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Abstract. When BDDs are used for propagation in a constraint solver
with nogood recording, it is necessary to find a small subset of a given
set of variable assignments that is enough for a BDD to imply a new
variable assignment. We show that the task of finding such a minimum
subset is NP-complete by reduction from the hitting set problem. We
present a new algorithm for finding such a minimal subset, which runs in
time linear in the size of the BDD representation. In our experiments, the
new method is up to ten times faster than the previous method, thereby
reducing the solution time by even more than 80%. Due to linear time
complexity the new method is able to scale well.

1 Introduction

Many useful functions have compact Binary decision diagram (BDD) [1] repre-
sentations. Hence, the BDDs has attracted attention as a constraint representa-
tion [2–8]. The BDDs have been used in many applications, including: verifica-
tion, configuration and fault-tree analysis.

The nogood recording [9, 10] is a technique in constraint solvers to find a
subset of the variable assignments made upto a dead-end in a search tree, such
that the found subset could independently lead to dead-ends. By recording such
subsets called nogoods and by preventing similar assignment patterns, the search
effort can be drastically reduced.

For a given set of variable assignments X , if the propagation of X in a
constraint c implies a variable assignment (v := a), denoted X ∧ c ⇒ (v := a),
then a reason R is a subset of X , such that R ∧ c ⇒ (v := a). Finding small
reasons is essential for nogood recording. The nogood recording plays a major
part in the successful SAT solvers. The adoption of the nogood recording in
general constraint solvers requires efficient methods for finding small reasons in
every important constraint representation, including BDDs.

This paper focuses on finding small reasons in BDDs. We show that the task
of finding a minimum-sized reason in BDDs is NP-complete by reduction from
the hitting set problem. We also present a new algorithm for finding minimal-
sized reasons, which runs in time linear in the size of the BDD representation.
We then empirically demonstrate the usefulness of the new algorithm over a
previous method. In our experiments, the new method scales better, and is upto
10 times faster than the previous one.



2 Definitions

2.1 The Constraint Satisfaction Problem

A constraint satisfaction problem (CSP) instance is a triple (V, D, C), where V
is a set of variables, D is a set of finite domains, one domain di ∈ D for each
variable vi ∈ V , and C is a set of constraints. Each constraint ci ∈ C is a pair
of the form (si, ri), where si ⊆ V and ri is a relation over the variables in si.

An assignment X is a set like {vx1
:= ax1

, vx2
:= ax2

, . . . , vx|X|
:= ax|X|

}. The
variable assignment (vxi

:= axi
) fixes the value of vxi

to axi
, where axi

∈ dxi
.

An assignment X is full if |X | = |V |, partial otherwise. A solution to a CSP is
a full assignment S, such that for any constraint (si, ri) ∈ C, the assignment S
restricted to si belongs to the relation ri, i.e., S|si

∈ ri. For a given assignment X ,
a constraint ci implies a variable assignment (v := a), denoted X∧ci ⇒ (v := a),
if every tuple in the relation ri containing X|si

also contains (v := a).

2.2 The Binary Decision Diagrams

A reduced ordered binary decision diagram (BDD) [1] is a directed acyclic graph

with two terminal nodes, one marked with 1 (true) and the other with 0 (false).
The Figure 2 (a) and Figure 3 (a) show two example BDDs.

Each non-terminal node n is associated with a Boolean variable var(n). Each
node n has two outgoing edges, one dashed and another solid. The occurrence
of variables in any path has to obey a linear order. Also, isomorphic subgraphs
will be merged together, and a node n with both its outgoing edges reaching the
same node nc will be removed with all the incoming edges of n made to reach
nc directly. A BDD will be represented by its root node. The size of a BDD b,
|b|, is the number of non-terminal nodes. For a given BDD, the term solid(n1)
evaluates to n2 iff (n1, n2) is a solid edge in the BDD. Similarly, dashed(n1)
evaluates to n2 iff (n1, n2) is a dashed edge.

The variable assignment corresponding to an edge (n1, n2) is (var(n1) := a),
where a = true iff n2 = solid(n1). Consider a path p =< n1, n2, . . . , nl > in a
BDD with nl = 1, from a node n1 to the 1-terminal. The assignment Xp cor-

responding to the path p is Xp = {(var(ni) := a) | 1 ≤ i ≤ (l − 1), (ni+1 =
solid(ni)) ⇔ (a = true)}. The Xp is the set of the variable assignments corre-
sponding to each edge in the path. The path p is a solution path if n1 = b and
nl = 1, i.,e, starts from the root node.

A BDD b represents a Boolean function f iff for any solution S to f , there
exists a solution path p in b, such that Xp ⊆ S. We may denote the function
represented by a BDD b by b itself. If S is a solution of f , we may specify S ∈ f .
The set of solutions Sp corresponding to a solution path p is Sp = {S | Xp ⊆
S, S ∈ b}. We denote (v := a) ∈ p to specify that there exists a S ∈ Sp such
that (v := a) ∈ S. Similarly, we denote X ∈ p if there exists a S ∈ Sp such that
X ⊆ S. Note, (v := a) ∈ p mentions that either there occurs an edge (ni, ni+1)
in p whose corresponding assignment is (v := a), or there is no node ni in the
path p such that var(ni) = v.
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Although a BDD representing a Boolean function could be exponential in
the number of variables in the function, for several practically useful functions
the equivalent BDDs are of small size. Hence, the BDDs have found widespread
usage in several applications.

2.3 Representing Constraints Using BDDs

To simplify the presentation, we assume that all the variables in a given CSP have
Boolean domain. Given a general CSP, we can encode it using Boolean variables.
For example, using the log-encoding method, a non-Boolean variable v ∈ V with
domain d can be substituted by ⌈log |d|⌉ Boolean variables, matching each value
in d to a unique assignment of the introduced ⌈log |d|⌉ Boolean variables.

Each constraint ci ∈ C is hence a Boolean function defined over si, with the
function mapping an assignment for si to true iff the assignment belongs to ri.

For X = {vx1
:= ax1

, vx2
:= ax2

, . . . , vx|X|
:= ax|X|

}, the Boolean function
obtained by the conjunction of the variable assignments in X is also denoted
by X , i.e., X =

∧
1≤i≤|X|(vxi

= axi
), which will be clear from the context.

Given a CSP with several constraints, some of the constraints’ function might
be represented by compact BDDs. The BDDs of some of the constraints might
result in obtaining helpful inferences to speed-up the constraint solver. Hence,
the BDDs has attracted attention as a constraint representation [2–8].

2.4 The Nogoods

A nogood [9, 10] of a CSP is a partial assignment N , such that for any solution
S of the CSP, N * S. Hence, a nogood N cannot be part of any solution to the
CSP. In a typical constraint solver, an initial empty assignment X = {} will be
extended by both the branching decisions and the variable assignments implied

by the decisions, and the partial assignment X will be reduced by the backtrack-

ing steps. The extensions and reductions will go on until either X becomes a
solution or all possible assignments are exhausted.

A backtracking step occurs when the assignment X cannot be extended to
a solution. The nogood recording, if implemented in a constraint solver, will
be invoked just before each backtracking step. The nogood recording involves
finding and storing a subset N of the partial assignment X, such that N is a
nogood. Such nogoods can be used to prevent some bad branching choices in the
future and hence speed-up the solution process. This paper focuses on a building
block of nogood recording and can be understood independently. We refer the
interested reader to [9–12, 7] for details on the whole nogood recording process.

2.5 The Reasons for Variable Assignment

A building block of nogood recording is to find a small subset R of an assignment
X that is a reason for the implication of a variable. If X ∧ c ⇒ (v := a), then
the reason R is a subset of X , R ⊆ X , such that R∧ c ⇒ (v := a). Heuristically,
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smaller sized reasons are preferred, since that would lead to smaller nogoods
resulting in better pruning. We show that when a BDD represents a constraint,
the task of finding a minimum sized reason is NP-complete. We also show that
a minimal sized reason can be found in time linear in the size of the BDD.

Given a BDD b, an assignment X and (v := a) such that X ∧ b ⇒ (v := a),
let Rall = { R | R ⊆ X, R∧b ⇒ (v := a)}. The set Rall contains all the reasons.

Now, we formally define the problems for finding minimum and minimal
reasons in BDDs. We specify the decision version for the minimum problem.
MINIMUM BDD-REASON :
Input : A BDD b, an assignment X , and (v := a), such that X ∧ b ⇒ (v := a)
and a positive integer K.
Output : Yes, if there is a R, such that R ∈ Rall, and |R| ≤ K. No, otherwise.
MINIMAL BDD-REASON :
Input : A BDD b, an assignment X , and (v := a), such that X ∧ b ⇒ (v := a).
Output : R, such that R ∈ Rall, and ∀R′ ∈ Rall. if R′ ⊆ R then R = R′.

3 The MINIMUM BDD-REASON is Intractable

We prove that MINIMUM BDD-REASON is NP-complete by using reduction
from the HITTING SET problem.
HITTING SET [13]:
Input : A collection Q of subsets of a finite set P , and a positive integer K ≤ |P |.
Output : Yes, if there is a set P ′ with |P ′| ≤ K such that P ′ contains at least
one element from each subset in Q. No, otherwise.

Lemma 1. A relation r with q tuples, defined over k Boolean variables, can be

represented by a BDD of size at most qk nodes.

Proof. If the BDD b represents the relation r, then there will be exactly q solu-
tions in b, one for each tuple in r. Since representing each solution by b requires
at most k nodes, there will be at most qk non-terminal nodes in b. ⊓⊔

Lemma 2. Given a BDD m of a function over the variables in {b1, b2, . . . , bk},
using the order b1 < b2 < . . . < bk, if m ⇒ (bk := false) then the size of the

BDD m′ representing m ∨ (bk = true) is |m|.

Proof. Since the variable bk is at the end of the variable order, given m we can
obtain m′ by just the following two steps.

1. Add a new node n′ with var(n′) = bk. The dashed edge of n′ will reach the
0-terminal and the solid edge will reach the 1-terminal. The n′ represents
the function (bk = true). Now, for each dashed (resp. solid) edge of the form
(n, 0) for any node n, where n 6= n′, replace the dashed (resp. solid) edge
(n, 0) with a new dashed (resp. solid) edge (n, n′).

2. There will be only one n′′ such that var(n′′) = bk and n′′ 6= n′, representing
the function (bk = false), otherwise m ⇒ (bk := false) is not possible.
Remove n′′ and make the incoming edges of n′′ to reach the 1-terminal.
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Exactly one node n′ is added and one node n′′ is removed. Hence, |m′| = |m|. ⊓⊔

Theorem 1. The MINIMUM BDD-REASON is NP-complete.

Proof. The problem is in NP, as we can quickly check the correctness of any R.
Now, we reduce the HITTING SET problem into MINIMUM BDD-REASON.

Let the set P = {p1, p2, . . . , p|P |}, Q = {q1, q2, . . . , q|Q|} with qi ⊆ P and an
integer K define an instance of the HITTING SET problem.

b1 b2 . . . b|P | b|P |+1

a11 a12 . . . a1|P | false

a21 a22 . . . a2|P | false

. . . . . . .

. . . . . . .

. . . . . . .
a|Q|1 a|Q|2 . . . a|Q||P | false

Fig. 1. The relation r.

Let r be a relation defined over
the |P | + 1 Boolean variables in the
set {b1, b2, . . . , b|P |+1}. The Figure 1
shows the structure of the relation r.
There will be |Q| rows in r. The row
i of r will correspond to the qi ∈ Q.
Let the Boolean term aij be false iff
pj ∈ qi.

The row i of the relation r will contain the tuple (ai1, ai2, . . . , ai|P |, false). Let
the BDD br represents the function of r, using the order b1 < b2 < . . . < b|P |+1.
Let the BDD b′ represents the function (b|P |+1 = true). The b′ is trivial with
just one non-terminal node. Let the BDD b represents br ∨ b′, i.e., b = br ∨ b′.
Let X = {b1 := true, b2 := true, . . . , b|P | := true}.

By the definition of r, in each solution S of br the b|P |+1 takes false value.
Also, if S is a solution of b′, then b|P |+1 takes true value in S. Due to the different
values for b|P |+1, the solutions of br and b′ are disjoint. So for any S ∈ b, either
S ∈ br or S ∈ b′, but not both.

For any qi ∈ Q, |qi| ≥ 1, therefore, for each row i of r there exists a pj ∈ qi

such that aij = false. So, for any S ∈ b, S ∈ br implies that there exists an i,
1 ≤ i ≤ |P |, such that aij = false, and hence bi takes false value in S. As, for
1 ≤ i ≤ |P |, bi takes true in X , X ∧ br is false. So, X ∧ b = X ∧ b′ and since
b′ = (b|P |+1 = true), X ∧ b ⇒ (b|P |+1 := true).

So, the assignment X , the BDD b, the variable assignment (b|P |+1 := true)
and the integer K define an instance of the MINIMUM BDD-REASON problem.

So given a HITTING SET instance (P, Q, K), we can obtain a corresponding
instance of MINIMUM BDD-REASON defined by (X, b, (b|P |+1 := true), K).

We now have to show that given (P, Q, K), we can obtain (X, b, (b|P |+1 :=
true), K) in polytime and also that the output to (X, b, (b|P |+1 := true), K) is
Yes iff the output for (P, Q, K) is Yes.

To show that we can obtain (X, b, (b|P |+1 := true), K) in polytime, we just
have to show that we can obtain b in polytime. By Lemma 1, |br| is bounded by
|Q|(|P |+ 1). Also, by Lemma 2, |b| which is equivalent to br ∨ (b|P |+1 = true) is
at most |br|. Hence, we can obtain (X, b, (b|P |+1 := true), K) in polytime.

Now, we just have to show that the instance (P, Q, K) has the Yes output
iff the instance (X, b, (b|P |+1 := true), K) has the Yes output.
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(⇒): Let P ′ = {pt1 , pt2 , . . . , pt|P ′|
}, where 1 ≤ ti ≤ |P |, be an answer

for the Yes output of (P, Q, K). Then consider R to be {bt1 := true, bt2 :=
true, . . . , bt|P ′|

:= true}. We show that R ∧ b ⇒ (b|P |+1 := true), which proves

the (⇒) case.
Since P ′ is a Yes answer, by definition, for each row i of r, there will be

a j, such that pj ∈ P ′ and (aij = false). So for each row i, there will be a j,
such that (aij = false) and bj takes true value in R. Hence, the solution S ∈ br

corresponding to any row i cannot be a solution of R∧br. So, R∧br = false, which
implies R∧ b = R∧ (br ∨ b′) = ((R∧ br)∨ (R∧ b′)) = ((false)∨ (R∧ b′)) = R∧ b′.
Since, (R∧ b′) ⇒ (b|P |+1 := true), R∧ b ⇒ (b|P |+1 := true). Hence the (⇒) case.

(⇐): Let R = {br1
:= true, br2

:= true, . . . , br|R|
:= true} be a solution for

the Yes answer of (X, b, (b|P |+1 := true), K). Let P ′ = {pr1
, pr2

, . . . , pr|R|
}. We

have to show that P ′ has at least one element pj ∈ qi for each qi ∈ Q.
Since R ∧ b ⇒ (b|P |+1 := true), b′ ⇒ (b|P |+1 := true) and br ⇒ (b|P |+1 :=

false), R ∧ br = false. So, there is no solution S such that S ∈ (R ∧ br).
For each row i of the relation r there exists a j such that (aij = false) and

(bj := true) ∈ R. Otherwise, i.e., if there does not exist such a j for a row i
then, the solution S corresponding to the row i belongs to (R ∧ br), which is a
contradiction to R ∧ br = false.

So, for each row i, there exists a j such that (aij = false) and (bj := true) ∈ R,
hence, pj ∈ qi and pj ∈ P ′, which proves the (⇐) case. ⊓⊔

4 A Linear-Time Algorithm for MINIMAL BDD-REASON

A dashed edge (n1, n2) in a BDD b is a conflicting edge with respect to an
assignment X if (var(n1) := true) ∈ X . Similarly, a solid edge (n1, n2) in b is a
conflicting edge with respect to X if (var(n1) := false) ∈ X .

Suppose X ∧ b ⇒ (v := a), then the removal of all the conflicting edges
w.r.t X in b will result in removing each solution path p with (v := ¬a) ∈ p.
Otherwise, there will be a p such that X ∈ p and (v := ¬a) ∈ p, which is a
contradiction to X ∧ b ⇒ (v := a).

Example 1 Consider the BDD b in the Figure 2 (a) and the assignment
X = {v := true, x := true, z := false}, then X ∧ b ⇒ (y := true). Hence, the
removal of the conflicting edges, as shown in the Figure 2 (b), removes every
solution path p with (y := false) ∈ p.

Example 2 Consider the BDD b in the Figure 3 (a) and the assignment
X = {v := false, w := true, y := false}, then X ∧ b ⇒ (x := false). Hence, the
removal of the conflicting edges, as shown in the Figure 3 (b), removes every
solution path p with (x := true) ∈ p.

Suppose X ∧ b ⇒ (v := a), a conflicting edge (n1, n2) is a frontier edge if
there exists a solution path p using (n1, n2), such that (v := ¬a) ∈ p, and the
subpath of p from n2 to the 1-terminal does not use any conflicting edge.

In any solution path p with (v := ¬a) ∈ p, the frontier edge is the conflicting
edge nearest to the 1-terminal. Hence, removal of all the frontier edges will result
in removing every solution path with (v := ¬a). Otherwise, there will exist a
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Fig. 2. Example 1, X∧b ⇒ (y := true). (a) The BDD b, (b) The BDD b without the conflicting
edges w.r.t X, (c) The BDD b without the frontier edges.
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Fig. 3. Example 2, X∧b ⇒ (x := false). (a) The BDD b, (b) The BDD b without the conflicting

edges w.r.t X, (c) The BDD b without the frontier edges, (d) The BDD b without the conflicting
edges w.r.t R = {(v := false), (w := true)}.

solution path p without using any frontier edge, such that (v := ¬a) ∈ p, which
is a contradiction to X ∧ b ⇒ (v := a). The Figure 2 (c) and Figure 3 (c)
show the BDDs of the two examples without just the frontier edges. In both the
cases, the removal of the frontier edges removes every solution path p with the
corresponding variable assignment.

The idea of our minimal reason algorithm is to first find the frontier edges.
Then, to find a subset of the frontier edges such that the inclusion of the variable
assignments conflicting the subset in R will ensure that R∧ b ⇒ (v := a) and R
is minimal.

In the Example 1, as in the Figure 2 (c), all the frontier edges conflict with just
(x := true). Hence, the set R = {(x := true)} is such that R ∧ b ⇒ (y := true).

In the Example 2, as in the Figure 3 (c), each assignment in X has a frontier
edge. There is only one solution path with a frontier edge of (y := false). Also,
in that path there is a conflicting edge of (w := true). Hence, the inclusion of
(w := true) in R will make the frontier edge of (y := false) redundant. So, if
(w := true) ∈ R then (y := false) need not belong to R. This results in a minimal
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reason R = {(v =: false), (w := true)}. The Figure 3 (d) shows the BDD b for the
Example 2 after removal of the conflicting edges w.r.t. R = {(v := false), (w :=
true)}. It can be observed that all the solution paths with (x := true) are removed
in the figure. Also, the set R is minimal, since for any R′ ( R, there exists a
solution path p in the BDD b, with both R′ ∈ p and (x := true) ∈ p.

The idea of our algorithm is hence to find the frontier edges first. Then to
look at the frontier edges, in the order of their variables, and decide on the
inclusion of a matching variable assignment in R if it is necessary to remove a
solution path.

The Figure 4 presents the MinimalReason procedure. The MinimalReason

uses the FindFrontier procedure in Figure 5 to mark the nodes with an outgoing
frontier edge. The assumptions made in presenting the procedures are:

1. The BDD b represents a function defined over the k Boolean variables in the
set {b1, b2, . . . , bk}, using the variable order b1 < b2 < . . . < bk. We assume
X ∧ b ⇒ (v := a) where v = bi for an i, 1 ≤ i ≤ k.

2. The visited, reach1, and frontier are three Boolean arrays, indexed by the
nodes in the BDD b. The entries in the three arrays are initially false.

3. The reachedSet is an array of sets indexed by the variables in the BDD. The
entries in the reachedSet array are initially empty sets.

4. The set VX denotes the variables in X , i.e., VX := {bi | (bi := a′) ∈ X}.

The procedure FindFrontier visits all the nodes in the BDD b in a depth first
manner and if an edge (n1, n2) is a frontier edge, then sets the entry frontier[n1]
to true. The procedure uses the visited array to make sure it visits a node only
once. At the end of the procedure, the entry reach1[n] is true iff there exists
a path from n to the 1-terminal without using a conflicting edge or an edge
corresponding to (v := a).

The lines 1-2 of the MinimalReason procedure appropriately initializes the
reach1 and visited entries for the two terminal nodes and makes a call to Find-

Frontier. The lines 1-3 of the FindFrontier procedure ensure that a node is visited
only once and the child nodes are processed first. In the case (var(n) = v) at
line-4, based on the value of ’a’ the procedure appropriately sets reach1[n], ignor-
ing the edge corresponding to (v := a). Since we are just interested in removing
solution paths with (v := ¬a), we can ignore the edge corresponding to (v := a).
In the case (var(n) /∈ VX) at line-9, the procedure sets the reach1[n] to true if
any of the child nodes of n has true entry in reach1. The lines 12-13 correspond
to the case where var(n) ∈ VX , in which an outgoing edge of the node n could be
a frontier edge. Based on the value var(n) takes in X and the reach1 entries of
the child nodes, the procedure decides whether frontier[n] is true or not. Note,
the value frontier[n] becomes true if an outgoing edge of the node n is a frontier
edge.

At the end of the first recursive call made to FindFrontier at the line-2 of
MinimalReason, all the nodes with an outgoing frontier edge are identified by
the entries in the frontier array. At the line-3 of the MinimalReason procedure,
the set reachedSet[var(b)] is assigned a set with just the root node. At the end
of MinimalReason, if a node n belongs to the set reachedSet[var[n]], then it
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MinimalReason (X, b, (v := a))
1 : reach1[0] := false ; reach1[1] := true ; visited[0] := true ; visited[1] := true
2 : FindFrontier(b)
3 : reachedSet[var(b)] := {b} ; R = { } ; T := {0, 1} // T - terminal nodes
4 : for i := 1 to k // i.e., for each variable bi

5 : foundFrontier := false
6 : for each n ∈ reachedSet[bi]
7 : if (frontier[n]) foundFrontier := true
8 : if (foundFrontier)
9 : if ((bi := true) ∈ X)
10: R.Add((bi := true))
11: for each n ∈ reachedSet[bi]
12: if (solid(n) /∈ T ) reachedSet[var(solid(n))].Add(solid(n))
13: else // i.e., ((bi := false) ∈ X)
14: R.Add((bi := false))
15: for each n ∈ reachedSet[bi]
16: if (dashed(n) /∈ T ) reachedSet[var(dashed(n))].Add(dashed(n))
17: else // i.e., (foundFrontier = false)
18: for each n ∈ reachedSet[bi]
19: if (solid(n) /∈ T ) reachedSet[var(solid(n))].Add(solid(n))
20: if (dashed(n) /∈ T ) reachedSet[var(dashed(n))].Add(dashed(n))
21: return R

Fig. 4. The MinimalReason Procedure.

FindFrontier (n)
1 : visited[n] := true
2 : if (¬visited[solid(n)]) FindFrontier(solid(n))
3 : if (¬visited[dashed(n)]) FindFrontier(dashed(n))
4 : if (var(n) = v)
5 : if (a)
6 : if (reach1[dashed(n)]) reach1[n] := true
7 : else // i.e., (a = false)
8 : if (reach1[solid(n)]) reach1[n] := true
9 : else if (var(n) /∈ VX)
10: if (reach1[dashed(n)] ∨ reach1[solid(n)]) reach1[n] := true
11: else // i.e., var(n) ∈ VX

12: if((var(n) := true) ∈ X)
13: if (reach1[dashed(n)]) frontier[n] := true
14: if (reach1[solid(n)]) reach1[n] := true
15: else

16: if (reach1[solid(n)]) frontier[n] := true
17: if (reach1[dashed(n)]) reach1[n] := true

Fig. 5. The FindFrontier Procedure.

means the node n could be reached from the root node b without using any
conflicting edge w.r.t R, where R is the output minimal reason. At the line-3 of
the procedure, the set R is initialized to be empty and T is initialized to a set

9



with both the terminal nodes. At the line-4, the procedure starts to loop over
each variable in the BDD, in the variable order. During each loop, if any node n
belongs to the reachedSet[var(n)] with (frontier[n] = true), then the procedure
adds the assignment of var(n) in X to R and ignores the child node of n which
can be reached by the frontier edge of n by not adding it to the reachedSet. In
the case there was no frontier node in reachedSet[bi], then the lines 18-20 adds
both the child nodes of each n ∈ reachedSet[bi] to the reachedSet if they are
not terminal nodes. At the line-21, the procedure returns the obtained minimal
reason R, such that R ∧ b ⇒ (v := a).

Lemma 3. If (nf , nf+1) is a frontier edge, then the FindFrontier results in

frontier[nf ] = true.

Proof. Let a solution path p for which (nf , nf+1) is a frontier edge be p =<
n1, n2, . . . , nf , nf+1, . . . , nl >, where n1 = b and nl = 1. We know (v := ¬a) ∈ p.

It can be observed that the FindFrontier procedure ensures that, for f <
j ≤ l, reach1[nj ] = true. Since nl = 1, this trivially holds for nl, as initialized at
the line-1 of the MinimalReason procedure. For f < j < l, the edge (nj , nj+1)
is not a conflicting edge by frontier edge definition, also (nj , nj+1) does not
correspond to the assignment (v := a) as (v := ¬a) ∈ p. Hence, for f < j < l,
the FindFrontier procedure ensures that reach1[nj+1] ⇒ reach1[nj ]. Therefore,
for f < j ≤ l, reach1[nj ] = true, which implies reach1[nf+1] = true.

Since reach1[nf+1] = true during the call FindFrontier(nf ), the lines 12-17
of the procedure will ensure that frontier[nf ] = true. ⊓⊔

Theorem 2. If MinimalReason (X, b, (v := a)) returns R then R∧b ⇒ (v := a).

Proof. We show that in any solution path p in the BDD b with (v := ¬a) ∈ p,
there exists a conflicting edge w.r.t. R. Hence, for any solution S ∈ b, if (v :=
¬a) ∈ S, then S /∈ (R ∧ b), which proves the theorem.

The proof is by contradiction. Suppose there exists a solution path p in
the BDD b with (v := ¬a) ∈ p. Let p =< n1, n2, . . . , nf , nf+1, . . . , nl >, where
n1 = b, nl = 1 and (nf , nf+1) is the frontier edge. Lets assume the path does not
use any conflicting edge w.r.t R. Then, we show that nf ∈ reachedSet[var(nf )]
and hence the assignment of var(nf ) in X , which conflicts (nf , nf+1), belongs
to R, which is a contradiction.

Since by assumption the path p does not contain any conflicting edge w.r.t
R, for any edge (ni, ni+1) in p, if the assignment corresponding to the edge is
(var(ni) := a′), then (var(ni) := ¬a′) /∈ R.

Then for 1 ≤ i ≤ f , ni ∈ reachedSet[var(ni)]. This holds trivially for i =
1 as initialized at the line-3. For 1 ≤ i < f , since by assumption the edge
(ni, ni + 1) is not a conflicting edge w.r.t R, the procedure would have added
ni+1 to reachedSet[var(ni+1)], irrespective of the value of the foundFrontier flag
during the loop at the line-4 for var(ni). Hence, nf ∈ reachedSet[var(nf )].

During the loop corresponding to var(nf ), at the line-4 of the MinimalReason

procedure, since nf ∈ reachedSet[var(nf )] and by Lemma 3, frontier[nf ] = true,
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the foundFrontier flag will be true. Hence, the assignment to var(nf ) in X will be
in R, with (nf , nf+1) being a conflicting edge w.r.t. R, which is a contradiction.

⊓⊔

Theorem 3. If MinimalReason (X, b, (v := a)) returns R then R is a minimal

reason.

Proof. Let (v′ := a′) ∈ R. The MinimalReason includes (v′ := a′) in R only if
there exists a node n with frontier[n] = true, var(n) = v′ and n ∈ reachedSet[v′].
Hence, by the frontier edge definition, an edge of the form (n, n′) is the only
conflicting edge w.r.t R in a solution path p with (v := ¬a) ∈ p. Hence, the
removal of (v′ := a′) from R would imply R∧b ⇒ (v := a) is not true. Therefore,
R is minimal. ⊓⊔

Theorem 4. The MinimalReason procedure takes time at most linear in |b|.

Proof. The total amount of space used by all the used data-structures is at most
linear in b. We can ignore the number of variables k when compared with |b|,
as |b| could be exponential in k.

After excluding time taken by the descendant calls, each call to the Find-

Frontier procedure takes constant time. Hence, the call FindFrontier(b) in total
takes time at most linear in |b|.

The running time of MinimalReason procedure, excluding the call to Find-

Frontier, is dominated by the loop at line-4. The loop iterates k times. Since a
node n in the BDD b is added to reachedSet[var(n)] at most once during all the
k iterations, the total time required for all the k loops is linear in b.

Hence, the MinimalReason procedure takes time at most linear in |b| to find
a minimal reason. ⊓⊔

5 Related Work

A method for finding minimal reasons in BDDs was presented in [7], which
we call as the PADL06 method. The authors did not specify the worst case
running time of the PADL06 method. But, the PADL06 method uses existential
quantification operations on BDDs and hence quite costly when compared to
our new linear-time method. If the BDD b is defined over the variables in Vb,
the PADL06 method existentially quantifies the variables in (Vb\VX) from the
BDD b for finding a minimal reason. Note, the time and space complexity of each
existential quantification operation in the worst case could even be quadratic [1]
in |b|. Precisely, some of the advantages of our new method over the PADL06 [7]
method are:

1. Worst case linear running time.
2. No costly BDD operations like existential quantifications.
3. No creation of new BDD nodes, the BDDs remain static during our solution

process. Our new minimal reason method just uses the underlying directed
acyclic graph of the BDDs, and hence does not require a full BDD package,
while the PADL06 method requires a full BDD package.
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In [14], the authors did not give details of their method for generating minimal
reasons in BDDs, even the complexity of their method was not mentioned.

6 Experiments

We have implemented our new minimal reason algorithm as part of a constraint
solver with nogood learning. Our solver uses the BuDDy1 BDD package. Our
solver just uses the lexicographic variable order.

Given a CSP instance in the CLab [15] input format, we use the CLab tool
to compile BDDs, one BDD for each constraint in the CSP. This will convert the
input CSP instance into a list of Boolean variables and a set of BDDs defined over
those variables. Our tool takes the set of BDDs as input and uses our constraint
solver to find a solution. Our tool is designed after the BDD-based hybrid SAT
solver in [14], which requires a method for MINIMAL BDD-REASON .

We use the 34 CSPs modelling power supply restoration problem in our exper-
iments. The instances are available online2, in the CLab format. All the instances
are satisfiable.

We have also implemented the PADL06 [7] method in our tool for compari-
son. To study the scalability of the PADL06 method and our new method, for
each input CSP, we create three types of instances in BDD format with increas-
ing BDD sizes. The first type called Group-1 instance, as mentioned above, is
obtained by building one BDD for each constraint in the CSP. The second type
called Group-5 instance is obtained by first partitioning the constraints into
⌈|C|/5⌉ disjoint groups of constraints in the CSP. Each group will have at most
five consecutive constraints, in lexicographic order. Then one BDD will be built
to represent the conjunction of the constraints in each group. The third type
called Group-10 instance is created similar to Group-5, but by using groups of
size ten. Since the size of a BDD representing conjunction of five constraints will
be usually larger than the sum of the sizes of five BDDs representing each one of
the five constraints, the sizes of the BDDs in a Group-5 instance will usually be
larger than those in the matching Group-1 instance. Hence, by using Group-1,
Group-5 and Group-10 instances of an input CSP, we can study the scalability
of the new method and the PADL06 method over increasing BDD sizes.

All our experiments are done in a Cygwin environment with Intel Centrino
1.6 GHz processor and 1 GB RAM.

The conversion of the 34 CSPs into Group-k types, for k ∈ {1, 5, 10}, resulted
in 102 instances in BDD representation. To compare our new method with the
PADL06 method, we used our solver to find a solution for each one of the 104
instances, first using our new method and then using the PADL06 method.
We repeated each experiment thrice and obtained the average values. For each
instance, we noted the total time taken to find a solution, and the total time
taken for the calls made to the corresponding minimal reason method. We used
the gprof tool to measure the time taken by the minimal reason procedure calls.

1 http://buddy.sourceforge.net/
2 http://www.itu.dk/research/cla/externals/clib
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Table 1. Instance Characteristics. |V |: the number of variables in the input CSP. |V ′|: the
number of Boolean variables required to encode the original variables. |C|: the number of
constraints. Max: the size of the largest BDD in the corresponding Group-k instance. Total:
the sum of the sizes of all the BDDs in the corresponding Group-k instance.

Instance BDD Size

Group-1 Group-5 Group-10

Name |V | |V ′| |C| Max Total Max Total Max Total

and-break-complex 414 998 852 755 38808 3540 110340 62735 459564
complex-P1 299 731 592 755 24055 13523 77414 139048 356546

complex.10 414 998 849 631 33923 4271 89448 38901 262059
complex.11 414 998 849 608 32937 4371 89168 40235 276547
complex.12 414 998 849 724 37902 5443 108263 55494 349829
complex 414 998 849 755 38804 5823 112873 60903 381951

Table 2. Solution Time (ST) and Minimal Reason Time (MRT).

Group-1 Group-5 Group-10

Name PADL06 NEW PADL06 NEW PADL06 NEW

ST, MRT ST, MRT ST, MRT ST, MRT ST, MRT ST, MRT

and-break-complex 3.20, 1.03 2.94, 0.00 13.12, 7.49 7.40, 1.21 50.54, 41.02 14.62, 4.40
complex-P1 1.24, 0.76 1.14, 0.03 3.88, 2.27 2.98, 0.16 37.13, 21.52 18.17, 2.32
complex.10 5.04, 1.48 4.44, 0.01 9.19, 5.27 5.55, 0.90 58.01, 45.10 15.96, 4.89
complex.11 5.81, 1.54 5.14, 0.01 6.47, 3.86 3.95, 0.60 17.26, 12.81 6.73, 1.31
complex.12 2.65, 1.21 2.14, 0.04 3.15, 2.43 2.07, 0.27 22.40, 18.10 6.96, 1.75
complex 3.19, 1.08 2.94, 0.01 19.91, 9.94 12.29, 1.88 227.75, 189.04 41.77, 15.20

Since we do not have space to list the details for all the 34 instances, we
picked five relatively large instances and present their characteristics in Table 1.
The Table 2 presents the time taken for finding a solution and the total time
taken for finding minimal reasons in both the type of experiments on the five
instances.

The Figure 6 and Figure 7 plots the solution time and minimal reason time
for the both the minimal reason methods, for all the instances.

The tables and figures show that the new method is at least as fast as the
PADL06 method in all the used instances. The new method is even 10 times
faster than the PADL06 method. Also, the new method scales better than the
PADL06 method as the run-time difference between the new method and the
PADL06 method widens from a Group-1 instance to the matching Group-10
instance.

In the case of the complex Group-10 instance, the PADL06 method dominates
the solution time taking 83% of the solution time, while the usage of the new
method reduces the solution time to less than a fifth.

7 Conclusion

We have shown that the problem of finding a minimum reason for an implication
by a BDD is NP-complete. We have also presented a linear-time algorithm for
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Fig. 7. Minimal Reason Time.

finding minimal reasons, which can be used to improve the nogood reasoning
process in hybrid constraint solvers using BDDs. Our experiments shows that
the new method for finding minimal reasons is better than the previous method
for several instances and also scales well due to linear time complexity.
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