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Abstract

We consider a generalization of the problem of sup-
porting rank and select queries on binary strings.
Given a string of length n from an alphabet of size
o, we give the first representation that supports rank
and access operations in O(lglg o) time, and select in
O(1) time while using the optimal nlgo + o(nlgo)
bits. The best known previous structure for this prob-
lem required O(lgo) time, for general values of o.
Our results immediately improve the search times of
a variety of text indexing methods.

1 Introduction

Given a bit vector B of length n the following
operations are very useful in several applications, for
be{0,1}:

e rankp(b,i): gives the number of b bits up to
position ¢ in B, and

e selectp(b,7): gives the position of i-th b bit in B.

Jacobson [9] was the first to consider this problem,
and gave a structure that takes o(n) extra bits to
support both the queries in O(lgn) bit look-up’s.
Clark and Munro improved this to a structure that
answers both the queries in O(1) time, on a RAM
with word-size ©(lgn), using o(n) bits of extra space
[1]. Further work on this problem improved the space
to nHp+ o(n) bits (without having to explicitly store
the bit vector) [12] while keeping query times O(1)
[13], where Hj is the 0-th order entropy of the given
binary string.

Grossi et al. [6] considered a generalization of
the problem to larger alphabets. Given a string of
length n from an alphabet of size o, their wavelet
tree structure supports the following operations in
O(lg o) time, using nHy + o(n) bits:
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e rank(c,): - finds the number of occurrences of
character ¢ before position i,

e select(c, ) - finds the position of i-th occurrence
of character ¢ in the sequence, and

e access(i): returns the i-th character in the given
sequence.

Ferragina et al. [5] improved the time to O(1)
(using essentially the same space) for the case of
small alphabets, i.e., when o = polylog(n), while
using nHy + O(nlglgn/lgo) bits. More recently,
Grossi and Sadakane [7] improved the space for this
structure to nHy + O(nlglgn/lgo).

We give two data structures: one that supports
rank in O(lglg o) time and select in O(1) time using
nHy + O(n) bits; and another that supports select
in O(1) time, and rank and access in O(lglgo)
time, using nlgo + o(nlgo) bits. For the latter
data structure we give another trade-off that allows
access in O(1) time and select in O(Iglg o) time while
slightly increasing the time for rank.

We also give a relation between our problem
in the case of large alphabets, i.e., when o = n¢
for some constant 0 < ¢ < 1 and the problem of
representing permutations considered by Munro et al.
[11]. Namely, we show that an improvement for one
problem will lead to an improvement for the other.

1.1 Applications. Our data structure has appli-
cations to the problem of text indexing.
Text is “fully indexed” to facilitate fast searches for
query patterns. There are, of course, several inter-
pretations of exactly what this means. In He et al.[§]
the following query types are discussed :

e Fxistential: does the pattern occur in the text?

e Cardinality: how many times does the pattern
occur?

e Listing: give the positions of each of each occur-
rence.



To this we add another useful operation:

Context: give the characters immediately after or
before a specific occurrence (similar to what is done
in search engines such as Google). Our result is that
we can retrieve characters after an occurrence at the
cost of O(1) per character and before an occurrence
at the cost of O(lglgo) per character. These results
are presented in Sections 3.2 and 3.3.

In what follows we describe some applications of
our data structure to existing methods. Ferragina
and Manzini [3] have shown that, given a text string
T over an alphabet of size o, one can find the
number of occurrences of a pattern P of length m
by performing O(m) rank queries on the Burrows-
Wheeler transform (BWT) of T'. Using our structure
to store the BWT of T, one can support cardinality
queries for pattern of length m in O(mlglgo) time.
The space used by this structure is nHy + O(n) bits,
where n is the length of the text T, and Hy is the
0-th order entropy of T'.

Ferragina et al. [4] have also shown that if there
exists a representation of a sequence S of length
n over an alphabet of size o taking f(n,o) bits
which answers access in time t, and rank in time
t., then we can represent a given text T of length
n over an alphabet of size o using f(n,o) bits.
This supports cardinality queries for a pattern of
length m in O(mt,) time, listing queries in O((¢, +
t,,)lglJrE n) time per occurrence, and retrieving any
text substring of length [ in O((I +1g* " n)(t, +t,.))
time.

Using our results, we get obtain an index that
uses nlgo + o(nlgo) bits which supports cardinal-
ity queries in O(mlglgo) time, listing queries in
O(lglg olg' ™ n) time per occurrence, and retrieving
any text substring of length I in O((I+1g' ™ n)lglg o)
time.

Combining our results with the techniques from
He et al. [8], we can show the following:

THEOREM 1.1. Given a text string T of length n over
an alphabet of size o, for any constants A and € such
that 0 < A\je < 1, we can construct an O(nlgo)-bit
index that answers cardinality queries on a pattern
of length m in O(mlglgo) time, and lists each
occurrence of the pattern in the text in O(1glg o lg™ n)
time. When m = Q(g' n), we can in fact list all
the occ occurrences of the pattern in O(mlglg o+ occ)
time. We can also output a substring of T of length
l at a given position in O((l/ lg' " n +1g* n)lglg o)
time.

2 Succinct representation of sequences

In this section, we consider the problem of repre-
senting a sequence of n integers in the range [t] =
{1,...,t}. We are interested in the case when ¢t < n.
We consider the following operations on sequences:

e rank(c, j) - finds the number of occurrences of ¢
before position ;

e select(c, ) - finds the position of i-th occurrence
of ¢ in the sequence;

e access(i) - returns the number at position i in
the sequence.

We present two data structures. The first one
supports rank in O(lglgt) time and select in O(1)
time using nHy + O(n) bits (where Hy is the 0-th
order entropy of the sequence). The second structure
supports rank and access in O(lglgt) time, and
select in O(1) time, using nlgt + o(nlgt) bits. We
also give a different trade-off for the second data
structure that supports access in O(1) time, rank in
O(lglgtlglglgt) time and select in O(lglgt) time,
using the same space.

First we will describe a reduction that will be
used in all these data structures. This reduction
allows us to consider the problem over a sequence
of length t instead n (note that t < n). We represent
the given sequence of length n as a t x n table T with
rows indexed by 1,...,t and columns by positions in
the sequence (i.e. from 1 to n). Entry T'[c, ¢] indicates
whether ¢ occurs in position ¢ in the sequence. Let A
be a bit vector of length tn obtained by writing 7" in
row major order. There is a simple relation between
operations rank(c, j) and select(c,4) on the original
string and rank4 (1, j) and select4(1,¢) on bit vector
A:

rank(c,i) = ranka(l,(c—1)n+1)
—rank4 (1, (¢ — 1)n)
select(c,i) = selecta(1,ranka(1, (c — 1)n) + 1)
Divide A into blocks of size t. We define and im-
plement restricted versions of rank and select called
rank-b and select-b with respect to these blocks. De-
fine rank-b(i) = rank(7) if ¢ is a multiple of ¢ (i.e. i
is the last position in some block) and undefined oth-
erwise; and select-b(4) is the block number in which
the ¢-th one is located.
rank-b(it) = ranka(1,1t)
select 4 (1,17)

select-b(i) = | "

]



Let us define the cardinality of block i as k; =
rank-b(it) — rank-b((¢ — 1)t). We construct a bit
vector B by writing the cardinalities of all the blocks
in unary, i.e., B = 1%101%20...1%»0. It is easy to see
that

rank-b(it) =
select-b(i) =

rankp (1, select 5 (0, 1)),
rankp (0, select g(1,1)).
Note that the length of B is 2n, so that the

space to store B and support rank and select on it is
2n + o(n) bits.

2.1 Supporting rank and select. To implement
full rank and select, we need to be able to do
operations of rank and select that are defined locally
for each block of A. For the i-th block, we define:

rank-1;(j) =
select-1;(j) =

rank4 (1, j + it) — rank4 (1, it),
select 4 (1, j + rank4 (1, (i — 1)t)).

Thus full rank and select are given by

rank(j) = rank-b(it) 4+ rank-1;(j — it),
where i = |j/t], and
select(j) = select-1;(j — rank-b((i — 1)t))

+ (i — 1)t, where i = select-b(j).

We describe an encoding of the i-th block that
supports rank-1in O(lglgt) time and select-1 in O(1)
time, using k;lgt + O(k;) bits. Let A; be the bit
vector of i-th block (of length t). The first part of
our storage is just the sorted array F; of positions
of all 1’s in A;, in increasing order. Thus, select-1
operation is done in just one access to F;.

Let F; be a sparsified set that contains every lg ¢-
th element of E;. Store a y-fast trie of Willard [14] for
F;. Since F; is of length k;/lgt, this structure takes
O(k;) bits (we use a word size of O(lgt) bits instead
of O(lgn) bits, for the trie structure), and supports
rank queries on F; in O(lglgt) time (since F; C [t]).
Let us call (Ig¢)rankp, (j) an approzimate rank of j in
E;. Observe that an approximate rank is within lg¢
of the exact rank:

(Igt)rankp, (j) < rank-1;(j) < (Igt)rankp, (5) + 1gt.

Now to find rank-1;(j), we can do binary search for
j in E; between the positions (lg¢)rankp,(j) and
(lgt)rankp, (j) + lgt. Thus, rank-l1 can be imple-
mented in time O(lglgt).

For the i-th block, the table E; takes O(k; lgt)
bits, and the Willard’s data structure takes an addi-
tional O(k;) bits. Thus, the total space requirement

for all the blocks is nlgt + O(n) bits. However, if we
use a better encoding of Raman et al. [13] for each
set F; then the total space becomes nHy+ O(n) bits,
where Hy is 0-th order entropy [10].

THEOREM 2.1. A sequence of n elements from an
alphabet of size t can be stored in nHy + O(n) bits,
to support rank in O(lglgt) time, and select in O(1)
time, where Hy is the 0-th order entropy of the given
sequence.

Some applications do not require rank(c,i) de-
fined for all positions in the string, but only for posi-
tions 4, such that i-th character of the string is c. By
storing an indexable dictionary [13] on each charac-
ter of alphabet separately, one can obtain a structure
that takes nHy + o(n) bits and supports part-rank
and select in constant time.

2.2 Supporting rank, select, and access. We
now describe a structure that supports rank, select,
and access. We divide the given sequence of length n
into chunks of length ¢. (For simplicity of presenta-
tion, we assume that n is divisible by t.) We first use
the O(n)-bit structure to support rank-b and select-b
operations as described earlier. Note that each chunk
consists of ¢ blocks, one corresponding to every i € [t].
In what follows, we will index blocks by pairs (C, 1)
in rank-1 and select-1 operations (where C denotes a
chunk).

It is sufficient to describe how to support the
three operations for a given chunk. Given a chunk
C, for each ¢ € [t] in increasing order, we write down
the positions of all the occurrences of ¢ in C' also in
increasing order. Observe that the resulting sequence
is a permutation on [t], let us denote it by .

Let [; be the number of occurrences of i in C.
We construct a bit vector X that stores multiplicities
I; in unary, i.e., X = 01401%0...1%. This vector
facilitates access and select-1 operations:

Clj]
rankx (0, selectx (1, 771(5)))
w(selectx (0,4) + 7 — 7)

accessc(j) =

select-lo;(5) =

For each ¢ € [t], we store every lg t-th occurrence of i
in C using a y-fast trie. We can support rank-1¢ ;(j)
as earlier: first we find an approximate rank r (using
y-fast trie) and then do binary search on 7 in the
range from position ¢ := rankx (1,selectx(0,4)) + r
to position g +1gt. The total space used by Willard’s
y-fast tries is at most O(t) bits per chunk for the total
O(n) bits.



To encode permutation 7, we use representation
of Munro et al. [11]. If we use a representation
that supports 7(i) in O(1) and 7~ 1(i) in O(lglgt)
time, then the time to support access and rank is
O(lglgt), and select is O(1). On the other hand,
if we use a representation that supports m(i) in
O(lglgt) and 7~ 1(4) in O(1) time, then the time to
support access is O(1), select is O(lglgt), and rank is
O(lglgtlglglgt) if we index every lglg¢-th (instead
of every lg t-th) element in Willard’s y-fast trie. Both
these structures take nlgt + O(nlgt/lglgt) bits.
Note that the data structure in [11] dominates the
space usage.

Note that in the second tradeoff, we are storing
the original sequence explicitly. For such data struc-
tures, Grossi and Sadakane [7] offered a new way to
improve the space to the k-th order entropy.

THEOREM 2.2. A sequence of n elements from an
alphabet of size t can be stored in nlgt+o(nlgt) bits,
to support

1. rank and access in O(lglgt) time, and select in
O(1) time, or

2. rank in O(1glgtlglglgt) time, select in O(lglgt)
time, and access in O(1) time.

For parameter k, such that k + 1gt = o(lgn), the
space for 2) can be improved to k-th order entropy:
nHy + o(nlgt) bits.

3 Applications to text indexing and labeled
trees

We describe some applications of the above data
structure to text indexing. We start with an appli-
cation to counting number of occurrences of a given
pattern P in a text 1. Then we describe how to re-
trieve the context before/after an occurrence of the
pattern, without explicitly retrieving the position of
occurrence.

3.1 Cardinality queries. Let T be a text string
on an alphabet of size o and let BWT be its Burrows-
Wheeler transform. A special symbol ‘#’ is appended
to the string 7', and the character ‘#’ is defined to be
lexicographically smallest among all characters in the
alphabet. We store BWT using nlgo + O(n) space
while allowing rank query in O(lglg o) time and select
query in O(1) time. In addition, we store a bit vector
X of length n with rank and select supported on it,
X is of the form

X:=1100...0100...0...
——— =

01 times o9 times

where o; is the number of occurrences of i-th charac-
ter in T', special one in the front of X corresponds to
character “#”.

The algorithm to count number of occurrences
of P is as follows. (It is essentially same as the
“backward search” used in [3, 8]. We present it here
for completeness.) Let m be the length of P.

1: Qs < 1 {start of search zone in the suffix array}
2: Q. — n {end of search zone in the suffix array}
3: for i=m to 1 by —1 do

4: ¢ < P[i] {next symbol in P from right to left}

5. p <« rankx(0,selectx(1,c)) {start of the c-zone
in the suffix array}

6: s < rankgwr(c,Qs) {the number of charac-
ters ¢ that point to something before the search
zone}

7. e «— rankpwr(c,Q.) {the number of charac-
ters ¢ that point to the search zone}

8: Qs —pts

9: Qe<—pte

At the end of the algorithm, the interval [Qs, Q]
in the suffix array contains the positions of all the
occurrences of P in T. Therefore, the number of
occurrences of P is Q. — Qs + 1.

3.2 Decoding text after an occurrence. Let
p be a position in the suffix array that points
the position SA[p] in text T. We can decode
the text to the right of SA[p] using selectpwr
queries only at a cost of O(l) per charac-
ter.

1: input p {position in the suffix array of interest}

2: ¢ « rankx(p) {we are in c-zone of the suffix
array }

3: s « selectx (c) {c-zone starts at s}

4: ¢ c— s+ 1 {we are at ¢-th position of c-zone}

5. p' «— selectpwr(c,q) {p-th position of suffix
array SA[p'] points to the SA[p]+1-st in the text}

6: output ¢ {decoded character}

T pep

8: repeat as many times as needed

THEOREM 3.1. Given a text string of length n over
an alphabet of size o, we can store it using nHy+O0(n)
bits, such that given a position p in the suffix array,
we can retrieve the context after SA[p] at cost O(1)
per character, where SA is the suffiz array of the
given text.

3.3 Decoding text before an occurrence. Let
position p in the suffix array point to some position
SA[p] in text T that is of interest to us. Here we



show how to decode the text to the left of SA[p]
using accessgwr and rankgwr queries. The cost of
outputting each new character is O(lglg o).
1: input p {position in the suffix array of interest}
: ¢ — accesspwr(p) {T[SAlp]] = ¢}
. s « selectx (¢) {c-zone starts at s}
. q — rankpwr(c,p) {it is ¢-th character ¢}
: p' «— s+q—1 {p'-th position of suffix array SA[p’|
points to the (SA[p] — 1)-th in the text}
6: output ¢ {decoded character}
T pep
8: repeat as many times as needed

Uk W N

THEOREM 3.2. Given a text string of length n over
an alphabet of size o, we can store it using nlgo +
o(nlg o) bits, such that given a position p in the suffix
array, we can retrieve the context before SA[p| at cost
O(lglg o) per character, where SA is the suffix array
of the given text.

3.4 Representation of labeled trees. In a re-
cent paper, Ferragina et al. [2] generalized the
Burrows-Wheeler transform for text strings to the
case of labeled trees. Given a labeled tree on n nodes
with labels from an alphabet ¥, xbw (generalized
Burrows-Wheeler transform) produces a string (over
the same alphabet) and a couple of bit vectors, all
of length n. They require rank, select and access
queries on this string to support Parent, Child, and
SubPathSearch operations. There are two tradeoffs
that are mentioned: either (1) one doubles the in-
formation theoretic minimum space and achieves op-
timal time for those three operations [2, Theorem 3]
(this might not be desirable for large trees); or (2) one
uses wavelet trees [6] with space of nHy + o(n) bits,
but increasing run-times of all three operations by a
factor of O(lgo). Using our results we can improve
the running time of all three operations by a factor of
lgo/lglgo as compared to the second tradeoff while
keeping the space asymptotically equal to the infor-
mation theoretic minimum. However, our results do
not allow to compress the data structure to 0-th order
entropy as compared to wavelet trees.

4 Relation with permutation problem

In this section, we show the tightness of our approach
by reducing the problem of supporting rank, select,
and access queries to the problem of succinct repre-
sentation of a permutation considered by Munro et al.
[11]. The latter problem is defined as follows. Given a
permutation 7, we store a data structure that can an-
swer two queries: forward and inverse. Given i € [n],
the forward (inverse) query returns (i) (7 ~1(i)). We

call this the permutation problem.

We first observe that the permutation problem
can be also viewed as a special case of our problem
where ¢ = n and each character occurs exactly once.
Namely, (i) translates to access(i), and 7 1(i) to
select(i, 1) query. Note that the extra space required
by our data structure matches the one in [11] if we
require that 7= queries should be answered in O(1)
time and 7 in O(lglgn) time.

We now give a more involved reduction that
shows that our result matches [11] in the case where
t = n¢ for any constant 0 < ¢ < 1. Given a
permutation 7, define a sequence S as follows:

In other words, S[i] stores the |lgt] most significant
bits of 7(4), for each i. We encode the rest of the in-
formation about 7 (i.e., the [lgn]—|lgt] least signifi-
cant bits of each 7 (7)) in ¢ permutations 7, 72, . . . , 7
each on [n/t], as follows. If j-th occurrence of 7 in S
is at position k then

milj) = (k) — (i = 1)t

We encode these t permutations recursively.
It is not hard to see that the following procedures
retrieve 7 and its inverse.

1: Computing (%)

) : 1y,
2: ¢ « access(i) ; C?_mf;jmg (i)
3: j « rank(c, 7) 3: 5 i n. on
4: k «— Wc(]) 4 k — 7_[_71(;)
5. Return : c
n(c—1)/t+k 5: Return select(c, k)

Let t,, ts, and t, denote the times for operations
rank, select, and access respectively. Then (i) can
be computed in (t,+t,.)lgn/lgt time, and 7~! can be
computed in O(ts1gn/lgt) time. The space storage
for each level of recursion is nlgt + O(nlgt/lglgt)
bits for the total nlgn + O(nlgn/lglgt). Consider
the case of large alphabets, i.e., t = n° so that we have
constant number of levels of recursion, and substitute
ts = O(1), t, = t, = O(lglgt), we obtain results that
match the best bounds by Munro et al. [11] discussed
above.

This implies that progress on our problem would
improve the data structure for representing permuta-
tion. The converse is also true, as it was noted earlier
that the space to store permutation and its inverse is
dominating in our data structure.
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