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Abstract. A static dictionary is a data structure for storing subsets of
a finite universe U, so that membership queries can be answered effi-
ciently. We study this problem in a unit cost RAM model with word
size £2(log |U|), and show that for n-element subsets, constant worst case
query time can be obtained using B 4+ O(loglog |U|) 4+ o(n) bits of stor-
age, where B = [log, (‘Z‘ﬂ is the minimum number of bits needed to

represent all such subsets. For |U| = nlogo(l) n the dictionary supports
constant time rank queries.

1 Introduction

Consider the problem of storing a subset S of a finite set U, such that membership
queries, “u € S?”, can be answered in worst-case constant time on a unit cost
RAM. Since we are interested only in membership queries, we assume that U =
{0,...,m — 1}. We restrict the attention to the case where elements of U can
be represented within a constant number of machine words. In particular it is
assumed that the usual RAM operations (including multiplication) on numbers
of size m®®) can be done in constant time.

Our goal will be to solve this data structure problem using little memory,
measured in consecutive bits (A part of the last word may be unused, and the
query algorithm must work regardless of the contents of this part). We express
the complexity in terms of m = |U| and n = |S|, and often consider the asymp-
totics when n is a function of m. Since the queries can distinguish any two
subsets of U, we need at least (’:) different memory configurations, that is, at
least B = [log ("")] bits (log is base 2 throughout this paper). Using Stirling’s
approximation to the factorial function, one can get (see [2]):
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For n = o(m) the dominant term is nlog ™, since (m —n)log ™ = O(n) (see
Lemma g). It should be noted that using space very close to B is only possible
if elements of S are stored implicitly, since explicitly representing all elements

requires nlogm = B + 2(nlogn) bits.

Previous Work

The (static) dictionary is a very fundamental data structure, and it has been
heavily studied. We will focus on the development in space consumption for
worst case constant time lookup schemes. A bit vector is the simplest possible
solution to the problem, but the space complexity of m bits is poor compared
to B unless n = m/2. During the 70’s, schemes were suggested which obtain a
space complexity of O(n) words, that is O(n logm) bits, for restricted cases (e.g.
“dense” or very sparse sets). It was not until the early 80’s that Fredman, Komlés
and Szemerédi (FKS) [5] found a constant time hashing scheme using O(n) words
in the general case. A refined solution in their paper uses B+O(n log n+log logm)
bits. Brodnik and Munro [?] construct a static dictionary using O(B) bits for any
m and n. In the journal version of this paper [3], they achieve B+ O(m)
bits.

No lower bound better than the trivial B bits is known without restrictions
on the data structure or the query algorithm (see [4], [X] and [L1]).

This Paper

The result of Brodnik and Munro is strengthened, bringing the additional term
of the space complexity, which we shall call the redundancy, down to o(n) +
O(loglogm) bits. The exact order of the bound, compared with a lower bound
on the redundancy of the solution in [3], is given in the table below?.
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We also show how to associate information from some domain to each element
of S (solving the partial function problem), with the same redundancy as above
in the sparse case, and O(n) bits in the dense case.

The main observation is that one can save space by “compressing” the hash
table part of data structures based on (perfect) hashing, storing in each cell not
the element itself, but only a quotient — information that distinguishes it from
the part of U that hashes to this cell. This technique, referred to as quotienting,
is described in Sect. 2, where a B + O(n + loglogm) bit scheme is presented.

3 The bounds given are asymmetric in the sense that if S is replaced by U\S we get
another bound although the problems obviously have the same difficulty. However,
for simplicity we focus on n < m/2 and leave the symmetry implications to the
reader.



For dense subsets another technique is used, building upon the ideas of range
reduction and a “table of small ranges” (both used in [3]). This results in a dic-
tionary, treated in Sect. 3, that supports rank queries. The rank query capability
is subsequently used in an improved solution for the non-dense case, described
in Sect. 4.

2 First solution

This section presents a static dictionary with a space consumption of B +
O(n+loglogm) bits. As mentioned in the overview, the compact representation
achieved stems from the observation that each bucket j of a hash table may be
resolved with respect to the part of the universe hashing to bucket j, which we
denote by A;. We phrase this in terms of injective functions on the A;. Consider
the lookup procedure of a dictionary using a perfect hash function h, and a table
T:

proc lookup(x)
return (T[h(x)]=x);
end

If q is a function which is 1-1 on each A; (we call this a quotient function), and
we let T’ [j1:=q(T[j1), then the following program is equivalent:

proc lookup’ (x)
return (T’ [h(x)]1=q(x));
end

Thus, given a description of g, it suffices to use the hash table T’. The gain is
that q may have a range significantly smaller than U (ideally q would enumerate
the elements of each A;), and thus fewer bits are needed to store the elements
of T’.

The FKS perfect hashing scheme [5] has a quotient function which is evalu-
able in constant time, and costs no extra space in that its parameters k, p and
a are part of the data structure already:

Gkp:u— (uwdivp) - [p/a] + (k- umod p) div a . (2)

Intuitively, this function gives the information that is thrown away by the modulo
applications of the scheme’s top-level hash function:

hip: v — (k-v mod p) mod a (3)

where p is prime and k, a positive integers. (So in fact gy, is 1-1 even on the
elements hashing to each bucket in the top level hash table). Since p = O(m) and
a = n in the FKS scheme, the range of g ;, has size O(m/n), so log * +O(1) bits
suffice to store each hash table element. We prove that g; , is indeed a quotient
function for Ay p:



Lemma 1. Let Aj(k,p) = {u € U | hgp(u) = j} be the subset of U hashing
to j. For any j, qrp is 1-1 on A;(k,p). Furthermore, gy »[U] C {0,...,7 — 1},
where r = [m/p] - [p/a].

Proof.  Let ui,us € A;(k,p). If g p(u1) = g p(uz) then vy divp = us divp
and (k-u; mod p) div a = (k-ug mod p) div a. By the latter equation and since
hip(u1) = hi p(us2), we have k- w1 mod p = k - ug mod p. Since p is prime and
k # 0 this implies u; mod p = us mod p. Since also u; div p = uy div p it must
be the case that u; = ug, s0 gk, is indeed 1-1 on A;(k,p). The bound on the
range of g, is straightforward. O

Schmidt and Siegel [9] show how to simulate the FKS hashing scheme in
a “minimal” version (i.e. the hash table has size n), using O(n + loglogm)
bits of storage for the hash function, still with constant lookup time. Their
top-level hash function is not (3), but the composition of two functions of this
kind, ' and h? (with quotient functions ¢* and ¢?). A corresponding quotient
function is u — (¢*(u),¢*(h*(u))), which has a range of size O(m/n). One can
thus get a space usage of nlog ™ + O(n) bits for the hash table elements, and
O(n + loglogm) bits for the hash function, so using (1) we have:

Proposition 2. The static dictionary problem with worst case constant lookup
time can be solved using B + O(n + loglogm) bits of storage.

3 Improvement for Dense Subsets

In this section we describe data structures which are more space efficient for
dense subsets than that of the previous section. They will support queries on the
ranks of elements (where the rank of w is defined as rank(u) = [{v € Slv < u}|).
Using rank queries it is possible to do membership queries; therefore we will call
the data structures presented static rank dictionaries.

Two solutions will be given. The first one has redundancy dependent on m,
n log2 logn )
logn

m loglogm
logm

bits, for m = logo(l) n.

namely O( ) bits. The second solution achieves redundancy O(

3.1 Block Compression

The initial idea is to split the universe into blocks U; = {b-4,...,b-(i+1)—1} of
size b = (% logm], and store each block in a compressed form. If a block contains
i elements from S, the compressed representation is the number 4 followed by a
number in {1,..., (f)} corresponding to the particular subset with i elements.
Extraction of information from a compressed block is easy, since any function
of the block representations can be computed by table lookup (the crucial thing
being that since representations have size at most % logm + loglog m bits, the
number of entries in such a table makes its space consumption negligible com-

pared to mlﬁ)gg# bits). Alternatively, assume that the RAM has instructions

to extract the desired information. Let n; = |[S N U;| and B; = [log (Tf )]. The

i



overall space consumption of the above encoding is >, B; + O( %). Let
s denote the number of blocks, s = O(m/logm). A lemma from [?] bounds the

above sum:
Lemma 3. The following inequality holds: ZZ o Bi < B+s.

Proof. 'We have Y ;_, 'B; < El 0 log( ) + s < B + s. The latter inequality

follows from the fact that H (n) is the number of sets having n; elements in

block i, which is a subset of all n-subsets in U. a
We need an efficient mechanism for extracting rank information from the

compressed representation. The following result contained in [i0] is used:

Proposition 4. A sequence of integers z1, . .., z, where |z;| = n°® and |24 —
zi| = logo(l) n can be stored in a data structure allowing constant time access,
and using O(kloglogn) bits of memory.

Proof.  Every lognth integer is stored “verbatim”, using a total of O(k) bits.
All other integers are stored as offsets of size logo(l) n relative to the previous
of these values, using O(kloglogn) bits in total. O

A sequence of pointers to the compressed blocks can be stored in this way, using
O(%) bits. Also, the rank of the first element in each block can be stored

like this. Ranks of elements within a block can be found by table lookup, as
sketched above. So we have:

Proposition 5. A static rank dictionary with worst case constant query time

can be represented using B + O(mlﬁjgg#) bits.

3.2 Interval Compression

Our first solution to the static rank dictionary problem has the drawback that the
number of compressed blocks (and hence the redundancy) grows almost linearly
with m. The number of compressed units can be reduced to O(%) for

m = nlogo( )n, by clustering suitable adjacent blocks together into intervals

of varying length (bounded by logo(l) m). This will reduce the space needed to
store the pointers to compressed units and the rank of the first element in each

unit to O(%) bits. Since the lengths of intervals are not fixed, we store

the starting positions of the intervals, using O(”kﬁi%) bits. Observing that
Lemma 3 is independent of the sizes of the compressed units, this will show:

Theorem 6. Form = nlogo(l) n, a static rank dictionary with worst case con-

2
stant query time can be represented using B + O(%) bits.

Let ¢ > 1 be a constant such that m < W We show how to partition

U into “small blocks” U; satisfying |S N U;| < 2c11c3gglzgn These blocks will be

the building stones of the intervals to be compressed. The main tool is the rank



dictionary of Prop. 5, which is used to locate areas with a high concentration
of elements from S. More specifically, split U into nloglogn blocks and store

the positions of the blocks which are not small, i.e. contain at least _logn

’ 2cloglogn

2cnloglogn
logn

2
this data structure is O(21251°") The part of the universe corresponding to the
logn

elements from S. Since at most blocks are not small, the memory for

non-small blocks has size at most %. The splitting into n loglogn blocks

is repeated for this sub-universe, and so on for ¢ — 1 steps, until the entire sub-
universe has size at most %, and hence all nloglogn blocks must be small.
This defines our partition of U into small blocks. Given v € U it takes time
O(e) to use the rank dictionaries to find the associated block number (blocks are
numbered “from left to right”, i.e. according to the elements they contain).

Note that every small block has size at most log® n/loglogn. We are interest-
ed in intervals (of consecutive small blocks) which are compressible, that is, can
be stored using % logn + O(loglog n) bits. Intervals of at most logn consecutive
small blocks, containing at most chlooé%gn elements of S, have this property by
(1). The “greedy” way of choosing such compressible intervals from left to right
results in O(%) intervals (note that for m = nlog?™ n this is optimal
since the entire compressed representation has size 2(n loglogn)). To map block
numbers into interval numbers we use Prop. 5, and the space usage is once a-
gain O(%) bits. Having found the intervals to compress, the construction
proceeds as that leading to Prop. 5.

4 Improvement for Non-dense Subsets

Section 2 gave a solution to the static dictionary problem with space usage
B + O(n + loglogm). To achieve redundancy sub-linear in n, we cannot use
the hash functions of [4], since the representation is §2(n) bit redundant (and
it is far from clear whether a minimal, perfect hash function can have o(n) bit
redundancy and be evaluable in constant time). Also, it must be taken care of
that o(1) bit is wasted in each hash table cell, that is, nearly all bit patterns in
all cells must be possible independently.

To use less space for storing the hash function, we will not require it to be
perfect, but only to be perfect on some sufficiently large subset of .S, which we
handle first. The rest of S may then be handled by a dictionary that wastes
more bits per element.

We will use the hash function (3). The family is indexed by k, p — the range
a will depend only on m and n. Parameter p, where p > a, will be chosen later.
The following result from [5] shows that it is possible to choose k such that hy
is “almost 1-1 on S” when hashing to a super-linear size table:

Lemma 7. If the map u — w mod p is 1-1 on S, there exists k, 0 < k < p,
such that hyp is 1-1 on a set Sy C S, where |S1| > (1 — O(%))|S].

Without loss of generality, we will assume S7 to be maximal, that is, kg ,[S1] =
hk7p[5]~



The idea will be to build two dictionaries: One for S; of Lemma 7, and one
for Sy = S\ S1. Lookup may then be accomplished by querying both dictionaries.
The dictionary for S; consists of the function Ay ;, given by Lemma 7, together
with an a-element “virtual” hash table (a = nlog® n to be determined). The
virtual table contains ny = |S1| non-empty cells; to map their positions into
n1 consecutive memory locations, we need a partial function defined on hg ,[S],
mapping bijectively to {1,...,n;}. The static rank dictionary of Theorem 6 is
used for this (two rank queries are used in order to determine if a cell is empty).
For a good estimate of the memory used, we show:

Lemma 8. B =nlog ™ + &5 — O(n?/m) — O(logn) .

Proof. By (1), it suffices to show the following;:

(m — n) log m”j - = % —O(n2/m) . (4)

We can assume n = o(m). The Taylor series In(1 — z) = — >, x'/i shows
In(1-1/z) = —1/2—1/22%—~O(z~3). Writing (m—n) log -2 = 2= In(1—n/m)

m—mn In2
and plugging in the above with x = m/n gives the result. a

n log2 Iogn) _

Thus, the memory for the rank dictionary is nq log nil + 15 +0( oz

nylog & + 5 + O(% +n?/a) bits.
We next show that the memory used for the hash table elements in the S
dictionary, nq[logr] bits, where r is the number defined in Lemma 1, can be

made close to nylog ”* by suitable choice of p and a.

Lemma 9. For any A with 3n < A = O(nlogn), there exists a prime p, 3A <
p=0(n?Inm), and a value of a, A/3 < a < A, such that:

1. The map u+— u mod p is 1-1 on S.
2. ni[logr] =nylog ™ + O(na/m + n'?/?') .

Proof.  'We first show how to make [logr] close to logr by suitable choice of a:

Sublemma 10. For any xz,y € Ry and z € N, with x/z > 3, there
exists 2’ € {z+1,...,3z}, such that [log[z/2'] +y]| < log(z/z') +y +
O(z/z+1/z).

Proof.  Since x/z > 3, it follows that log[£] + y and log[<Z] + ,
have different integer parts. So there exists 2/, z < 2’ < 3z, such that
[log[ %] +y] <log[ %5 |+y. A simple calculation gives log[ %5 | +y =
log 7% +y + O(z/x) = log Jrlog;z,z—_/1 +y+0(z/z) =log & +y +
O(z/x + 1/%), and the conclusion follows. O

Since logr = log[p/a] + log[m/p] and p/A > 3, the sublemma gives (for any p)
an a in the correct range such that [logr] =logr + O(a/p + 1/a).



Parameter p = O(n? Inn) is chosen such that u — u mod p is 1-1 on S, and such
that = is not much larger than m/a.

Sublemma 11. In both of the following ranges, there exists a prime p,
such that w+— uw mod p is 1-1 on S:

1. n21nm§p§3n2lnm .
2. m<p<m+mt?

Proof. The existence of a suitable prime between n? Inm and 3n?Inm
is guaranteed by the prime number theorem (in fact, at least half of the
primes in the interval will work). See [5, Lemma 2] for details. By [7]
the number of primes between m and m + m? is 2(m?/logm) for any
0 > 11/20. Take § = 12/21 and let p be such a prime; naturally the map
is then 1-1. a

A prime in the first range will be our choice when m > n%A, otherwise we choose
a prime in the second range. For an estimate of logr in terms of m, n and a, we
look at the two cases:

1. logr < log(%(l—i—%—l—%)) = log(m/a)+O(a/p+p/m) =log(m/a)+O(1/n) .
2. logr = log[p/a] < log[%W} <log(Z(1+ & +m~921)) = log(m/a) +

O(a/m +m=9/21)

This, together with [logr] = logr + O(a/p+1/a), shows that the n; hash table
entries use n log(m/a) + O(na/m + n'?/?1) bits. O

For the choices of k, p and a given by Lemmas 7 and Y, we can now compute
the total space consumption for the S; dictionary:

— O(logn + loglogm) bits for the k, p and a parameters, and for various

pointers (the whole data structure has size < nlogm bits).
2
— nylog & 4+ %5 + O(% +n?/a) bits for the “virtual table” mapping.

— nilog ™ + O(22 + n'2/21) bits for the hash table contents.

This adds up to n1 log 2 + {4 + O(% 4 na 4 nlog?logn 4 100160 4m) bits.

m logn

The S5 dictionary is implemented using the refined FKS dictionary [5] with a
space consumption of ny log +0O(n2 log n+loglogm) = nylog ™ —&—O("Qa# +
log log m) bits. Thus, the total space usage of our scheme is:

nlogm—i—i—i—O

n IOgTL a 1()g 1()g

+ log log m> bits. (5)
m logn

By Lemma ¥ this is

2] log®1
noogh | ha  T0B 08T log log m) bits. (6)
m logn

5o

We now get the main theorem:



Theorem 12. The static dictionary problem with worst case constant lookup
time can be solved with storage:

1. B+ O(nlog®logn/logn + loglogm) bits, for n < m/loglogm .
2. B+O(m1"ﬁ){%) bits, for n > m/loglogm .

Proof. In case 1 use the rank dictionary of Theorem 6 when m < nlog®n, and
choose A = ©(nlog®n) in the above construction when m > nlog®n. In case 2
use the rank dictionary of Prop. 5. O

We have not associated any information with the elements of our set. The
technique presented in this section extends to storing a partial function defined
on S, mapping into a finite set V' (whose elements are representable within O(1)
words). The information theoretical minimum is then BV = [log (") + nlog [V]],
and for m = Q(nlog3 n) we get the exact same redundancy as in Theorem 12.
The data structure is a simple modification of that described in this section; the
size a of the virtual hash table is chosen such that the information packed in a
hash table cell (quotient and function value) comes from a domain of size close
to a power of 2. In the dense range, the rank dictionary can be used to index
into a table of function values, but in general £2(n) bits will be wasted in the
table since |V| need not be a power of 2.

Theorem 13. The static partial function problem with worst case constant lookup
time can be solved with storage:

1. BY + O(nlog®logn/logn + loglogm) bits, for n < m/log®m .
2. BY 4+ O(n) bits, for n >m/log®m .

By using the dictionary of Prop. 2 to store Sy and choosing a smaller in the data
structure of described in this section, it is possible to achieve redundancy o(n)
when n = o(m).

5 Conclusion and Final Remarks

We have seen that for the static dictionary problem it is possible to come very
close to using storage at the information theoretic minimum, while retaining
constant lookup time. From a data compression point of view this means that a
sequence of bits can be coded in a number of bits close to the first-order entropy,
in a way which allows efficient random access to the original bits.

The important ingredient in the solution is the concept of quotienting. Thus,
the existence of an efficiently evaluable corresponding quotient function is a
good property of a hash function. It is also crucial for the solution that the hash
function used hashes U quite evenly to the buckets.

Quotienting works equally well in a dynamic setting, where it can be used
directly to obtain an O(B) bit scheme. However, lower bounds on the time
for maintaining ranks under insertions and deletions (see [A]) show that our
constructions involving the rank dictionary will not dynamize well.



It has not been described how to build the dictionary. It is, however, relatively
straightforward to design a randomised algorithm which uses expected O(n +
p(n,m)) time, where p(n,m) is the expected time required for finding a prime
in the range specified by Sublemma 11. By [1] we have that p(n,m) = (logn +
log log m)°M.

It would be interesting to determine the exact redundancy necessary to al-
low constant time lookup. In particular, it is remarkable that no lower bound is
known in a cell probe model (where only the number of memory cells accessed is
considered). As for upper bounds, a less redundant way of mapping the elements
of the virtual table to consecutive memory locations would immediately improve
the asymptotic redundancy of our scheme. The idea of finding a replacement for
the Ay, hash function, which can hash to a smaller “virtual table” or be 1-1 on
a larger subset of S will not bring any improvement, because of a very sharp rise
in the memory needed to store a function which performs better than hy .
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