () lout
is internally equal to the identity on va. o(a).

Proof. Set h = unfold va. o () !out in the following.

By Lemma 3.16 A is a map of coalgebras from out to out, so by Lemma 3.17, h = h2. Intuitively, all we
need to prove now is that 4 is “surjective”.

Consider any g : [T a. ({(e — o(@)) ® a —o ). For any coalgebramap & : (f : @ —o o(r)) —o (f':
o' —o o(ca')), we must have, by Lemmas 3.11, 2.31, and 2.29,

(If @ z)(1((k) — o[(k)]) ® (k) (1f' ® k),
so by identity extension and parametricity of g,

Vz:a.ga(lf)®@z =g gd (If") @ k(z).
Using this on the coalgebra map unfold o ! f from f to out we obtain

Ve:a.ga(lf) ® z =g gva.o(a) (lout) ® unfold a ! f .
By Lemma 2.34 this implies that
Vi:la—oo(a)),z: a.ga f®z = gra o(a) (lout) ® unfold o f ,

which implies

Vz: l(a < 0(a)) ®a.gaz =g gra.o(a) (let f ® z be z in (lout) ® unfold « f )
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using Lemma 2.36.
In other words, if we define

k: []Ta.((a —o(a)) @ a— 71),
where 7 =!(va. o(a) —o o(va.o(a))) @ va.o(a), to be
kE=Aa. Xy :Na —oo(a)) @a.let f®zbeyin (lout) ® unfold & f z,
then
Ya. g @ =y(q—oo(a))0a—s (gva.o(a)) o (k ). 3)
Now, suppose we are given «, o', R: Rel(a, o') and terms £, f' such that
f((R — o[R]) ® R)f".
Then, by (3) and parametricity of g
gaf=ggd f'=p(gra.o(a)(ka f),
from which we conclude
g(V(a, B, R: Rel(a, B)). ({(R — o[R]) ® R —o (g va. a(a))P))k.

(Here we use S°P for the inverse relation of S.) Using parametricity, this implies that, for any z: va. o(a),
we have

zfg=pggrva.ocla)(zTk).
Thus, since g was arbitrary, we may apply the above to ¢ = & and get
xT7k=; kva.o(a) (x7k) =let f ® zbe (z 7 k) in (lout) ® unfold c f z.

If we write
l=MXx:va.o(a).let f® zbe (z 7 k) inunfold « f 2,

then, since & is a closed term, so is {, and from the above calculations we conclude that we have
VB.Vg: [[a. (e —o(a)) @ — .z f g =g gra.o(a) (lout) ® (I z).
Now, finally,

h(l =) = unfold va. o(a) lout (I z) =
pack va. o(a) lout® (1 z) =
AB. Mg : [T (Ma —o(a)) ®a —o f).gra.o(a) out ® (I ) =,4.4(a)
ABAg: [la.((a —o(a) ®a —o p).zBg=u,

where we have used extensionality. Thus [ is a right inverse to A, and we conclude
hz ~va.o(a) h2(l .’I,‘) “va.o(a) h’(l .Z‘) =va.o(a) T-
O

Theorem 3.19. Suppose = | —;— F f: 7 —o o(7) isacoalgebraand £ | —;— F h: 7 — pa.o(a) is
a map of algebras from f to out. Then if we assume identity extension and extensionality h =, .4 0(a)
unfold a ! f.
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Proof. Consider a map of coalgebras into out:

By Lemmas 3.17 and 3.18,
unfold 7 !f =, _,0.0(a) (Unfold va. o(a) lout) o g = _.,0.5(a) 9-
O

Theorem 3.19 shows that out is a final coalgebra for the endofunctor on LinType= induced by o for
each E.

3.9 Recursive type equations

In this section we consider inductively constructed types « - o(a) and construct closed types 7 such that
o(7) = 7. In Sections 3.7 and 3.8 we solved the problem in the special case of « occuring only positively
in o, by finding initial algebras and final coalgebras for the functor induced by o.

The first observation we use is that we may split the occurences of « in o in positive and negative
occurences. So our standard assumption in this section is that we are given a type «, 8 - o(a, 8), in which
a occurs only negatively and £ only positively, and we look for a type 7, such that o(r, 7) 2 7. This section
details the sketch of [20].

3.9.1 Parametrized initial algebras

Setw(a) = pp.o(a, B) =[] B-(o(a, B) — B) —o B. Now, w induces a contravariant functor from types
to types.

Lemma 3.20. Assuming identity extension and extensionality, for f: o' — a, w(f): w(a) —o w(d’) is (up
to internal equality) the unique A such that

o (0, w(e)) —"—w(a)
o(id,h)L
ola,w(a’)) h
a(f,id)L
oo, w(a)) —"ew(a)
commutes internally.

Proof. One may define in as a polymorphic term
in: J[]e.o(e,w(a)) — w(e)

by
in=Aa.\2: o(a,w(a)). AB.Af: o(a, B) — B. f(oc(Az: a.z,fold B!f) 2).
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By parametricity we have
ino'(o((f),w((f)) — w((f))ina,
which, by the Graph Lemma (Lemma 3.11), means that
ino/((o(f,w(f))* — (w(f)*P)in e,

which in turn amounts to internal commutativity of the diagram of the lemma.
Uniqueness is by initiality of in (in LinType,, proved as before) used on the diagram

in ow(a)

o(a, w(@))
o(id,h) h

ola,w(a')) ma(a', w(a')) low(o/).

3.9.2 Dialgebras

Definition 3.21. A dialgebra for o is a quadruple (7, 7', f, f') such that 7 and 7' are types, and f: o (7', 7) —o
7and f': 7' —o o (7, 7") are morphisms. A morphism of dialgebras from (o, 7§, fo, f§) to (71, 71, f1, f1) is
a pair of morphisms h: 79 —o 71, h': 7{ —o 7, such that

7

o (74, 70) io7'0 1 —100(7'1, 1)
o(h ,h)i Lh h’l La(h,h’)
o(7{,T1) ——=T1 70 ——0 (70, 79)-
i fo

Lemma 3.22. If (h, k') is a map of dialgebras and h, h’ are isomorphisms, then (h, k') is an isomorphism
of dialgebras.

Proof. The only thing to prove here is that (, =1, (h/)~1) is in fact a map of dialgebras, which is trivial. [
Remark 3.23. If we for the type o, 8 F o : Type consider the endofunctor
(c°P,0): LinType®”z x LinTypez — LinType®z x LinTypez

defined by (o, 8) — (0(B8, ), (e, B)), then dialgebras for o are exactly the algebras for (¢°P, o), maps of
dialgebras are maps of algebras for (c°P, o) and initial dialgebras correspond to initial algebras.

Theorem 3.24. Assuming identity extension and extensionality, initial dialgebras exist for all functors in-
duced by types o(«, ), up to internal equality.

Proof. In this proof, commutativity of diagrams will mean commutativity up to internal equality.
Set w(a) = ppB.o(a, B). Then, w defines a contravariant functor. Define

7 =va.o(w(a),a), T =w(t") = pp.o(r, B).
Since 7’ is defined as the final coalgebra for a functor, we have a morphism

out: 7' —o o(w(r'), ") = o(r,7),
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and since 7 is defined to be an initial algebra, we get a morphism
in: o(r',7) — 1.

We will show that (7, 7/, in, out) is an initial dialgebra.
Suppose we are given a dialgebra (o, 7,9, g'). Since in is an initial algebra, there exists a unique map
a, such that

o (15, w(75)) ——ew(rg)

a(id,a)L La

o (74, 70) 9 .,

and thus, since out is a final coalgebra, we find a map A’ making the diagram

7§ Lo (m, ) "0 (w(rh), 1) @)
% J} LU(W(h’),h’)
T H——o(w(r),7)

commute. Set h = a o w(h'). We claim that (h, k') defines a map of dialgebras. The second diagram of
Definition 3.21 is simply (4). The first diagram of 3.21 follows from the commutativity of the composite
diagram

(7!, w(r')) —"ow(r') (5)

a(h'w(h")) l Lw(h’)

o (1g,w(7h)) —ow(})

a(id,a)l La

o (74, 70) LAY 4

where the top diagram commutes by Lemma 3.20.

Finally, we will prove that (h, h’) is the unique dialgebra morphism. Suppose we are given a map of
dialgebras (k, k") from (7,7',in, out) to (79, 7,9, 4"). By the first diagram of Definition 3.21, we have a
commutative diagram

o(r',7) n oT

a(id,k)J) lk
o(K'id)

o(r!,10) ——>20 (7}, 70) Y o1p.

Since clearly (5) also commutes when k' is substituted for 4’, by (strong) initiality of in, we conclude that
k =, _o; aow(k'). Finally, by the second diagram of Definition 3.21 we have commutativity of

7§ o0 (r0,78) < o (w(r5), 75)
K o(w(k’),k")

7/ Mo (w(r), 7).

So since out is a final coalgebra we conclude &' =, h'. O
0
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3.9.3 Compactness

Theorem 3.25 (Compactness). Assuming identity extension and extensionality, for all types « F o(«) in
which « occurs only positively, in~! is internally a final coalgebra and out™! is internally an initial algebra.
Furthermore in—! and out—! can be written as terms of PILLy-.

Proof. By Theorems 3.15 and 3.19 in is an initial algebra, and out is a final coalgebra for . Consider
h=Y (va.o(a)) — pa.o(a) (Ah: va.o(a) —o pa.o(a).ino o(h) o out).
Since Y is a fixed-point operator, we know that
o(va.o(a)) 2y o(a)
o(h) h
o(pa.o(a)) in—ouoz.cr(oz)

commutes. Since in~! is a coalgebra, we also have a map & going the other way, and since out is a final
coalgebra, kh =,4 5(a)—ova.o(a) {@ra.o(a)- SINCE in isan initial algebra, we know that hk =4 o(a)—opa.o(a)

i y.o(a)- SO in—! = out as coalgebras and out™! 22 in as algebras, internally. O

Lemma 3.26. Assume identity extension and extensionality. Let (7, 7', in,out) be the initial dialgebra from
the proof of Theorem 3.24. Then (7', 7, out™!,in™!) is also an initial dialgebra internally.

Proof. In this proof, commutativity of diagrams is up to internal equality.
Suppose we are given a dialgebra (7o, 7, 9,¢"). We will show that there exists a unique morphism of
dialgebras from (7', 7,out™1,in"1) to (79,74, 9,9')-
By Theorem 3.25, for all types o, in"!: w(a) — o(a, w(a)) is a final coalgebra for the functor 3
o(a,B), and out™!: o(r,7") —o 7' is an initial algebra for the functor a — o(w(a), a).
Let a be the unique map making the diagram
i 4900(7'0, 75)
a o(id,a)
ia—1
w(10) — 20 (19, w(70))
commute. Define h to be the unique map making

o(r,7") out— of! (6)
a(w(h);h) Lh

,id
o (w(r0), 70) 22 o (78, 7o) —L— o

commute. We define h' to be w(h) o a and prove that (h, k') is a map of dialgebras. The first diagram of
Definition 3.21 is simply (6). Commutativity of the second diagram follows from commutativity of

1§ ———o0 (79, 78) (7)

al la(id,a)
in—1

w(7o) ioU(Toaw(To))

w(h)L la(h,w(h))
-1

w(r') —Too (v, w(r")),
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where commutativity of the last diagram follows from Lemma 3.20.
Finally, we will show that if (k, &) is another map of dialgebras from (7, 7, out=1,in=1) to (79, 7, 9, ¢')
then h =, kand b’ = _,. k'. By the second diagram of Definition 3.21 we know that

!
0

: k,id
7§ Lo (70, 1) ke (1, ) ®)
K o(id,k")
i1
T in oo (1!, T)

commutes. Clearly, if we substitute & for & in (7), we obtain a diagram that commutes by Lemma 3.20. So,
using the fact that in—! is a final coalgebra on (8), we get &’ =rt—or w(k) o a.
The first diagram of Definition 3.21 implies that

—1
o(r,7") out or!

a(w(k),k) k

o(a,id) g
o(w(mg), o) ——>0 (75, T0) ——=T0

commutes. Comparing this to (6) we obtain h =,/_.,, k, by initiality of out=?. O

Theorem 3.27. Assuming identity extension and extensionality, for all types o(«, 3) where a occurs only
negatively and 3 only positively, there exists a type 7 and amap f: o(7,7) —o 7, such that (7,7, f, f ~!) is
an initial dialgebra up to internal equality.

Proof. As usual commutativity of diagrams will be up to internal equality.
We have a unique map of dialgebras

(h,h'): (r,7',in,out) — (7', 7,0ut "1 in"1)

We claim that (A, k) is also a map of dialgebras from (7, 7', in, out) to (7, 7,out™!,in~1). To prove this we
need to prove commutativity of the diagrams

a(r', 1) _n 7 T—oirrl o(r’,7)
o(h,h’)L Lh’ hl La(h’,h)
-1
o(r, ) LTI o O_UtOG(T, )

but the fact that (h, h') is a map of dialgebras tells us exactly that

! in in—1 /
o(r!', 1) ——r T ——o0(7',7)
a(h’,h)l lh h'L J}a(h,h’)
-1
o(r, ") S—or! oo (T, '),

and these two diagram are the same as the above but in opposite order. Thus, by uniqueness of maps of
dialgebras out of (7, 7',in,out), we get h =, ..+ h'. Since (h, h) is a map between initial dialgebras, A is
an isomorphism.
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Now define f o(r, ) —o 7tobeinoa(h™t,id,). Then clearly (id,, h~!) is a morphism of dialgebras
from (7,7, f, f~') to (7,7, in, out), since the diagrams proving (id,, h~') to be a map of dialgebras are

o(r, ey () e U oo(r, )
a(h_l,id)J) d l L o(id,h")
a(r', 1) in oT T —om_lo ———o(1',7) —= o(h.id) ——o(1',7) —=0(7, 7).

f_

Clearly the first diagram commutes, and the second diagram is just part of the definition of (h, k) being a map
of dialgebras. Thus (id,,h ') defines an isomorphism of dialgebras from (7,7, f, f 1) to (7, 7',in, out),
as desired. 0

Corollary 3.28. Assuming identity extension and extensionality, for all types «, 8 - o(«, 3), where « occurs
only negatively and $ only positively, there exists a type 7 such that o(7,7) = 7 in each LinTypexz.

Proof. The isomorphism isino o(h !, id). O

Notice that the closed terms 7 — o (7, 7) and o (1, 7) — 7 always exist, independent of the assumption
of parametricity. We use parametricity to prove that they are each others inverses.

4 LAPL-structures

In this section we introduce the notion of LAPL-structure. An LAPL-structure is a model of LAPL.

First, however, we call to mind what a model of PILL is and how PILL is interpreted in such a model
(for a full description of models for PILL and interpretations in these, see e.g. [17, 15, 2, 12, 5]).

A model of PILL is a fibred symmetric monoidal adjunction

F

LinType_ 1  ~~Type

G
X /
Kind,

such that LinType is fibred symmetric monoidal closed; the tensor in Type is a fibred cartesian product;
Type is equivalent to the category of finite products of free coalgebras for the comonad F'G on LinType;
Kind is cartesian; p has a generic object and simple products with respect to projections forgetting €2, where
Q is p of the generic object. See [15] for detailed explanation of this definition.

PILL is interpreted in such models as follows. A type o is interpreted as an object [¢] € LinType
using the SMCC structure to interpret ®, —o, I and the comonad F'G to interpret !, and we interpret a term

a|z: ;75T
as a morphism
Mo1] ® ... Qon] @ [o}] ®-..® [oh,] — [7]

in LinType, where ! = F'G. Notice that we denote the morphisms in LinType by —o.
The comonad structure on LinType induced by the adjunction gives us two natural transformations
0: 1 —olland e: | —o id. These are defined in the internal language as

b = Ax: lo.letly be z in !y,
€ = N°xz: o let!zbezin z.
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It turns out that we may interpret the intuitionistic part of the calculus, that is, the terms in the calculus with
no free linear variables, in Type. For suppose we are given such a term

(1]

| Z: 05— Ft: 7.
Then the interpretation of this term in LinType is
[ElZ: 65— Ft:7]: QlE|0i] = [E] 7]

Since ®;![2 | 03] = F([], G([E | 03])) (F is strong) and ! = F'G, we have, using the adjunction F' 4 G,
that such a term corresponds to

[E [ Z: 65— F tlrype: II; G(loi]) — G([7])
in Type. It is easy to prove that

[EIT;—F S[t/w]]]Type =
E|T,z: 05— F s: T[rype © (id[gm,]], [E|T;—F t]rype),
using Lemma 3.2.2 of [2].

Definition 4.1. A model of PILLy is a model of PILL, which models a fixed point operator
YV: 1o (@ = a) >«
Definition 4.2. A pre-LAPL-structure is

1. aschema of categories and functors

Prop

T

LlnType Type L. ctx
~— T l

such that

e the diagram

F
LinType ™ 1 Type

\ ’ /
p
Kind
is a model of PILLy.
e ¢ is a fibration with fibred finite products

e (r,q) is an indexed first-order logic fibration [5] which has products and coproducts with respect
to projections = x 2 — = in Kind [5], where €2 is p applied to the generic object of p.

e [ is a faithful product-preserving map of fibrations.
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2. a contravariant morphism of fibrations:

U

LinType Xkind LinType Ctx

T

Kind
3. afamily of bijections

¥ : Homcexs (€, U(0, 7)) = Obj (Propey (o) xG(r)))
for o and 7 in LinTypez and £ in Ctxz, which

e is natural in the domain variable &
e isnatural ing, T

e commutes with reindexing functors; that is, if p : 2 — Z is a morphism in Kind and  : £ —
U (o, ) is a morphism in Ctxz, then

where p is the cartesian lift of p.
Notice that W is only defined on vertical morphisms.

By contravariance of the fibred functor U we mean that U is contravariant in each fibre. Since U is
uniquely defined by the requirements on the rest of the structure so we will often refer to a pre-LAPL
structure simply as the diagram in item 1. Strictly speaking, we should denote the bijection ¥ by U= ¢,
since it depends on all these, but for ease of notation we simply write V.

We now explain how to interpret a subset of LAPL in a pre-LAPL structure. The subset of LAPL we
consider at this stage is LAPL without admissible relations and without the relational interpretation of types.

We interpret the full contexts of the considered subset of LAPL in the category Ctx as follows. A
context

E|x1:01,.-.%n: on | Ry: Rel(1,7]), ..., R Rel(Ty, 7))

is interpreted as
[L: IG([o:]) * I1; U([r5] [75D),
where the interpretations of the types is the usual interpretation of types in LinType — Kind.
For notational convenience we shall write [= | I' | © I ¢: 7] for the interpretation of ¢ in Ctx, that is
for
I([E[T;—Ft: Tlrype) o

(note the subscript Type), where 7 is the projection
m[E|T[6] =[] -]
in CtX[[E]]

The propositions in the logic are interpreted in Prop as follows.
Let A;: I — I x I denote the diagonal map, then

[Elz:my:THFz=ry] = HAH(T),
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where HA[ : denotes the left adjoint to reindexing along A. Now we can define
[E|IT|OFt=u]=(E|T|O0F,[E|T|OFu)*[E|x: ,y: TFz=71y].
To interpret Vz: 0,.4, recall that a context Z | z1: o1,...,Z,: op | © is interpreted as

[1; 1G[o:i] x [©],

where [o;] is the usual interpretation of types in LinType and the product refers to the fibrewise product
in Ctx. We may therefore interpret Vz: o;,.¢4 using the right adjoint to reindexing along the projection

w2 [1; 1G[0i] % [0] = [1;4, ICloi] x [©].

Likewise, VR: Rel(o, 7.)¢ is interpreted using right adjoints to reindexing functors related to the appropriate
projection in Ctx. The existential quantifiers 3z: ¢;,.¢ and IR: Rel(o, 7.)¢ are interpreted using left
adjoints to the same reindexing functors.

Quantification over types VYa.¢ and Ja.¢ is interpreted using respectively right and left adjoints to 7*
where 7 is the lift of the projection 7 : [Z, a: Type] — [Z] in Kind to Ctx. To be more precise, one may
easily show that for = | I' | © wellformed [Z,a | T' | ©] = #*[= | [ | ©] using the corresponding result
for the interpretation of PILLy, and so the cartesian lift of 7 is a map:

7 [E,a|T O] = [E|T]|O]

and we define
[EIT[OFVa.¢] =];[E, «|T[OF 4],

where [ [ is the right adjoint to 7*.
Definable relations with domain ¢ and codomain 7 in contexts = | I" | © are interpreted as maps from
[E]T|©]into U([e],[]). The definable relation

E|T|O,R: Rel(o,7) F R: Rel(o, 7)
is interpreted as the projection, and
[EIT|OF (z: 0,y: 7). ¢: Rel(0,7)] = U H[E | T, x: o,y: 7| O F ¢]).

We now define the interpretation of p(¢, s), for a definable relation p and terms ¢, s of the right types. First,
for=2 || © F p: Rel(o, 7), we define

(21,2 0,y: 7| O F play)] = W(IE | T| © F p: Rel(o,7)]).
Next, if 2 |T' F ¢: 0,s: 7, then

[ET]OF p(t,s)] =
(m([EIT]OFI[E|T[OF D)), x)[E|T,z: 0,y: 7| O F p(z,y)],

where 7, 7’ are the projections
m: [E2]T]0]—=[Z|T] *:[E|T|0]—=[Z2]|-]6].

One may think of the isomorphism ¥ as a model-theoretic version of Lemma 2.27.
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To interpret admissible relations, we will assume that we are given a subfunctor V of U, i.e., a contravari-
ant functor V' with domain and codomain as U and a natural transformation V' = U whose components are
all monomorphic. Thus, for all o, 7, we can consider V (o, 7) as a subobject of U (o, 7). We think of V (o, 7)
as the subset of all admissible relations (since the isomorphism ¥ allows us to think of U(o, 7) as the set of
all definable relations).

We may interpret the logic containing admissible relations by interpreting S: AdmRel(o, 7) as V([o], [7])-
Admissible relations are interpreted as maps into V (o, 7). For this to make sense we need, of course, to
make sure that the admissible relations in the model (namely the relations that factor through the object of
admissible relations) in fact contain the relations that are admissible in the logic. We need to assume that of
the functor V.

Definition 4.3. A pre-LAPL structure together with a subfunctor V' of U is said to model admissible
relations, if V' is closed under the rules of Figure 4 and Rule 2.18 holds.

Lemma 4.4. In the interpretation given above of the subset of LAPL excluding the relational interpretation
of types in a pre-LAPL structure modeling admissible relations, if

E|T,z:0|O©F ¢: Prop
is a proposition in the logic, and
E|TFt:0
is a term, then
E|IT|OF¢[t/z]: Prop] = ((m,[E|T|OFt: o), 7Y [E|T,z: 0 | © F ¢: Prop],
where 7, 7 are the projections
m[E[T]O] = [E[T] #':[E|T]|6]=[E]-]|6]

Proof. By induction on the structure of ¢. Cases R(s,s’) and s =, s’ are easy from definitions, simply
using the fact that
[E|T,z: 0k st/z]]Type =
[E|IT,z: 0t s: T]Type © <7T|IE|F;,]], [E|TF tlrype)

in the PILL model. The cases ¢ A ¢', ¢ D ¢/, etc., are just the fact that the fibrewise structure of Prop is
preserved by reindexing, and the cases of the quantifiers is by the Beck-Chevalley condition. O

Lemma4.b. For[E|T|OF p: Rel(o,7)]: [E|T | O] = U(o,7) and t: ¢/ —o o and s: 7/ —o 1,
[EIT|OF (z:0,y:1").p(tz,sy)]: [E|T| O] = U(c',7") =U(t,s) o [E| T | O F p: Rel(a, 7)]-

Proof. This follows from Lemma 4.4 and naturality of ¥ in o, 7: Assume for simplicity that I" and © are
empty.

/ Gegr .
Observe [Z | z: o' Ftz: o]rype = G o L GFG o' G o' CG o = G(t), where 7 is the
unit of the adjunction F' 4 G. Now

[El-|-F(:oy:n)plta,sy]=Y(Elz:oy:7|-Fpltzsy)])

which using Lemma 4.4 and the calculation above gives

U (txs) ([Elz:oy:7|—Fpa,y)]) =
Ult,s) oW ([E|z:0,y: 7| —F plz,y)]) =U(t,s) o [E| — | = F p: Rel(a, 7)].
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Given a pre-LAPL structure modeling admissible relations, we may define a fibration

LinAdmRelations

|

AdmRelCtx ’

which we think of as a model consisting of admissible relations. We first define the category AdmRelCtx
by the pullback
AdmRelCtx —— Ctx

_J
el

Kind x Kind —— Kind.

We write an object © in AdmRelCtx over (£,=') as =, =’ | ©. The fibre of LinAdmRelations over
an object 2, =’ | © is

objects triples (¢, o, 7) where o and 7 are objects in LinType over = and =’ respectively and ¢
is an admissible relation, i.e. a vertical map

¢: O = V(n*o,7"*7)
in Ctx. Here 7, 7’ are first and second projection respectively out of = x Z’.
morphisms A morphism (¢, o, 7) — (¢, o', 7") is a pair of morphism
(t:o0 —o0',u: 17— 1)
in LinTypex and LinTypex respectively, such that
U(¢) < U(V(t,u)oy)),
where we have left the inclusion of V' into U implicit.

Reindexing with respect to vertical maps p: © — ©’ in Ctx is done by composition. Reindexing objects of
LinAdmRelations with respect to lifts of maps in Kind x Kind is done by reindexing in the fibration
Ctx — Kind. Reindexing of morphisms in LinAdmRelations with respect to maps in Kind x Kind
is done by reindexing each map in LinType — Kind. This defines all reindexing since all maps in
AdmRelCtx can be written as a vertical map followed by a cartesian map.

Remark 4.6. In the internal language, objects of LinAdmRelations are admissible relations
;2 | © F p: AdmRel(o, 7).

A vertical morphisms in LinAdmRelations from p: AdmRel(o,7) to p': AdmRel(o’,7’) is a pair of
morphisms f: o — o', g: 7 — 7' in LinType such that in the internal language the formula

Vz:o,y: 7.p(z,y) D p(fz,9Y)

holds (this follows directly from Lemma 4.4).
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There exist two canonical maps of fibrations:

LinAdmRelations 5 LinType
0
o
AdmRelCtx Kind

On the base category 9y, 31 map an object Z,=' | © to E and Z’ respectively. On the total category they
map (¢, o, 7) to o and 7 respectively. In words, dy and 9; map a relation to its domain and codomain
respectively.

Lemma 4.7. The fibration LinAdmRelations — AdmRelCtx has products in the base, a generic
object and simple products with respect to projections in AdmRelCtx forgetting the generic object. The
maps Oy, 01 preserve this structure.

Proof. The category AdmRelCtx has products:
(B1,2] | ©1) X (B2,E5 | ©2) = E1 X B9, E] x B | 7°(01) x 7'*(02)

(see [9, Proposition 9.2.1]). o
The fibration has a generic object ,Q | V (idgq, idg), since a morphism into this from 2,2’ | © in
AdmRelCtx consists of pairs of types (f : £ — Q, g : ' — Q) and a morphism from © to V(f, §).
We now show that we have products with respect to projections forgetting the generic object. Given a
relation
E,E,68]0,R: AdmRel(a, B) F p: AdmRel(7,7")

we can define
5,2 | O FV(a,B,R: AdmRel(a, 8)). p: AdmRel((] a: Type. 7), ([1B: Type. 7))

as
V(a, B, R: AdmRel(a, B8)).p = (t,u).Va, B: Type.VR: AdmRel(a, 8). (ta)p(up).

We will to show that this defines a right adjoint to weakening. Suppose we have another relation
E,2 | O F w: AdmRel(o,d").

We will use the usual adjunction in LinType, whereamap Z,a | — F t: 0 —o 7, With E  o: Type
corresponds to
E|l-Ft=Xz:0.Aa.(tz): 0 — [[a.T.

We need to prove that (¢, ) preserves relations iff (£,4) does, but it is clear that
8,8 |x:0,y:0 | ©,R: AdmRel(c, 8) | zwy F (t z)p(u y)
iff
5,2 |z:0,y:0 | O | zwylk VYa,B: Type.VR: AdmRel(a, B). (t z a)p(i y B),
which establishes the bijective correspondence between maps
T'w —o p

w —o Y(a, B, R: Rel(e, B)). p

proving that we have in fact defined a product. O
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Lemma 4.8. The fibration LinAdmRelations - AdmRelCtx has a fibrewise SMCC-structure and
the two maps 9y, 01 are fibred strict symmetric monoidal functors.

Proof. We prove that the constructions ®, — on definable relations given in Section 2.2.2 define a fibre-
wise symmetric monoidal structure on LinAdmRelations — AdmRelCtx. Notice that since V is
closed under the rules of Figure 4, Proposition 2.3 tells us that the constructions on definable relations of
Section 2.2.2 indeed do define operations on LinAdmRelations -+ AdmRelCtx.

First we will prove that the two operators —®—, p —o — do in fact define functors on LinAdmRelations.
That is, we need to check that if

(to,s0): po —o py  (t1,s1): p1 —o pi,
then
(to ® t1,80 ® 81): po ® p1 —o0 py @ pi,

and, if (¢,s): p' — p”, then
(to—,s0=):(p—op) —(p—op").
To see that ® defines a functor, suppose z(po ® p1)y and f(py — pj — R)g. We need to show that

R(let z ® 2" be (to ®@t1)(z) in f 2z 2/, let 2 ® 2’ be (sg ® s1)(y) ing z 2').
Recall that (to ® t1)z = let w ® w’ be z in tp w ® t1 W' in PILL. Notice then that
let 2 ® 2 be (to @ t1)(y) in fz2' =letz®2 beyin f (to(2)) (t1(2')),

and
(X°z,2". f (to(2)) (t1(2)))(po — p1 — R)(X°2,2". g (s0(2)) (s1(2"))).

The result now follows from the assumption that z(pg ® p1)y.

To prove that p — — isa functor, suppose (f,g): p — p' and p(z,y). Then clearly p" (to f(z), sog(y)),
as required.

We need to show that p —o — is right adjoint to — ® p, and that the adjoint components are natural in p.
Since we are given a similar adjunction in LinType, all we need to show is that

(t,8): p—o (p' — p")
iff
(,8): p®p' — ",
where £, § are the maps corresponding to ¢, s in the adjunction on LinType. Suppose first that
(t,8): p—o (p' — p") and z(p ® p')y.

The definition of the latter says exactly that, for all (¢, s): p —o (p' —o p'), we must have p" (t z, 5 ).
Now, suppose (£,3): p ® p' —o p" and zpy A z'p'y/. By Lemma 2.29 p ® p'(z ® z',y ® ') and so
P (t(z ® z'),3(y ® y')). Hence, since {(z ® z') = t = =’ (likewise for s), we are done.
We now proceed to prove that the functors — ® —, p —o — define a fibred SMCC structure on

LinAdmRelations - AdmRelCtx.

46



The unit in a fibre is Ir.;: AdmRel(Z, T) where I is the unit in the appropriate fibres of LinType. The
maps giving the isomorphisms

He=e=)=(-)e=)e (=),
Hel=(), )eE=E=e()

are simply pairs of the corresponding maps in the fibrewise SMC-structure of LinType. These maps satisfy
the coherence properties simply because the maps in LinType do the same. One has to check that the maps
defined by pairing maps in fact define maps in LinAdmRelations, i.e., that they preserve relations.

One direction of the isomorphism o ® I = ¢ is given by the map A\°z: 0. z@*. To see that this preserves
relations, suppose zpy. Since xIge*, (x ® *)(p @ Ire)(y ® *) by Lemma 2.29. For the other direction,
consider f,: 0 —o I —o o givenas f = A°xz: oX°z': I.let x bez’inz. Thenthemapo ® I —o o is
simply f,, and we have proved earlier that it now suffices to prove that f,, preserves relations. So suppose
zpy N o' Igey'. By definition of z'Ig.y’ we can conclude that p(f, = 2/, fr y v').

The isomorphism (p ® p') ® p" = p® (p' ® p") is obtained using the adjunction as follows

(p@p)@p" — p"”
p o pl o pll o plll
p— (' ®p") —p”
P (P’ ®p//) S p///

and it is easily seen that this isomorphism is given by pairs of the usual maps in LinType. Likewise the
isomorphism p ® p' = p’ ® p comes from

p®p —op"
p®p—op.
By construction, the functors 9y, 9, are fibred strict symmetric monoidal functors. O

Lemma4.9. The fibration LinAdmRelations - AdmRelCtx has a fibred comonad structure induced
by the functor p —!p. The maps 0y, 01 map this comonad to the fibred comonad ! on the nose.

Proof. We need to check that ! defines a functor, i.e., that if (f,g): p — p’, then (1f,1g): lp —olp'. Itis
easy to see that

vz, y.1p(tz, ly) Dlp'((1f) (12), ('9) ('y))

since (1f)(1z) =!(f(z)). Now the result follows from Rule 2.18.

The comonad maps are given by (e,€): !lp — p and (4,d): lp —ollp. These preserve relations by
Lemma 2.32, and the commutative diagrams of a fibred comonad are preserved since they hold for the
fibred comonad on LinType — Kind. O

Lemma 4.10. The fibration LinAdmRelations - AdmRelCtx has natural transformations

d: (=) =!(-)RN=),e: /(=) = Iry

making it a fibred linear fibration. The maps 0y, 0; preserve this structure on the nose.
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Proof. The maps d, e are given by (d, d) and (e, e), which preserve relations by Lemma 2.33. The necessary
diagrams commute by the same diagrams for the fibred comonad on LinType — Kind, and the functors
0o, 01 preserve the structure on the nose by construction. O

If we define AdmRelations to be the category of finite products of coalgebras [15], we obtain a
PILL-model

LinAdmRelations __~~ 1 ~ _ AdmRelations

\/

AdmRelCtx
and two maps of PILL-models 8y, 0. This model need not be a PILLy-model, since for pre-LAPL-
structures Y does not necessarily preserve relations.
Definition 4.11. An LAPL-structure is a pre-LAPL-structure modeling admissible relations, together with
a map of PILL-models J from

LinType—_ 1~ Type

~

Kind
to

LinAdmRelations __ 1 ~ _ AdmRelations

\/

AdmRelCtx

such that when restricting to the fibred linear categories, J together with 9y, 8, is a reflexive graph, i.e.,
800J:810J:’id.

In the following, we will often confuse .J with the map of fibred linear categories from LinType —
Kind to LinAdmRelations - AdmRelCtx.
We need to show how to interpret the rule

a1, -..,an Fo(d@): Type E|T|OF pr: AdmRel(r1,7]), ..., pn: AdmRel(7,, )
E|T|OF olp]: AdmRel(a(7), o (7))

in LAPL-structures.
Since J preserves products in the base and generic objects, J([& - o(&)]) is a relation from o(&) to
o(B) incontext [@; 5 | R: AdmRel(&, 5)]. It thus makes sense to define

[@ 53| — | R: AdmRel(a, B) - o[R]]

to be J([@ | o(&)]), so all we need to do now is to reindex this object. We reindex it to the right Kind
context using
(7,7 : [E] = o>,
thus obtaining
[E| - | R: AdmRel(7,7) F o[R]: Rel(a(7),a(7'))].
ForE|T' | © F p: AdmRel(7,7), we define
[E|T|0OF o[p): AdmRel(o(7),o(7))] =
[E| - | R: AdmRel(7,7) F o[R]] o [E | T'| © I §: AdmRel(7,7)].
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where by [ | T | ©  p: AdmRel(7, 7)] we mean the pairing
(EIT|OFpl,....[EIT|OF ).

Remark 4.12. To model a version of Linear Abadi & Plotkin Logic for unary or other arities of parametric-
ity as in Remark 2.2, the functor U should, have corresponding arity and the domain and codomain of the
bijection ¥ should be changed accordingly. Furthermore instead of considering the fibration of binary rela-
tions LinAdmRelations —+ AdmRelCtx we should consider a fibration of relations of the appropriate
arity.

4.1 Soundness

In this section we prove that the interpretation of LAPL in LAPL-structures is sound. First, we present a
series of reindexing lemmas.

Lemma4.13. If£ | I',z: o | © - ¢: Prop is a proposition in the logic, and
E|Tkt:o
is a term, then
[E|T|©F ¢[t/z]: Prop] = ((m,[E| T |O© Ft: o)), 7" )*[E|T,z: 0| OF ¢: Prop]
where 7, ' are the projections
m[E[T]O] = [E[T] #:[E|T]|6]=[E]-]|6]
Lemma4.14. If 2| T,z | © F p: Rel(r, 7') is a definable relation in the logic, and
E|TFt:o
is a term, then
[E|T,z|OFplo{((m[E|T|OFt:o]),n)y=[E|T|OF p[t/z]].

Notice that Lemma 4.13 differs from Lemma 4.4 since the latter only concerns the interpretation of the
part of the logic not including the relational interpretation of types.

Proof. The two lemmas above are proved simultaneously. We only include the proof of the former, for
which we only need to extend the proof of Lemma 4.4 to the case of p(s, ). But this follows easily by
induction using the latter lemma. O

Lemma4.15. IfZ|T' | © F ¢: Prop then
[E|T,z:0|OF ¢: Prop)=n"[E|T | © - ¢: Prop],
where 7 is the obvious projection. Likewise, if £ | I" | © I p: Rel(o, 7) then
[E|T,z: 0| OF p:Rel(o,7)]=[Z|T | ©F p: Rel(o,7)] o,
where 7 is the obvious projection.

Proof. The lemma can be proved in a way similar to Lemmas 4.13 and 4.15. O
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Lemma 4.16. If =+ o: Type then

[ | Tlo/a] | ©lo/a] F ¢lo/a]] = (idj=), [0]) [E, : Type | T'| O F 4],
and .

[E[T[o/c] | Olo/al - plo/al] = (id}=), [o]) [E, a: Type | T'[OF p],
where the vertical line in (id=;, [o]) denotes the cartesian lift.

Proof. We know that
[E|T[o/a] | Blo/a]] = (id[=y, [0])*[E, a: Type | T | O]

since the corresponding statement holds in the PILL-model and the functors F, G, I commute with reindex-
ing.

Now one proceeds by simultaneous induction on ¢ and p. For p = R and for p = 7[p] one uses that ¥
commutes with reindexing. For ¢ = u =, u’ one uses the Beck-Chevalley condition, as is also done for the
cases of 3 and V. The remaining cases either follow by induction or from the fact that the fibrewise structure
in Prop (D, A, etc.) is preserved by reindexing.

U
Lemma4.17. If = |T' | © I ¢ then
[EIT]OF¢] =7z 0se[Ea|T[OF 4]
Likewise, if If = | ' | © F p then
[EIT|OFp] =7, z[E.a|T|OF 4]
Proof. By simultaneous induction. O

Lemma4.18. If 2| T' | © F p: Rel(r, 7') is a definable relation and
E|T|O,R: Rel(r,7') - ¢,

then
[E1T[OF ¢lp/R]] = (idzriep, [P1)[E | T | ©, R: Rel(r,7') |- 4].
Likewise, If 2 | T' | © - p: Rel(7, 7’) is a definable relation and

E|T|6,R: Rel(r,') F p': Rel(a,0"),

then
[E|T]6,R: Rel(r,7') F p'] o ((idigrjep, [E | T | © F p])) =[E]| T | © F p'[p/R]].

The same holds for substitution of admissible relations.

Proof. By simultaneous induction on ¢ and p’, using naturality of ¥, Beck-Chevalley and the fact that the
fibrewise structure in Prop is preserved by reindexing. O
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Lemma4.19. IfZ | T' | © F ¢ is a proposition then
[E|T]|06,R:Rel(o,7) F¢] =7*[= || OF ¢],

where 7 is the obvious projection. Likewise, if £ | ' | © I p: Rel(o’, 7’) is a definable relation then
[EIT|O,R:Rel(o,7)Fp]=[E|T|OF p]om,

where 7 is the obvious projection. The same holds for substitution of admissible relations.

Proof. Again by simultaneous induction. O

Theorem 4.20 (Soundness). The interpretation given above of LAPL in LAPL-structures is sound with
respect to the Rules and Axioms 2.9-2.26.

Proof. Rules 2.9-2.16 hold since the interpretation of quantification is given by adjoints to weakening,
considering Lemmas 4.15, 4.17, 4.19 above.

Rules 2.4-2.7 hold since substitution corresponds to reindexing as in the lemmas above.

Rule 2.8 is proved exactly as in [5].

Rule 2.17 holds since externally equal maps are interpreted equally in the model, by soundness of the
interpretation of PILLy . Clearly internal equality is an equivalence relation.

Rule 2.18 is required to hold in Definition 4.3.

Rules 2.19-2.24 all hold since J preserves SMCC-structure, generic objects, simple products and !.

To prove soundness of Rule 2.25, it suffices to prove soundness of

E|lz:0y:7|O|TE((z: 0,y: 7).4)(z,y) 3T 4,
but
[EIT,z:0y: 7[OF ((z: 0,y: 7). ¢)(z,9)] = Y([E|T | O F (z: 0,y: 7). ¢]) =
Vo0 Y[E|T,z:0,y: 7| OF ¢]) =[E|T,z: 0,y: 7| OF ¢].

To prove Axiom 2.26, notice that .J is required to be a functor. This means that it maps [Y]: I —o
[T e (¢ = a) — ] to a morphism from Iy, to the relational interpretation of [[a. (e — @) — «a.
By the requirement, that (.J, 9o, 01) is a reflexive graph, this map must be ([Y],[Y]). Since xIge* and
[Y]*) =Y wegetY (][] a. (@ = o) = )Y O
4.2 Completeness

Theorem 4.21 (Completeness). There exists an LAPL-structure with the property that any formula of LAPL
over pure PILLy holds in this model iff it is provable in LAPL.

Proof. We construct the LAPL-structure syntactically, giving the categories in question the same names as
in the diagrams of the definitions of pre-LAPL- and LAPL-structures.

¢ The category Kind has as objects sequences of the form
ay: Type,...,apn: Type,

where we identify these contexts up to renaming (in other words, we may think of objects as natural
numbers). A morphism from Z into

ai: Type,...,aqn: Type

—_

is a sequence of types (o1, ..., 0,) such that all o; are well-formed in context Z.
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Objects in the fibre of LinType over = are well-formed types in this context. Morphisms in this fibre
from o to 7 are equivalence classes of terms ¢ such that = | —; z: o - ¢: 7, where we identify terms
up to external equality. Equivalently, we may think of morphisms as terms = | —; — F t: 0 —o 7.
Composition is by substitution, and reindexing with respect to morphisms in Kind is by substitution.

Objects in the fibre of Type over = are well-formed sequences of types in this context. Morphism in
this fibre from o4, ...,0, t0 71, ..., 7, are equivalence classes of sequences of terms (;);<y,, such
that for each 3 the term

El.’i" 0—";—|—ti:7'i

is well-formed, where the sequences (¢;) and (¢}) are identified if, for each i, ¢; is externally equal to
t;. Reindexing with respect to morphisms in Kind is by substitution.

The functor LinType — Type maps a morphism —;z: o - t: 7 t0o z: o;— + t: 7. The functor
going the other way maps a sequence of objects (o;) to ®;lo;. It maps a morphism (¢;) from (o) to
(ri) to

E| —y: ®lo; Flet ®; xh: ®;lo; be yin let 1 be & in ®;!¢;.

For further details of the term model for PILL see [2].

The category Ctx has as objects in the fibre over = well-formed contexts of LAPL: = | T" | ©. A
vertical morphism from=Z | T' | © to

E|T'| Ri: Rel(o1,71),---, Ry: Rel(op, ), S1: AdmRel(o},7{),...,Sm: AdmRel(o],, 1),)

is a triple, consisting of a morphism = | ' — Z | I in the sense of morphisms in Type, a sequence
of definable relations (p1,...,pn), and a sequence of admissible relations (w1, ... ,wy), such that
E|T|OF pi:Rel(o;,7;) and 2 | T' | © F w;: AdmRel(o}, 7}). We identify two such morphisms
represented by the same type morphism and the definable relations (p1,...,p,) and (o, .., o))
and admissible relations (wi, . ..,wm) and (wi,...,w;,), respectively, if, for each i, j, the formulas

pi = pland w; = w§- are provable in the logic, where, as usual, p; = p), is short for

Va: o3,y 7. pi(Ti,yi) 3C pi(2i, vi),
and likewise for w; = w;-. The inclusion functor I is the obvious one. Reindexing is by substitution.
The fibre of the category Prop over a context = | I' | © has as objects formulas in that context,
where we identify two formulas if they are provably equivalent. These are ordered by the implication
in the logic. Reindexing is done by substitution, that is, reindexing with respect to lifts of morphisms

from Kind is done by substitution in type-variables, whereas reindexing with respect to vertical maps
in Ctx is by substitution in term variables and relation variables.

An easy fibred version of the completeness proof in [2] shows that Kind, Type, LinType together with
the functors described above form a PILLy model. The fibration Ctx — Kind clearly has fibred products
formed by appending contexts, and the inclusion functor 1 is clearly faithful and product-preserving.

We need to prove that Prop — Ctx — Kind is an indexed first-order logic fibration with products

and coproducts with respect to simple projections in Kind. The fibrewise bicartesian structure is given by
V, A, D, L, T. Fibred simple products and coproducts are given by quantifying over relations and variables,
simple products in the composite fibration is given by quantifying over types. We can in fact prove that the
composite fibration has all indexed products and coproducts (in particular, that it has equality).
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Suppose (£, ) represents a morphism from =2 | #: & | Rto E | §: 7| S (the vectors R, S consist of
both definable and admissible relations, and the vector g is a concatenation of the corresponding vectors
of admissible and definable relations from the definition above). We can then define the product functor in
Prop as:

We define coproduct as:

LiyE 7| RE 6(& R) =
E|§|SF3E.3R.tE =§AFZ, R) =S A b7, R)).
We remark that the equality we will actually be using in the model is the obvious
E|Tz:0|0F¢) = (E|z:0,y:0|OF PNz =,1)
The functor U of item 2 is defined as
U(o,7) = R: Rel(o, 1)
and
Ut:0 —oo',u:7—o7)=Z|R: Rel(o/,7') F (z: 0,y: 7). R(tz, uy).
The required isomorphism ¥ is just the isomorphism given by Lemma 2.27. The functor V' is defined as
V(o,7) = R: AdmRel(o, 7)
and
V(t: 0 —o',u: 7 — ') =2 | R: AdmRel(¢',7") & (z: 0,y: 7). R(tz, uy).
We have defined a pre-LAPL-structure modeling admissible relations. If we construct AdmRelCtx as in
the definition of LAPL-structure, we obtain:
Objects @3 || R: AdmRel(3(&), 7(3)), R : Rel(&@ (&), 7 ().
Morphisms A morphism from
@ B | T | R: AdmRel(3(d),7(6)), R': Rel(&(a@), 7 (B))
to
a,B | T’ | S: AdmRel(@(&),&(8')), S : Rel(&' (@), &' (8"))
consists of two morphism in Kind:

and
v p,
— = | =

a morphism from &,/ | T' to &, | I'[ji,#/d', f] in LinType, 5 and a sequence of
admissible relations 5 and a sequence of definable relations 5’ such that, for all i,j,

& B |T | R: AdmRel(3(d), 7(8)), R : Rel(&'(&),7(B)) + pi: AdmRel(w;(), (7))
& B |T'| R: AdmRel(3(&),7()), R': Rel(&"(&),7(B)) F p;: Rel(w!(i1), k(7).
As in Ctx these morphisms are identified up to provable equivalence of the definable rela-

tions.
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=, =,

The fibre of LinAdmRelations over an object &, 3 | T' | R: AdmRel(3(&), 7(5)), B': Rel(& (&), 7 (5))
in AdmRelCtx becomes:

Objects Equivalence classes of definable relations

-

@ B |T | R: AdmRel(3(&), 7(B)), R': Rel(&"(&),7(8)) F p: AdmRel(c(&), 7(B)).

Morphisms A morphism from p: AdmRel(o (&), 7(53)) to p': AdmRel(c’ (&), 7'(B)) is a pair of mor-
phisms ¢ : ¢ —o o/, u : 7 —o 7/ such that it is provable in the logic that:

Vz: 0. Vy: 1.p(x,y) D p'(tz, uy)

We will construct the map J as a map of fibred linear categories from LinType — Kind to
LinAdmRelations - AdmRelCtx
as follows. On the base categories J is defined on objects as
J(a1,...,an) = a1,y ap; 1, -, Bn | R1: AdmRel(ag, £1), ..., Ry : AdmRel(ay,, Br)-
We define J on the objects of the total categories (and on the morphisms of the base category) as
J(@+ o: Type) = &, 3 | R: AdmRel(&, B) F o[R]: AdmRel(o(&), o (5)).

To define J on morphisms of the fibre categories, suppose & | —; — - t: ¢ — 7. We define J(t) = (¢,1).
To see that (¢, ¢) in fact is a map from o[R] to 7[R], notice that the Logical Relations Lemma (3.3) tells us
that

Ad.t([[@.0 — T)Ad. ¢,

which means exactly that (¢,): o[R] — 7[R).

Rules 2.19-2.24 tell us that .J is a strict fibred symmetric monoidal closed functor preserving products
and ! on the nose. Since the e and ¢ of the fibred comonad on LinAdmRelations -+ AdmRelCtx are
simply (e, €) and (4, ¢) it is clear that J preserve these as well.

Now, by definition, a formula holds in this LAPL-structure iff it is provable LAPL. O

5 Parametric LAPL-structures

Definition 5.1. A parametric LAPL-structure is an LAPL-structure with very strong equality in which
identity extension hold in the internal logic.

Recall that very strong equality implies extensionality. We ask that identity extension and extensionality
hold because this means that all the results from Section 3 apply to the internal logic of the LAPL-structure.
Strong equality will be used to conclude that properties proved in the internal logic also hold externally,
as exemplified in the following subsection, where we show how to solve recursive domain equations in
parametric LAPL-structures.
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5.1 Solving recursive domain equations in parametric LAPL-structures

Suppose we are given a fibred functor

LinType® x LinType LinType

T~

Kind,

where by (—)°" we mean taking the opposite category in each fibre. As in [5] we can easily prove that F
is isomorphic to a functor whose object part is given by some type ¢ € LinType;2, since LinType°P x
LinType — Kind has as generic object 2 x € in Kind. So in the following we shall assume that F is
on that form.

Definition 5.2. An endofunctor T' : B°? x B — B, for B an SMCC, is called strong if there exists a natural
transformation ¢, ;o7 .+ : 0% @ (') — T(o’, 7')T7) preserving identity and composition:

./(i; ./d: ! 17 ! 1
I o @1 00 @ 77 (O'U ® (TI)T) ® ((O.I)a' Q (TII)’T ) comp o ® (TII)’T
7;3;0_ Lta,r,(r,‘r t@tl Lt
T(O', T)T(Uﬁ) T(o", 7_I)T(a,r) ® T(O.II, T//)T(a’,r’) compDT(U”’ 7_//)T(a,r)_

The natural transformation ¢ is called the strength of the functor T'. (Note that we here used exponential
notation XY for the closed structure in B.)

One should note that ¢ in the definition above represents the morphism part of the functor 7" in the sense
that it makes the diagram

I =0

aa’ ® (TI)T
— to','r,o",‘r’
T(f.9)

T(O’I, TI)T(O’,T)

commute, for any pair of morphisms f: ¢’ — g, g: 7 — 7'. This follows from the commutative diagram

@1 — T(o,7)T(@7)

LT(f,g)T(‘”)

o7 (') t T (0", T/)T(a,r)_
Definition 5.3. A strong fibred functor is a fibred functor

Trop XET—>]E
B
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on a fibred SMCC, for which there exists a fibred natural transformation # from the fibred functor (=)(~) ®
(=" to T(—,=")T&=") satisfying commutativity of the two diagrams of Definition 5.2 in each fibre.
The natural transformation ¢ is called the strength of the functor 7.

Definition 5.4. We will say that the fibred functor

LinType®? x LinType r LinType

T

Kind

assumed to be defined on objects as a, 8 — o for some o € LinTypeg: as above, is polymorphically
strong if there exists a closed term

t: [le, 8,0/, 8" (o —a) = (B — B') > o(a, ) — o(c, B)

such that the family (ta B B') (4 .4 g)eLinTypet (€3Ch fibre to the 4°th power) is a strength of the functor
o in the sense of Definition 5.3. The term ¢ is called the polymorphic strength of F'.

For example, the interpretation of any inductively constructed type induces a polymorphically strong
fibred functor as described in Section 3.6.

Theorem 5.5. In a parametric LAPL-structure, for any polymorphically strong fibred functor F' there exists
a closed type 7 such that F'(7,7) 2 7 in LinType; for 1 the terminal object of Kind.

Proof. The proof of the earlier sections give us this result in the internal language, since we may use identity
extension and extensionality in the internal language. The functorial interpretation of types of Section 3.6
should be substituted by the polymorphic strength of the functor F'. Since internal equality implies external
equality, we get the result in the “real world”. O

Remark 5.6. Since the functor F' is fibred, we may reindex 7 to get a family of objects (!£7)=ckina SUch
that for each =, X7 satisfies (157, !57) =X in the fibre, where !z is the unique map £ — 1 in Kind.

Remark 5.7. Parametric LAPL-structures do not in general model recursive types, that is, we do not have
for all types o: LinType, a type 7 such that o(1) = 7.

6 Concrete Models

In this section we describe a parametric LAPL structure based on admissible pers over a universal domain
as advocated by Plotkin [20]. Pers are known to model the typed A-calculus, and admissible pers further
facilitates a fixed point operator.

As noted in Section 4, to model PILL one has to provide a fibred symmetric monoidal adjunction. We
do this by constructing a regular symmetric monoidal adjunction and then define the fibration pointwise.

The standard example is a lifting functor and a forgetful functor. This is also the case here albeit slightly
obfuscated, as lifting is coded in the language of the universal domain. This is an adaptation of [10].

Finally, to be able to model polymorphism, the entire construction is done fibred. Parametricity is then
ensured by a yet-to-be-described completion process, but first we present the “clean” version:

Let D be a reflexive cpo, i.e. a pointed w-chain-complete partial order such that we have

®: D — [D— D] and V:[D— D] — D,
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both Scott-continuous and satisfying
@()m':idU}%D]

where [D — D] denotes the cpo of continuous functions from D to D. We assume, without loss of
generality, that both ® and ¥ are strict. It is standard that there exists strict continuous functions

(-.): Dx D — D, m: D— D and n': D — D,

such that for all d,d’' € D:
md,d)y=d and '{dd)=d.

We use 1to denote ¥ (id|p_, p)). Notice that (1) = id|p_, p)-

Definition 6.1. An admissible partial equivalence relation on D is a partial equivalence relation R on D
satisfying

strict LpR.1p,

w-chain complete For (z,)new and (yn)new w-chains in D:

(Vn € wzy, Ryp) = |_| zn R |_| Yn;

new new
Definition 6.2. For R and S pers on D, define the set of equivariant functions from R to S as
F(R,S) ={f€[D— D]z Ry= f(z) S fy)}
and the set of strict equivariant functions from R to S as
F(R,S) L ={f € F(R,S9)|f(Lp) = Lp}
Note F(R,S)L C F(R,S).
Definition 6.3. For R and S pers on D, define on F(R, S) or (R, S) | the equivalence relation ~p ¢ by
f~psgeVde D.dRd= f(d) S g(d)

We write PER(D) for the category of partial equivalence relations over D. Recall that it has par-
tial equivalence relations over D as objects and that a morphism [f]: R — S is an equivalence class in
F(R,S)/ ~pr,s. Elements of [f] are called realizers for [f].

Definition 6.4. We define the category AP (D) of admissible partial equivalence relations over D as the
full subcategory of PER(D) on the admissible pers.

Lemma 6.5. There is a faithful functor Classes: AP(D) — Set mapping an admissible per to the set of
equivalence classes and an equivalence class of realizers to the map of equivalence classes they induce.

Proof. This is well-defined since to realizers are equivalent precisely when they define the same map of
equivalence classes. O

Theorem 6.6. The category AP (D) is a sub-cartesian closed category of PER (D).
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Proof. We recall the constructions. It is straightforward to verify that the resulting pers are admissible. The
terminal object 1 is the admissible per defined by

dld &d=1p=d.

The binary product of Rand S is
(di,d2) R x S (dy,dy)

(i
di Rdll N dQSdIQ

This is an exhaustive description, understood that only pairs are related in the product. The exponential of
Rand S, S&, is given by
dS®d < () ~ps ®(d).

O

Definition 6.7. The category AP (D), of admissible pers and strict continuous functions is the full-on-
objects subcategory of AP (D) with morphisms [f]: R — S equivalence classes in F(R, S) |/ ~g,s.

Note that in AP (D), morphisms are required to have a strict continuous realizer.
Theorem 6.8. AP(D) is a cartesian sub-category of AP(D).
Proof. Obvious using that 7, 7/, and (-, -) are strict. O
Theorem 6.9. The category AP (D) is symmetric monoidal closed.

Proof. The tensor of R and S is

(di,d2) R® S (d},d))
)
(i) R x S (), )
\%
diRdi N dySdy A dllell A dIQSdIQ A
@RLlp V dbSlp) A (@ RLip VvV dySLp)

This complicated looking definition is most easily understood through the functor Cllasses: The equivalence
classes of the tensor product are those of the product with the modification that all pairs where one of the
coordinates are related to L p has been gathered in one big equivalence class. It can thus be seen as a
quotient of the product.

The unit of the tensor I is defined by

dld & d=d=1pvd=d ={,L1lp).

This definition is not taken out of the blue. I is actually in the image of a lifting functor to be defined later.
Notice the “if construct” on I, which will be available on all lifted relations:

dld = d=1p V d=<1,_LD>
= w(d)=1lp V x(d)=1
S Bld) = Lipoy v Bln(d) = idps oy
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Thus for d T d, ®(w(d))(d") can be read as “if d # L p then d’ else L p”. We will use this to construct
realizers.
The exponential of R and S, R — S, is given by
dR—Sd < dStd A (d"R1p= ®d)(d")S LpSad)(d)
The proof consist of a series of straightforward verifications. O

For later use we shall mention how regular subobjects look in this category. We use A — R to express
that A is a regular subobject of R, if R is an admissible per.

Lemma 6.10.
A»— R & Classes(A) C Classes(R) N A € obj(AP (D))

Proof. In PER(D) there is a standard way of constructing an equalizer out of a subset of the equivalence
classes. This also works here, and the image of an equalizer is easily seen to be admissible. Thus all regular
subobjects have a representative, which is tracked by the identity on D. O

We also need to know the following fact about admissible pers

Lemma 6.11. If I is an arbitrary set, and for all 7 € I, R; is an admissible per over D then
N*
i€l

is an admissible per over D.

Proof. We intersect relations, which may be seen as sets of pairs. Thus we have the following equation
d(\Rid & Viel.dR;d
i€l

which makes the statement obvious, as all R; are admissible. O

6.1 The connection to CUPERSs

In [1] Amadio and Curien show how complete uniform pers over a universal domain allows on to solve
domain equations on the per level. As we claim, the same is true for admissible pers, a comparison is
natural.

There are, however, some technical issues which makes this a little difficult.

Cupers are defined over a universal solution to the domain equation

D=T(D)=(D— D)+ (D x D)
In the category C' PO of pointed directed complete partial orders and injection-projection pairs. It is known
that D is then the colimit of the w®P-chain

! T! T2!

1L=0—>T0——=T%)

Denoting T™0 by D,, we have by the cocone property fo each n the diagram:

in
P
Dn <D

in

Defining p,, = i, o j,: D — D we can define a cuper on D as a relation R C D x D such that
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e IfAC Rand A Cy;r D x Dthen| JA € R.
e If d R e then for all n, p,(d) R py(e).

So apart from using directed-complete rather than chain-complete cpos and living on a universal domain
solving a slightly different domain equation, cupers live on a domain with a known structure, and this
structure appears in their definition.

Thus the only reasonable way to compare the two notions is to consider a suitably adapted notion of
admissible pers over the above described D. We then find, that the cupers form a proper subset of the
admissible pers.

It is noticeable, that cupers facilitate an ordering of the equivalence classes and thus allows one to solve
recursive domain equations, while admissible pers achieve this by modeling polymorphic A-calculus and
calling upon parametricity?. Hence the two approaches are somewhat different.

6.2 Lifting

We now define a notion of lifting, to establish an adjunction between AP(D) and AP(D) . Our notion of
lifting is essentially the one in [10], specialized to the partial combinatory algebra defined by D, ® and .
Let P D denote the power set of D. Define the map L;: PD — PD by

Lh(A) = {d € Dln(®(d)(1)) =1 A 7' (B(d)() € A},
for A C D. And then the map Ly: AP(D)y — (AP(D) ) by

Classes(Lo(R)) = {Ly(K)|K € D/R}U{{Lp}}.
Notice the “if construct” available on a liftet relation: If R is an admissible per then

dLy(R)d = d=1p V 7(®(d)()) =1
= m(@d))=1p VvV w(@(d)) =1
= e(@(2(d))) =Lpsp VvV  2(@(2(d)1)) =idpp)
Thus @ (7(®(d)(1)))(d') can be read “if d ¢ L (g then d’ else Lp”, where Lp of course represents L g
for any admissible per S.
We also have a “lift” and an “unlift”: If d € A then U(\d' € D.(1,d)) € Ly(A) and if d € Ly(A) then

' (®(d)(1)) € A. This is convenient for constructing realizers.
Similarly define, for admissible pers R and S, the map L : F(R, S) — F(Lo(R), Lo(S)) . by

Ly(f) = Ad € D-®(n(2(d)(1))(¥(Ad' € D-{, f (' (®(d)(1))))))

which reads “if d ¢ L 1,(g) then lift(f(unlift d)) else Lp".
And then the map Ly : (AP(D)); — (AP(D) )1 by

Ll(f) = [Lll (tf)]:LO(R),LO(S)

for f: R — S. A tedious, but straightforward, verification shows that the definitions of L{, Lo, L} and
L; all make sense, and that L = (Lo, L1): AP(D) — AP(D), defines a functor. There is an obvious
forgetful functor U: AP(D); — AP(D).

Theorem 6.12. There is a monoidal adjunction L 4 U.

2And calling upon parametricity is, as far as we know, only possible after the deployment of a parametric completion process.
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Proof. One first shows that L is left adjoint to U in the ordinary sense. The unit of the adjunction is given
by (nr: R — UL(R))greAprD,, all tracked by

tn = Ad € D.U(A\d' € D.(1,d)).

For f: R — U(S) in AP(D), the required unique h: L(R) — Sin AP(D),,suchthatU(h) ocnr = f,
is given by the realizer
th = Ad € D.®(n(2(d)(1))) (s (' (2(d)(1)))),

where t is a realizer for f.

To show that the adjunction is monoidal it suffices by to show that the left adjoint L is a strong symmetric
monoidal functor (see [15] for an explanation). To this end, we must exhibit an isomorphism m: I — L(1)
and a natural isomorphism mpg s: L(R)®L(S) — L(Rx.S). This is mostly straightforward; we just include
the definition of mp s: L(R) ® L(S) — L(R x S): it is the morphism tracked by the realizer

A € D.
®(m(®(m(d))(1)))(
®(m(@(n'(d))(1)))(
| ¥(Ad' € D.(, (' (2(m(d)) (1)), 7' (2(n' (d)) (1)))))

which reads
“if m(d) # L then
if 7'(d) # L then
lift of (unlift(w(d)), unlift(=’(d)))
else Lp
else Lp”.

Following a similar chain of thought, the inverse is tracked by

Ad € D.
O (m(2(d)(1)))(
| (T(Ad" € D.(,m(x'(2(d)(1)))), ¥(Ad" € D.(1, 7' (7'(2(d)(1))))))
which reads
“if d # L then
(lift of «r(unlift(d)), lift of «'(unlift(d)))
else L p”.
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6.3 Going fibred

In order to model polymorphism, we do a fibred version of the adjunction presented in the last subsection,
thus arriving at the PILL-model

L
UFam(AP(D),) 1 UFam(AP(D)) 9)
U
q p
Set.

Define the contravariant functor P : Set°® — Cat by mapping set I to the category P(I) with
objects: (R;)icr where for all ¢ € I, R; is an object of AP (D).
morphisms: («;)ier: (Ri)ier — (Si)ier, Where, for all i € I, a; € AP(D)(R;,S;) and Ja € [D —
D].Vi€e I a; = o}y .-

For a function f: I — J, the reindexing functor P(f) is simply given by composition with f.
Define the contravariant functor @ : Set°® — Cat given by mapping set I to the category Q(I) with

objects: (R;);c; where for all 7 € I, R; is an object of AP(D) .
morphisms: («;)ier: (Ri)ier — (Si)icr Where forall i € I, o; € AP(D),(R;,S;) and Ja € [D —
D\.Viel. a; =[o}, .-
For a function f: I — J, the reindexing functor Q(f) is again simply given by composition with f.

That we have two contravariant functors is obvious. The Grothendieck construction then gives us two
split fibrations, p: UFam(AP(D)) — Set and ¢: UFam(AP(D),) — Set. The functors L and U
easily lift to fibred functors between these two fibrations (we abuse notation and also denote the fibred
functors by L and U). Explicitly, on objects L(I, (R;)icr) = (I, (L(R;))icr) and on vertical morphisms
L(I,(fi)ier) = (I,(L(fi))ier). Likewise for U. These are not recursive definitions, they simply look so
because of the reuse of letters.

Theorem 6.13. L and U are split fibred functors and L — U is a split fibred strong monoidal adjunction

Proof. It is obvious that L and U are split fibred functors; the second part follows immediately from Theo-
rem 6.12. O

6.4 A domain-theoretic model of PILL

To show that (9) is a model of PILL it remains to be shown that ¢ has a generic object and simple products.

Lemma 6.14. The set @ = Obj(AP (D), ) = Obj(AP(D)) is a split generic object of the fibration g. The
fibration ¢ has simple split 2-products satisfying the Beck-Chevalley condition.

Proof. The first part is obvious. For the second part, one uses the usual definition for uniform families of
ordinary pers and verifies that it restricts to admissible pers: We recall from [9] that given any projection
ma: A x Q0 — Ain Set, the right adjoint V4 to 7 is given on objects by intersection:

VA((R(a,w))(a,w)EAXQ) = (ﬂ R(a,w))aeA-
weN

By lemma 6.11 the resulting per is admissible. O
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Theorem 6.15. The diagram (9) constitutes a model of PILLy-.

Proof. Given the preceding results it only remains to verify that (1) the structure in the diagram models the
polymorphic fixed point combinator and that (2) UFam(AP (D)) is equivalent to the category of products
of free coalgebras of UFam(AP(D)) | .

For (1), the required follows, as expected, because the pers are strict and complete. In more detail, the
reasoning is as follows: It is well-known that there is a Scott-continuous function y € [[D — D] — D]
giving fixed-points through iterated application at L . Since realizers are Scott-continuous functions in
[D — D], every realizer « has a fixed-point y(c) in D given by | |, (a”)(Lp). If for some admissible per
R, o € F(R, R), then, since R is strict, « respects R, and R is chain-complete, y(a) R y(«). Thus the
equivalence class of y(«) exists and is a fixed-point of the morphism represented by «. This is applicable
both in AP (D) and AP(D) , but is not so interesting on strict morphisms. It is, however, in AP (D), that
we model the calculus, and thus here we want a fixed-point combinator — albeit only for some morphisms,
namely those of type |lR — R = R — R, corresponding to morphisms of AP (D). Intuitively, we wish to
take such a morphism, transpose it, grab the fixed-point in AP (D) and call the whole process a morphism
in AP(D),. This is possible, since transposition cascades to the level of realizers. The function that
transposes a morphism and returns the fixed-point of the result is continuous. The fixed-point function is in
F(R — R, R), for any R, and thus its code is a member of YaType.(a — «) — «. Precomposing with
a uniform realizer for e before taking the code, one easily obtains the polymorphic fixed-point combinator
Y : VaType.(a — a) — «a. Writing this out, one arrives at

U(Ad € D.y(Ad € D.2(®(n(2(d) (1)) (7' (2(d) (1)) ({1, d'))))

For (2), observe that by [15, Proposition 1.21] applied to Theorem 6.8 it suffices to show that UFam(AP (D))
is equivalent to the coKleisli category of the adjunction L — U, but this follows from the fact that U is a
forgetful functor. O

6.5 A parametric domain-theoretic model of PILL

In this section, we introduce a parametric version of the thus far constructed model. It is essentially ob-
tained through a parametric completion process such as the one described in [5] for internal Ao models (as
mentioned in the Introduction, we will generalize that completion process to produce parametric LAPL-
structures in [14]).

We will arrive at the diagram

PFam(AP(D),) ﬁ_ PFam(AP(D)) (10)
\ U /
PAP(D)

Our construction is based on reflexive graphs and since our strategy is to obtain relational parametricity
for admissible relations (to also model the fixed point combinator in the parametric model), we consider the
set RefGrph of diagrams

A— R X S,

where A is a regular subobject of R x S in AP(D) . (Itis crucial that subobject is in the category with
strict maps — it means that A will relate the equivalence class of L in R to the equivalence class of L in S.
Identifying RefGrph™ with n, we define the base category PAP (D) by
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Objects: n € N — objects are natural numbers.
Morphisms: f: n — m isan m-tuple, (f1,..., fm), Where each f; is a pair (f?, fI) satisfying

e fPis amap of objects (Obj(AP(D)))" — Obj(AP(D) )
e f7 is amap, that to two vectors of objects of AP (D), associates maps of subobjects

I € g 5 oniap(py,)y (el .n RegSub(R; x 5;) — RegSub(fF(R) x f7(3)))

satisfying . S
VR € (Obj(AP(D)1))"-f] (R, R)(Eqr,) = Eqspj,

where the regular subobjects are to be calculated in AP (D) | .

We now describe PFam(AP(D),) - PAP(D) and PFam(AP(D)) — PAP(D). As objects they
basically contain an (indexed) per and an (indexed) relational interpretation of this per. As morphisms they
have uniformly tracked morphisms that respect admissible relations. We wish to model admissible relations
as regular subobjects in AP (D), , so we introduce the notation A — R for A € Obj(RegSubap(p), (R)).

We plan to use the Grothendieck construction, and so define indexed categories: (PFam(AP (D) 1)),
is defined with

Objects: f: n — 1isamorphism in PAP (D) from n to 1.

Morphisms: «: f — g is a uniformly tracked family of morphisms (aé)ﬁe(Obj(AP(D)L))" of AP(D)
such that
ag: fP(R) — ¢°(R).
That « is uniformly tracked means that there is a strict continuous function ¢, € [D — D] such that
VR € (Obj(AP(D) 1))".ap = fp([z‘)[ta]gp(ﬁ)-

Furthermore this « should respect relations:

=, =,

VA — R x S.(a,b) f7(R, S, A) (a,b) = (ta(a),ta (b)) " (R, S, A) (to(a),ta (b))

Quite similarly (PFam(AP(D)))y, is defined as the category with
Objects: f: n — 1 is a morphism in PAP (D) from some n to 1.

Morphisms: «: f — g is a uniformly tracked family of morphisms (aﬁ)ﬁe(Obj(AP(D)L))n of AP(D)
such that
ag: U(fP(R)) = U(g"(R))

where U: AP(D); — AP(D) is the forgetful functor. That we now ask for morphisms of AP (D)
removes the demand, that the uniform tracker be strict. Again this « should respect relations:

-,

VA — R x 8.(a,b) f*(R, 8, A) (a,b) = (ta(a),1a (b)) ¢"(R, S, A) (ta(a), ta(b))
Here A is still a regular subobject in AP(D) | .

Note that the only difference between the two definitions is the choice of category in which the o 5 are
required to be morphisms.

Definition 6.16. Define L: PFam(AP (D)) - PFam(AP(D) ) on
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objects by
where

and

morphisms by

L{e: (f%,f7) = (¢",9")(R) = L(a(R))
Define U: PFam(AP (D), ) — PFam(AP(D)) in a similar way using U instead of L.
Lemma6.17. If A — R x S, then L(A) — L(R) x L(S).

Lemma6.18. L: PFam(AP(D)) - PFam(AP (D), )andU: PFam(AP(D),) — PFam(AP(D))
are both functors, and L. 4 U

Proof. Easy given lemma 6.17 and the fact that for all admissible pers R, L(Eqr) = Eqr(r). Lemma 6.17
ensures that the realizer ¢, for the unit of L - U also defines a natural transformation id = UL with the
required universal property. O

By an easy extension of Theorem 6.6, we have:
Theorem 6.19. PFam(AP (D)) is fibred cartesian closed.

Proof. It turns out to be easy, since the product of two regular subobjects turns out to be a regular subobject
of the product, and the exponent of two regular subobjects turns out to be a regular subobject of the exponent.
Since the adjunction works on the level of realizers and realizers are uniform, the adjunction holds. O

Theorem 6.20. PFam(AP (D) ) is fibred cartesian and fibred symmetric monoidal closed.

Proof. We just present the SMCC structure: The tensor product of (f?, f7) and (g?, ¢") in the fibre
(PFam(AP(D)1))n,
is denoted by (f?, f") ® (¢*,¢") and defined by
(7, M @ (g%.9") = (fPegd” freg),
where

-,

) @g" (R, 5)(A) — f7(

jov]}

(f* @ ¢")(R) = f(R) ® ¢"(R)
and (f"®g")(R, 5)(A) is defined as the image of the map /" (R, S)(A
2(5) ® (S") racked by

Egl

)@ g7 (

= M\ € D.{{rnd, n7'd), (x'nd, 7' 7' d))

which on pairs of pairs have the following behavior:

<<rf7 3f)7 <7"ga sg)) = <<7"farg>7 <3f7 Sg))-

-

The unit pI of the tensor is given by the object (R — I, (R, S) — Eq;).
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The exponential of (f?, f7) and (g7, ¢") in (PFam(AP (D), )),, is (fP, f) — (g?, ¢") defined by
(f2, 1) — (g,9") = (f* — g%, [T —g)
where . B .
(f? — g")(R) = fP(R) — ¢"(R)
and (f" —o g")(R, S)(A) is defined by

-,

(dr,ds) (f7 —o gr)(R" §)( ) <d;7dls>

-, -, -, -,

(r,5) f7(R, 8)(A) (r',s') = (B(dy)(r), B(ds)(5)) g" (R, 5)(A) (@(d}) (1), B(dy)(s"))
A

— -,

(dryds) (f7 — g°)(R) x (7 — g*)(5) (d;, d})

This is an exhaustive description, in the sense that only pairs are ever related.

To verify the adjunction (—) ® (f?, f") 4 (f?, f") — (—), we use that we know that it holds in the
first component and then check that the bijection can be restricted to realizers that define morphisms in the
second component; the latter is a direct consequence of the way the relational interpretations of ® and —
are defined. O

Lemma 6.21. I 4 U is a fibred symmetric monoidal adjunction.

Proof. This proceeds much as in the unfibred case. We show that I is a fibred strong symmetric monoidal
functor. We must provide a morphism m; and a natural transformation m, but we can simply use the same
realizers as before, since everything has been defined coordinatewise and these realizers are independent of
the specific pers, and hence are uniform realizers. O

Lemma 6.22. 2 = 1 is a split generic object of PFam(AP (D), ) - PAP(D).
Proof. Obvious. O
Lemma 6.23. If (f?, f7) is an object of PFam(AP (D) | ),+1, then (" fP, f"), where

(ﬂfp)(RlaaRn)(xay) —
Nreovjaprp).) [T (B1, .-, Bn, R)(z,y) AVR, S, A>— R x S.Az,y) " (Eqr,; - - -, Eqr,, A)(z,y)

and

<.’L‘,y)(ﬂ ]M‘)(Al — Rq X Sl,... ,An — R, x Sn)<$l,yl> <~ .
VR, S, A— R xS (z,y) fP(As,..., An, A)(', ') A (N FP)(R) (2, 2') A (N P)(S)(y, )

is an object of PFam(AP (D) 1 ),.
Lemma 6.24. PFam(AP(D) ) has simple Q-products.

Proof. The construction is as in [9, Section 8.4]. Given a projection w: n + m — n, we must define a
right adjoint to 7w*. This is done by extending the construction of the previous lemma in an obvious way to
a functor. 0

Proposition 6.25. The diagram (10) constitutes a PILLy model.

Proof. It only remains to verify that the structure models the fixed point combinator. Here we simply use
the Y from Theorem 6.15, which works since relations are strict and chain complete. O
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We now proceed to show that this new PILLy model can be extended to an LAPL-structure. For this we
need just two more fibrations, ¢: Fam(Set) — PAP(D) and r: Fam(Sub(Set)) — Fam(Set). The
fibre of Fam(Set) over n has as

Objects maps f : obj(AP (D))" — Set.

Morphisms ¢ : f — g is a family
(tg: f(R) - Q(R))REObj(AP(D))n

and reindexing is given by composition. The fibre of Fam(Sub(Set)) over an object f : obj (AP (D))" —
Set is a preorder with
Objects maps g : obj(AP(D))™ — Set, such that

VR € obj(AP(D))". g(R) C f(R).

Morphisms There is a morphism g — ¢’ if

VR € obj(AP(D))". g(R) C ¢'(R).
Here reindexing is with respect to morphisms in PAP (D) is given by composition, whereas reindexing
with respect to morphisms in Fam(Set) is given by inverse image.

Lemma 6.26. ¢ is a fibration with fibred products, and (r, ¢) is an indexed first-order logic fibration with
simple Q-products and -coproducts.

Proof.
Sub(Set)

|

Set

is a first-order logic fibration with generic object and all simple products and coproducts. By Lemma A.8 in
[5] we can construct the pullback

Fam(Sub(Set)) —— Sub(Set)

dom l

Set” ———— Set

obtaining that Fam(Sub(Set)) — Set™ <4 Setisa composable fibration with the desired qualities.
Yet this is not quite the right fibration. Fortunately we have

Fam(Set) — = Set™
Set
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by the isomorphism mapping (U,)zex to e xU; — X. And now
Fam(SubﬁSet)) Fam(Sub(Set))

Fam(Set) ——— Set™

Il) \ |o

PAP(D) Set

is a pullback. The bottom half is a pullback by definition, the map PAP (D) — Set operates as follows
n s obj(AP(D)"  (f2,f7):n —m > fP: obj(AP(D))" — obj(AP(D))™

And the top one easily is a pullback as well. As — preserves products, the leftmost composable fibration
have the desired qualities. O

We can then define the functor I: PFam(AP (D)) — Fam(Set) to be the fibred version of Classes.
Lemma 6.27. I is a faithful and product-preserving map of fibrations.
It is now time to define the contravariant map of fibrations

PFam(AP(D),)? v Fam(Set)

T~

PAP(D)

This is defined at index n on
Objects by U(f,g) = R — P(I(fP(R)) x I(gP(R))), where P(—) denotes powerset,
Morphisms by U(a: f — f',B:9g— ¢) =R~

ACI(f"(R)) x I(g”(R)) = { (z,y) € I(f*(R)) x I(g"(R)) | (I()(2), I(B)(y)) € A}
Lemma 6.28. U is a contravariant map of fibrations.
Proof. U can be equivalently defined as

(0,7) s 21@XT(),

which makes the statement clear. O

We can then define a family of bijections (x»),cobjpap(p)) such that for all f,g € (PFam(AP(D) 1))y
and M € (Fam(Set)),

Xn: Fam(Set) (M, Un(f,g))n — Obj(Fam(Sub(Set)) ;. 1. (w,.(5)xUn(g))

by
xn(h) = {(m, (a,))|(a,b) € h(m)}
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Lemma 6.29. y is a bijection, which is natural in the domain variable, is natural in f,g, and which com-
mutes with reindexing functors.

We have now proved:

Proposition 6.30. The diagram

Fam(Sub(Set)) (11)

. |

PFam(AP(D),) | PFam(AP(D))— Fam(Set)
e
PAP (D)
constitutes a pre-LAPL structure.
Now we define a subfunctor V' of U on
Objects by V(f,9) = B~ {I(4) | A —apm), (FP(R) x g*(R)) },

One can now show that V' is closed under all the constructions performable on admissible relations and
that it contains all graph relations.

Lemma 6.31. The structure in diagram (11) and V' model admissible relations.
Proof. We refer to figure 4 and provide only a part of a formula to hint at which construction we are debating:

eq,: Equality on a type o is modeled as the diagonal subobject of [o] x [o]. This corresponds to an
admissible relation because it is isomorphic to [o] by the continuous functions Ad € D. (d, d) and .

p(t z,u y): Reindexing an admissible relation by a strict continuous function (i.e. (¢,u)) is bound to
give an admissible relation. We consider chain-completeness: Given two index-wise related chains
in (t,u)"'(p), (t,u) taken on these gives us two index-wise related chains in p. Since p is chain-
complete their limits are related in p, and since (¢, u) is continuous the limits of the original chains is
in the inverse image of the limit in p.

p(z,y)Ap'(z,y): Conjunction is modeled by intersection, under which admissible relations by lemma 6.11
are stable.

z 1D p(z,y): In our model we are allowed to reason classically and thus rephrase the formula to z =
1V p(z,y). We recognize this as p with the strip (L, y) added. This is easily admissible.

(z:loyy: 7).2 L3C y J: This is all classes except those where exactly one component is L. Thus we
have all the lifted classes and then (L, L). We recognize this as the lift of truth.

(z: 1,y: o). p(y,x): swapping the abscissa and ordinal axis does not break admissibility.

z } Ay 1D ¢: Again we reason classically: Either ¢ holds or it does not. If it holds the formula equals
T, if it does not we get all the classes where z = | or y = 1. This is admissible since no chain can
converge out of L.

T: This is all classes. This is admissible.
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¢ D p(z,y): If ¢ does not hold we get all classes. If ¢ does hold we get p which is admissible.
Quantifications: All quantifications are modeled through intersections and are thus taken care of by lemma 6.11.
O

Having come so far, we move on to describe LinAdmRelations and AdmRelCtx from Section 4.
Recall that AdmRelCtx is defined as the pullback

AdmRelCtx Fam(Set)

(aOaal)l l

PAP (D) x PAP(D) —— PAP(D)

which means that AdmRelCtx has as
Objects triples (n,m, ®) where ®: obj(AP(D))™*™ — Set, assigns a set to a vector of admissible pers.

Morphisms triples (f,g,p): (n,m,®) — (n',m’,®') where f: n — n’ and g: m — m' are morphisms
in PAP(D) and p is an indexed family of maps

p= (PR‘,§5 (R, S) — (I),(fp(R)ag_i)(s)))ﬁegbj(AP(D))n,,S_"eobj(AP(D))m
where @ and ®’ are evaluated on the combined lists of admissible pers.

In this concrete case LinAdmRelations can be described as follows: Given an object (n, m, ®) over
(n,m), the fibre of LinAdmRelations over (n, m, ®) has as

Obijects triples (¢, f, g) such that f and g are objects of PFam(AP(D) ) over n and m respectively and
¢ is an indexed family of maps

=

¢= (¢1§,§: ®(R,5) = {A| A~ fP(R) x ¢*(5) })EEObj(AP(D))n,§Eobj(AP(D))m
Morphisms A morphism (¢, f,g) — (¢, f',¢’) is a pair of morphisms

t:f—furg—g)
in (PFam(AP(D),)), and (PFam(AP(D))),, respectively, such that

VR € obj(AP (D))", S € obj(AP(D))™.Vz € ®(R,S)

(z,9) (2) (z,y) = (t(), u(y)) P(2) (t(w),U(y);

Note that we now have two obvious projections dq and 0.
Finally we can define the required functor J.

PFam(AP(D),) LinAdmRelations

PAP(D) AdmRelCtx

For the base categories, J is defined on
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Objects by n — (n,n, ([[,{A| A — Ri xS; })

Morphisms by f — (f, f,IL; f7)
and for the total categories, J is defined on

Objects by (f7, f") = (f", f, f)

Morphisms by a — («, @).

E,ﬁeAP(D)n)

This definition on morphisms is legal because « preserves relations.
In order to show that J preserves tensor products, we need the following lemma

Lemma 6.32. The tensor product in LinAdmRelations - AdmRelCtx can be described as
(0 f9)@ (0, fgd) = (. fef.ged)
where p ® p' is calculated pointwise, i.e for z € ¢(R, S)
(p®p")53,5(2) = plz) @ p'(2)

Proof. We argue that this construction defines a left adjoint to —. The standard curry-uncurry-adjunction
holds, on the level of realizers even, which is not hard to show. O

Lemma 6.33. .J is a map of linear \o-fibrations.

Proof. We must show that .J preserves —o, ®, [], I and !.
The constructions in the two categories are virtually identical except for ® until application of lemma 6.32.
To check the case of ! we consider the logical expression for !p: AdmRel(c, 7):
(xloyy:n)el<— yl A zlDplex,ey)
The expression z | equates =z # [L]. Hence z | <= y | express the fact that no lifted class is related to
[L]inlp.
Further since e provides us with unlifted versions of its argument, = | D p(ex, ey) states that liftet classes
are related in !p only if their unlifted versions are related in p.
This is an exact description of the lifting performed by the functor L. O
It is easy to see that 0yJ = id and 0;J = id.
Theorem 6.34. The diagram in (11) constitutes a parametric LAPL-structure.

Proof. By the preceding results it is clear that it is an LAPL-structure; it only remains to show that it is
a parametric such. Extensionality holds since the logic is essentially given by regular subobjects, which
means that we have very strong equality [9], and thus also extensionality. The parametricity schema is
easily verified to hold. O

Example 6.35. To ease notation in this example we shall write (z,y) € A for (z,y)A(z,y) for regular
subobjects A — R x S, as we do in LAPL. We will also leave ¥, ® implicit, and simply write f z for

&(f)(z).
We consider the type Nat = []] . (@ — a) = a — «]. By definition

d(NatP)d'
iff for all R, S pers and all regular subobjects A — R x S, (f,g) € (A — A) and (z,y) € A
(dfx,dgy) € A
The domain of Nat contains the elements | = AfAz. L and n = Af. Az. f™(z), in particular 0 = AfAz. z.
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Lemma 6.36. Suppose n < m. Thenn = m.

Proof. Consider the two functions f,g: D — D given by f(d) = (d, ), where ¢ is the code of the identity
function, and g being the first projection. Both are continuous and since g o f = id f is injective. Define
the sequence of elements z,, = f™(L). This sequence is strictly increasing.

Now, if n < m then

so n < m. Further,
Tm—n =N GTm SMGTym=1

som =n. Ol

Lemma 6.37. The per
{11} u{{n}|n}

is a admissible.
Proof. Direct consequence of the lemma above. O
Proposition 6.38. Suppose d(Nat?)d. Then either d = L or d = n.
Proof. Consider the discrete admissible per D:
{{d} [de D}
Then given f, z consider the regular subobject A — Nat x D given by
(L,1)e A, Vn. (n, f*(z)) € A.

A is admissible, simply because it contains no interesting increasing chains. Clearly (succ, f) € A — A,
SO
(dsucc0,d f z) € A,

i.e,ifdsuccO = L, thend fx = L forall f,z andsod = L, and if d succ 0 = n for some n, then
dfx= f"(x),forall f,z, sod = n. Aswe have seen, there are no other possibilities for d succ 0. O

Proposition 6.39. Suppose d(Nat?)d', then d = d'.

Proof. Analyzing the above proof we see that
d=dsucc0
By considering the regular subobject A ~— Nat x Nat given by
(L,1) €A, Vn.(n,n) € A

we conclude
dsucc 0 = d' succ 0.
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