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Abstract Our type system is related to modern proposals for

type systems for low-level imperative languages, such as
We show how to give a coherent semantics to programsTAL [7], in that types may express state changes (since they
that are well-specified in a version of separation logic for a include forms of Hoare triples as types). The type system
language with higher types: idealized algol extended with for TAL was proved sound using an operational semantics.
heaps (but with immutable stack variables). In particular, We provide a soundness proof of our type system using a de-
we provide simple sound rules for deriving higher-order notational semantics which we, moreover, formally relate to
frame rules, allowing for local reasoning. the standard semantics for idealized algol [11, 15]. The de-
notational semantics of a well-typed program is given by in-
duction on its typing derivation and the relation to the stan-
dard semantics for idealized algol is then used to prove that
the semantics isoherenti.e., is independent of the chosen

Separation logic [20, 18, 5, 14, 9, 4] is a Hoare-style pro- v ing derivation). We should perhaps stress that soundness
gram logic, and variants of it have been applied to prove Cor-ig nqt 3 trivial issue: Reynolds has shown [10] that already

rect interesting pointer algorithms such as copying a dag,he soundness of the second-order frame rule is tricky, by
dlSpOSII‘]g a graph, the Schorr-Waite graph algorithm, andyq\ing that if a proof system contains the second-order
Cheney’s copying garbage collector. The main advantagefame ryle and the conjunction rule, together with the or-

of separation logic compared to ordinary Hoare logic is that dinary frame rule and rule of Consequence, then the system
it facilitates local reasoning formalized via the so-called  |acomes inconsistent. The semantics of our system proves

frame ruleusing a connective calleseparating conjunc-  hat if we drop the conjunction rule, then we get soundness
tion. The development of separation logic has mostly fo- ot oy higher-order frame rules, including the second-order
cused orlow-levellanguages with heaps and pointers, al- 4o

though in recent work [10] it was shown how to extend sep- ) . .
aration logic to a language with a simple kind of procedures, In idealized algol, variables are allocated on a stack and

1. Introduction

and a second-order frame rule was proved sound. they are mutable (i.e., one can asfsign to variables). Wg only
Our aim here is to extend the study of separation logic COnsiderimmutablevariables (as in the ML programming
to high-levellanguages, in particular thigher-orderlan- language) for simplicity. The reason for this choice is that

guages, in such a way that a wide collection of frame rules &l mutation then takes place in the heap and thus we need
are sound, thus allowing for local reasoning in the presencel©t Pother with so-calledhodifies clausesn frame rules,

of higher-order procedures. For concreteness, we choosdvhich become complicated to state already for the second-
to focus on the language of idealized algol extended with ©rder frame rule [10].

heaps and pointers and we develop a semantics for this lan- We now give an intuitive overview of the technical de-
guage in which all commands and procedures are approprivelopment. Recall that the standard semantics of idealized
ately local. Our approach is to refine the type system of algol is given using the categoGPO of pointed complete
idealized algol extended with heaps, essentially by making partial orders and continuous functions. Thus types are in-
specifications be types, and give semantics to well-specifiedterpreted as pointed complete partial orders and terms (pro-
programs. Thus we developsaparation-logic type system grams) are interpreted as continuous functions. The seman-
for idealized algol extended with heaps. It is a dependenttics of our refined type system is given by refining the stan-
type theory and the types include Hoare triples, rules cor-dard semantics. A typé in our refined type system speci-
responding to the rules of separation logic, and subtypingfies which elements of the “underlying” type in the standard
rules formalizing higher-order versions of the frame rule of semantics satisfy the specification corresponding &md
separation logic. are appropriately local (to ensure soundness of the frame



rules), that is, it “extracts” those elements. Moreover, the h#h’ means thatiom(h) N dom (k') = (; and,h - 1/ is de-
semantics also equates elements, which cannot be distinfined only for such disjoint heagsandh’, and in that case,
guished by clients, that is, it quotients some of the extractedit denotes the combined heapJ /’.

elements. Corresponding to these two aspects of the se- Properties of states are expressed using the assertion lan-
mantics we introduce two categori€sandD, whereC just guage of classical separation logic [20]:

contains the extracted elements alds a quotient ofC.

Thus there is a faithful functor frord to CPO and a full E = i|0[1[E+E,
functor fromC to D. We show that the categoriésand P uw= E=F|E—E|emp|PxP
D are cartesian closed and have additional structure to in- | true | PAP | =P |Vi.P.

terpret the higher-order frame rules, and that the mentioned

functors preserve all this structure. The semantics of our The assertiol” — E’ means that the current heap has only
type system is then given in the categéhand the functors ~ One cellE and, moreover, that the content of the celFls
relatingC, D, andCPO are then used to prove coherence of When we do not care about the contents, we wkite- —;

the semantics. In fact, as mentioned above, our type systeniormally, this is an abbreviation of(i. ~E + 1) for some

is adependentype theory, with dependent product tyfig/ 7 not occurring inE. The next two assertiongmp and
intuitively corresponding to the specification given by uni- £ * @, are the most interesting features of this assertion
versally quantifying in the specification corresponding to !anguage. The empty predicatép means that the current

6 (the usual Curry-Howard correspondence). For this rea-neap is empty, and the separating conjuncfion@ means
son the semantics is really not givenZnbut rather in the  that the current heap can be partitioned into two parts, one
family fibration Fam (D) — Set overD. satisfying” and another satisfying.

The remainder of this paper is organized as follows. In  As in the storage model, we make explicit which set of
Section 2, we define the storage model and assertion lanfree variables we are considering an expression or an as-
guage used in this paper, thus setting the stage for oursertion under. Thus, lettinfjv be a function that takes an
model. In Section 3, we provide the syntax of the version expression or an assertion and returns the set of free vari-
of idealized algol we use in this paper. In particular, we ables, we often write assertions Ast- P to indicate that
introduce our separation-logic type system, which includes fiv(??) € A, and that? is currently being considered for en-
an extended subtyping relation. In Section 4, we presentvironments of the shapk. Likewise, we often writel - £
the main contribution of the paper, a model which allows a for expressions.
sound interpretation, which we also show to be coherentand ~ The interpretations of an expressidnt- E and an as-
in harmony with the standard semantics. In the last sectionssertionA + P are of the forms

we give pointers to related and future work, and conclude.
[AFE]:[A] — Int, [AF P]:[A] — P(Heap).

2. Storage Model and Assertion Language The interpretation of expressions is standard, just like that

of assertions. We include part of the definition of the inter-
We use the usual storage model of separation logic with pretation of assertions here.

one minor modification: we make explicit the shape of stack

storage. Letds = {i,4,...} be a countably infinite set of [AFE—E'], = {[[AFE],~[AFE],]}
variables, and lef\ range over finite subsets hfs. We use [Atemp], = {[}
the following semantic domains:
[AFPxP], =
n e NN {h* N | h#h' Nhe[AF P], AN € [A+ P'],}
e Heap *= Nat g Int 3. Programming Language
(n,h) € State(A) def [A] x Heap. ' 9 9 guag

The setA models the set of variables in scope, and an ele- The programming language is Reynolds’s idealized al-
mentn in [A] specifies the values of those stack variables. gol [15] adapted for “separation-logic typing.” It is a call-
We sometimes call an environmeninstead of astack in by-name typed lambda calculus, extended with heap op-
order to emphasize that all variables are immutable. An el- erations, dependent functions, and Hoare-triple types. As
ementh in Heap denotes a heap; the domain/ogpecifies explained in the introduction, we only consider immutable
the set of allocated cells, and the actual actior afeter- variables.
mines the contents of those allocated cells. We recall the— , . . . .
The assertion language of separation logic also contains the separating

o . y . .
d|SJ.0|nmeSS predicate#h" and th? (part!al) heap cor_nbl— implication — . Since that connective does not raise any new issues in
nation operatoh - h’ from separation logic. The predicate connection with the present work, we omit it here.




The types of the language are defined as follows. We The language has four heap operations. Command
write A F 0 : Type for a typed in contextA. The set of leti = newin M allocates a heap cell, bindsto the ad-
types is defined by the following inference rules (in which dress of the allocated cell, and executes the comnidrtd

P and@ range over assertions): An allocated cell can be disposed byee(i). The remain-
, : . ing two commands access the content of a cell. The com-
C - : -
fuP)c A fvQ) €A AF0:Type fiv(P) C A mand[i] := E’ changes the content of cellby E’; and
A A{P}—{Q}:Type A+ 0® P:Type let j = [i] in M reads the content of cell bindsj to the

) ) . read value, and executég. Note that the allocation and
AU{i}-0:Type i¢ A Ak 0:Type Ak ¢ :Type lookup commands involve the “continuation”, and make the

A F I1,0:Type A 60— 0 :Type bound variable available in the continuation; such indirect-
, style commands are needed because all variables are im-
Note that the types adependent typef that they may mutable

depend on variables(see the first rule above). One way to
understand a type is to read it as a specification for terms
i.e., through the Curry-Howard correspondence. A Hoare
triple type {P}—{Q} is a direct import from separation
logic; it denotes a set of commandthat satisfy the Hoare
triple {P}c{@}. An invariant extensio ® P is satisfied
by a termM if and only if for one part of the heap, the be-
havior of M satisfiesd and for the other part of the heap,
M maintains the invarianP. For instance{ P} —{Q} ® P
intuitively consists of commands that given an input state
satisfying P x Py, so that the input state may be split into
a P-part and aP,-part, change thé-part so that the result
satisfiesQ; and for thePy-part, the commands modify it
freely, but maintain the invariar,.

The typell;6 is a dependent product type, as in stan-
dard dependent type theory (under Curry-Howard it corre-
sponds to the specification given by universally quantify-
ing ¢ in the specification corresponding &). Intuitively,

I1;0 denotes functions from integers such that given an in-
tegern, they return a value satisfyirgjn/i]. For example,
the typell;{j — —}—{j — ¢!} specifies a factorial func-
tion that computes the factorial éfand stores the result in
the heap cel}.

The pre-terms of the language are given by the following

The typing rules of the language decide a judgment of
the formT" -A M: 0, wherel is a list of type assignments
"to identifiersI”’ = x1 : 64,...,z, : 0, and where the sek
contains all the free variables appearing'in/, 6.

The type system is shown in Figure 1. For notational
simplicity we have omitted some obvious side-conditions
of the formA + 0 : Type which ensure that, for a judgment
I' Fao M:0, the setA always contains all the free vari-
ables appearing i, M, 6, and that the type assignmdnt
is always well-formed. There are three classes of rules. The
first class consists of the rules from the simply typed lambda
calculus extended with dependent product types and recur-
sion. The second class consists of the rules for the imper-
ative constructs, all of which come from separation logic.
The last class consists of the subsumption rule based on the
subtyping relation< o, which is the most interesting part of
our type system. The proof rules fera define a preorder
between types with free variables 4, and include all the
usual structural subtyping rules [13, chp. 15]. The rules
specific to our system are: the encoding of Consequence
in Hoare logic; the generalized frame rule that adds an in-
variant to all types; and the distribution rules for an added
invariant assertion.

The generalized frame rulé, <A 6 ® Py, means that if a

grammar. program satisfied and an assertiof, does not “mention”
M:u=x | x:0.M | MM | N\i.M | ME any cells described by, then the program preservés.
| fixM |ifzEM M | M; M | leti = newin M Note that this rule indicates that the types in our system are
| free(E) | [E]:=FE |leti=[E]inM, tight [5, 20]: if a program satisfies, it can only access

. . . . _ . heap cells “mentioned” id. This is why an assertiof,
whereFE is an integer expression defined in Section 2. The for “unmentioned” cells is preserved by the program. For

Ia_nguage has thg usual construgts fora h!gher-order imper; ciance. if a program has a type of the form
ative language with heap operations, but it has two distinct
features. First, it treats the integgr expressions as “s_econd 0, — ... — 0, — {P}—{Q},

class” the term3/ never have the integer type, and all inte-

ger expressions inside a term are from the separate grammahe tightness of the type says that all the cells thatan

for E defined in Section 2. Second, no “integer variables” directly access must appear in the precondifidrirhus, if

i can be modified in this language; only heap cells can beno cells in an assertioR, appear inP, program\/ main-
modified. Note that the language has two forms of abstrac-tains Py, as long as argument procedures maintain it. Such
tion and application, one for general terms and the other fora fact can, indeed, be inferred by the generalized frame rule
mteger_expressmns. A consequ_ence of this strafification I 2We consider single-cell allocation only in order to simplify the pre-
that all integer expressions term|r_1ate, because the grammagenation; it is straightforward to adapt our results to a language with allo-
for E does not contain the recursion operator. cation ofn. consecutive cells.
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where= is the usual structural subtyping relation [13, chp. 15] for types dvezxtended with the following rules:

{P}—{Q"} 2a {P}—{Q} (whenforally € [A], [P], € [F'], and [Q'], < [Q],)

0=r00P {P1—{Q}) ® Py ~

A {P* Py} —{Q * Py} (IL,) @ P~A IO ® P

RQ) P ~x 01 (Qx*P) (0 —-0)RP~p (0P —60xP)
Figure 1. Typing Rules

together with the distribution rules:

0 —...— 0, —{P}—-{Q}

=a (F0=2A 0 Fy)
01— ...—0,—>{P}—-{Q}Hh® P

=a ((0—=0)RP) <A (0@ Py — 0 ®P))

<A (APYHQ}® Py 2a {P * Py}—{Q xQo})
(91®P0 — ... —>9n®PO — {P*Po}—{Q*Po})

4. Semantics

In this section we present our main contribution, the
semantics that formalizes the underlying intuitions of the
separation-logic type system. In particular, we formalize
the following three intuitive properties of the type system:

1. Thetypes inthe separation-logic type system refine the
conventional types. A separation-logic type specifies
a stronger property of a term, and restricts clients of

The generalized frame rule, the distribution rules, and the
structural subtyping rule for function types all together give
many interesting higher-order frame rules, including the
second-order frame rule. The common mechanism for ob-
taining such a rule is: first, add an invariant assertion by the
generalized frame rule, and then, propagate the added asser-
tion all the way down to a base triple type by the distribution

{1+ 3}—{1+— 0} of atermM indicates not just that
M is a command, but also thaf stores0 to cell 1 if
cell 1 contains3 initially. Moreover, this type forces
clients to runi only when celll contains3.

such terms by asking them to only depend upon what
can be known from the type. For instance, the type

rules. The structural subtyping rule for the functiontype al- 2. The higher-order frame rules in the type system imply

lows us to apply this construction for a sub type-expression that all programs behave locally.
in an appropriate covariant or contravariant way. For in-

stance, we can derive a third-order frame rule as follows:

(P} —H{Q1} = {2} —{Q2}) — {P5}—{Qs}

=a (0 =2A0®P)

({P3—HQ1} = {P} Q) = P} —{Qs}) © P

=a (F(0—=0)2P2A(0®@P—0P))
{P}—{@i}oP — {P}—{Q2}®P) — {P}—{Qs}P
=a (.- structural subtyping

{PtHQ1}eP — {P2}—{Q2}) — {P3}—{Qs}oP

=A (AP }—{Qo} ® P ~a {Po * P}—{Qo * P})
({PrxPr—{Q1xP} — {P2}—{Q2}) — {Ps+P}—{Q3*P}.

3. The type system, however, does not change the com-
putational behavior of each program.

We formalize the first intuitive property by means of partial
equivalence relations. Roughly, each typm our seman-
tics determines a partial equivalence relation (in short, per)
over the meaning of the “underlying typ@” The domain

of a per over a sefl is a subset of4; this indicates that

6 indeed specifies a stronger property tian The other
part of a per, namely the equivalence relation part, explains
that the type system restricts the clients, so that no type-
checked clients can tell apart two equivalent programs. For



instance{1 — 3}—{1 — 0} determines a per over the set e morphisms:f: (4, R) — (B, S) is a continuous func-

of all commands. The domain of this per consists of com- tion from A to B such that
mands satisfyind1 — 3}—{1 — 0}, and the per equates ’
two such commands if they behave identically when tell vp. f[R(p) — S(p)If,

contains3 initially. The equivalence relation implies that
type-checked clients run a command{af— 3}—{1 — 0}
only when celll contains3.

We justify the other two intuitive properties by proving |ntuitively, each objec(A, R) denotes a specification pa-
technical lemmas about our semantics. For number 2, werameterized by invariant extension. The first component
prove the soundness of all the subtyping rules, including 4 denotes the underlying set from which we select “cor-
the generalized frame rule and the distribution rules. For rect” elements.R(emp) denotes the initial specification of
number 3, we prove that our semantics has been obtaineghis object where no invariant is added by the frame rule.
by extracting and then quotienting semantic elements in theThe domain R(emp)| of per R(emp) indicates which ele-
conventional semantics; yet, this extraction and quotienting ments satisfy the specification, and the equivalence relation
does not reduce the computational information of semanticon |R(emp)| expresses how the specification is also used
elements. to limit the interaction of a client: the client can only do

In this section, we first define categoriésandD, cor-  what the specification guarantees, so more elements become
responding to the extraction and quotienting, respectively. equivalent observationally. The p&Y(p) at another predi-

Next we give the interpretation of types and terms. Finally, catep denotes an extended specification by the invagiant
we connect our semantics with the conventional semantics, We illustrate the intuition of with a “Hoare-triple” ob-

and prove that our semantics is indeed obtained by extractject [p, q] for somep, ¢ € Pred. Letcomm be the set of all
ing and quotienting from the conventional semantics. functionsc from Heap to P(Heap U {wrong}) that satisfy
safety monotonicity and the frame property:

i.e., f mapsR(p) related elements t8(p) related ele-
ments.

4.1. Categoriex and D o )
e Safety Monotonicityfor all h, hg € State, if h#hg

We construct andD by modifying the categor¢ PO of andwrong ¢ c(h), thenwrong & c(h * ho);

pointed cpos and continuous functions. Epwe impose a e Frame Property for all h, ho, b/, € State, if h#ho,
parameterized per on each cpo, and extract only those mor- wrong ¢ c¢(h), andh, € ¢(hxho), then there exists’
phisms inCPO that preserve such pers (at all instantiations). such that, = ho * ' andh’ € c(h).

Each per formalizes that each typeorresponds to a spec-

ification over the underlying typé, and the preservation Intuitively, comm contains all commands that satisfy the

of the pers ensures that all the morphismg igatisfy the (first-order) frame rule [9], and it forms the underlying set

corresponding specifications. The parameterization of eacHor all Hoare-triple specifications. Indeed, itis the first com-

per guarantees that all morphismsdrbehave locally (in ~ ponent of the Hoare-triple objet, ¢|, where the order on

the sense of higher-order frame rules). The other categorycomm is given by:

D is a quotient of’. Intuitively, the quotienting of reflects , ,

that our type system also restricts the clients of a term; thus, cC ¢ <= Vh.c(h) Cc(h).

more terms cannot be distinguished observationally.
We define the “extracting” categogyfirst. Let Pred be

the set ofpredicatesi.e., subsets offeap. We recall the

semantic version of separating connectivesp andx, on

The real meaning dp, ¢| is given by the second component
R. For each predicatgy, the domain ofR(py) consists of
all “commands” incomm that satisfy{p * po } —{q * po }:

Pred. Forp, q € Pred, c€|R(po)| <= Vh € px*po.c(h) C q*po.
h € emp <= h = An.undef The equivalence relatioR(p,) relatesc and¢’ in |R(po)|
hepxq <= Jhihy.hyxhy =hANhi€pAhy €q. iff ¢ andc’ behave the same for the inputsgin po * true:
The category is defined as follows: true - {h | h € Heap}
e objects: (4, R) where A is a pointed cpo, an& is a clR(po)le’ <= VhEpipostrue.c(h) = c'(h).

family of admissible pefsindexed by predicates such Intuitively, this equivalence relation means that the type sys-
that tem allows a client to executeor ¢’ in h only whenh sat-
Vp,q € Pred. R(p) C R(p*q); isfiesp * pg * p’ for somep’; the predicate’ reflects that
34 per Ry on A is admissible iff( L, 1) € Ro andRo is asub-cpoof e frame I‘L.Jle in the type system allows the “widening” of
A x A. a specification by an invariant.




The categoryC is cartesian closed, and it has all small Lemma 2 For each predicatep, inv(—,p) preserves the

products. The terminal object {{L}, R) where R(p) is

cartesian closed structure and all the small product< of

{(L, L)} for all p, and all the small products are given on the nose.

pointwise; for instance,A, R) x (B, S) is (Ax B, {R(p) x
S(p)}p). The exponential of A, R) and (B, S) is subtle,

Lemma 3 For all predicates p and ¢, inv(—,p) o

and its per component involves the quantification over all inv(—,q) = inv(—,p*q).

predicates. LeRR = S be the following family of pers on
the continuous function spack= B:

fI(R= S)(p)lg <= Vq € Pred. f[R(p*q) — S(p*q)]g.

Here f andg range over the domain ¢fR = S)(p), which
contains only local functions: it consists of functiofisn
|R(p) — S(p)| such that

Vq. f[R(p*q) — S(p*q)lf.

For now, the final remark og is that the triple-object
generatorf—, —] can be made into a functor, whose mor-
phism action validates the subtyping rule for Consequence.
Let P be the set of predicates ordered by the subset inclu-
sion C. Generatof—, —] can be extended to a functuoi
from PP x PtoC:

tl’i(p’ q) = [pv q] and trl(p g p/7q/ g q)(c) = C.

Note that this condition is precisely the semantic version of NOte thattri is contravariant in the first argument and co-

the frame rule. The exponentigll, R) = (B, S) is given
by (A= B,R=15).

Lemma 1 C is cartesian closed, and has all small limits.

Another important feature @f is that it validates higher-
order frame rules. LeP,. be the preordefPred, C) with C
defined by predicate extension:

pEr < dgpxq=r.

CategoryC has an “invariant-extension” functanv from
C x P, toC defined by:

inv((4, R),p) = (A, R(p+—)) and inv(f,p C q) = f.

Functorinv corresponds to the type constructerin our

language; given a “type{A, R) and a predicate, inv

extends(A4, R) by adding an invarianp. For instance,
when a triple objecfp’, ¢’] is extended withp, it becomes
[P *p,q" *pl.

Functorinv validates the subtyping rules that express

higher-order frame rules: the generalized frame rfule
6 ® P and the rules for distributing over each type con-
structor. We first show that the functoriality ofs gives the

soundness of the generalized frame rule. Note that for all

predicate®, emp C p, and thainv(—, emp) is the identity
functor onC. Thus, for eacl{A, R), the functoriality ofinv
gives a morphism froni4, R) toinv((A4, R), p). This mor-
phism gives the soundness of the subtyping fute § ® P.

The soundness of the other distribution rules follows

from the fact that for alp, inv(—, p) preserves most of the
structure ofC. For instanceinv(—, p) preserves the expo-
nential ofC, because for all objec{s4, R) and (B, S) and
all predicateg, we have that

fI(R(p*—=) = S(p*—))(a)g

— V¢ .f[Rp*(qgxq)) — Sp*(gxqd))g
= V¢ f[R((p*xq) xq)— S((p*q) *q)lg
= fl(R=95)(p*q)g.

variant on the second argument. This mixed variance re-
flects that the pre-condition of a triple can be strengthened,
and the post-condition can be weakened; thus, it validates
the subtyping rule for Consequence. We also note that the
subtyping rule that moves an invariant assertion into the pre-
and post-conditions is sound.

Lemma 4 For each predicate, let — x p: P — P be a
functor that maps a predicatgto g = p. Then,

inv(—,p) otri = tri(— % p, — * p).

The categoryD is obtained fromC by equating mor-
phisms according to an equivalence relatienMorphisms
fandginC[(A, R),(B,S)] are related by iff

Vp € Pred. f[R(p) — S(p)]g.

Relation~ is an equivalence relation; it is reflexive, because
each morphism inC[(A, R), (B, S)] should mapR(p)-
related elements t8(p)-related elements, for gt and it is
symmetric and transitive because, for@llR(p) and S(p)

are symmetric and transitive. The interesting property of
is that it is preserved by all the structuref

Lemma 5 (Preservation) The relation~ is preserved by
the following operators iC:

e the composition of morphisms;
e the currying of morphisms;
e the pairing into all the small products; and

e the functorinv(—,p C ¢) onC, for all predicatesp, ¢
such thatp C q.

This lemma ensures that taking a quotient of morphisms in
C gives a well-defined category, which we cBll Category

D inherits all the interesting structure 6fby Lemma 5; it

is cartesian closed, has all small products, and has a functor



inv': D x P, — D that preserves the CCC structure and the
small products ofD. Let E be the “quotienting” functor
from C to D, andtri’: P°? x P — D the composition of

FE with tri. We summarize the main property df in the
following two lemmas:

Lemma 6 The categoryD is a CCC with all small prod-
ucts, and has two functoisv’: D x P, — D andtri’: P°P x
P — D such that

1. inv'(—,p) preserves all the CCC structure and the
small products oD;

2. inV'(—,p)oinv'(—,q) =inv'(—,p*q); and
3. inV/(—,p)otri’ = tri’(— * p, — x p).

Lemma 7 The functorE fromC to D is full, preserves the

CCC structure as well as small products, and makes the

following diagrams commute:

CxPr—Nse poxp-—Top

ExId i J/ E |dl i E
inv/ tri’

DxP,—=D PPXP—>D
4.2. Interpretation of the Language

We interpret the language in the family fibration
Fam(D) — Set. Each base set in the fibration models all

We interpret each subtype relati6n= 6’ as a family
of morphisms inD of the following shape:

{fo:[AF6], - [AF a/ﬂn}ne[[A]y

The semantics is given by induction on the derivation. The
subtyping rule for Consequence is interpreted using the
morphism action of functoti’:

{P}—{Q'} =a {P}—{Q}],
= tri/(ﬂpﬂn c [[P/]]nv [[Q/]]VI c [[Q]]n)

The other important subtyping rules are the ones for the
higher-order frame rules. The interpretation of these rules
uses the property 6hv’. The generalized frame rule is in-
terpreted by the morphism actioniaf/’:

[0 a0 P],= inv/([[e]]n, emp T [P],)

and the rules for distributing an invariant is interpreted
by the identity; this interpretation “typechecks,” because
inv'(—, p) preserves the exponentials and the small products
on the nose, and because of (items 2 and 3 of) Lemma 6.

Finally, we define the semantics of each typing judgment
I' Fa M: 0 by an indexed family of morphisms iR of the
form:

{fo:[AFT], = [AF eﬂn}TJE[[A]]’

The semantics is given by induction on the derivation of the
judgment, and it is shown in Figure 2. The interpretation
of terms is given using the categorical structureZofn a

the possible environments for a fixed shape of the stack (i.e. standard way. The only specific parts are the interpretation

a fixed set of integer variable§). For instance, the object
{(A, R), },e1a] @assumes that all the available integer vari-
ables are iM\, and it specifies a type dependent on the val-
ues of such variables, given by The types and terms of

of basic imperative operations, where we use five basic se-
mantic constants

seq, new, read, free, andwrite,

our language are interpreted using the categorical structure

of this fibration.
The interpretation is explicit about the set of variables

which are also defined in the figure.
For this interpretation of terms, the question of well-

under which we consider types, type assignments, anddefinedness arises, because of the introduction and elimina-

terms. WriteA F T to mean thathA + I'(z) : Type, for
all z in the domain ofl".

The semantics oA - 4(: Type) andA - T"is given by a
family of objects inD indexed by the environments Ja\].
The precise definition df9] and[I'] is given as follows: for
nin [A],

[AFA{P}—{Q}], tri’([A P, [A + Q)

[AF0® P, = inV([A+ 0], [AF P],)
[AFg—0], = [AF6],=[AF0],
[AFTILO), = TaemA U{i}F 0],p—n
[AFT], = ILedomm[AFT(@)],

Note thattri’ is used to interpret the triple tygeP}—{Q},
andinv’ to interpret the invariant extension® P.

tion of dependent function typd;f. The semantic defini-
tion of A\i.M assumes that I does not contain the variable
i, itis interpreted as the same objecfdmo matter how we
change or even drop the valueigh the index. The defini-
tion of [M E] assumes that the reindexing precisely models
the substitution. The following lemmas show that these two
assumptions indeed hold.

Lemma 8 If fiv(T") C A, then
Vn € [A].Vn € Int. [AFT], = [AU{i} F T]pimn-
Lemma 9 If fiv(d) C AU {i} andfiv(E) C A, then

vn € [A]. [AF0[E/i]], = [AU{i} - eﬂn[i—’[[E]]n]‘



C,x:0kFaz:0], = m
[T Fa Az:0.M : 60 — 0] curry([T,z:0 =a M : 6], o iso([I'],, x [0], [T, z:6],))

[T A MM’ : 0] evo([I'Fa M :0" —6],,['Fa M'":6'],)

[T Fa Xi.M:TL6] ([T Faugiy M:0)y1imn))nent
[[F I—A MEQ[E/Z]]] 77[[E]],,O[[F I—A M:Hie]]n
]
]
]

S I 3
[Tl

3

[TEAM:0], = [0=2a0],0[lFaM:0],
[T ba fixM:60], = lIfixo [T Fa M:0— 6],
[T baifz EM M {P}—{Q}], = if ([AF E],=0) then [[ Fa M:{P A E=0}—{Q}],
else [I' A M":{P N EA0}—{Q}],
[Cba MM (PY—{QY]y = seqo ([T o M {PY—{P'}], [T Fa M's [P} ~{Q}],)
[l Faleti =newin M : {P}—{Q}], = mnewo([l'Fauqy M :{Pxir —}—~{Q}njimn])nem
[T Faleti=[E]linM :{PxEw~ —}-{Q}], = read([AF E],)o ([l Favgy M :{P* E+ i}~{Q}yii—n))neint
[['Fa free(E) : {E — —}—{emp}], = free(JAF E],)o!jarry,
[CFa[E]:=E :{Ew —}-{E— E'}], = write([AF E],,[AF E'],)oYjarry,
where seq, new, read(n), free(n), andwrite(n,n’) are defined as a morphism 1 (which is an equivalence class) as
follows: Sl q ¢ tri(p,q) X tri(g,¢') — tri(p,q)
seq = [Mec, ). Ah.{wrong | wrong € c(h)} UU{c'(R') | b’ € c¢(h)}]
newp,q : (Hnelnttri(p *Nn =, q)) - tri(pa Q)
new = [Ac. Ah. {c(n)(h[n— m]) | m,n € Int A n & dom(h)}]
read(n)pq : (pemitri(pxn — m,q)) — tri(pxn — —,q)
read(n) = [Ac. Ah.if n € dom(h) then c(h(n))(h) else {wrong}]
free(n) 1= ({n— —}—{emp})
free(n) = [Az.Ah.if n € dom(h) then {h[n—undef]} else {wrong}]
write(n,n’) : 1—= ({n— —}—{n—n'})
write(n,n’) = [Azx. M. if n € dom(h) then {h[n—n']} else {wrong}]
Figure 2. Interpretation of Terms
4.3. Adequacy ous section, where we u§®0, tri” andinv” instead ofD,

tri’ andinv/, and we take an equivalence class representa-
Our semantics of terms needs further justification in two tive in the definition of constants; for instance, the constant

ways. First, the interpretation of a typing judgment needs 7¢ad(n) Nnow means
to be shown coherent. The interpretation is defined over a
proof derivation of the judgment, so two different deriva-

tions of the same judgment might have different denota-
tions. This is troublesome for us especially, because our

goalis to give a s_,emantics of a p_rogramming Ianguage with tion by tri andinv, and eliminating the embeddir|g-] to
a sepgratlon-log_lc typg system, instead of a sgmant!cs of dhe equivalence class in the definition of constants.
proof in separation logic. Second, the connection with the The three interpretations are very closely related. Note

standard sema_nt|cs n_eeds o be _prow_ded. Our semgntlc%at from the categorg to CPO, there is a forgetful functor
uses subsumption which never arises in the standard inter-

pretation. Thus, our interpretation could be substantially r t_hat maps an obje¢t, ) to A, and a morphl_snf o f.
. . . . . This forgetful functor preserves all the categorical structure
different from the standard interpretation. In this section, . )
e ) of C that we use to interpret the types of our language:
we provide justification for both of these two issues.

We consider two other interpretations of our language. _Lemma 10 F is a faithful functor that preserves the CCC

The first interpretation, called the standard interpretation, structure and the small products@fand makes the follow-
ignores all assertions in the types. In the standard interpre-ing diagrams commute.

tation, { P}—{Q} means the same thing no matter wifat
andQ.are, and f/(?r allP, # ® P andf have identical inter- Cxp, ™ C PP xP
pretations. Letri” be the constant functor frofi°® x P to

Fxldi

Ac. Ah.if n € dom(h) then ¢(h(n))(h) else {wrong}.

The second interpretation uses the categbryt is ob-
tained by simply replacingi’ andinv’ in the previous sec-

tri

CPO such thatri” (p, ¢) = comm, and letinv”’ be a functor
given by the first projection fro@PO x P,. to CPO. Then,
the standard interpretation is the interpretation of the previ-

N

CPO x P, -™~ PO PP x P —> CPO



Note that Lemmas 5 and 10 imply that the interpretation of [7, 2, 21]. Their main focus is to obtain sound rules for
the types inD and CPO factors through the interpretation proving the safety of programs. Thus, they mostly use easy-
in C. The following lemma shows that the interpretation of to-define conventional operational semantics, and prove the
the terms has a similar property. soundness of the proof system syntactically (i.e., by subject
reduction and progress lemmas), or “logically” [21]: each
type is interpreted as a subset of a single universe of “mean-
ings,” and a typing judgment is interpreted as a specification
for the behavior of programs, like a Hoare triple in separa-
tion logic. Our separation-logic type system is more refined

F([T Fa M:0]S) = [T Fa M:6]CP0 in that it allows the full power of se_paration logic in the

E([T Fa M: 9]]&) = [[ Fa M:6]P. types and, moreover, we also treat higher-order procedures.

K K The semantics of idealized algol has been studied inten-

SinceFL is full and F' is faithful, intuitively, Lemma 11 says  sively [11, 15, 8, 14]. Normally, the semantics is parameter-
that our semantics is obtained by first selecting some ele-ized by the shape of the memory. The indexing in the fibra-
ments, and then quotienting those selected elements. tion in our semantics follows this tradition, and it models
the shape of the stack. However, the other indexing of our
semantics, the indexing by invariant predicates over heaps,
has not been used in the literature before.

Proof: Let P, and P, be two derivations of a judgment The construction of the categofy is an instance of the
T Fa M : 0. We note that the standard semantics is coher- Kripke quotient by Mitchell and Moggi [6]. The families of

ent; only the subsumption rule is not syntax-directed, but P€rs inD form a Kripke Iogical relation orCPO indexed
in the standard semantics, this rule does not contribute toPY the preorder categor,.; our condition on each family

the interpretation, because all the subtyping rules denote th&nSures that the requirement of Kripke monotonicity holds.

Lemma 11 Both the forgetful functoF’ fromC to CPO and
the quotienting functoE from( to D preserve the interpre-
tation of terms. That s, for all typing judgmenis-A M: 6
and alln € [A],

Corollary 12 Our semantics is coherent: the semantics of
a typing judgment does not depend on derivations.

identity function. Thus, for all environments we have This Kripke logical relation produce® by Mitchell and
Moggi’s construction.
[P1]SPO = [P2]57°. The idea of proving coherence by relating two languages
. comes from Reynolds [19]. Reynolds proved the coherence
Then, by Lemma 11 and the faithfulness/of of the semantics of typed lambda calculus with subtyping,

by connecting it with the semantics of untyped lambda cal-
culus. We use the general direction of Reynolds’s proof, but
) the details of our proof are quite different from Reynolds'’s,
n because we consider very different languages.

[P1ISPO = [P2]SP° = F([PilS) = F([Pa]$)
= [P = [Pa]S
= E([[Pl]]%) = E([P:]
= [P} =[Pl?

n

U 6. Conclusion and Future Directions

5. Related Work We have presented a type system for idealized algol ex-
tended with heaps that includes separation-logic specifica-
The (first order) frame rule was discovered in the early tions as types and, moreover, defined the coherent semantics
days of separation logic [5], and it was a main reason for the of idealized algol typed with this system.
success of that logic. For example, it was vital in the proofs ~ One shortcoming of our type system is that the higher-
of garbage collection algorithms in [22] and [4]. Recently, order frame rules in the system allow only static modularity
the second-order frame rule, which allows reasoning about[12]. With the higher-order frame rules alone, we cannot
simple first-order modules, was discovered [10]. This nat- capture all the the information hiding aspect of dynamically
urally encouraged the question of whether there are moreallocated data structures as needed for modeling abstract
general frame rules that apply to higher types. data types. However, it is well-known that abstract data
Unlike in [10], our soundness result of higher-order types can be modeled using existential types and we are
frame rules does not require that invariant assertions becurrently considering to enrich the assertion language with
precise This preciseness requirement is needed becauseredicate variables, as in the recently introduced higher-
higher-order frame rules interact badly with the conjunction order version of separation logic [3], and to extend the types
rule [10]. In our system, such bad interaction does not exist, with dependent product and sums opezdicates
because the system does not have the conjunction rule. Another shortcoming of the type system is that it cannot
Other type systems which track state changes havehave the disjunction rule in separation logic. The disjunc-
been proposed in the work on typed assembly languagegion rule has two judgments in the premise, and requires



that both judgments are about the same program. Such a[5] S. Ishtiag and P. W. O’Hearn. Bl as an assertion language

requirement about the same program cannot be expressed
in our type system. We plan to overcome this problem by

extending the type system with intersection types [17].
Yet another future direction is to define a parametric

model. Uday Reddy pointed out that separation-logic types 7]
should validate stronger reasoning principles for data ab-
straction than ordinary types, because they let us con-
trol what clients can access more precisely. Formaliz-

ing his intuition is the goal of the parametricity seman-
tics. We currently plan to use categaty which replaces
eachpredicate-indexedamily of persin C by arelation-
indexedfamily of saturated relationsan object inC’ is a
cpo paired with a familyl” of binary relations such that (1)
T is indexed by a “typed” relation: p < ¢ on heaps (i.e.,

r C p x q); (2) for each predicatg, T" at the diagonal rela-
tion A, isaper; (3) foralr:p < ¢, T(r) is a saturated rela-
tion between per§(A,) andT'(A,); (4) T(r) C T(r=r').

(10]

for mutable data structures. Rroc. of POPL'01 London,
England, January 2001.
[6] J. C. Mitchell and E. Moggi. Kripke-style models for typed
lambda calculus.Annals of Pure and Appl. Logi®1:99—
124, 1991.
G. Morrisett, D. Walker, K. Crary, and N. Glew. From sys-
tem F to typed assembly languag@CM Trans. Program.
Lang. and Syst21(3):527 — 568, 1999.
[8] P. W. O’'Hearn and R. D. Tennent. Parametricity and local
variables.J. ACM 42(3):658-709, 1995.
[9] P. W. O’'Hearn, H. Yang, and J. C. Reynolds. Local rea-
soning about programs that alter data structure®raw. of
CSL'01 pages 1 — 19, Paris, France, September 2001.
P. W. O'Hearn, H. Yang, and J. C. Reynolds. Separation and
information hiding. InProc. of POPL'04 pages 268 — 280,
Venice, Italy, 2004.

[11] F. J. Oles.A Category-Theoretic Approach to the Semantics

of Programming LanguagesPhD thesis, Syracuse Univer-
sity, 1982.

The morphisms i’ are continuous functions that preserve [12] M. Parkinson and G. Bierman. Separation logic and abstrac-

the families of relations. This category has all the categori-

cal structure of that we used in the semantics of this paper.
However, it is difficult to interpret the triple types such that
the memory allocatonew live in the category. Overcom-
ing this problem will be the focus of our research in this
direction.

Finally, we would like to extend the relational separation
logic [23] to higher-order, following the style of system R
[1], and we want to explore the Curry-Howard correspon-
dence of our type system with specification logic [16].
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