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Abstract

Parametric polymorphism in functional programming languages with explicit polymorphism is the property
that polymorphic programs behave the same way at all type instantiations. This can be formulated more
precisely using Reynold’s notion of relational parametricity, which states that polymorphic functions should
preserve relations. It has been known for a long time that parametric polymorphism can be used to encode
inductive and coinductive data types, and this has been shown in a logic for parametricity suggested by
Abadi and Plotkin.

In this dissertation we propose new category theoretic formulations of parametricity for models of the
second-order lambda-calculus and models of a polymorphic lambda-calculus with linear function types and
fixed points. These parametric models are models of Abadi and Plotkin’s logic for parametricity, called para-
metric APL-structures and LAPL-structures, respectively. We show how that the encodings of inductive and
coinductive types using parametric polymorphism give rise to initial algebras and final coalgebras in APL-
and LAPL-structures and, using Plotkin’s encodings, we show how to solve recursive domain equations in
LAPL-structures.

Moreover, we show that the notions of APL- and LAPL-structures are general by constructing different
examples. We construct a parametric APL-structure based on the per-model and a domain-theoretic para-
metric LAPL-structure. Based on recent work by Simpson and Rosolini we show how to construct paramet-
ric LAPL-structures using synthetic domain theory, and we device general ways of constructing parametric
LAPL- and APL-structures using parametric completion processes.

Using the LAPL-structure constructed using synthetic domain theory we prove consequences of parametric-
ity for a variant of the Lily programming language.
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Introduction

This PhD dissertation is a collection of five papers on models of parametric polymorphism, which we shall
refer to as Paper 1, etc. in this introduction. The introduction at hand is organized as follows: $é¢tjons 1, 2
contain background material on parametric polymorphism, Section 3 discusses models of parametric poly-
morphism, Sectioh]4 gives a summary of the results of this dissertation, Sejction 5 discusses related work,
Section § contains an overview of the papers in this dissertation, and Section 7 concludes and discusses
future work.

1 Parametric Polymorphism

Polymorphism in typed programming languages enables the programmer to write functions that can act on
input of many types. Consider for example the functien that reverses a list. This function can act on
integer-lists, string-lists or lists of any type. In languages with explicit polymorphism, such as ML and the
second-order lambda calculus, the functien will have the type (in the syntax of the second-order lambda
calculus)

[]o: Type. lists(a) — lists(av),

to be read as “for all types, lists(«) to lists(«)”. An element of this type is a family, indexed over types
A, of functions takingA-lists and returningd-lists.

Christopher Strachey [37] identified two types of polymorphism. The first, caliedoc polymorphism

allows the behavior of a polymorphic function to depend on the type of in-data. The second type, called
parametric polymorphisponly includes functions based on a common algorithm for all input types. For
examplerev is parametric, whereas the function that adds one to each element of an integer list, but is the
identity on lists of all other types is ad-hoc.

A programming language is said to haparametric polymorphisnif it has explicit polymorphism and

all polymorphic programs are parametric. In the following we sketch two reasons why such programming
languages are interesting. We argue informally and use the syntax of the second order lambda calculus, but
the arguments are not limited to the second-order lambda calculus.

1.1 Encoding of inductive and coinductive types

Consider the type
[Ta: Type. (@ — a) — (a — )

in a language with parametric polymorphism. A function of this type takes for anydypinctionf: A —
A and produces a new functioh— A. For each natural number, we can define the function that maps
to f (f is the identity onA), and this way we can think of the tyj¢ o.: Type. (a« — a) — (o — a) as
containing a copy of the natural numbers.

Since a parametric function of the typ¢a: Type. (¢ — a) — (o — «) is not allowed to use specific
information about the typd, the only access it has té is the functionf, and so intuitively all it can do is



map f to f”ﬂ Since parametric functions should use the same algorithm for all types of input,ghauld
be the same for all typed, and all functionsf.

The above establishes the intuition why the tfger: Type. (@« — a) — (o — «) in a language with
parametric polymorphism can be used as a reasonable type of natural numbers. Of course we have not given
a formal argument for this, and we have not defined what we mean by a reasonable type of natural numbers.
Notice that the natural numbers were always present in the type, and we used parametricity to argue that no
other elements of the type could exist. In general, encoding of all inductive and coinductive types such as
finite lists, potentially infinite lists, trees etc. exist.

1.2 Data abstraction

In this section we will assume we are working in a language with parametric polymorphism and data types
for natural number®at, products and lists. This is not an unreasonable assumption as these data types can
be encoded in languages with parametric polymorphism as described in $edtion 1.1.

Suppose that a programmer is writing a program for which he needs to use a data type for stacks of natural
numbers, which should be implemented by another programmer. Such a data type would have operations

new: Stack
push: Nat x Stack — Stack
pop: Stack — Stack
top: Stack — Nat

wherenew creates a new stackush pushes numbers onto the stapkp pops the number on top of the
stack, andop returns the number on top of the stack. A concrete implementation of theéStypk could
for example implement it using lists, witkew being the empty listpush adding a new element to the first
position of the listpop taking the first element out of the list, angb returning the first number in a list.

Even though the programmer may not have the implementation of thestyipk yet, he can still write his
program as a functio® taking as input a concrete implementationSofick. If for example the program
should return a natural numbé?,would have the type

[ ] Stack: Type. Stack — (Nat x Stack — Stack) — (Stack — Stack) — (Stack — Nat) — Nat.

P then takes as input a concrete type and concrete operations.

Since the progran® is parametric, it should only be able to access the 8tpek through the operations
new, pop, push, top provided, since this is the only available information about the §tpek, and it should
never be able to use information about a specific implementation of the type it is instantiated with.

We can use this to prove that if two concrete implementations of theStypéd behave the same way with
respect to the interface operatiomsw, push, pop, top then the result of° instantiated with either of the
two concrete implementations will be the same. This is a way of ensuring robust modularized programming.

Existential types present a different approach to data abstracCtion [20]. Existential types can be encoded
using parametric polymorphism.

Data abstraction can be seen as a sort of information hiding; we hide information about the specific im-
plementation of a data type from the programmer using the data type. Parametricity has also been used
to implement other forms of information hiding such as hiding local variables from called procedures in
imperative languages (see Secfior 5.4).

1In this example, we have assumed that the polymorphic language does not have fixed points. If the language has fixed points,
the situation is different, as we describe in Se 2.2



1.3 Relational parametricity

Of course the arguments above are quite informal, since we have not formulated the concept of parametric
polymorphism very precisely. John Reynolds has given a precise formulation of parametricityrekaied

tional parametricity[30]. The basic idea is that the parametric elements of a polymorphic type are those
that preserve relations. For example, a polymorphic funcfiofitype [[ «: Type. @« — « is parametric if

for all pairs of typesA, B and all relations? between them: if:: A, y: B are related irRk, then so arg (z)

andf(y).

Let me sketch how this captures data abstraction. We can express the notion of two implementations of
Stack behaving the same way with respect to the interface operations using relations as follows: There
should be a relation relating elements of the first implementatiéGnaatk to elements of the other, such that

the interface operations preserve the relations. This means that the stacks created by¢hedparations

should be related, pushing the same number onto related stacks should produce related stacks, popping
related stacks should produce related stackstapdmaps related stacks to equal numbers. Relational
parametricity states that the prografnof Sectior] 1.R applied to related implementation$tfck should

produce related results, which, since the typ&tafck does not occur in the result type 6fshould mean

that the results are equal.

Martin Abadi and Gordon Plotkin have devised a logic for reasoning about parametricity for the second-
order lambda calculus [29]. In this logic one can prove correctness of encoding of inductive and coinductive
types from parametricity.

Of course, to use relational parametricity in practice for a specific programming language, one will have to
specify what is meant by relations.

2 Models of Polymorphism

In this section we sketch the two polymorphic languages we consider in this dissertation, namely the second-
order lambda calculus and PIkL(Polymorphic Intuitionistic / Linear Lambda calculus with fixed point
combinatorY’). We also sketch the categorical notions of models for these languages. The purpose of this
section is not to give precise definitions, but to give an idea of the models used, to prepare for the discussion
of parametric models of these calculi.

2.1 The second-order lambda calculus

The second-order lambda calculus)is the simply typed lambda calculus (with products) extended with
(impredicative) polymorphism. Types are given by the grammar

cu=alo—o|loxo|l|][]ao

wherea ranges over an infinite set of type variables. The construgtjen o binds the type variable. We
useo, 7, w to range over types. Terms are given by the grammar

to=ax | dz:ot|tl)| tt) | nt|n't] Aa: Type.t|t(o) | .
Terms exist in contexts of free type variables and ordinary variables written as

QlyeeyQp | T1: 01,00 T O BT



where the free type variables of theand+ are amongyy, . .., a,. We will often write=Z for a4, ..., a,
andl' for zy: o1,...,2y: o, and we shall often omit the Type in types and terms. Most of the typing
rules are as in the simple typed lambda calculus, so we just mention the two related to polymorphism.

If

Qlyeney Oy Qg ] | T1: 01,y o oy Tt O EE0 T

is a term andv,, 1 is not free in any of the types,, . .. o, then
Qlyeeos O | T1: 01,00 Tt O F Aapg.t: [] g T

IfZ|TFt: [[]a. 7, ando is atype with all free variables &, we may form= | I' + ¢(0): 7[o/«a], where
T[o/a] denotes capture free substitutioncofor free appearances ofin  defined as usual.

We notice two properties of,. First, for every collection of free type variablgswe have a simple typed
lambda calculus of terms with free type variablegirSecond s has a very strong notion of polymorphism
called impredicative polymorphism, meaning that terms of polymorphic types may be instantiated at all
types. If for examplé is a term of type] [ a.. o, thent(] ] .. ) also has typd [ «v. «, and so applying a
polymorphic term to a type need not result in a term with a simpler type. Impredicativity is what has made
models of)\, difficult to find.

For a long time it was hoped that one could find set-theoretic models. @y this we mean models based

on a set or class of seté such that one can model types withree variables as mag@s™ — U, and model

product types and exponent types pointwise using set theoretic products and exponents. In fact Reynolds
defined parametric polymorphisin_|30] hoping that such set theoretic models could be constructed using
parametric polymorphism in the interpretation of polymorphic types.

In 1984 Reynolds [31] (see also [32]) showed that set theoretic models adn not exist unless they are
trivial. However, if one replaces set theory with other more constructive universes, such as certain toposes,
models as described above may exist [26, 24].

The most famous example of such a model is the per-model, which can be seen as a set-theoretic model
living inside the effective topos, or the quasi-topos of assemblies. The per-model is based orPiae set

of partial equivalence relations on the natural numbers (symmetric, transitive, but not necessarily reflexive
relations). A type withn free variables is modeled by a map

Per” — Per.
Exponents are modeled pointwise by defining for each pair of Refsa perR — S relatingn, m if
Ve,y: NR(x,y) Dn-z | Am-y | AS(n-x,m-y)

wheren - x denotes Kleene application, i.e., application oftfth partial recursive function ta. Finally, if
f: Per"t! — Per is a type, we model the polymorphic type obtained by abstracting the last type variable
by intersection, i.e., iRy, .., R, are perstheq[ [ f)(Ri,. .. Rn)(n, m) holds iff

VR,+1 € Per. f(Rl, ce ,Rn_H)(n, m)

holds.

Terms of the form
Ay 0 ot T

are modeled as families of morphisms

([@ | z: o+ t: 7)(R): N/[@+ o](R) — N/[@ F 7)(R)) jepepns
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whereN/[a I o] (R) denotes the set of equivalence classes of the partial equivalence réfation], such

that[t] is uniformly tracked, i.e., there exists a natural numbsuch that for allR, [@ | z: o - ¢: 7](R)

is given by[m] [a-ol(R) [n - m] [G-] ()"

In general, second-order lambda calculus is modelegd-iibrations These are defined to be fibred cartesian
closed fibrations, with cartesian base and a generic object and simple products. We sketch what this means,
but choose for simplicity to describe split fibrations and split generic objects. The reader interested in further
details should consult [15].

Suppose: E — Bis a functor. For each objegt € B we can consider the fibfié= of E over=, defined to

be the subcategory @ on objects mapped 6 via p and morphisms mapped to the identity®nA (split)
fibration is a functop: E — B satisfying a technical condition basically ensuring that every morphism
f: 2 — Z'in B induces a functorf*: Ez» — Ez, and further(f o g)* = ¢* o f* andid* = id. The
categorie€ andB are called theotal categoryandbase categoryespectively and a functor of the forjit

is called areindexing functor

A fibred cartesian closefibration has cartesian closed fibres, and this structure is preserved by reindexing
functors. A)s-fibration further has products in the base category and a (gplitric objecti.e., an object

Q2 € B such that for any2 € B there exists a bijective correspondence between rBaps 2 in B and
objects ofEgz. This correspondence should be naturaEiim the sense that if : = — € corresponds to

X € Ez andg: =’ — Z, thenfg corresponds tg* X € Ez.

Finally a,-fibration is required to have&mple productsvith respect to projections of the form =x Q2 —
=. This means that for each sughthe reindexing functor

T EE —>EE><Q

is required to have a right adjoif{_...

We model)s in As-fibrations as follows. Types with free variables are modeled in the fibre categbgy:
and terms with. free type variables

Ay ey | X1 01,0 T O E E2 T

are modeled as maps &y from [[,[&@ F o;] to [@ - 7], where] ], denotes product in the fibre. Since
the generic object induces a correspondence between faps (2 in B and objectsEg~» we can model
a1,. ..oy Fa; asthe object corresponding to il projection. The simple type constructions are modeled
using the cartesian closed structureéfgf., and polymorphic type& - [] a,+1. 0 are modeled as

Hﬂ— [[0_27 On+1 - O-H

wherer: Q" x Q0 — Q™ is the projection.

The per-model can be seen aa-afibration as follows. The base category has as objects natural numbers,
and as morphisms from to m set theoretic mapPer” — Per™. The total category has as objects maps
f: Per™ — Per for somen, and a morphism fronf: Per” — Per to g: Per™ — Per is a pair(h, k)

such thati: Per” — Per™ is a map, and is an indexed family of maps

(k(R): N/f(R) = N/g o h(R)) sepepn

with a uniform tracker as defined above. The fibration maps an opjeBer™ — Per ton and a morphism
(h, k) to h.



Modeling X2 in this fibration gives the per-model described above. Since types and terms \vitle
variables are modeled in the fibre ovettypes are modeled as maper™” — Per andtermsy | z: o Ft: 7
are modeled as vertical maps, i.e., families of maps of the form

([@F2: ok t: 7)(R): N/[@ F o](R) — N/[@ - 7](R)) 5

with a uniform tracker.

2.2 Adding fixed points

The second-order lambda calculus is a strongly normalizing language, and so does not have very strong
computational power. To study a more expressive language we would like to add fixed points to the language,
but since parametricity should give encodings of sum types, one can show, using a general result from [14],
that adding fixed points to parametpig causes inconsistencies.

One way to deal with this problem is to think of the domain theoretic models. The category of cpos with
continuous maps has a fixed point combinator, and is cartesian closed. It does not have coproducts, but
the category of cpos with strict continuous maps does. Based on this observation, Gordon [Plotkinh [28, 27]
suggested to study a polymorphic calculus in which one could distinguish between strict and non-strict
maps. The encoding of sum types using parametricity would then work in the category of strict maps.

Gordon Plotkin also realized that in this language the encoding of inductive and coinductive types using
parametricity could be generalized to an encoding of recursive types, such as types satistyjig— A],

where the isomorphism is in the category of strict maps. This means that this language can be considered an
alternative approach to axiomatic domain theory, where the mentioned encoding of recursive types replaces
the well-known limit-colimit construction.

We now sketch the language suggested by Plotkin. The language is calleg Bid_is an extension of
DILL [3] with polymorphism and a fixed point combinator.

The grammar for types of PILk is
ocu=al|l|lo®c|o—ool|lo|]]ao

whereq ranges over an infinite set of type variables. The type construetgives linear function types.
The grammar for terms is

t = x| x|Y | XNzrot|tt|t®t|lt] Aa: Type.t|t(o) |
letx: c®@y: Thetint|letlz: o betint |let x betint.

Terms of PILL- are written as
Q| T1: 01, Ty Oy YL Tl e ey Ym: Tm E L0 w.

Thea’'s are type variables as iy, thez;’s are intuitionistic variables and thg’s are linear variables which
can only occur linearly in. The A-abstractiom\°z: . ¢ produces terms of linear function type— =, and
since linear variables of tyde behave as intuitionistic variables of typewe may define a type of ordinary
functionsc — 7 =lo — 7. The fixed point combinatdr” has type[ [ a: Type. (o — o) — a.

The encoding of inductive and coinductive data types in Rili& different from that of\,. For example
the type of natural numbers can be encoded as

[[a. (@ —a) = (o — a).

6



For further details on PILL: we refer to Paper 2.

We derive the notion of models of PlkLfrom the models of DILL[[3, 1/7]. A model of DILL is a symmetric
monoidal adjunction

C<_ 1 =D
such thatC is symmetric monoidal closedl is cartesian, antd is the category of finite products of coalge-

bras for the comonad o@i induced by the adjunction (see Paper 3 for an explanation of these concepts).
A PILLy-model is a fibred symmetric monoidal adjunction

(basically a family of symmetric monoidal adjunctions between fibre categories, with all structure com-
muting with reindexing) such th&t is fibored symmetric monoidal closef), is fibred cartesian, ang is

the category of finite products of coalgebras for the comona@ oxuced by the adjunction. We further
require thatB is cartesian, and that the fibrati@h— B has a generic object, ovérin B say, and simple
products with respect to projectioisx (2 — = for = € B. Finally, we require that there is a term modeling
the fixed point combinator.

The language PILL: is modeled in the fibratio® — B using the fibred symmetric monoidal structure to
model®, —o, I. The type constructdris modeled by the fibred comondd= onC — B. Polymorphism is
modeled using the simple product as was the casg.foA term

|70t
is modeled as a vertical morphism

[1]: (QFGEF o) @ (QIEF o)) — [EF 7]
i J

in C.
The reader may be wondering why a Pitdmodel is an adjunction and not just a fibred comonad satisfying

certain conditions. Of course we might as well have given the definition this way, but we like to keep the
category of finite products of algebras for the comonad in the picture for the following reason.

Suppose
Elda -kt

is aterm. Thert is modeled as a map
[t]: @ FGIEF o] — [EF 7]

One can prove that for any symmetric monoidal adjunction the left adjoint is strond;'{4),® F(B) =
F(A x B), and so using the adjunctidn 4 G, [t] corresponds to a map

—

Itl: 1L, GIE+F 0i] — G[E+ 7].

in D. Thus, the fibratio® — B models the part of the calculus consisting of terms with purely intuitionistic
variable contexts.



3 Models of Parametric Polymorphism

Having seen what models of polymorphism are, a natural question to ask is “What does it mean-for a
fibration or a PILLy-model to modeparametricpolymorphism?”. This dissertation proposes an answer to
this question, but before presenting it we discuss what a good notion of parametric model should be.

General requirement. A good notion of parametricity for models of polymorphism should be such that all
parametric models satisfy the consequences of parametricity described in Sectjon$ 1.1,1.2. This means that
we should be able to prove correctness of the encoding of inductive / coinductive types and data abstraction
results.

Recall the example of thi-type
Nat = [[a: Type. (@ — a) — (@ — «)

from Sectioff 1.1. The interpretation of this type inafibration modeling parametric polymorphism should

be a type of natural numbers, which in the language of category theory means that it should be a natural
numbers object. Since terms are interpreted as maps in the fibre categories\gffithration, the inter-
pretation ofNat should be a natural numbers object in the fibres. For)anfjbration one can prove that

[@ F Nat] =!%.[— - Nat] wherelg» : Q" — 1 is the unique map into the terminal object of the base cate-
gory. We require that for each object in the base categofy[— + Nat] is a natural numbers object in the

fibre over=. Notice that the family!X[— - Nat] )= is closed under reindexing.

In general — since the category theoretic correspondent to inductive types is initial algebras — the inter-
pretations of the encodings of inductive types should induce families of initial algebras in any parametric
Ao-fibration. Likewise the interpretation of coinductive types should induce families of final coalgebras. In
parametric models of PILi- the interpretations of the encodings of recursive types should produce solutions
to recursive domain equations in the model.

To my knowledge no definitive categorical formulation of data abstraction has emerged. One approach is
to ask for the existence of a logic to reason about the internal language of the model, in which one can
formulate data abstraction properties. Another approach is to require existential types to exist in the fibres
of the model, in which case this requirement resembles that of inductive and coinductive data types. In this
dissertation | have focused on the requirements for encoding of data types.

3.1 Models of Abadi & Plotkin’s logic

Our notion of parametricity for models of polymorphism will be based on relational parametricity. As
mentioned, to formulate relational parametricity one must specify what is meant by relations. Some models
may be parametric with respect to one notion of relations but not with respect to other (as is the case for the
domain theoretic model of Paper 2).

Many models considered in the literature (such as the per-model) exist inside an ambient set theory (such
as the internal language of a topos) and thus have a natural notion of relations available. In such cases a
natural definition of parametric model is obtained by formulating the parametricity schema in the set theory
available. Basically, having modeled the parametricity schema in the ambient logic, one should be able to
do the proofs as presented in Abadi & Plotkin’s logic (or variants of it) in the ambient logic and use this to
prove correctness of the encoding of data types of Sectipn 1.1.

Often, however, only a subset of the relations available in the set theory is used in the formulation of
parametricity. Examples includé T- closed relations as in_[25] 5] and relations given by subdomains
as in [35].



Generalizing the cases mentioned above, in this dissertation a parametric magdetiifbe a model of
Abadi & Plotkin’s logic for parametricity satisfying the parametricity schema.

The interest in working out the details of such a definition is two-fold. First, we will be able to unify the
proofs of consequences of parametricity worked out in specific models (such/as [35, 5]). These consequences
should not be worked out in each specific model, but be consequences of the parametric structure on the
model, proved once and for all. We should also be able to use these results on models obtained from
parametric completion [33]. To my knowledge the proofs of correctness of encoding of data types for these
in general do not exist in the literature.

Second, we should be able to identify what exactly is needed to model the logic for parametricity and
reasoning with it. For example, models of Abadi & Plotkin’s logic often come from some ambient logic of

a model, but exactly how close to set theory does this logic have to be? It has also been unclear whether
parametricity only implied correctness of encoding of data types for well-pointed models [7] (the answer is
negative). Finally, as mentioned, some models use only a subset of the relations available in the logic when
reasoning about parametricity. What exactly is required for such a subset to be usable for reasoning about
parametricity?

4 Contributions of this dissertation

In this section we list the main contributions of this dissertation. The discussion here will be a bit more
precise than the text above, but still the results will not always be described in full detail, and so we refer to
the full papers.

4.1 Abadi & Plotkin’s logic

As said, we define models of parametric polymorphism to be models of Abadi & Plotkin’s logic for para-
metricity. Before discussing the models however, we sketch Abadi & Plotkin’s logic. A full description of
the logic can be found in Paper 1.

Abadi & Plotkin’s logic is a logic for reasoning about parametricity fgr We need to be able to formulate
propositions quantifying over types and terms\inand relations on types ih,. Therefore propositions
of the logic live in contexts of free type variables, free ordinary variables and free relational variables. We
write

alxy:on,...,xn: on | Ri: RellTy, 7),..., Ry Rel(Ty,, 7)) F ¢: Prop.

The vectord is a vector of type variables and eaehy7;, 7} is a type of), with free variables inv. The
x;'s are the free variables and tifg’s are the free relational variables. Atomic propositions can be formed
using equality: ift, u are terms of\, of typew in the context

alxy:o1,...,Tp: oy

thent =, u is a proposition.

In the logic, we also have a notion of definable relations. Any relaiignRel(7;, 77) in the context is a
definable relation. I is a proposition in the logic with free variables o,y: 7 then we can form the
relation(z: o,y: 7). ¢: Rel(o, 7). As an example, we mention the equality relatiap on a types defined

by

(x:0,y:0).2=4y.



If p: Rel(o, 7) is a definable relation and o, u: T are terms, thep(¢, u) is a proposition. In particular, if
R;: Rel(r;, 7}) is a relation in the context, andu are terms of type;, 7; respectively ther; (¢, u) is a
proposition.

Further constructions in the logic include the constructions of propositional logic and quantification over
type variables, ordinary variables and relational variables.

Finally, there is arelational interpretationof types: If o(&@) is a type withn free type variables and
p1: Rel(ri,77), ...pn: Rel(r,, 7)) are definable relations, therip, ... p,]: Rel(o(7), (7)) is a defin-
able relation.

The relational interpretation of types is used to formulate relational parametricity (as Reynolds did) as the
identity extension schenstating thatr[eq;] is the equality relation oa(&). The intuition is that for any

type of the form[ [ . o (let us assume that this type is closed) and any elemefthat type(z, x) is in

the relational interpretation gf] «. o, which by axioms of the logic should be equivalent to requiring that

Va, B: Type.VR: Rella, B). o[R](z(a), z(5)).

In words, for all pairs of typesa, 8 and all relations between the®: Rel(«, 5) the a- and3-components
of x are related in the relational interpretationoof

The definition of the relational interpretation of types differs from the original presentation of the logic [29],
whereq[p] is defined by induction over the structureaf What we require is basically a relational inter-
pretation of all type constants in the language as well. Suppose for instance that some type construction
between pairs of types is addedXe. To talk about parametricity for the new language, we should add a
relational interpretation of, i.e., for each pair of relationg8: Rel(o, o), S: Rel(r,7") we must define the
relationR¢ S: Rel(oc o7, 0’ o7'). This means that we may reason about parametricity at types formed using
also these type constructors.

The inductive definition of the relational interpretation of types of [29] is captured in axioms of the logic.

The correctness of the encodings of data types can be expressed in Abadi & Plotkin’s logic, and can be
proved to follow from parametricity. This was stated in theorems in [29], but the proofs were not included
in the paper. Some arguments of this sort appear in [39] and some proofs are written out for a specific model
in [12]. However, even with these references at hand, the proofs are non-trivial to construct, and so we have
included them in this dissertation.

4.2 APL-structures

An APL-structure is a model of Abadi & Plotkin’s logic. To define the notion of APL-structure we first
define a notion of pre-APL-structure. gke-APL-structurds a diagram

Prop

|

Type L. Ctx

N

Kind

whereType — Kind is a A,-fibration (the model we reason about) ahds a fibred faithful product-
preserving inclusion offype into a larger category containing for each pair of objects of the same
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fibre of Type an objectl (o, 7) of all relations between, 7. Prop — Ctx is a logic fibration in which
we interpret the formulas of Abadi & Plotkin’s logic. dtx we can model the full contexts of propositions

as
lee | z1: 01, .. xn: on | Ri: Rel(Ty,7]),..., Ry Rel(Tm, 7)) =

[L; I(loal) < I1; U([75]; [750)

using the inclusion/ and modeling Rét;, 7/) as the object of all relations from to 7/ in Ctx. The
products in this definition are the products of the fibre category.

From a pre-APL-structure we can defingafibration of relations denoted
Relations — RelCtx.

Basically the objects of each fibre are relations, and\thstructure is defined using the same constructions
that give the inductive definition of relational interpretation of types_in [29]. For example, for relations
p: Rel(o, ), p': Rel(o’, 7") the relationp — p’ is defined as the relation

(fro—dg:7— 7). Veioy: 7.p(z,y) Do (f(2), 9(y)).

There exists a pair of maps af-fibrations

Relations Type
o
01

RelCtx Kind

mapping a relation to its domain and codomain respectively. An APL-structure is a pre-APL-structure such
that there is a map ofy-fibrationsJ going the other way satisfying, c J = 91 o J = id. The functorJ
models the relational interpretation of types.

We show that the interpretation of Abadi & Plotkin’s logic in an APL-structure is sound. Moreover, the
class of APL-structures is complete with respect to Abadi & Plotkin’s logic, i.e., any sentence of Abadi &
Plotkin’s logic that holds in all APL-structures is provable in the logic.

We can reason about APL-structures using Abadi & Plotkin’s logic. Thus, if the parametricity schema
holds in the internal logic of the APL-structure, we can prove correctness of the encoding of inductive and
coinductive types in the internal logic. However, to conclude from the statement in the internal logic to the
structure of the fibres d'ype, we need to know that morphismsType that can be proved equal in the
internal logic of the APL-structure in fact are equal in the catedbBype. This property is a well-known
property of logic fibrations calledery strong equality

A key ingredient in the proofs isxtensionalityor functions and polymorphic elements, i.e. the logical rules

Vr:o. f(x) =r g(x) D f =o—r g
Va: Type.ta =; ua Dt =[] q.5 U-

We thus define parametric APL-structuréo be an APL-structure with very strong equality in which para-
metricity and extensionality holds in the internal language.

The main theorem of APL-structures states that they model inductive and coinductive types. Before we state
it, we should be more precise about what we mean by inductive types. First we introduce the distinction
betweerpure A, and )\, calculi in general. Pur@s has no extra type or term constants. We may also talk
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about),-calculi in general. These have added type and term constants, and include for example the internal
language of a\,-fibration.

A type o F o(«) defined in pure\s in which a occurs only positively (see for example Paper 1 or [29])
induces a functor in the sense that there exists a term

M: [Ta,B: Type.(a — B) — (o(a) — o(B))

preserving identities and composition. The interpretationsafid A/ induce a fibred functor

Type Type

~

Kind

and we shall be interested in initial algebras and final coalgebras for the restrictions of this functor to the
fibres of Type — Kind.

In general we define polymorphically strondibred functor to be a functor with a corresponding typend
term M existingin the modebut not necessarily in pur®,. This is clearly a generalization of the above
construction.

The main theorem is the following.

Theorem 4.1. Every polymorphically strong fibred functor has families of initial algebras and final coal-
gebras, i.e., there exists a family of initial algebras / final coalgebras for each restriction of the functor to a
fibre overKind and these families are closed under reindexing along map&iind.

For example, we can show that each fibre has coproducts and the initial algebra corresponding to the type
a F a+1is anatural numbers object. This natural numbers object is the interpretafipnofe — o) —
o — .

Thus the notion of parametric APL-structure gives a categorical notion of models of parametric polymor-
phism satisfying our requirements.

As an example of a model we consider a well-known parametric variant of the per-mbdel [2]. This model
has as types paifg’?, /) of maps such thaf?: Per™ — Per and for each vector

Ry: RE|(A1, Bl), . ,Rni REKAH, Bn),

of relations on pers . . B

fT(R): Rel(fP(A), f*(B)),
where by relationg: Rel(A, B) for persA, B we mean subsets 8f/A x N/B. We require thaf” applied
to a vector of equality relations gives an equality relation. We show that this model can be embedded into
a parametric APL-structure, such that Theofenj 4.1 applies. A variant of this construction in relative real-
izability [6] gives usnon-wellpointecharametric APL-structures (the fibresB§pe are not well-pointed).
This shows that well-pointedness is not necessary for correctness of the encodings of data types to hold.

It is also worth noticing that the construction of models of Abadi & Plotkin’s logic has proved consistency
of the logic.

I have not studied morphisms between APL-structures, since it is not clear to me why these could be inter-
esting. One weakness of APL-structures as models of Abadi & Plotkins logic, which would probably show
up when giving such a definition of morphisms, is that Abadi & Plotkin’s logic only gives notation for the
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objects inCtx of the form (o) or U(o, 1) for o, T objects ofT'ype. Thus, there would not be a bijective
correspondence between maps between APL-structures and translations between the internal languages of
the APL-structures. However, this is of no concern to us as long as we are only interested in using the
APL-structure for reasoning about the includedfibration.

4.3 LAPL-structures

The language PIL}: was first sketched by Plotkin in [28] in which he also sketched a version of the logic
for parametricity for PILL-, and gave a rough sketch of a concrete parametric model ofyRILA this
dissertation we give a full presentation of the logic and a notion of LAPL-structures (Linear Abadi-Plotkin
Logic) which model the logic. We have also worked out the details of the concrete model.

As mentioned, many of the concrete parametric domain theoretic models we consider have a canonical logic,
but are only parametric with respect to a subset of the relations in the logic. To handle these cases, our logic
for parametricity will have to include a notion of admissible relations. For reasoning about parametricity
one needs a good supply of these relations, in particular graphs of linear functions should be admissible
relations. We state a number of rules that the set of admissible relations should be closed under.

Even though the language Pli:Lis combined linear and intuitionistic, the logic we present is purely intu-
itionistic, i.e., it only has intuitionistic variables. Expressions in the logic are written as

a|%:¢| R:Rell?,7),5: AdmRels, ') b ¢: Prop.
The propositiony can contain termssuch that
ald:a;—Ft:1

is a term of PILLy. The constructions in the logic are much as in the logic Xprexcept that we also
have admissible relations. We omit the details here, but mention that for &yyéth n free variables, the
relational interpretation[5] is only defined fors a vector of admissible relations.

As with the APL-structures, to define the notion of LAPL-structure, we must first define the notion of pre-
LAPL-structure. Roughly, a pre-LAPL-structure is a diagram

Prop

|

LinType Type L. Ctx

\\)J{

Kind
The left hand side of the diagram is the model of PiLthat we reason about. The functbis a fibred
product preserving faithful functor, and as usRabp — Ctx is a logic fibration andCtx contains objects
of relations for all pairs of types, 7 in the same fibre oLinType. A notion of admissible relations for
a pre-LAPL-structure is a family of subobjects of the objects of relatiorStir closed under the rules for
admissible relations in the logic.

From a pre-LAPL-structure with a notion of admissible relations, one can construct a model of PILL (it does
not necessarily model the fixed point combinatQr The model is denoted

LinAdmRelations 1 > AdmRelations
AdmRelCtx.
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The objects ofLinAdmRelations are admissible relations, and the morphisms are pairs of strict mor-
phisms preserving relations.

As for the APL-structures there exists two majgso; of PILL-models out of the constructed PILL-model
mapping an admissible relation to its domain and codomain respectively. An LAPL-structure is a pre-LAPL-
structure such that there exists a map of PILL-modai®ing the other way satisfyingyoJ = 0;0J = id.

Again J gives a relational interpretation of types.

We show soundness of the interpretation of Abadi & Plotkin’s logic in LAPL-structures and we show a
completeness result as for APL-structures.

As in the case of APL-structures a parametric LAPL-structure should be an LAPL-structure with very strong
equality such that parametricity and extensionality holds in the internal logic.

We can define a notion of polymorphically strong fibred functor and show that these have initial algebras and
final coalgebras as we did with APL-structures, but as mentioned the new setting here should also enable us
to solve recursive domain equations.

Supposex - o is a type inpure PILLy. A solution to the recursive domain equation inducedsbig a

closed typer such that (7) is isomorphic tor. If o had all its occurrences of as positive, it would define

a functor, and the initial algebra as well as the final coalgebra would be solutions to the domain equation
o(t) =T.

We may split the occurrences afin o into positive and negative obtaining a types - o(«a, 3) such that

« occurs only negatively and only positively. Such a type induces a functor which is contravariant in the
first variable and covariant in the second, in the sense that there exists a term

M: e, o, 8,6 (o) —a) = (8 — ) = (0(a, ) — o (c, 7))

preserving composition and identities. Such a term induces a fibred functor

LinType®? Xkinq LinType LinType

T

Kind.

The categonLinType® xking LinType is the fibrewise product of the category obtained by taking
fibrewise opposite category dfinType andLinType. In general, such fibred functors gselymorphi-
cally strongif there exists a corresponding typeand term as above in the internal language of the model
(i.e. not necessarily in pure PlLl).

A solution to a domain equation induced by such a funétas a family (=)= indexed ovel= in Kind

closed under reindexing such thatr=, 7=) = 7=, i.e., a family of fixed points for the functor.

Theorem 4.2. For parametric LAPL-structures

e every polymorphically strong fibred endofunctorbinType — Kind has a family of initial alge-
bras and a family of final coalgebras.

e every polymorphically strong fibred functor

LinType®? Xkina LinType LinType

T

Kind
has a family of fixed points closed under reindexing.
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The logical part of the proof of Theorém 4.2 was sketched by Plotkin in [28]. Our contribution has been to
write out the details and to show how this could be applied to LAPL-structures.

As mentioned, we also construct a concrete LAPL-structure based on the one sketched by Plotkin. This
model of PILLy involves admissible pers over a reflexive domain, i.e., a domain (a cpo with a least element
1) such tha{D — D] is a retract ofD. An admissible per is a partial equivalence relation which is closed
under lub’s of chains and which relatégo itself. The concrete model is then constructed as the parametric
variant of the per-model, where we only consider admissible pers.

4.4 Completion Processes

Recall from Sectiop|2 that even though no classical set theoretic models of polymorphism exist, set theoretic
models of polymorphism might still exist in intuitionistic set theories. The examples we have in mind are
internal cartesian closed subcategofiem quasi-toposes. I is sufficiently complete, we can construct a
model of Ay in which types withn free variables are modeled as morphisms

Ci — Co

in the topos, wher€ is the object of objects fo€ (i.e. the model is the externalization @f). We call
such internal categories interngl-models.

In this dissertation we show how the ambient set theory of the model gives rise to a canonical pre-APL-
structure corresponding to the interpretation of Abadi & Plotkin’s logic in the internal logic of the quasi-
topos.

For this restricted class of modelsof there exists a parametric completion process constructing parametric
models based on the original model. This process was originally described in [33]. Our contribution has
been to show that this process can be extended to construct parametric APL-structures.

The completion process described[inl[33] goes as follows: Since the quasiHapodels an intuitionistic

set theory, we may construct an internal catedaR/(C) whose objects are logical relations on object€of

from the quasi-topos, and whose morphisms are pairs of morphis@graserving relations (i.e. mapping

related elements to related elements). There exists a diagram of internal functors in the quasi-topos
LR(C)=——C

—_—

mapping a relation to its domain and codomain respectively, and mapping an obf8dibathe identity
relation on the same object. This graph is reflexive, meaning that the two compositions starting and ending
in C are the identity.

The diagramLR(C) =<— C makes up an internal category in the quasi-topos of reflexive gragBs in

We denote this quasi-topos Bf*. We can now apply the construction above to this internal category and
obtain a\y-fibration.

We can describe this model more explicitly. A type in the parametrically completed modehite
variables is a type in the original model C;j — C, plus a mapp that takesn-vectors of relations
(R1: Rel(Ay, By), ..., Ry: Rel(A,, By,)) and produces a new relation

— -,

p(R): Rello(4),(B))

such thap(eqy,,...,eqqa,) = €d, () Terms are terms in the old model preserving relations.

A type in the parametrically completed model has a built-in relational interpretatjo8ifice this relational
interpretation satisfies identity extension, the model should be parametric.

15



In this dissertation, we show that the parametric completion process produces models that fit into a para-
metric APL-structure. This provides formal proofs of the correctness of the encodings of inductive and
coinductive types in these models. This result is of course expected, but to our knowledge it has not been
formally proved before in this generality. The APL-structure is also interesting, because we clarify with
respect to which logic the completed category is parametric. The parametrically completed model is not
parametric with respect to the internal logic of the quasi-tdgfosbut with respect to a related logic corre-
sponding to the internal logic .

The concrete APL-structure mentioned in Secfior} 4.2 arises as the result of a completion process, when
considering the category of pers as an internal category in the category of assemblies. Since the category
of assemblies is a quasi-topos, this provides the motivation for using quasi-toposes instead of toposes. Of
course, the category of pers is also an internal category in the effective topos, but this viewpoint gives a
different logic.

We also construct a parametric completion process for LAPL-structures. First we describe which kind
of data is needed for an internal model of PiLIlto give rise to an LAPL-structure as above. Next we
describe the parametric completion process. This is basically the same as for APL-structures, but still some
constructions in this process are new and so the construction is non-trivial.

The parametric LAPL-structure mentioned in Secfion 4.3 can be seen as a result of the parametric completion
process for LAPL-structures.

4.5 An LAPL-structure from Synthetic Domain Theory

In recent work[[35] Alex Simpson and Pino Rosolini have studied a language which we shall cgll.Lily

This language is basically PILwith linear functions replaced by strict functions. Ldly, is equipped with

two operational semantics: a call-by-name semantics and a call-by-value semantics (with these operational
semantics, Lily;.; is simply Lily [5] with linearity replaced by strictness).

Simpson and Rosolini give an interpretation of this language using Synthetic Domain Theory (SDT), and
prove this interpretation to be adequate with respect to the two notions of contextual equivalence obtained
from each of the operational semantics. Using this they show that the two contextual equivalence relations
coincide. Since Lily,;; and Lily are almost the same language, this result was basically proved in [5] using
operational tools.

The interpretation lives inside an intuitionistic set theory. The construction resembles that of the paramet-
ric completion process, and so all types in the interpretation are equipped with a relational interpretation
satisfying an identity extension condition. Thus the interpretation is parametric with respect to the interpre-
tation of parametricity in the ambient set theory and we would expect that the encoding of the inductive and
coinductive data types is correct, but[35] does not formally prove this.

We construct a parametric LAPL-structure based on the interpretation Qf;Lilysing SDT. Since linear
functions are strict we may translate PHlinto Lily i, and up to this translation, the interpretation of
PILLy in the parametric LAPL-structure we construct agrees with the interpretation QfLilgiven by
Simpson and Rosolini.

The construction of this LAPL-structure serves two purposes: first it helps to show that the notion of LAPL-
structures is general enough to handle different types of models. In this case, it strengthens the idea that
parametric PILL- is a good language for domain theoretic models of parametric polymorphism. Second,
using adequacy of the interpretation of L}y, we can use the parametric model to show consequences

of parametricity (i.e. correctness of the encodings of data types) ig,|.lup to operational equivalence.
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This is very much in the spirit of Simpson and Rosolini’s proof of coincidence of the contextual equivalence
relations using the adequate interpretation [35].

5 Related Work

In this section we focus on three related directions of research, Ma & Reynold’s categorical definition
of parametricity, Dunphy’s parametricity graphs and the work on consequences of parametricity for the
programming language Lily by Bierman Pitts and Russo. Finally, we sketch some of the other directions of
research related to parametricity.

5.1 Ma & Reynolds notion of parametricity

QingMing Ma and John Reynolds [30] have proposed a category-theoretic definition of parametricity for
models of\; [16]. The definition can basically be restated as follows: SupfioseB is a\ fibration, and
suppose we are given a logic fibratibn— E; on the fibre off over the terminal object (this is the category

of closedtypes).

Ma & Reynolds defindl — B to be parametric if there exists a reflexive graphgfibrations

E F
B C

(i.e. a graph, where the two compositions starting at- B are the identity) whose restriction to the fibres
over the terminal objects is isomorphic to

LR(E|) =—E,

whereLR(E,) is a category of relations di; formed using the logi® — E; and the morphisms map a
relation to its domain and codomain respectively and a closed type to the equality relation on that type.

An APL-structure is parametric in the sense of Ma & Reynolds, since the fibrRiédations — RelCtx

can play the role o — C, and in general the intuition of the reflexive graph)atfibrations is that the
fibrationF — C is a fibration of relations. But since this is only formulated for the closed types, we cannot
use it to prove consequences of parametricity for open types. See Paper 1 for a further discussion of the
relation to Ma & Reynolds definition.

5.2 Parametricity graphs

In arecent PhD dissertation Brian Dunphyi[7, 8] together with his adviser Uday Reddy, has studied a class of
models of polymorphism based on reflexive graphs of categc(Elgs;E)> G, . Under certain conditions

on such a reflexive graph one can build a model of polymorphism where types:\fi¢le variables are
modeled as pairs of functors making the diagram

|Ge’n4>Ge

ol

‘GV|n4>Gv
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commute, wheréG,, | denotes the discrete category on the object&ef Dunphy states conditions under
which the categoryz, can be considered a category of relationg@g|. Reflexive graphs satisfying these
conditions are calleparametricity graphsand correctness of the encoding of data types can be shown for
these using a logic resembling a logic called System R [1] for reasoning about parametricity.

One technical issue worth mentioning is that Dunphy can only in general prove correctness of the encoding
of data types fowell-pointedparametricity graphs. Dunphy even gives an example of a non-wellpointed
parametricity graphs in which the encodings are not correct. Since we give an example of a non-wellpointed
parametric APL-structure, we show that parametricity is in fact useful in a setting without well-pointedness.

The main difference between Dunphy’s work and this dissertation is that Dunphy does not give a general
notion of parametricity for\o-fibrations. He only considers models given by reflexive graphs. So, for
example the question of whether the standard per-model (as described in §egtion 2.1) is parametric does
not make sense in Dunphy’s setting. In this sense APL-structures may be more general than parametricity
graphs. It should be mentioned that tp@rametricmodels considered in this dissertation all come from
reflexive graphs and so are probably all parametricity graphs. But, as mentioned, some of these models
are not well-pointed and so cannot be shown to satisfy consequences of parametricity using the tools of
parametricity graphs, but only using the tools of APL-structures.

On the other hand, parametricity graphs model a logic that is different from Abadi & Plotkin’s logic and so
may incorporate some models that cannot fit into an APL-structure.

Finally, we mention that Dunphy also considers models of predicative polymorphism, which is not covered
in this dissertation. It should however be easy to find a variant of the definition of APL-structures that would

handle predicative polymorphism. However, most of our arguments for correctness of encoding of inductive
and coinductive types use impredicativity, and so Dunphy’s proofs would have to be adopted for this to work
out.

In his dissertation Dunphy also considers parametricity graphs modeling FIké& languages.
Claudio Hermida and Robert Tennent study a related framework of parametric models in [13].

5.3 Parametricity in operational semantics

Parametric polymorphism has also been used in a more syntactic setting by Andrew PRitis in [25] and by
Gavin Bierman, Andrew Pitts and Claudio Russd_in [5] to prove properties of programming languages with
operational semantics up to contextual equivalence.! In [5] for example, the language Lily which is basically
PILLy equipped with two operational semantics: a call-by-name and a call-by-value operational semantics
is considered. For each of these operational semantics a notion of contextual equivalence is defined by
observing termination at types of the folm Using operational methods the two notions of equivalence

are shown to coincide.

Because there is a set of closed terms of Lily, one can use set theoretic relations to reason aboutithem. In [5]
a particular subset of these relations called-closed relations are used to reason about these terms, and

it is shown that up to contextual equivalence Lily is parametric with respectiteclosed relations. This
parametricity result is then used to show correctness of an encoding of coproducts for closed types of Lily
up to contextual equivalence.

It would be interesting to see if the language Lily with terms considered up to contextual equivalence gives
rise to a parametric LAPL-structure. To show this, we need to checKTthatelations give a notion of
admissible relations as defined in this dissertation. We do believe this is the case, and it is on the schedule
for future work.
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Showing that Lily gives rise to an LAPL-structure would formally prove that the encodings of inductive,
coinductive and recursive types are correct. In fact we have almost done this already, as we have shown a
similar result for Lily,., using the LAPL-structure obtained from SDT (see Sedtioh 4.5).

5.4 More related research

Ryu Hasegawa has studied a specific family of models for polymorphism and shown that for these para-
metricity of encoding of inductive and coinductive types is equivalent to correctness of these encodings
[12]. The proofs in[[12] inspired some of the proofs of the consequences of parametricity used in this
dissertation. Ryu Hasegawa is also working on a model of a polymorphic linear type theory [11].

Parametric polymorphism has also been used to model local variables [22, 21]. The idea is to use para-
metricity to hide local variables from called procedures, the same way parametricity can be used to hide
information about specific implementations of data types.[In [22] models of an Algol-like language are
given using reflexive graphs and it is shown how these models model hiding of local variables using para-
metricity. In [21] two versions of Algol are translated into a predicative version of polymorphic linear
lambda-calculus (basically a predicative version of BH.LModels of polymorphic linear lambda calculus

can then give models of the Algol-like languages. The idea behind using linearity is that it can be used
to rule out nonimperative behavior in the model such as functions restoring the old state after running an
expression with side effects, since this requires copying the old state before running the expression. Many
of the same ideas are used|inl[23] to construct fully abstract translations of PCF and an idealized version of
Algol into a language with parametric polymorphism.

Other logics for reasoning about parametricity exist. Before Abadi & Plotkin’s logic appeared a different
logic had been proposed!|[1]. As mentioned Dunphy and Relddy [7, 8] use a variant of this logic. Izumi
Takeuti has constructed a variant of Abadi & Plotkin’s logic, in which one can also discuss other arities of
parametricity (such as unary parametricity involving predicates instead of relations).

Ivar Rummelhoff[[36] has studied the encoding of natural numbers in per-models over different PCA's, and
showed that in some of these models, the encoding contains more than natural numbers. So these models
cannot be parametric. Even though he does not mention it, this shows that unary parametricity is different
from binary (relational) parametricity, since one can easily show that the encoding of the natural numbers
in any per-model is unary parametric. Other studies of parametric polymorphism for per-models include
[34,Q].

Philip Wadler [40] presents a viewpoint, where the abstraction property of [30] corresponds to the existence
of a map mapping terms of second-order lambda calculus to expressions in a logic. On the other hand, a
representation result of Girard’s corresponds to a map going the other way.

6 Structure of the dissertation
This dissertation consists of five papers. Here follows a description of each paper.

Paper 1: L. Birkedal and R. E. Mggelberg. Categorical models of Abadi-Plotkin’s logic for parametricity.
Mathematical Structures in Computer Scien2@05. To Appear (Accepted for publication).

We give a detailed description of Abadi & Plotkin’s logic for parametricity, the definition of APL-
structures and the interpretation of the logic in these. This is followed by proofs of soundness and
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completeness for the interpretation. We define parametric APL-structures and proceed to show The-
orem[4.] above. This involves proving the logical versions of these results as stated in [29]. We
compare our notion of parametricity to that of Ma & Reynolds [16]. The parametric completion pro-
cess is described for APL-structures and in connection with this we discuss parametricity for internal
models of), in quasi-toposes.

Paper 2: L. Birkedal, R. E. Mggelberg, and R. L. Petersen. Parametric domain-theoretic models of linear
Abadi & Plotkin logic. Technical Report TR-2005-57, IT University of Copenhagen, February 2005.

In this article we describe the language PiLhAnd the variant of Abadi & Plotkin’s logic used for it.

We show how to reason in this logic and in particular we prove correctness of encoding of inductive,
coinductive and recursive data types in the logic. As in the first article, we define LAPL-structures,
show how to interpret the logic in these and show that the interpretation is sound and complete. Para-
metric LAPL-structures are introduced, and we show how to use the logical proofs of the correctness
of the encoding of data types to solve recursive domain equations in parametric LAPL-structures
(Theorenj 4.p). Finally we construct the parametric domain theoretic per-model, show that it fits into
a natural parametric LAPL-structure and describe the interpretation of the encoding of the natural
numbers in this.

Paper 3: R. E. Mggelberg, L. Birkedal, and R. L. Petersen. Categorical models of PILL. Technical Report
TR-2005-58, IT University of Copenhagen, February 2005.

This paper contains mostly well-known material on models of PILL, based on in particular [3, 4, 10,
17,18/19]. Since none of the above mentioned present all the material needed for this dissertation, we
have included an exposition of the theory. The material covered includes the 2-category of symmetric
monoidal categories, linear categories, models of LNL and DILL, and a fibrational account of these
concepts ending with models of PILL and PH:L

Paper 4: R. E. Mggelberg, L. Birkedal, and G. Rosolini. Synthetic domain theory and models of linear
Abadi & Plotkin logic. Technical Report TR-2005-59, IT University of Copenhagen, February 2005.

Here we present the LAPL-structure constructed from synthetic domain theory and use it to show con-
sequences of parametricity for the operational semantics og,|.jlyFor readability we have included

a full description of the setup of synthetic domain theory as presentedlin [35], the languagg,Lily
and a formulation of the adequacy result for the interpretation of.jlyas shown by Simpson and
Rosolini. The presentation of the setup of synthetic domain theory follows the presentafioh in [35]
closely.

Paper 5: R. E. Mggelberg. Parametric completion for models of polymorphic intuitionistic / linear lambda
calculus. Technical Report TR-2005-60, IT University of Copenhagen, February 2005.

The main result of this article is the description of the parametric completion process for LAPL-
structures. Before this however, we review some theory of internal categories including internal fibra-
tions and internal linear categories. We define a notion of internal yitlodel in a quasi-topos, and
show that the externalization of an internal Pitimodel gives rise to an LAPL-structure.

Dependencies are as follows. It is not necessary to read Paper 1 before Paper 2, except that Paper 2 uses a
few definitions of Appendix A in Paper 1, but, for readers unfamiliar with parametricity, it may be helpful

to start with Paper 1, since the proofs of consequences of parametricity given in Paper 2 are slightly more
sophisticated than the ones in Paper 1 due to the use of linearity.
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The material in Paper 2 depends on Paper 3, but since we think of the latter as a (long) appendix to Paper 2,
we have placed it after Paper 2. Paper 3 can be read independently of all other papers in this dissertation.
Paper 4 and Paper 5 can be read independently of each other, but they both depend on Paper 2.

7 Conclusion

We have introduced a notion of parametric APL structures which can be taken as definition of parametric
models of second-ordercalculus. These structures can be shown to have initial algebras and final coalge-
bras for a large class of fibred endofunctors, which means that parametric APL-structures give a good notion
of parametric models as discussed in Segtion 3.

Likewise we have defined a notion of parametric LAPL-structures. These give a good notion of domain
theoretic models of parametric polymorphism, since we can solve recursive domain equations in LAPL-
structures, as we would expect to be able to in parametric domain theoretic models.

The definition of APL-structure ask for quite a lot of structure — besides\thdibration in question we

ask for another fibration with a fibration on top, etc. But in the concrete case providing such extra structure
to show that a\o-fibration is parametric just corresponds to answering the question “with respect to which
logic is the model parametric”.

This becomes even more apparent in the case of LAPL-structures. Concrete models considered in the
literature, have often been parametric with respect to some logic, and a relational interpretation of types
defined only on a subset of the relations of the logic: the ones we call admissible. Providing a full parametric
LAPL-structure to a model corresponds to answering the question “with respect to which logic and which
set of admissible relations is the model parametric?”.

In both cases the APL- and LAPL-structures provide a check-list for what kind of structure is needed to
reason about parametricity. In particular, for the LAPL-structures, we have a set of axioms that a notion of
admissible relations should satisfy for it to be strong enough for reasoning about parametricity.

We have shown that parametric APL- and LAPL-structures provide a general and usable framework by
showing that very different parametric models known from the literature are of this form. These involve
parametric versions of per-models, and a family of models constructed using synthetic domain theory. We
even have a very general way of constructing these models, namely using parametric completion processes.

Of the models presented in this dissertation, most were known as models of polymorphism, but for most
of them, the correctness of the encodings of data types had not been shown formally. These proofs are
presented in all details in this dissertation.

Another contribution of this dissertation is to sort out the details of the PtMersion of Abadi & Plotkin’s
logic. In fact, for both versions of the logic considered here, we have worked out the details of models for
them, thereby showing them to be consistent.

This dissertation has also provided detailed proofs of theorems that have been known to the community for
long, but whose proofs have never appeared in print. These proofs are the proofs of correctness of encoding
of initial algebras, final coalgebras and recursive types. These proofs are non-trivial, and it is my hope that
making the details available will contribute to the accessibility of parametricity as a research area.
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7.1 Future work

As said, we have provided a couple of very different parametric LAPL-structures showing that the notion
is quite general. It would be interesting to see if Lily with terms identified up to contextual equivalence
and T T-closed relations as admissible relations gives rise to a parametric LAPL-structure. This would
imply that the correctness of the encodings of inductive and coinductive data types as sketched in [5] would
be consequences of the same results for parametric LAPL-structures in a more direct way than the results
proved in this dissertation using the SDT-model. This work is already under way.

We have shown how parametric polymorphism allows us to encode certain types with the right category
theoretic properties. Parametricity also gives us reasoning principles for these types, but it is unclear whether
these are the principles one will want to use in practice for reasoning about the language. In particular, for the
LAPL-structures the reasoning principles only apply to admissible relations, which may not be a sufficiently
large class of relations.

This dissertation is an abstract study of parametricity, and it would be interesting to show that these results
can be used in the theory of programming languages in general. In this dissertation we have only once
applied the abstract theory to show results about a programming language with an operational semantics,
namely for the parametricity results for Lily.; up to operational equivalence. Can we use these models to
show for example data abstraction results for real programming languages? How does our work relate to
that of O’'Hearn, Reynolds and Tennentl[22, 21, 23] as briefly mentioned in Sgctjon 5.4.

The second-order lambda-calculus is a programming language (or an equational theory) suitable for studying
parametricity, since it has few constructions. The language Plhaving fixed points is closer to a “real

life” programming language. To be able to apply the theory of parametric polymorphism to programming
languages used in practice, it needs to be studied in connection with effects.

Finally | do not think that the concept of parametricity is fully understood at this point. Parametric models
contain less “junk” than other models at polymorphic types, so parametricity seems to provide a way of
constructing better models. But how good are these models, and what are the connections to other good
properties of models such as adequacy, universality and full abstraction? Not much work has been done in
that area,[[38] is an exception.
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