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Abstract
Quick responses are required for interactive con-
figuration. For this an ideal interactive configura-
tor needs to provide the functionalities required for
interactive configuration with at most linear time
complexity. In this paper, we present such a data
structure calledJoin Matched CSP(JMCSP). When
a JMCSP is used to represent a configuration prob-
lem, the functionalities required for interactive con-
figuration can be obtained with linear time com-
plexity.
Unlike the tree-of-BDDs [Subbarayan, 2005],
the JMCSPs while taking advantage of tree-
decomposition also provide linear configuration
functions. Although obtaining a JMCSP is expo-
nential in the tree-width of the input configuration
problem, due to tree-like hierarchical nature of con-
figuration problems, this is typically feasible. We
present the JMCSP compilation process along with
the linear interactive configuration functions on it.
The linear functionalities provided by the JMCSPs
include computation ofall minimum explanations.

1 Introduction
The complexity of made-to-order products keeps increas-
ing. Examples of such products include personal computers,
bikes, and power-backup systems. Such products will be rep-
resented in the form of a product model. A product model
will list the parameters (variables) defining the product, their
possible values and the rules by which those parameter val-
ues can be chosen. A product model implicitly represents all
valid configurations of a product, and it can be viewed as a
Constraint Satisfaction Problem (CSP), where the solutions
to the CSP are equivalent to valid configurations of the corre-
sponding product model.

The increase in the complexity of made-to-order products
rises the need for efficient decision support systems to con-
figure a product based on the requirements posed by the cus-
tomer. Such decision support systems are called configura-
tors. Configurators read a product model which represents
all valid configurations of the product and guides the user in
choosing one among the valid configurations as close as pos-
sible to his requirements. An interactive configurator takes

a product model as input and interactively helps the user to
choose his preferred values for the parameters in the product
model, one-by-one.

The interactive configurator needs to be complete and
backtrack-free. Complete means that all valid configurations
need to be configurable using the configurator. Backtrack-
free means that the configurator should not allow the user to
choose a value for a parameter in the product model which
would eventually lead him to no valid configurations. To en-
sure backtrack-freeness, the interactive configurator needs to
prune away values from the possible values of parameters in
the product model as and when those values will not lead to
any valid configuration. In addition, the interactive configu-
rator needs to give responses in a short period of time. Exam-
ples for commercial interactive configurators include Configit
Developer[Configit-Software, 2005] and Array Configura-
tor [Array-Technology, 2005].

The Binary Decision Diagram (BDD)[Bryant, 1986] based
symbolic CSP compilation technique[Hadzic et al., 2004;
Subbarayanet al., 2004] can be used to compile all solu-
tions of a configuration problem into a single (monolithic)
BDD. Once a BDD is obtained, the functions required for in-
teractive configuration can be efficiently implemented. The
problem with such approaches is that they do not exploit
the fact that configuration problems are specified in hierar-
chies. Due to this the BDD obtained after compilation could
be unnecessarily large. Such hierarchies are closer to trees
in shape. The tree-of-BDDs approach: a combination of the
BDD-based compilation technique and a CSP decomposition
technique for efficient compilation of all solutions was pre-
sented in[Subbarayan, 2005]. The tree-of-BDDs scheme ex-
ploited the tree-like nature of configuration problems. The
advantage of monolithic-BDD is that it can provide linear
functions for interactive configuration. The advantage of tree-
of-BDDs is that they need very small space to store, when
compared with that of the monolithic-BDD. But, at the cost
of having costly functions for interactive configuration. The
results in[Subbarayan, 2005] have shown that, for functional-
ities like minimum explanation generation, the tree-of-BDDs
can take significantly long time to respond. Hence, we would
like to have a compilation scheme that takes advantage of the
tree-decomposition techniques and at the same time provide
linear interactive configuration functions.

Towards this we introduce the notion ofJoin Matchingin



tree-structured CSP instances. Given a configuration prob-
lem, we can use tree-decomposition techniques to obtain an
equivalent tree-structured CSP. Then, we can easily obtain
a join tree for the tree-structured CSP. By performing Join
Matching on the join tree, we obtain a data structure called
Join Matched CSP(JMCSP). The size of JMCSP is expo-
nential in the tree-width of the input configuration problem.
As the configuration problems typically have very low tree-
width, this should be practically feasible. We also present the
linear functions required for interactive configuration using
JMCSPs.

This is a first step towards join matching in other
configuration-problem compilation schemes, using the com-
pression data structures like BDDs, DNNF[Darwiche, 2001],
automata[Amilhastre et al., 2002; Fargier and Vilarem,
2004], and cartesian product representation[Madsen, 2003].
That might lead to linear functions for interactive configura-
tion with additional reduction in space than just using JM-
CSPs. The other potential applications of join matching in-
clude:the general constraint propagation techniques, model-
based diagnosis, and database systems.

In Section 2, the basic definitions are given. In Section 3
the CSP tree-decomposition techniques are discussed. The
Section 4 describes the join matching process for compiling
JMCSPs. The following section presents the interactive con-
figurator algorithm. The Section 6 describes the linear func-
tions for interactive configuration using the JMCSPs. Discus-
sion on future work and related work, followed by concluding
remarks, finish this paper.

2 Background
In this section we give the necessary background.

Let X be a set of variables{x1, x2, . . . , xn} andD be the
set{D1, D2, . . . , Dn}, whereDi is the domain of values for
variablexi.

Definition A relation R over the variables inM , M ⊆ X,
is a set of allowed combinations of values (tuples) for the
variables inM . Let M = {xm1 , xm2 , . . . , xmk

}, thenR ⊆
(Dm1 ×Dm2 × . . . Dmk

). R restricts the ways in which the
variables inM could be assigned values.

Definition A constraint satisfaction problem instanceCSP
is a triplet(X,D, C), whereC = {c1, c2, . . . , cm} is a set
of constraints. Each constraint,ci, is a pair(Si, Ri), where
Si ⊆ X is the scope of the constraint andRi is a relation over
the variables inSi.

We assume that the variables whenever grouped in a set are
ordered in a fixed sequence. The same ordering is assumed on
any set of the values of variables and the pairs with variables
in them.

Definition An assignmentfor a variablexi is a pair(xi, v),
wherexi ∈ X andv ∈ Di. The assignment(xi, v) binds
the value ofxi to v. A partial assignment PA is a set of as-
signments for all the variables inY , whereY ⊆ X. A partial
assignment is complete whenY = X.

The notation PA|xs, wherexs is a set of variables, means
the restriction of the elements in PA to the variables inxs.

Similarly, R|xs, whereR is a relation, means the restriction
of the tuples inR to the variables inxs.

Definition Let the set of variables assigned values by a
PA be var(PA)={xi|∃xi.(xi, v)∈PA}. Let the tuple of
values assigned by a PA beval(PA)=(vl1 , . . . , vlj ) when
var(PA)={xl1 , . . . , xlj} and(xln , vln)∈PA. A partial assign-
ment PA satisfies a constraintci, whenval(PA|var(PA)∩Si

) ∈
Ri|var(PA)∩Si

.

Definition A complete assignmentCA is asolutionS for the
CSP when CA satisfies all the constraints inC.

Given a CSP instance, the set of all complete assignments
is CAS≡ D1 × D2 × . . . × Dn. Let SOL denote the set of
all solutions of the CSP. Then, SOL⊆CAS.

A configuratoris a tool which helps the user in selecting
his preferred product, which needs to be valid according to
a given product specification. Aninteractive configuratoris
a configurator which interacts with the user as and when a
choice is made by the user. After each and every choice selec-
tion by the user the interactive configurator shows a list of un-
selected options and the valid choices for each of them. The
interactive configurator only shows the list of valid choices to
the user. This prevents the user from selecting a choice, which
along with the previous choices made by the user, if any, will
result in no valid product according to the specification. The
configurator, hence, automatically hides theinvalid choices
from the user. The invalid choices will still be visible to the
user, but with a tag that they are inconsistent with the current
partial assignment. When the current partial assignment is
extended by the user, some of the choices might be implied
for consistency. Such choices are automatically selected by
the configurator and they are calledimplied choices.

A configuration problem can be modelled as a CSP in-
stance, in which each available option will be represented by
a variable and the choices available for each option will form
the domain of the corresponding variable. Each rule in the
product specification can be represented by a corresponding
constraint in the CSP instance. The CAS and SOL of the
CSP instance will denote the all possible-configurations and
all possible-valid-configurations of the corresponding config-
uration problem. Hereafter, the terms CSP, CAS, and SOL
may be used directly in place of the corresponding configura-
tion terms.

Let us assume that the SOL of a configuration problem can
be obtained. Given SOL, the three functionalities required
for interactive configuration are:Display, Propagate, andEx-
plain.

Definition Display is the function, which given a CSP, a sub-
set of its solutions space SOL’⊆ SOL, listsX, the options in
CSP andCDi, the available valid choices, for each option
xi ∈ X, whereCDi = {v|(xi, v) ∈ S, S ∈ SOL’}.

CDi is the current valid domain for the variablexi. The
display function is required to list the available choices to the
user.

Definition Propagate is the function, which given a CSP, a
subset of its solutions space SOL’⊆ SOL, and(xi, v), where
v ∈ CDi, restricts SOL’ to{S|(xi, v) ∈ S, S ∈ SOL’}.



By the definition of interactive configurator, the propaga-
tion function is necessary. Propagate could also be written
as restricting SOL’ to SOL’|(xi,v). Sometimes the restriction
might involve a set of assignments, which is equivalent to
making each assignment in the set one by one.

Definition A choice (xi, vi) is an implied choice, when
(xi, vi)/∈PA and(SOL|PA)|xi

={vi} . A choice(xi, vi) is an
invalid choice, when{vi}/∈(SOL|PA)|xi

. Let (xi, vi) be an
implied or invalid choice. ThenExplain(xi, vi) is the process
of generating, E, a set of one or more selections made by the
user, which implies or invalidates(xi, vi). The E is called as
an explanation for(xi, vi).

An explanation facility is required when the user wants to
know why a choice is implied or invalid. Let PA be the current
partial assignment that has been made by the user. By the
definition of explanation,Display(CSP, SOL|PA\E) will list vi

as a choice for the unselected optionxi.
Each selection,(xi, v), made by the user could be attached

a non-negative value as its priority,P (xi, v), and the explain
function can be required to find a minimum explanation.

Definition The cost of an explanation is Cost(E)=∑
(xi,v)∈E P (xi, v). An explanation E isminimum, if there

does not exists an explanation E’ for(xi, vi), such that
Cost(E’)<Cost(E).

Minimum explanations are useful when different options in
a product model have different priorities. For example, in a
car configuration problem the main options like engine could
be given high priority. Once the user decides on an option
of high priority, minimum explanations will try to protect the
high priority decision as much as possible.

The complexity of the three functions —display,propagate
and explain— are exponential in the size of the input config-
uration problem.

3 Tree Decomposition of CSPs
The following definitions[Dechter, 2003] will be useful in
discussing the tree decomposition techniques for CSPs.

Definition Theconstraint graph(V ,E) of a given CSP will
contain a node for each constraint in the CSP and an edge
between two nodes if their corresponding constraints share
at least one variable in their scopes. Each edge will be la-
belled by the variables that are shared by the scope of the
corresponding constraints.

Definition A subset of the edges, (E′ ⊆ E), in a constraint
graph is said to satisfy theconnectednessproperty, if for any
variablev shared by any two constraints, there exists a path
between the corresponding nodes in the constraint graph, us-
ing only the edges inE′ with v in their labels.

Definition A join graph (V ,Ej) of a constraint graph con-
tains all the nodes in the constraint graph, but the set of edges
in the join graph,Ej , is a subset of the edges in the constraint
graph,Ej ⊆ E, such that the connectedness property is sat-
isfied. If the join graph does not have any cycles, then it is
called ajoin tree.

A constraint graph of a CSP has a join tree if itsmax-
imum spanning tree, when the edges are weighted by the
number of shared variables, satisfies the connectedness prop-
erty [Dechter, 2003]. Several tree decomposition tech-
niques [Dechter and Pearl, 1989; Gyssenset al., 1994;
Gottlob et al., 2000] have been proposed to convert a CSP
C into C’ that has a join tree.

Definition Thetree widthof a join tree is the maximum num-
ber of variables in any of its nodes minus one. The tree width
of a CSP is the smallest one among the tree width of all pos-
sible join trees.

Finding a tree decomposition of a CSP such that the join
tree of the resulting CSP has the minimum tree width is a
NP-hard task[Bodlaender, 2005]. Hence, most of the tree
decomposition techniques use some form of heuristics. The
complexity of creating a join tree of a CSP is exponential in
the tree width of the join tree.

All the tree decomposition techniques create clusters of
constraints in a CSP, such that all the constraints in the CSP
will be in at least one of the clusters. The CSP’ obtained af-
ter the conjunction of the original constraints in each of the
clusters will have a join tree. A solution for CSP or CSP’ will
also be a solution for the other.

Definition A constraint of a CSP is said to beminimalwhen
all the solutions of the constraint can be extended to a solution
for the CSP.

A CSP with a join tree is calledacyclic (tree-structured)
CSP. Acyclic CSPs can be efficiently solved. The nice prop-
erty of an acyclic CSP is that, local consistency between con-
straints adjacent in its join tree implies minimality of con-
straints. Minimality of constraints is enough to obtain the ef-
ficient functions required for interactive configuration. Since
each constraint is minimal, a valid choice for a variable in
a constraint will also be a valid choice for the variable in
the entire CSP, and the display function will use this to effi-
ciently display valid choices. Given an assignment, the prop-
agate function just needs to reduce all the constraints in which
the variable is present, and propagate the effect to other con-
straints throughsemi-joins[Goodman and Shmueli, 1982].

Although the resulting CSP after decomposition can be ex-
ponential in the worst case, for many practical configuration
instances the decomposition results in a manageable sized
acyclic CSP[Subbarayan, 2005].

4 Join Matched CSPs
Definition Let C be an acyclic CSP and its join tree be(V,E),
where each element inV corresponds to a constraint inC and
the edges inE are undirected. Then, aDirected Join Tree
(DJT) is a pair(V,E’), where all the edges inE’ are directed
such that, each edgee∈E will be converted into a directed
edgee’∈E’, and only one node inV will not have any outgo-
ing edge.

Let the conjunction of the constraintsc1 and c2 be (c1 ./
c2). Let ca be the common variables in the scope of those
constraints.



Definition Thecommon join values(CJV) of an edgee’ be-
tween the constraintsc1 andc2 is defined asCJV = (c1 ./
c2)|ca.

Definition A common join block(CJB) is a structure, associ-
ated with a directed edge, containing the fields:cja, left ptrs,
right ptrs, mincost, minptr.

Thecja in a CJB belongs to the corresponding CJV, i.e.cja
∈ CJV. Theleft ptrs is a list of pointers to the tuples on the
source constraint of the corresponding directed edge. The list
points to the tuples which when restricted to common vari-
ables of the corresponding edge evaluates tocja. Similarly,
the right ptrs will point to the tuples containingcja on the
destination constraint. The fieldsmin costandmin ptr will
be used by the Explain function and they are described later.

Given an acyclic CSPC and its directed join tree, for each
edge in the join tree we can obtain the corresponding CJV.
Then for each element of CJV, we can obtain the correspond-
ing CJB.

Definition Let CJBSof an edge be the set of CJBs, having a
CJB for each value in the corresponding common join values
(CJV).

Whenever a CJBS is created for a directed edgee from c1

to c2, for each tuple inc1 andc2, we add a pointer to the cor-
responding CJB in the CJBS. The listsleft ptrsandright ptrs
in the corresponding CJBs will also be updated.

Given an edgee, the process of creating CJBS and adding
appropriate pointers to the tuples inc1 andc2 is calledJoin
Matchingfor the edgee.
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Figure 1: Join Matching for an edge.

In the example of Figure 1, the common attributes are
{C,D}. There are two elements in the CJV{(0,0),(1,0)}. For
the CJB corresponding tocja (0,0), the pointers stored in the
CJB are marked by appropriate arrows. Note that each tuple
will also have a pointer to one of those CJBs, but the figure
does not show them explicitly.

Definition Given an acyclic CSP and its directed join tree,
the process of join matching for each edge in the join tree
results in a data structure calledJoin Matched CSP(JMCSP).
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Figure 2: CSP to JMCSP conversion.

Figure 2 shows an example for JMCSP creation for a con-
figuration problem represented by its constraint graph.

After creating a JMCSP, minimality of the constraints in it
can be obtained by removing tuples in the constraints, which
do not have a counterpart in an adjacent constraint. Iteration
of this process will reach afix point, where all the constraints
in the JMCSP will be minimal.

The Complexity of Join Tree to JMCSP Compilation
It can observed that the join matching process increases the
space of each tuple by a constant. If there are totallyt tuples
in a join tree, then the size of JMCSP is O(t). Thus the size of
JMCSP is linear in the size of the join tree.

Let a join tree hasn nodes (constraints) and there arel tu-
ples in each one of those nodes. Join matching of an edge
can be done by first sorting the two end constraints of the
edge on the common attributes (variables). The sorting of
the constraints take O(l log l) time. Then, an O(l) algo-
rithm is enough to obtain the corresponding CJBS as both
the end constraints are lexicographically ordered on the join
attributes. Hence, the join matching of an edge can be done
in O(l log l) time. As there aren-1 edges in the join tree, the
join tree to JMCSP conversion process takes O(n l log l) time.



5 An Interactive Configurator Using JMCSPs
The algorithm for interactive configuration is given in Fig-
ure 3. TheCOMPILE function takes a configuration problem
as input, converts it into an acyclic CSP, and then returns the
corresponding JMCSP. The JMCSP represents the solution
space (SOL). Since a configuration problem will not change
quite often, theCOMPILE function need not have to do the
compilation every time the interactive configurator is used.
SOL could be stored and reused.

INTERACTIVECONFIGURATOR(CP )
1 SOL:=COMPILE(CP)
2 SOL’:=SOL, PA:={ }
3 while |SOL’| > 1
4 Display(CP, SOL’)
5 (xi,v) := ’User input choice’
6 if (xi,v)∈ CDi

7 SOL’:=Propagate(CP,SOL’,(xi,v))
8 PA:=PA∪{(xi,v)}
9 else
10 E:=Explain(CP, SOL’, (xi,v))
11 if ’User prefers (xi,v)’
12 PA:=(PA\ E)∪{(xi,v)}
13 SOL’:=SOL|PA

14 return PA

Figure 3: An Interactive Configurator Using JMCSPs.

6 Configuration Functions on JMCSPs
6.1 The Propagate Function
Given a JMCSP and an assignment (x,v), we just have to re-
strict (mark appropriately) the tuples of one among the con-
straints having the variablex and propagate the changes to
the adjacent constraints in the join tree. Using the CJBS lists,
we can obtain the list of non-compliant tuples in the adjacent
constraints and mark them as removed. During the process,
if all the tuples corresponding to any CJB are removed, then
the corresponding CJB is marked as removed and the effect is
propagated. The Propagate function should not consider the
direction of the edges in the join tree. Due to the properties
of acyclic CSPs, such a propagation is enough to maintain
minimality after unary assignments. The time complexity of
Propagate is linear in the size of the JMCSP.

6.2 The Display Function
Given a JMCSP, with tuples in it marked as removed or not,
the Display function just has to access all the tuples once and
obtain the allowed values for the unassigned variables. This
function also has a linear time complexity.

6.3 The Explain Function
Given a JMCSP, a partial assignment PA, a cost-function for
each assignment in PA, and an assignment (xi,vi) for which
explanation is required,all minimum explanations can be ob-
tained as follows.

Definition A topological orderingof nodes (constraints) in a
JMCSP, is an ordering such that, ifc1 andc2 are two nodes in
the JMCSP, thenc1 precedesc2 in the ordering, ifc2 can be
reached fromc1.

A topological ordering can be obtained in linear time during
the JMCSP creation process.

Definition Thevaluationis a function which given a PA and
a corresponding JMCSP, maps a tuple in the JMCSP to a pos-
itive integer value or∞. The valuation function is defined as
follows:

1. Each element in the tuple corresponding to an unas-
signed variable will contribute nothing to the valuation.

2. Each element in the tuple that violates an assignment in
PA will contribute the value given by the cost-function,
for that assignment.

3. The cost for violation of (xi,vi) is∞.

4. If the tuple contains a pointers to a CJB of an incoming
directed edge, then themin cost field in the CJB will
contribute towards the valuation.

After a valuation of a tuple is obtained, it is compared with
themin costvalue in the corresponding CJBs of its outgoing
edges, if any. If the existingmin costis larger than the valu-
ation of the tuple then, themin costfield is assigned the val-
uation of the tuple and the correspondingmin ptr is updated
to point to the tuple.

When the tuples of the constraint (node) without any out-
going edge are valuated, a tuple with minimum valuation in
the constraint will be obtained. Recall that there can be only
one such node.

Given these steps, a minimum explanation can be obtained
as follows:

1. Assign∞ to all min costfields in the JMCSP.

2. Following the topological ordering, select constraints
and obtain valuation for their tuples.

3. All the min ptr pointed tuples and the cheapest tuple in
the last node now gives a minimum explanation. The
assignments in PA that are violated by those tuples is the
minimum explanation.

Note that all minimum explanations can be obtained by
remembering all themin costvaluated tuples in each node.
Even with that facility, the Explain function will just have a
linear time complexity.

7 Future Work
The tree-of-BDDs[Subbarayan, 2005] scheme has two types
of space reduction. Potentially exponential space reduc-
tion due to tree-decomposition and another potential expo-
nential space reduction due to BDD-based representation of
each constraint. The JMCSPs just takes advantage of tree-
decomposition and provides linear functions. The next step
will be to adapt the join matching process for tree-of-BDDs.
This seems plausible although not the generation of all mini-
mum explanations. But, generation of one minimum explana-
tion seems easy. Further research is required in this direction.



The join matching process has potential applications in
general constraint propagation, model-based diagnosis, and
database systems. The join matching might reduce the com-
plexity of some of the functions in these applications.

8 Related Work
In [Fattah and Dechter, 1995; Stumptner and Wotawa, 2001],
the authors have presented techniques for generatingminimal
diagnosisin model-based diagnosis systems. The problem of
minimal diagnosis is very similar to our problem of generat-
ing minimum explanations. But they use sorting operations
on constraints in the diagnosis process, and this increases the
complexity of the operations by a logarithmic factor. Such a
logarithmic factor might influence a lot, since the constraints
in the real-world instances could have several thousand tu-
ples in a single constraint, even before decomposition. After
tree decomposition the number of tuples in the constraints of
the resulting acyclic CSP is normally more than the number
of tuples in the constraints before decomposition. Hence, it
will take a significant amount of time to sort those constraints
while generating explanations. For example, theRenault car
configurationinstance used in[Amilhastreet al., 2002] has
around 40,000 tuples in a constraint, even before decompo-
sition. Also, in their complexity analysis a linear factor is
suppressedand hence their minimal diagnosis algorithms will
demand more time.

The JMCSPs, whose data structures remains relatively
static during the explanation generation process, can hence
be used in generating minimal diagnosis without any com-
plex steps like sorting used in[Fattah and Dechter, 1995;
Stumptner and Wotawa, 2001].

In [Madsen, 2003], the author uses some preprocess-
ing techniques along with tree-decomposition andcartesian
product representationfor interactive configuration. The au-
thor was able to provide linear propagation functions but not
explanations.

9 Conclusion
The JMCSPs, a data structure with linear configuration func-
tions was presented. Experiments on real-life instances need
to be done to empirically test the usefulness of JMCSPs. The
join matching technique in JMCSPs can be combined with
the compression capability of BDDs or automata[Amilhastre
et al., 2002] such that we get an additional decrease in space,
while having linear configuration functions.
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