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Struture of the Course
1. Basi Conepts; Bit Vetors and Stati Ditionaries;2. Trees; Graphs;3. Permutations; Funtions;4. Strings; Binary Relations;5. Labeled Objets; Overview;Talk From Sorting to Compression

4/ 39ForewordWarning

◮ Not a speialist.

◮ Not tehnially inlined.

◮ Five Sessions is very short.Why do I give those letures?

◮ Teahing = learning better.

◮ Did not �nd a good (English) tutorial.

◮ Suint Data Strutures get to be pratial.
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What you should get from it
◮ List of useful referenes;
◮ Seletion of tehnial examples;
◮ Some general ulture about tehniques to apply to yourproblem.
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Suint Data StruturesWhy?(Old) Seondary Memory arguments
◮ Mahines run faster,
◮ Memory gets larger,
◮ Aess gets slower.More spei�ally
◮ Lower bounds (e.g. Beame and Fih (1999))
◮ Provably optimal (e.g. Golynski (2007))
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Suint Data StruturesHow?

◮ An objet hosen among N is optimally enoded by ⌈lgN⌉bits, but rarely usable as suh (e.g. trees).

◮ We explore the relation between:

◮ Spae to ode;

◮ Spae to represent;

◮ Time to preompute the representation;

◮ Time to navigate and searh.

◮ What is the smallest amount of spae and timeneeded to preompute a representation allowing tonavigate and searh suh an objet?
10/ 39Suint Data StruturesExample: ordinal trees

◮ 2n − Θ(lg n) bits to ode an ordinal tree;

◮ Using pointers

◮ 4n lg n ≈ 128× n bits represents

◮ and navigates it in onstant time,

◮ with O(n) preproessing time.

◮ Using tehniques from [Sadakane (2008)℄

◮ 2n + n/ lg n ∈ 2n + o(n) bits (< 3n in pratie) represents

◮ and navigates and searhes it in onstant time,

◮ with O(n) preproessing time.(All results in a θ(lg n) bits arhiteture.) 11/ 39
Suint Data StruturesWhat?

◮ An objet hosen among N is optimally oded by ⌈lgN⌉ bits,but rarely usable as suh (e.g. trees).

◮ What is the smallest amount of spae and time needed torepresent, navigate and searh suh an objet?

◮ Several type of answers:
◮ A Suint Enoding uses ⌈lgN⌉ + o(lgN) bits for everything;

◮ A Suint Index uses o(lgN) bits and aess to theunmodi�ed data;
◮ An Ultra-Suint Enoding uses H(I ) + o(lgN) bits toompress the data;
◮ A Self-Index uses O(H(I )) bits to ompress and index the data;Note that:

◮ Suint Enoding ⇐ Suint Index ⇐ Compressed Index;

◮ Suint Enoding ⇐ Compressed Self Index. 12/ 39



Ditionary ADT (from CS240, Waterloo)

◮ Container of key-element pairs
◮ Required operations:

◮ insert( k,e ),
◮ remove( k ),
◮ find( k ),
◮ isEmpty().

◮ When an order is provided:
◮ losestKeyBefore( k ),
◮ losestElemAfter( k ),
◮ rank(k): nb. of values smaller than k in the set,
◮ selet(r): r -th smallest number in the set.Note: No dupliate keys 14/ 39

Spei� Ditionary ADTs and their DS
15/ 39Notes on Computation Model

◮ Ditionaries and Sets are implemented (almost) identially.
◮ Fous on stati data strutures and operators

◮ losestKeyBefore( k ), losestElemAfter( k )
◮ rank(k), selet(r).

◮ Advaned implementations address the other operations.

◮ We will onsider the Θ(lg n)-RAM model, where operations on

Θ(lg n) bits are supported in onstant time.
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Ditionary as Bit VetorString Suint Enodings support

◮ bin_rank(α, x): nb. of α-ourrenes before pos. x ;

◮ bin_selet(α, r): position of r -th α-ourrene.Example: 0 0 0 1 0 0 0 1 0 0

◮ bin_rank(1, 6) = ?1
◮ bin_selet(1, 2) = ?8
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General TehniqueSummaries of Summaries
◮ Preompute (and ode) the funtion for a small seletion ofvalues;
◮ For some in-between values, ode the di�erene;
◮ For the smallest sequenes of left in-between values, use agreedy approah.Bender and Farah-Colton (2004) gave a verynie writing of the tehnique. Even though theywere not aiming at suint data struture butrather small preomputing time, they ahievethe same goal, and explain it in a nie inre-mental way. 18/ 39

Spei� TehniqueBasis

◮ Binary Rank through reursive de�nition of the bit vetor insuperblos and blos;

◮ Binary Selet through reursive de�nition of the parameterspae in sparse and dense blos.Further Improvements

◮ Raman et al. (2002) showed how toompress to the binary entropy.

◮ Golynski (2006) redued the spaerequired through the ommon use ofounting index. 19/ 39Binary Entropy
if there are n0 zeroes and n1 ones in a bit vetor B(n0 + n1 = n = |B |)

H0(B) =

n0n lg nn0 +

n1n lg nn1

=

1n lg( nn0) + O ( lg nn )
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HomeworkBalaned Parenthesis: (()())

◮ How does this relate to bit vetors?

◮ What kind of operators would you support on it?

◮ How do you support them?Ordinal trees
◮ How does this relate to BP?
◮ What kind of operators would you support on it?
◮ How do you support them?
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