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Abstract

I investigate and develop theory for term languages for a variant
of bigraphs with binding, thus building the formal foundation for a
(term-based) tool for bigraphical reactive systems.

I present two main results (developed with co-authors). First, I
give an axiomatization of structural congruence (graph equivalence)
for binding bigraphs. Along the way, I devise a term language for
binding bigraphs and prove a series of normal form theorems for bind-
ing bigraphs. Second, using these results, I give a complete inductive
characterization of matching in bigraphs — essentially, for describing
when and where a bigraphical reaction rule can be applied.

I include an introduction to the goals of my Ph.D. project and
explain how it relates to the goals of the BPL project. Moreover, I
outline a number of future challenges and include a litterature study
for future work.
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Part 1

Overview of Completed and
Proposed Work

1 Preface

This is my qualification report for the A part of the 4-year Ph.D. programme
at the IT University of Copenhagen. Formally, the report counts as my
Master’s thesis and it describes core points of my research during the first
two years of my Ph.D.

This qualification report is composed of three parts. Part I contains
an introduction to my work, proposals for future work, and a litterature
study. Part II, “Axiomatizing Binding Bigraphs”, was published as [DB06].
Part IIT is an extended version of “Matching of Bigraphs” [BDGMO06]. I
presented this paper at the GT-VC workshop 2006 and it is currently under
publication. Part II and Part III are presented unchanged; thus they are self-
contained. Both contain introductions to bigraphs and bigraphical reactive
systems and sections on related work.

The reader is expected to have a basic knowledge of calculi for mobile
processes. In contrast, no knowledge of term rewriting and graph transfor-
mation is presupposed. Sections concerned with term rewriting and graph
transformation contain (brief) introductions. Finally, as concerns bigraphs,
Part I provides an informal introduction to bigraphs and their reactive sys-
tems — an expanded version of the brief introduction to bigraphs in Part II.
I suggest, that you read Parts II and III before reading Section 4 of Part I,
on proposals for future work. For the reader unfamiliar with bigraphs, I
suggest that you read through Section 2 of Part III after reading the intro-
duction in Part I, which contains a more thorough introduction to binding
bigraphs.

For quick reference, the Appendix in Part II contains a terse recap of
binding bigraphs.



2 Background

In this section, I give an outline of the background for my Ph.D. project. 1
briefly describe the goals of the Bigraphical Programming Languages (BPL)
project, which I participate in; and, I give an informal introduction to bi-
graphs and their reactive systems.

2.1 The BPL Project

The BPL project is founded on the thesis that programming and specifi-
cation languages for mobile and distributed systems may be based on the
theoretical foundation of bigraphs. Thus, we seek to ease understanding and
formal analysis of mobile systems [Bir04, BBD106]. In particular, there has
been a focus on context-aware systems in the domain of mobile ubiquitous
computing; it is a long-term aim of the theory of bigraphs to represent easily
and reason about such systems [MilO6b].

I investigate theory and techniques that support testing the thesis of the
BPL project. To explain in more detail my work, I shall need to introduce
the theory of bigraphs and their reactive systems.

In the following section, I give a brief informal introduction to bigraphs.
The reader already familiar with bigraphs may skip this section. For a more
thorough account, see Section 2 of Part III.

2.2 A Brief Introduction to Bigraphs

The theory of bigraphs has been developed by Milner and collegeaues [JM04,
LMO04, Mil05, Milo6b]. Bigraphs and their reactive systems have been de-
veloped as a graphical model of computation that focuses on both mobile
locality and connectivity. The theory has been been developed with two prin-
cipal aims: (1) to be able to model directly important aspects of ubiquitous
systems, and (2) to provide a unification of existing theories by developing
a general theory, in which many existing calculi for concurrency and mobil-
ity may be represented, with a uniform behavioural theory. The latter is
achieved by representing the dynamics of bigraphs by an abstract definition
of reaction rules from which a labelled transition system may be derived in
such a way that an associated bisimulation relation is a congruence relation.

We can use bigraphs to model systems. Figure 1 shows an example of
a concrete bigraph model. It consists of two roots (dashed boxes), nodes
(solid boxes), and links (green lines). Each node has a control (in sans serif)



indicating the number and type of ports for linkage. Ports can be either free
or binding — the latter indicated by circular attachments.

The bigraph E is supposed to model a part of a building. In one location,
there is a server with a secret inside. The secret is linked to a binding port of
the server. The free port of the server is linked (supposedly by some kind of
network connection) to a pc inside an office in another location. The office
also contains two pdas linked to each other.

\
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| secret pda pda |
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Figure 1: E — a bigraph model of an office

Bigraphs can contain sites (gray boxes), and inner or outer names (in
red). Both roots and sites are ordered. The bigraph F' in Figure 2 has two
sites numbered 0 and 1, and two inner names, x located at site 0 and z
global (i.e., not located). The bigraph G in Figure 3 has two corresponding
outer names, x located at its first root, and z global. We also use circular
attachments to denote that x is local to the first root.
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Figure 2: F' — a bigraph context

A bigraph comprises two structures, a place graph, which is a forest of
nodes, rooted at the roots, and with sites occuring only as leaves; and a link
graph, which is a hypergraph connecting ports of the nodes with each other
and with inner and outer names. Figure 4 shows the place and link graph
of I — letting r’s and s’s denote roots and sites, respectively.
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Figure 3: G — a bigraph that composes with F

0 £
SRRy office
SERVEF office b D
; \ (
a '.1" E r,,‘-.‘ 1‘1\_1. I:”: 1'.' pda
50 pc poda 54 : %

Figure 4: Place and link graph of F

Milner originally worked on pure bigraphs [Mil01, Mil06b], which only
have global names and free ports. In pure bigraphs the place and link graphs
are entirely orthogonal.

The bigraphs FE, F and G are examples of binding bigraphs, which en-
force a scoping discipline. We call binding ports and local names binders —
the circular attachment is used to emphasize their likeness. The scope rule
for binding bigraphs requires that all inner names or ports linked to a binder
must be located below (in the place graph) the binder (viz. Definition 13 in
Part IT). For instance, the leftmost link in F' adheres to this discipline: the
binder is located on the server node, and this node is located above the site
0, where z is located. On the other hand, the global inner name z could
not be linked to any binder, as z is a global (i.e., non-located) inner name.
I discuss the motivation for introducing binding in Section 3.

Bigraphs are composable structures. We can compose F' and G by plug-
ging the sites of ' with the roots of G, joining equal inner and outer names;
F and G compose to form E. We write £ = FG or E = F o G.

Not all bigraphs are composable. Bigraphs F' and G compose exactly
because G has roots and outer names corresponding to the sites and in-
ner names of F'. The inner and outer interfaces of a bigraph registers this
information, and hence determines which bigraphs can be composed. An



interface has the form <n,)z ,Y) for an integer n, a set of names Y, and
an array of disjoint subsets of the names Y, X = (Xo,...,Xn—1) of length
n. The bigraph F' has the inner interface (or innerface) (2, ({z},0), {xz, z}).
The first and third component registers that F' has 2 sites, and that it has
the inner names x and z, respectively. The second component, the array
({x},0), registers for each site the local names for that site; hence, the in-
nerface of F' registers that z is local to the first site (and that no other
names are local). The outer interface (or outerface) of F is (2,(0,0),0)
registering that F' has 2 roots, and that F' has no outer names. The sec-
ond component of an outerface registers for each root the names local to
that root; thus, as F' has no outer names, there are no local names. We
write F : (2, {z},0),{x,2}) — (2,(0,0),0), and call this the interface
of the entire bigraph. Bigraph G, on the other hand, has the interface
0,0,0) = 2,({z},0),{z, z}).

We see that F' and G compose, because the innerface of F' is equal to
the outerface of G. The identity for composition on a particular interface is
called the identity bigraph. Given an interface I = (n, X ,Y), the identity
bigraph on I, id; : I — I, maps n sites severally to n roots and map all
inner names 3 € Y to equal outer names'.

Both E and G have no sites or inner names, their innerface are (0, (), 0).
We say that E and G are ground and call them agents. Agents are important,
as reaction in a bigraphical reactive system can only take place on agents.
They correspond to closed terms (e.g., in term rewriting, see Section 6.3).
To reflect this importance, we write the innerface (0, (), ) of agents simply
as ¢€; and, in the rest of the report, agents are given names in lowercase.

We can also combine bigraphs with a tensor product (denoted by ®),
which is simply juxtapositioning of roots. For tensor product we require
that both inner and outer names be disjoint. A parallel product ||, which
aliases common outer names, can be straightforwardly derived from ®.

In Parts II and III, we shall be particularly concerned with three classes
of bigraphs, which prove important in a decompositional analysis of bi-
graphs: Prime bigraphs are those with only a single root, and only local
inner names. For discrete bigraphs all links to a global outer name are one-
one, while name-discrete bigraphs, are those where all links to both local
and global outer names are one-one (refer to Definition 14 of II for the full
definition of discreteness).

!Formally, a bigraph is defined as a pairing of a place graph and a link graph. Eliding
some detail, taking interfaces as objects and bigraphs as morphisms we have a category of
binding bigraphs. The identity bigraphs are the categorical identities. See the Appendix
of Part II for full details.



We build bigraphical reactive systems (BRSs) by giving a set of reaction
(or rewriting) rules; expressed essentially as a pair of bigraphs, such as those
in Figure 5.

Figure 5: A bigraph reaction rule

Eliding some details, we might interpret this rule as saying: If a pc in
some office is linked to a server, a pda in the same office may use the pc as
a gateway to copy data from the server.

The left-hand side of a rule is called the redexr and the right-hand side
the reactum. We use rules to rewrite bigraph agents. To do so, we match
the rule to some part of the agent, and we find a bigraph parameter to fill
the sites of the redex — essentially, to supply the missing inner structure —
and find a bigraph context to supply the missing outer structure.

Suppressing some detail, a redex R matches a ground agent a, if a de-
composes, such that,

a = C(R ® idz)d,

for a context C' and a discrete parameter d?. The bigraph idz is shorthand
for the identity on the interface (0, (), Z), and serves simply to export extra
names Z of d “through” the redex.

2Formally, the context has to be active (see Section 2 of Part TIT).



The reaction rule in Figure 5 can be used to rewrite E, essentially with
G as parameter and with the empty context?.

3 Completed Work

In this section, I give an overview of my work (see Parts II and III for
detailed accounts). Moreover, I highlight those characteristics of bigraphs
that support my course of investigation.

In the next section on proposed future work (Section 4), I discuss on-
going and future work on a tool for bigraphs.

My main work has focused on establishing syntactic representations and
associated theory. For binding bigraphs, I have developed

e a term language,
e a set of normal form theorems,

e an equational theory on terms that captures graph isomorphism on
the term level, and

a complete inductive characterization of matching (i.e., for describing
when and where a redex matches an agent).

This work was developed together with co-authors (see Parts I and III)
and extends the foundational work of Milner [Mil05], who gives a term lan-
guage, a set of normal form theorems, and an associated equational theory
for pure bigraphs.

The motivation for this work is two-fold: First, the work yields con-
venient syntax-based and inductive proof-techniques for reasoning about
equality and matching in binding bigraphs. Second, in the BPL group, we
are collectively working towards implementing a tool for working with, and
reasoning about, BRSs. Such an implementation needs an internal repre-
sentation of bigraphs, and prominently needs to find matches based on this
representation. My work provides the necessary foundation for choosing an
entirely syntactic representation of bigraphs. This is on-going work, and I
give further details on this work in Section 5.

But why investigate syntax for an inherently graphical formalism? And
why is binding important?

3This is only essentially correct. Choosing G as the parameter would require us to
choose idz = id{z}7 but then R ® idz is not defined (recall that ® requires outer names
to be disjoint). We can simply rename z in G to 2’, though, and provide a context that
rewires 2z’ and z from R, and we have a valid match.



Syntax for Bigraphs Graph isomorphism for bigraphs corresponds closely
to static or structural congruence for process algebras for concurrent, dis-
tributed, and mobile systems. Structural congruence is sometimes thought
of as simply a presentational convenience of the statement of the operational
semantics; and sometimes as reflecting a notable difference of abstraction
with regard to the dynamic part of the semantics. Choosing the latter view,
we give a structural congruence relation to say that we intend no seman-
tic difference between two terms alb and b|a, for example. It is simply an
artefact of our term-based representation of the process algebra that we can
distinguish these two processes syntactically. It is a main virtue of encod-
ings of process algebra into bigraphs that structural congruence resolves to
graph isomorphism in the bigraphical encoding.

But an algebraic presentation also has certain conveniencies. To motivate
this for bigraphs, I have to explain in a little more detail than in Section 2.2,
how bigraphs are formally defined (see the Appendix of Part II for full
details). We define place and link graphs directly by giving the parent and
link maps between collections of nodes, (hyper-)edges and names. To give
the parent and link map, we assign nodes and edges concrete identities;
hence, we call such place and link graphs concrete. We define a concrete
bigraph as a pairing of a concrete place graph and a concrete link graph.

We are interested in the structure of a bigraph, though, not in the con-
crete identities of nodes and edges, they are simply necessary to state the
underlying maps. Further, as an artefact of this manner of giving the link
map, we can create concrete link graphs that contain unconnected edges
(so-called idle edges). Hence, we define lean-support equivalence, denoted
=, such that Gy = G iff Gy and G differ only by a bijection between their
nodes and non-idle edges; idle edges are disregarded entirely. We define ab-
stract bigraphs, those bigraphs we are really interested in, as <-equivalence
classes of concrete bigraphs.

And now, rather than reasoning, for example, about equivalence of (ab-
stract) bigraphs based on the representation sketched above, a term-based
representation with an associated structural congruence allows us simple
syntax-based equational reasoning.

Since the place graph of a bigraph is a forest it is possible to devise a
fairly simple term language for bigraphs. General graphs, as used in graph
transformation systems, do not share this property (see Section 6.4).

Binding is Important for Modelling Pure bigraphs aim to treat con-
nectivity and locality orthogonally, and hence, do not include any notion of
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scope or locality of linkage [Mil06b]. Binding introduces a mechanism that
allows us to relate and constrain the two constituent structures.

Binding bigraphs add binding ports on nodes, an associated scope dis-
cipline, and localized names to transfer the scoping discipline across com-
position. Milner is currently working on formulating a variant of bigraphs,
where names are allowed to be multi-located [Mil06a| (see Section 6.2).

Introducing locality and binding allows us to model both copying of
linkage in a parameter, and change of linkage upon a parameter. Thus,
binding and localized linkage appear naturally in modelling, as it allows us
more control over parametric reaction. Binding is essential for the descrip-
tion of parametric reduction in, for example, the 7 and A calculus. Milner
and Jensen study an encoding of an asynchronous variant of the 7 calcu-
lus [JMO04], while in recent work Bundgaard and Sassone extend this work
to a typed polyadic variant [BS06]. In [Mil06a], Milner encodes and stud-
ies a A calculus with explicit substitution (using intrinsically binding and
multilocated names — see Section 6.2).

In [DDO05b], we give examples and an extended discussion on the mod-
elling power of binding bigraphs based on a case-study of using binding
bigraphs to model event-driven systems.

3.1 An Equational Theory for Binding Bigraphs

Together with coauthors, I give a term language for binding bigraphs, an
associated axiomatization of graph isomorphism, and a series of normal form
theorems for binding bigraphs. This is done as a conservative extension of
the work for pure bigraphs by Milner [Mil05]. The introduction of binding
and locality proves to require a reworking of the foundation of the term
language, and, in particular, the normal form and equational theory.

The term language, the normal form and the equational theory for pure
bigraphs utilizes the orthogonality of the place and link graph to full effect.
The term language provides three placings essentially for constructing place
graphs, two linkings for constructing link graphs, and a single construct, an
ion, for adding nodes. The combinators are simply composition and tensor
product. The normal form for pure bigraphs is based on so-called discrete de-
composition, decomposing a bigraph as a discrete bigraph composed with a
wiring — a bigraph which contain only linkage. This essentially corresponds
to a decomposition of the bigraph into its underlying place and link graph.
This manner of decomposing a bigraph eases the proof of completeness of
the normal form considerably. Importantly, the normal form is also engi-
neered towards establishing the completeness of the associated equational

11



theory. The equational theory is stated as a set of axioms. Most axioms are
derived from the categorical foundation of composition and tensor product
(e.g., axioms for associativity and commutativity). The separation of place
and link graph in the term language, support separation of the axioms con-
cerned with place and link graph structure into three axioms expressing the
basic equalities for placings and four axioms for linkings. A single axiom is
concerned with ions. The separation of placings and linkings in the term
language and the discrete decomposition provided by the normal form is
also used intrinsically in the proof of completeness of the equational theory.

For binding bigraphs the place and link graph are no longer orthogonal
— the locality of names and binding ports, which serve to constrain the
link graph, is dependent on the place graph. Hence, we cannot hope to
decompose place and link graph entirely in a term language or a normal
form for binding bigraphs. On the other hand, binding bigraphs is simply a
refinement of pure bigraphs, in the sense that if we “forget” the binding of
ports and locality of names, we get a valid pure bigraph®. We would expect
a term language, a normal form and an equational theory that reflects this.
In other words, we seek to develop a conservative extension of the syntactic
theory for pure bigraphs.

This requires a careful extension of the term language and the normal
form developed for pure bigraphs. It proves non-trivial to extend the term
language and normal form to engineer them towards establishing and prov-
ing complete the equational theory. Centrally, we take care to define the
term language and the normal form, such that we can prove completeness
of the equational theory by structural induction.

In the term language, we change a placing to allow for local names, add
a constant, concretion, that maps local names to global names, and define
a new combinator, abstraction, that converts global outer names to local
outer names. Furthermore, to account for binding ports on nodes, we allow
the binding ion to bind a set of (local) inner names to each of the binding
ports of a node.

We develop a normal form, where binding is introduced as “outermost”
as possible, and which is based centrally on name-discreteness (i.e., where all
linkage to both global and local outer names is one-one). The term language
and normal form is engineered such that it is easy to define a syntactic
correspondent to name-discrete bigraphs called linearity. Linearity imposes
a simple syntactical restriction on the type of linkings allowed in a term.

4Formally, there is an obvious forgetful functor from the category of binding bigraphs
to the category of pure bigraphs.
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It is easily verified that linearity is an inductive property with regard to
the term language. We utilize this correspondence to full effect to allow the
proof of completeness of the equational theory to be established by structural
induction.

To illustrate the engineering of the term language and normal form,
consider as an example the binding ion. One could have defined the binding
ion to only allow single inner names (not sets of names) to be bound to
nodes. In fact, the term language (with this variant of ion) is complete for
binding bigraphs, and we could have easily defined a complete normal form.
But we would not have been able to define linearity as a simple syntactic
correspondent of name-discreteness.

In stating the equational theory, we extend the axioms for pure bigraphs
with six axioms concerned with binding and local names, and refine the ax-
ioms concerned with the changed placing. The main theorems state sound-
ness and completeness of the equational theory. These results yield syntax-
based equational techniques for reasoning about equivalence of bigraphs.
Incidentally, the proof of completeness in Part III serves as a thorough ex-
ample of the utilization of the decompositional analysis provided by the
normal form and the proof-techniques for reasoning about equivalence.

3.2 An Inductive Characterization of Matching in Binding
Bigraphs

As mentioned in Section 3, the definition of a binding bigraph is quite un-
wieldy for reasoning about equality. Furthermore, the definition of matching
(as sketched in Section 2.2) tells us nothing about how to construct a context
C' and parameter d, given an agent a and a redex R. Hence, our approach
is to initially characterize solutions to the matching problem, and later in-
vestigate how to specialize this into an algorithmic approach.

We already have an inductive way of building bigraphs as terms. Hence,
it seems a valid approach to look for an inductive characterization of how
to construct C' and d, by induction on a and R, the input to the match-
ing problem. We define the concept of a matching sentence, which is a
new representation of a match. A matching sentence defines a relation on
components of the agent, redex, context, and parameter. We look to char-
acterize this relation inductively. Matching sentences are defined such that
valid sentences correspond to valid matches.

Our main result is a set of operational rules that suffice for deriving
all valid sentences. The extended version of the original paper in Part III
includes an appendix with extensive details on the proof of completeness.

13



Our results immediately yield an inductive manner of reasoning about
matching in binding bigraphs. But combined with our earlier work, we have
also established a foundation for basing an implementation of bigraphs and
BRSs directly on terms. This would allow us to base such an implementation
on provably complete representations and on provably correct algorithms.
The work on such an implementation is currently underway (see Section 5).

This concludes the overview of my completed work, which is described in
full detail in Parts IT and III. In the following section, I outline my proposal
for future work, and give an overview of some related fields, results, and
techniques.

4 Proposed Work

In this section, I propose future work. Several lines of work involve the
utilization or adaptation of results, techniques, or tools from other studies
on bigraphs or studies in other fields. To explain these lines of work in
greater detail, I first need to introduce these results, techniques or tools.

In Section 4.1, I give an overview of the proposed work. In Section 5,
I outline the on-going work on a tool for BRSs. In Section 6, I give an
overview of a number of studies and fields that are important to consider
for future work, and provide more detail on the lines of work that involve
these.

4.1 Overview

The following proposals are listed in order of interest. In particular, I find
that the first three are the most important to consider at present. Hence,
these are also the most detailed proposals (although with some details post-
poned for later sections).

A Prototype Tool for BRSs As mentioned in Section 3, we are currently
working on a prototype of a tool for BRSs. This work is based directly on
the work on terms for (binding) bigraphs, as sketched in Sections 3.1 and 3.2,
and detailed in Parts IT and III.

The results on syntactic theories yields provably correct representations
and algorithms, but leaves ample room for efficiency-improvements. Cen-
trally, there is a need to investigate techniques for intelligently combining
matching and rewriting. At the least, this requires work on a revised normal
form, more suited for efficient matching and rewriting.

14



In Section 5, I provide more details on our current work on a tool.

Investigation and Adaptation of Related Tools and Techniques
The work on bigraphs and BRSs stem from an effort, by Milner and cowork-
ers, to provide a general theory able to unify and represent many behavioral
aspects of mobile process calculi. Consequentially, there has been quite a
lot of work on recapturing aspects of mobile process calculi. But exactly be-
cause bigraphs and BRSs has been developed as a meta-calculus, the manner
in which we model in BRSs does not resemble the manner in which we model
in mobile process calculi.

From a modelling perspective, the theory is more closely related to term
rewriting and graph transformation. There is a lot of experience in these
fields, both on theory and on practical applications. However, links to these
fields have so far been less investigated. These fields are important to un-
derstand from an implementation-perspective, though, as their modelling
approach (tree and graph based, respectively) and reconfiguration mechan-
ics (rule-based) are similar to BRSs. Hence, it appears that we may adapt
in our work on a tool for BRSs, tools and techniques developed for term
rewriting and graph transformation.

In Sections 6.3 and 6.4, I initiate an investigation of term rewriting and
graph transformation. To understand how bigraphs and BRSs relate to these
fields, we need to understand the fields in greater detail. The section also
gives pointers to tools and techniques that could be the starting points of
further investigation. Section 6.1 expands on the discussion of relatedness
with term rewriting and graph transformation, thus providing a motivation
for the focus of the survey.

Simulating BRSs with Graph Transformation Systems Considering
the long history of work on general graph transformation [EEPT06], it is
natural to ask whether we could, for example, use a graph transformation
tool as a basis for implementing BRSs. This would probably preclude us
from utilizing much of the work based on syntactic representations, though.
Thus, it would require us to establish other methods for ensuring validity. It
is still important to consider, though, as it would allow us to reuse a number
of existing resources. Consequentially, I have initiated an investigation of
how to compile a BRS to a (standard) graph transformation system. I
expect to be able to establish a (weak) dynamic correspondence between
the reactive systems.

I comment on this, and give indications of the difficulties involved, in
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the final section on graph transformation (Section 6.4.3).

Bigraphs with Multilocated Names The final word on how to intro-
duce binding into bigraphs has yet to be said. As mentioned, Milner is
working on formulating a variant of bigraphs with multilocated names. It
seems straightforward to extend my work on an equational theory and on
matching to multilocated names; the complexity lies in introducing binding
in the first place. Hence, this result seems fairly easy to establish, but we
need more experience with concrete examples, for me to determine whether
this line of work is worth the effort.

In Section 6.2, I give more details on the work on, and motivation for,
bigraphs with multilocated names.

Spatial Logics for Binding Bigraphs The axiomatization of pure bi-
graphs [Mil05], has proven an important foundation for the analysis of pure
bigraphs, and, as such, has been the main inspiration for BiLog, a framework
for spatial logics for bigraphical structure [CMS05b]. Our results extend
this foundation to binding bigraphs, and thus yields an obvious line of fu-
ture work, namely to extend BiLog to binding bigraphs. Further, currently
BiLog only allows us to express static properties. It will also be important
to work toward extending BiLog with dynamic reasoning capabilities.

This line of work is important — as we hope to include tool-support for
reasoning about systems — but one could hope that the authors of [CMS05b]
continue this work themselves.

In Section 6.2, I give a brief overview of the present state of BiLog, and
comments on possible extensions.

Tool-support for Sortings and Spatial Logics We also plan to give
tool-support for some of the important concepts and techniques that is be-
ing developed for bigraphs, highlighted in Section 6.2. For instance, the
theory of sortings expands on the aim of being able to constrain and con-
trol the structure of bigraphs. Spatial logics promise to lend us a language
for expressing properties of bigraphs and bigraphical reactive systems. The
inclusion of tool-support for either sortings or logics requires a considerable
amount of work. For sortings, this would at the least require work on how
to express sortings; but also on how to intelligently combine sorting with
matching and rewriting. For spatial logics, this initially requires the exten-
sion of the theory to binding bigraphs (see above). Secondly, one would

16



most probably need to determine an interesting subset of the logic, which it
would be feasible to implement tool-support for checking.

In Section 6.2, I give an overview on the work on sortings and spatial
logics.

Investigating the Categorical Foundation of Matching Finally, an-
other possible line of work is based on the resemblance between the algebraic
presentation of bigraphs and term graph rewriting systems.

As was kindly pointed out to me recently by A. Corradini, the algebraic
presentation of bigraphical structure in [Mil05] and Part II resembles the al-
gebraic presentation of term graphs in [CG99a]. The work in loc.cit. is used
as the basis of a 2-categorical presentation of term graph rewriting [CG99b].
This resemblance could be used as the foundation for looking for a stronger
categorical foundation for the description of matching and rewriting in bi-
graphs. This line of work seems less applicable for a tool for BRSs, though,
so I shall give this lower priority.

In Section 6.4.1, I discuss term graph rewriting systems and provide a
few more details on the work mentioned above.

This concludes the brief overview of proposed future work. In the fol-
lowing sections, I provide more details for each of these proposals.

5 A Tool for BRSs

It is a main aim of the BPL project to build tool-support for working with,
and reasoning about, BRSs. Currently, in the BPL group, we are collectively
working towards that aim by implementing a prototype rewriting engine for
binding bigraphs, based directly on the work on term languages for binding
bigraphs in Parts IT and III.

The term language for binding bigraphs lends us a complete represen-
tation language for expressing bigraphs, and the normal form is a uniform
representation based directly on this manner of expressing bigraphs. The
inductive characterization of matching gives us an inductive method of prov-
ing a match valid. But it can also be used as a foundation for implementing
matching in a tool for BRSs. As I shall sketch below, I am currently working
on normal inferences for matching on terms. (Note that the characterization
given in Part III is for bigraphs, not terms for bigraphs.)

First, to recast the inference rules to work on terms, I simply add a sin-
gle rule to allow application of structural congruence. This yields a wildly
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nondeterminstic inference system as we might need to apply structural con-
gruence between every step to infer a match. (This is reminiscent of prob-
lems in implementing rewriting logic, term rewriting modulo a set of static
equivalences, see Section 6.3.1 for more details.)

Consequentially, as the second step, to specialize the characterization
into an algorithm for mechanically finding matches, I define normal infer-
ences. Normal inferences are inferences that are complete in the sense that
all valid matching sentences can be inferred, but suitable restricted, such
that inferences can be built mechanically. In particular, normal inference
definitions for term matching need to spell out how and where to apply struc-
tural congruence. As a main trick, I define normal inferences that require
each inference to start by rewriting the term to be on normal form.

It is interesting to note that each definition of normal inference corre-
sponds to a different algorithmic approach to matching. It might even be
worthwhile extending the set of rules to allow even more freedom in choosing
a definition of normal inference.

Thus, our implementation is theoretically well-founded, but, alas, not
necessarily very efficient. Therefore it should be noted that currently we are
considering efficiency-issues only at the level of being able to run minimal
examples.

Plans for future work on the tool include major revisions on matching and
rewriting, in particular on techniques for intelligently combining these. Also,
as suggested by [DDO05a], it might be worthwhile to consider approaches
where matching is driven even more aggresively by the place graph. (In
loc.cit., we show that for pure bigraphs with epi redices, given a match in
the place graph there is at most one compatible link graph match.)

Future aims also include support for sortings, spatial logics, and multi-
located names as detailed in Section 4.1.

6 Litterature Study for Proposed Work

This section contains a litterature study fields, results, and techniques, which
will be the basis for further investigation. It also provides a background for
a number of my proposed lines of work (see Section 4.1), and discusses these
in greater detail.

In Section 6.1 I discuss the motivation for focusing the main parts of this
study on term rewriting and graph transformation. In Section 6.2, I give
an overview of studies and results for bigraphs, which are important for my
further studies. In Sections 6.3 and 6.4 I give brief surveys of term rewriting
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and graph transformation, respectively.

I emphasize that these surveys are preliminary, and that the areas and
projects highlighted here will serve as the basis for further studies. To
determine links and possible adaptation between bigraphical theory and
other fields, we still need a deeper understanding of bigraphs and BRSs as a
modelling tool. To that end, it will be important to develop more worked-
out and well-understood examples. I hope that tool-support, as promised
by the current work on a prototype implementation, shall be a central aid
in doing so.

6.1 Background

The theory of bigraphs and BRSs stem from work on deriving labelled tran-
sition systems (LTSs) for reactive systems [Sew02, LM00, JMO03], and on
an effort by Milner and coworkers to provide a general theory able to unify
behavioral aspects of mobile process calculi [Mil06b, JMO04]. Thus, in the
collective eyes of the mobile process calculi community, bigraphs and BRSs
is a “grand unifying model” (quoting Nestmann [Nes06]).

Consequentially, there has been quite a lot of work on recapturing as-
pects of mobile process calculi; I highlight some examples in Section 6.2.
And significantly, in that sense, bigraphs and BRSs have been designed in-
herently by the needs of a meta-calculus. Whether one investigates BRSs
as the foundation for representing and capturing semantics of mobile pro-
cess calculi, or, whether one seeks to model directly aspects of ubiquitous
systems, this design of bigraphs and BRSs is important. Centrally, it has
consequences for the modelling primitives and mechanisms we are given to
work with. As I try to illustrate in Sections 6.3 and 6.4, from a modelling
perspective bigraphs and BRSs have much in common with term rewrit-
ing and graph transformation. More so, in fact, than with specific mobile
process calculi.

When modelling in BRSs, we get to give both our own static structures
and the reconfiguration semantics for those structures. We essentially imple-
ment a domain-specific calculus for modelling both the static structure and
the dynamic semantics directly. First, we define our own set of primitives
and operators, and then we construct the reconfiguration patterns for these
using reaction rules. Compare this, for example, with the graph transforma-
tion language PROGRES, which can be seen as a specification-language for
both statics and dynamics of domain-specific databases (see Section 6.4.2).
And contrast this with mobile process calculi, which almost all derive from
the (CSP, CCS, and ACP) tradition of process algebra for modelling and
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reasoning about concurrent systems [Bae05]. In a process algebra, we are
given a proto-programming language with a fixed set of primitives and op-
erators to model our data-structures, and use the hard-wired semantics of
that particular calculus to model our intended behavior.

The differences in how we model are particularly important for our work
on a tool for BRSs. It is not easily seen how we may directly employ expe-
riences with the implementation of tools or programming languages based
on mobile process calculi.

Prominent tools such as the Concurrency Workbench [CWB, CPS93],
and the Mobility Workbench [MWB, Vic94] are concerned with efficiently
representing CCS and the w-calculus, respectively, and, particularly on an-
alyzing and verifying bisimilarity based on that representation. In the BPL
project, we are currently concerned with representing and simulating a re-
active system, which is given by a signature and a set of rewrite-rules that
are defined by the user. The associated bisimulation relation is generated
semi-automatically (something which we might hope to give partial tool-
support for in the future), but, as sketched in Section 6.2, the techniques
that need to be employed for tailoring the bisimulation are still very much
in development.

Because of the likeness of the modelling mechanisms of BRSs and graph
and term rewriting, I conclude, that when looking to employ techniques and
tools inspired by work in other fields, we should currently look towards those
developed for term and graph rewriting.

As a final side-remark; note, that there are studies that show that the
links between the theoretical underpinnings for BRSs and graph transforma-
tion may be strengthened. As reported by Ehrig in [Ehr02], the underlying
categorical model and use of pushouts are different, but may possibly be
conjoined. A common ground may be found, perhaps using a 2-categorical
approach as used to represent graph rewriting in [GHL99] or, for deriving
labels for reactive systems [SS02]. Furthermore, recent work on deriving
labels and capturing observational equivalences in the standard DPO ap-
proach to graph transformation is directly inspired by the work on deriving
labelled transitions systems for BRSs [EK04].

6.2 Related Work on Bigraphs

An evaluation of the aim of using bigraphs for representing mobile ubiquitous
systems, was initiated in [BDET06] and continued in [Els06] by Elsborg,
who defines and models as BRSs so-called Plato-graphical models, in the
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process encoding and analysing a MiniML-like calculus with references. This
work focuses on context-aware systems, in particular the location aspect of
context, and the goal is to represent and analyze a minimalistic location-
aware model as a Plato-graphical (BRS) model.

Case-studies of bigraphs, such as those above, drive the need for devel-
opment of novel theory and techniques.

Bigraphs with Multilocated Names I have already discussed the mo-
tivation for introducing binding and local names in Section 3.

Milner is currently investigating extensions of binding bigraphs, where
names are allowed to be multilocated, that is, located at several roots or
several sites (see, e.g., [Mil04] and [Mil06a]). The on-going work in [Mil06a]
is an investigation of confluence properties of BRSs, by studying an encoding
of a A-calculus with explicit substitutions.

The research on extensions of binding bigraphs with a more fine-grained
control of the locality of names, is motivated by the loss of ability to write
convenient wide reaction rules working on bound linkage. In binding bi-
graphs, names shared across roots in wide redices or reactums of rules must
be global. When trying to find a match between a redex and an agent,
global names in the redex cannot end up being bound in the context, as this
would require the context bigraph to link a global inner name to a binding
port or a local outer name; thus, breaking the scope rule. Consequentially,
in binding bigraphs, we cannot write wide rules working on bound linkage
without explicitly showing the binder in the rule. Essentially, bigraphs with
multilocated names add this feature, by allowing shared names to be local.
Centrally, the encoding of the A-calculus of [Mil06a] uses this feature to
encode succinctly non-local substitution.

Sortings The theory of sortings (or typings) for bigraphs and general re-
active systems have been extended in [BDHO06], and applied to the domain
of context-aware systems in [BDET06]. In particular, a framework is estab-
lished for so-called decomposable predicate sortings, those sortings given by a
predicate P preserved under decomposition®. As locality and binding, sort-
ings allow us to prune the bigraphs we consider, simply by asserting that we
only consider our reactive system to contain those morphisms (i.e., bigraphs)

5Strictly, the results in [BDHO6] are for reactive systems over categories, thus not
directly applicable to the precategorical setting of bigraphs. The authors state, though,
that “We believe the extension of our work [to reactive systems over precategories| to be
straightforward but cumbersome, but we have yet to justify that belief.”
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that adhere to the sorting discipline. We could, for example, disallow all bi-
graphs with nodes of control K in parallel (such as K | K). In [BDET06]
sortings are used for modelling context-aware reaction rules, by requiring
for particular reaction rules that the context be sorted according to a par-
ticular sorting, for example, requiring that no Bs occur in the context of a
reaction.

Variants of sortings have been applied extensively for pruning the de-
rived labelled transition systems yielded by encoding particular calculi in
bigraphs to recapture in the encoding the contextual equivalence of the
original calculi (for CCS [Mil06b], typed 7 [BS06], Homer [BHO06], and Mo-
bile Ambients [Jen06]). Not surprisingly, the scoping restrictions imposed
by the above-mentioned binding variants of bigraphs can be expressed as
sortings. (The definition of reaction is also changed for binding bigraphs,
though — see [JMO04, Chapter 12| or Part III — in particular, to allow
parameters with arbitrary bound wiring. This cannot be expressed directly
as a sorting.)

From an implementation point-of-view, sorting is an important future
topic to consider; most importantly, as it has been a necessary component
in constraining models to include less “junk”, and, as such it promises to sim-
plify the matching problem (as we need only consider well-sorted matches).

Spatial Logics In [CMS05b, CMS05a] the authors have initiated research
on a framework, BiLog, for static spatial logics, which instantiate directly
to (pure) bigraphical structure as a composition of a place graph and a link
graph logic. The basic logic is defined on bigraph terms and is inspired and
firmly supported by the axiomatization of pure bigraphs in [Mil05]. It is
an intensional logic, in that it coincides with structural congruence, which,
in general, is strongly more fine grained than any behavorial equivalence
one might want to consider. Towards controlling the structural inspection
power of the logic, a notion of transparency is defined; essentially, allowing
one to consider certain parts of the bigraphical structure as opaque or in-
distinguishable. Similar to the active/passive kinding of controls, we define
certain nodes of certain controls as opaque, blocking inspection of a term at
these nodes and their descendants.

Recent, yet unpublished, work [CMS06], delve more into examplifying
instantiations of the logic, and discussing how the framework may be ex-
tended to encompass also dynamic behavior. Interestingly, they show that
by utilizing the strong intensionality of the logic, for particular cases, stan-
dard temporal modalities such as the next-step modality can be expressed
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in the logic as it is. Essentially, based on an analysis which characterize all
reacting contexts and given a particular set of reaction rules, it is possible
to define a characteristic formula for every rule. This is shown for a simple
encoding of CCS, and an associated behavioral logic Lgpa (introduced in
[CLO4]).

Both static logics and dynamic logics are of major future importance for
stating properties and reasoning about bigraphs and BRSs. An obvious line
of future work would be to utilize the work on binding bigraphs to extend
the BiLog-framework to the binding setting. It will also be important to
work toward extending the framework with more natural dynamic reasoning
capabilities. We should not, perhaps, hope to find easily a general result
relating the derived bisimilarity and a dynamic logic for BiLog and BRSs, in
the style of the Hennesy-Milner logical characterization of bisimilarity for the
m-calculus. For that, it seems, that the intensionality of the BiLog framework
at present is too pronounced. More experience is needed to evaluate this,
though, and also to determine whether and how we might hope to include
tool-support for some of the features presented by a logic.

6.3 Term Rewriting

There is a long tradition of term rewriting systems and a comprehensive lit-
erature on the subject; two standard references to the field are [BN98], and
more recently [TeR03]. Let us briefly recall the basic theory of term rewrit-
ing systems, and discuss the relation to bigraphs and bigraphical reactive
systems.

A term rewriting system (TRS) is a collection of rewrite rules on terms.
We construct terms, as usual, inductively over sets of function symbols and
variables. Rewrite rules are pairs of terms L. — R, such that all variables in
R also occur in L. TRS’s can be used to rewrite on closed terms (i.e., terms
with no variables)®.

We determine whether we can rewrite a term ¢t by a TRS 7 of rules
L; — R; in the following manner: We try to find one or more matches
between left-hand sides L; € T of each rule and ¢. We have a match iff
for a substitution o on the variables of L; and a subterm t’ of ¢, we have

SRewriting on open terms (i-e., terms with free variables) can also considered, and are
called narrowing rewrite systems. The name refers to the narrowing (or, instatiation) of
the variables in the open term being rewritten on, when we match a left-hand side of a
rule to the term. Such systems have been studied in the context of logical programming
languages. Rewriting in BRSs works on agents, corresponding to closed terms, so, at
present, we shall not be particularly concerned with this kind of TRSs.
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o(L;) = t; or in words, iff a subterm of ¢ matches a substitution-instance
of L;. Such a subterm ¢’ is called a redex (conflicting somewhat with the
terminology in BRSs where the left-hand side itself is called a redex). We
rewrite (or reduce) a redex by replacing ¢ = o(L;) with o(R;). A term
t is said to be in mormal form with respect to a given TRS 7, if no rule
in 7 can be used to rewrite t. Again, the terminology for bigraphs might
confuse slightly. In this report we refer mainly to a static normal form (as
given by Theorem 1 in Part II). This is an important notion for bigraphs,
because bigraph terms are considered up to structural congruence. On the
contrary, for BRSs a normal form with respect to the reduction rules (a
dynamic normal form) is less important to consider, since we are interested
in reactive systems, which, in general, we do not wish to consider as reaching
an end-state.

It is typical to require of left-hand sides L that they cannot be only a
variable, thus disallowing arbitrary introduction of R structure everywhere;
and that they cannot be comparing, i.e., contain multiple occurences of the
same variable.

Term rewriting systems have been studied as a vehicle to giving se-
mantics to several kinds of programming languages, and there have been
a natural interest in investigating confluence properties of term rewriting
systems. Recall, that a rewriting system is confluent iff for every two re-
duction sequences t —* t1 and t —* {9, there exists a t3, s.t. t1 —* t3 and
to —* t3. In general, TRSs are not confluent, but confluent sub-classes have
been identified. For instance, a TRS is confluent if it is non-comparing, and
non-ambiguous (i.e., all left-hand sides are non-overlapping).

As a natural extension, different kinds of reduction strategies have been
studied. Reduction strategies are functions that, given a TRS and a term,
determines the redex to reduce next. Of special interest here (see below)
are parallel reduction strategies, which have the possibility of determining
two or more redices to be reduced next, in arbitrary order. The parallelism
allowed by this strategy corresponds to an interleaving view of concurrent
execution.

6.3.1 Comparing TRSs and BRSs

The basic setup of TRSs bears a close likeness with place-graph reactive
systems; essentially, collections of parametric reaction rules reconfiguring
tree-shaped structure with node controls corresponding to function symbols,
and (numbered) sites corresponding to (named) variables. There are a few
important differences, though. Recall that we consider place graphs equal
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up to permutation of siblings, which corresponds to considering terms for
place graphs equal up to structural congruence (as determined by the cate-
gorical and place graph axioms, viz. Part II). Terms of TRSs are naturally
considered equal iff they are syntactically equal. Further, we are allowed to
write wide rules working on place graphs. The latter allows us to model di-
rectly distributed reaction, which is more than a parallel reduction strategy
allows us. Thus, we can model elegantly non-local moves and copying, as we
do not need to show explicitly the parent structure of the subtrees matched
by the patterns in the left-hand side.

The first point is a basis for studying more closely the relationship be-
tween bigraph reactive systems and term rewriting systems modulo a set
of (static) equivalences. This is essentially what the field of rewriting logic
takes as its starting point. There is a considerable amount of studies on
rewriting logic, and, in particular, also as semantic models for concurrent
systems; see, for example, [Mes96]. In particular, we could learn from stud-
ies on efficient implementation strategies for pattern matching and rewriting
over associative and commutative theories. One approach, at least, is to em-
ploy the Knuth-Bendix completion algorithm [EB70] to transform the set
of equations (over terms) into a confluent term rewriting system. This is
as opposed to, for example, employing a (static) normalization strategy, as
we are currently pursuing in the prototype of the implementation of the
BPL tool. Further studies are surely needed to determine whether and how,
we employ some of the sophisticated techniques developed in the context of
rewriting logic.

A good concrete starting point for further studies is the system Maude [Mau,
CDE'01, CDE"03]. It is supported by a strong research background on
rewriting logic, in particular, a number of more recent studies by Eker on
efficient AC matching and rewriting [Eke00, Eke03]. Furthermore, an ex-
tension, Mobile Maude [DELMO0], supports mobile computation.

Last, but not least, an important derivative of TRSs are term graph
rewriting systems: essentially, lifting TRSs to reduce under a graph trans-
formation semantics. There are some links to the work on normal forms and
an equational theory for bigraphs, and I shall return to term graph rewriting
systems in the next section, after having introduced graph transformations
systems.

6.4 Graph Transformation

The studies of graph, rather than term, reconfiguration also has a long
history. There are several approaches, but the longest running tradition
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is the algebraic approach based on double-pushout (DPO) constructions
initiated by Ehrig, Pfender and Schneider [EPS73]. For a recent intro-
duction, see [EEPTO06]; for the comprehensive standard reference to the
field, see the handbooks [Roz97, REKE99, REKM99]). The name alge-
braic stems from the fact, that a directed graph G = (V, E,s,t) (where
s: B —Vandt: E — V are functions assigning source and target nodes
for edges) can be seen as a special case of an algebra with two base sets
V,E and operations s, t. Equally, graph homomorphisms f : G; — Go
are constructed pointwise, and are special cases of algebra homomorphisms
f=v:Vi—= VW, fe:E, E).

A graph transformation system (GTS) consists of a set of graph trans-
formation rules working on directed graphs. As for term rewriting systems,
a rule (or production) p is essentially a pair of graphs, a left-hand side L
and a right-hand side R. Rules are given with a common interface K, the
intersection of L and R; explicitly stating the nodes and edges which are
preserved when rewriting by p. Formally, p = (L, K, R), where LUK = L
and RUK = R.

As the name double-pushout suggests, the theory has a categorical pre-
sentation. We briefly recap some of the basic definitions and extensions.
The class of all graphs as objects and of (total) graph homomorphisms form
a category Graphs. Categorically, a rule p = (L L g R) consists
of graphs L, K, R and mono (injective) morphisms [,r. A (direct) graph
transformation G 22 H from a graph G to a graph H by p and a match
morphism m : L — G, is given by the following DPO diagram,

L't k" g
m k n
G—J1 p_ 9 .y

where both squares are pushouts. The match morphism m serves to identify
nodes and edges in L with nodes and edges in G. Given m, we transform G
by p, essentially by removing from G those nodes and edges not present in
K (giving us the graph D), and to construct H, we add the nodes and edges
in R\ K. It is a standard restriction to require that the match morphism m
be mono; thus, for example, disallowing the match morphism m to identify
two nodes of L with a single node in G.

26



As opposed to term rewriting systems (TRSs) and BRSs, graph trans-
formation systems do not naturally allow parametric reconfiguration rules.
Our understanding of parameters in TRSs and BRSs, naturally rely on the
hierarchical structure of terms and the place graph, respectively. In contrast,
a priori, we have way to give meaning to parameters for arbitrary graphs.
Consequentially, we cannot express directly in rules, copying and deletion
of arbitrary subgraphs in (basic) GTSs. Not surprisingly, though, the no-
tion of parametric reconfiguration appear in extensions to the basic theory
for GTSs. In the next section, I give particular mention to one, hierarchi-
cal graph transformation, and we shall encounter the problem again in the
context of the concurrent version of the programming language Clean (see
Section 6.4.1), which is implemented using term graph rewriting.

Finally, it should be noted, that as for term rewriting systems, confluence
properties of GTSs have been studied in great detail, characterizing precisely
when direct graph transformations can be applied in arbitrary order, leading
to the same result. This leads naturally to a notion of parallelism, that cor-
responds to that allowed by a parallel reduction strategy for term rewriting
systems (see Section 6.3).

6.4.1 Extensions

There exists numerous basic extensions to the theory, adding for example,
types, application conditions, and layered rules. The algebraic approach to
transformation of graphs generalizes to a theory of so-called high-level re-
placement (HLR) systems, which permits reconfiguration of more complex
structures such as, for example, Petri nets, algebraic specifications, and hi-
erarchical graphs (the latter, which we shall return to below). The theory of
HLR systems is supported by recent work on adhesive categories by Lack and
Sobocinski [LS04], and can be instantiated, for example, to typed attributed
graph transformation systems. As the development of such extensions have
been driven by the needs of concrete models and from practical experience
with tools, and, as such, are of central importance to our project, I outline
the properties of the extensions mentioned.

Transformation of typed graphs can be considered; first, by giving a
particular type graph T'G; second, by considering all graphs G together
with a type morphism type = (typey,typeg) : G — T'G, which relates nodes
of GG to type-nodes of T'G and edges of G to type-edges of T'G; and finally, by
restating definitions and propositions (as sketched above), for the category
Graphstg of typed graphs over T'G. Labelled graphs fall out as a special
case of typed graphs.
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Application conditions for matches restrict the cases where the left-hand
side of a rule matches a graph. Of practical interest is, in particular, negative
application conditions (NACs), which allow us to display graph configura-
tions that we wish to prevent from transforming.

Layered rules are simply distributed into a sequence of layers. In each
layer, rules are applied until we reach a graph which cannot be reconfig-
ured more. Finally, attributed graphs allows us to attach attributes over an
arbitrary algebra to nodes and edges. Formally, this requires another ex-
tension of the theoretical underpinnings into the category AGraphsarg of
attributed graphs over an attributed type graph AT'G, which is then used to
instatiate the general theory developed for HLR systems. On a more prac-
tical note, and as an interesting and non-trivial example of the utilization
of attributes, the AGG tool (see Section 6.4.2) allows us to attribute graphs
with Java objects and types.

Hierarchical graph transformation As we are concerned with bigraphs,
another notable extension is the work on hierarchical graph transforma-
tion. Several approaches have been investigated; an interesting approach
is [DHP02], which smoothly extends the DPO approach for transformation
from flat to hierarchical graphs, which allow recursive nesting of graphs in
special hyperedges. The work is motivated by practical applications for pro-
gramming and system specification, which the authors claim should benefit
from a notion of hierarchy in the structure. In particular, the manner in
which hierarchy is introduced, lends itself easily to a mechanism for hiding
or abstracting from subgraphs; a property, which is important for the vi-
sualization of large graphs. As for bigraphs, the idea is to add this notion
explicitly in the model, rather than encode (and maintain) the hierarchy in
(flat) graphs. Further, the notion of hierarchical transformation supports
an introduction of rule schemas with frame variables, which can be instan-
tiated with graphs, to allow directly copying and deletion of subgraphs. As
opposed to bigraphs, though, edges cannot cross boundaries of frames.

Other approaches, such as [Pal04], work by imposing a nesting relation
directly on components of a (flat) graph; we might, for example, allow nest-
ing of the nodes (like for bigraphs). The framework in loc.cit. is also founded
on the DPO approach to transformation, and care is taken to allow flexi-
bility in allowing the framework to be specializable to particular subclasses
such as, for example, node-nesting or (hyper-)edge nesting. The framework
immediately allows edges crossing nesting boundaries, but the framework
does not (yet) include a supporting notion of parametric rules.
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More studies are needed to determine whether these, or other notions
of hierarchical graph transformations could be employed to strengthen the
relation between GTSs and BRSs.

Term graph rewriting Term graph rewriting is not really an extension,
but an entire subfield of research with roots in both term rewriting and
graph transformation. Simply put, a term graph rewriting system is a TRS
that is lifted and reduced under GTS semantics. A standard approach is to
lift terms by interpreting their tree shape as a graph, with atoms as labelled
nodes, variables as unlabelled nodes, and edges representing the nesting
relation — making sure to link multiple occurences of the same variable to
the same node. Thus, the natural term graph rewriting system is really a
term dag rewriting system. When applying rules, with terms lifted in this
manner, it naturally results in sharing, rather than copying, of subterms,
something which cannot be expressed in basic TRSs.

Both term rewriting and term graph rewriting systems have been studied
as the basis for efficient implementations of the A-calculus. The utilization of
sharing allows very efficient implementations of functional programming lan-
guages. The book [PE93] introduces the fields of term, graph and term graph
rewriting systems with the specific aim of introducing Clean, a purely func-
tional language. For our purposes, Concurrent Clean [Cle, NSvP91, Pv98],
the extension to concurrent distributed domains, appears particularly inter-
esting. It is a natural choice to seek maximal sharing when concerned with
an efficient implementation of the A-calculus, but in a distributed, mobile
setting one sometimes need to actually copy and move objects. Thus, as
a pragmatic solution Concurrent Clean simply introduces a separate con-
struct to copy, rather than share, terms. We might perhaps need to look
to such solutions, if the need arises for introducing sharing and dag-place
graph structure.

Another interesting point, is the relatedness between the algebraic pre-
sentation of bigraphical structure in [Mil05] and Part II (i.e.,[DB06]), and
the algebraic presentation of term graphs in [CG99a]. Based on an anal-
ysis of atomic term graphs and normal forms, a categorical foundation for
term graphs is established, showing that term graphs over a signature X are
in one-one correspondence with the morphisms of the free so-called graph-
substitution-monoidal category generated by 3. In the paper [CG99b], this
treatment of term graphs is used as the basis of a 2-categorical description
of rewriting. As suggested to me, it might make sense to take this work as
an inspiration to start looking for a stronger categorical foundation for the
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description of matching and rewriting in bigraphs. This is surely a topic
for future consideration; it seems, initially, that this would lead in the same
general direction as that taken by the 2-categorical approach to derive labels
for reactive systems, as described in [SS02].

6.4.2 Applications and Tools

Graph transformation is a field which has been driven by a number of ap-
plications. These applications have consequently driven the development of
tools for graph transformations. Applications with associated implementa-
tions include semantics for functional languages such as Clean [NSvP91],
verification of object-oriented systems such as GROOVE [Ren04], genera-
tion of diagram editors from graph grammar specifications of visual lan-
guages [Min03], and, as suggested in [VSV05], the theoretical foundation of
model transformation in model driven development.

There exists a number of general graph transformation tools. Some of
the techniques employed for the implementation of these might inspire future
work on a dedicated tool for BRSs; or they might be employed directly for
simulating BRSs. As examples of such tools, I highlight two below, which
constitute quite different approaches to employing graph transformation.

The AGG System The AGG (Attributed Graph Grammar) System [AGG,
ERT99], developed at the Technical University of Berlin, is at the core a
rewriting engine for typed attributed graph systems using negative applica-
tion conditions. The modelling approach and implementation follow quite
closely the categorical foundation as described above’, seeking to provide
a general framework for working with graph transformation. Thus, the
AGG engine utilizes a library for computing colimits efficiently (recall that
a pushout is a just a special case of a colimit), developed in [Wol98]. The
matching engine underlying AGG recasts graph pattern matching as a con-
straint satisfaction problem (CSP). In [Rud00], Rudolf shows a technique
for obtaining an equivalent CSP for a given graph matching problem. The
main idea to take the nodes and edges of the pattern (left-hand side) graph
to be the variables of the CSP, to take the nodes and edges of the working
graph as the domain of these variables, and to establish a translation of the
restrictions that apply for graph maps to be a homomorphism into a set of
constraints for the CSP. It would be interesting to investigate whether this
approach would work for bigraphs.

"Strictly, rule application is computed using the so-called single-pushout approach,
rather than the double-pushout approach.

30



AGG is implemented entirely in Java, and (as mentioned) supports at-
tributing nodes and edges with Java objects and types; further, rules may
also be attributed with attributes that are evaluated during rule application.
This enables AGG to be used either through its own visual editing inter-
face; or to allow (external) applications to employ the transformation engine
in AGG. One such application is the Tiger project (Transformation-based
generation of modeling environments) [Tig, EEHTO05] a tool, also developed
at Berlin, that allows the generation of visual editor plugins for the Eclipse
tool [Ecl] from graph-grammar specifications of a visual language.

The PROGRES Tool PROGRES (PROgrammed Graph Rewriting Sys-
tems) [PRO, SWZ99] has a longer history than AGG, and, is actually more
a full programming language based on graph transformation — but can also
be viewed as a specification-language for domain-specific databases deter-
mining both static structure and dynamic behavior. It includes a graphical
interactive environment such as AGG. It is, as the name hints at, engi-
neered towards a programmed approach to using graph transformation as
a means of both modelling and actual programming. Thus, it presents the
user with more control structures for controlling rewriting, and the mod-
elling environment allows more powerful modelling mechanics than the rule-
based rewriting of typed, attributed nodes and edge allowed by AGG. We
can establish inheritance hierarchies of node classes (even allowing multi-
ple inheritance), derived relationships — representing often-used paths of
a given graph, UML-like multiplicity constraints for edges, write functions
that test attribute values under pattern matching, and centrally we are al-
lowed to define complex queries and procedures that may update data. As
graph transformation is employed centrally in running these queries, and
following the programming approach to graph transformation, it is natural
to allow so-called parameter-passing of nodes between rules. Under consec-
utive rule application, parameter-passing allows pattern matching to speed
up in the subsequent rewriting steps, as it can directly reuse nodes passed
as parameters rather than recalculating them.

The parameter-passing approach is further supported by the pattern
matching algorithm, as detailed in [Ziin94]. The heuristic algorithm de-
tailed here solves graph pattern matching directly, as opposed to the CSP-
approach for AGG. In doing this, a central problem is to choose the right
search plan for comparing the components of a pattern graph with the com-
ponents of a working graph. Interestingly, during compilation the pattern
graph is transformed (using graph transformation(!)) to a graph where the
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operations of all possible search plans are represented explicitly, together
with a representation of the original components of the pattern graph. The
algorithm then uses a quite sophiscated cost model for the basic operations
in performing pattern matching (such as testing an attribute, traversing an
edge, or enumerating all nodes of a specific type). Based on this cost model,
at compile-time a greedy algorithm generates search plans for the different
rules.

Based on a recent survey [VSV05], benchmarking different tools based
on graph transformation, the techniques employed in PROGRES are more
efficient in practice than those in AGG.Recent work [VVF05] on graph-
pattern matching suggests incorporating (at compile-time) domain-specific
knowledge into the technique for generating seach plans, allowing statistical
knowledge provided, for example, by a domain expert, to influence the cost
model. This may even be employed at run-time to influence dynamically
the cost-model.

6.4.3 Simulating BRSs with Graph Transformation Systems

As graph transformation talks about transformation of structure at a very
general level, it is natural to ask whether we could use GTSs as a vehicle
for implementing BRSs; essentially, whether we may compile a BRS to a
GTS establishing a suitable (weak) dynamic correspondence between the
systems. This is important to consider as it would allow us to reuse existing
technology developed for GT'Ss.

Consequentially, I have initiated and am currently working on such an
investigation. More specifically, I investigate how we may faithfully encode
a particular BRS into a (standard) typed, attributed GTS. I define a trans-
lation of BRSs simply by translating each of the constituents of a BRS — an
agent, a set of reaction rules, and a signature. Towards fullfilling the practi-
cal goals of this investigation, I have chosen to restrict myself to work with
the set of GTS concepts that are present in the tool AGG. The main goal is
to establish a dynamic correspondence between the reaction semantics of a
(possibly suitably restricted) set of BRSs and their translations into GTSs.

It is a strong aim to preserve graph isomorphism of bigraphs as graph
isomorphism in the translated graph. As argued in Section 3, this has tra-
ditionally been noted as one of the main advantages of encodings of several
process calculi as both BRSs and GTSs, and we would not easily want to
let go of this feature. The lack of parametric reconfiguration in basic GTSs
is a natural barrier in representing BRSs faithfully, though. My preliminary
experience shows, however, that we might need to slacken this constraint
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(i.e., of preserving graph isomorphism), if we aim to transfer from BRSs
concepts such as arbitrary copying and deletion of subgraphs. More work is
needed to confirm this, though.

7 Conclusion

This concludes the first part of this report — with an overview of my com-
pleted work and my proposals for future work. In summary, I have developed
for binding bigraphs,

e a term language,
e a set of normal form theorems,

e an equational theory on terms that captures graph isomorphism on
the term level, and

e a complete inductive characterization of matching for describing when
and where a redex matches an agent.

This work was developed together with co-authors and extends the work
on pure bigraphs by Milner [Mil05]. The remainder of this report — Parts II
and III — is devoted to presenting this work in more detail.

Moreover, I have presented and discussed a set of proposals for future
work, giving particular focus to those that are applicable for a future tool
for BRSs. Finally, I have presented a preliminary litterature study focus-
ing mainly on term rewriting and graph transformation; as argued in Sec-
tion 6.1, from a modelling perspective BRSs, term rewriting systems and
graph transformation systems have much in common.
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Part 11
Axiomatizing Binding Bigraphs

This part consists of the journal paper “Axiomatizing Binding Bigraphs” [DB06].
The paper is presented unchanged. As we have found two minor errors after
the publication of the paper, I include an erratta-sheet after the main body

of the paper.
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Abstract. We axiomatize the congruence relation for binding bigraphs and prove
that the generated theory is complete. In doing so, we define a normal form for
binding bigraphs, and prove that it is unique up to certain isomorphisms.

Our work builds on Milner’s axioms for pure bigraphs. We have extended the
set of axioms with five new axioms concerned with binding, and we have altered
some of Milner’s axioms for ions, because ions in binding bigraphs have names on
both their inner and outer faces. The resulting theory is a conservative extension
of Milner’s for pure bigraphs.

ACM CCS Categories and Subject Descriptors: D.3.1. Formal Definitions
and Theory, F.3.2. Process Models.

Key words: graphical models of computation, bigraphs, axioms for static congru-
ence.

1. Introduction

Over the last decade, Robin Milner and co-workers have developed a theory
of bigraphical reactive systems, see [9, 12, 13|. Bigraphical reactive systems
(BRSs) provide a graphical model of computation in which both locality and
connectivity are prominent. In essence, a bigraph consists of a place graph, a
forest, whose nodes represent a variety of computational objects; and a link
graph, which is a hyper graph connecting ports of the nodes. Bigraphs can be
reconfigured by means of reaction rules. A bigraphical reactive system con-
sists of set of bigraphs and a set of reaction rules.BRSs have been developed
with two principal aims: (1) to model ubiquitous systems by focusing on
mobile connectivity (the link graph) and mobile locality (the place graph),
and (2) to provide a unification of existing theories by developing a general
theory, in which many existing calculi for concurrency and mobility may
be represented, with a uniform behavioural theory. The latter is achieved
by representing the dynamics of bigraphs by reaction rules from which a
labelled transition system may be derived in such a way that the associated
bisimulation relation is a congruence. The unification has recovered existing
behavioural theories for the m-calculus [9], the ambient calculus [10], and has
contributed to that for Petri nets [11]. Thus the evaluation of the second
aim has so far been encouraging. In [3] Birkedal et al. initiate an evaluation
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of the first aim, in particular it is shown how to give bigraphical models of
context-aware systems.

As suggested and argued in [9, 2, 1, 3] it would be very useful to have an
implementation of the dynamics of bigraphical reactive systems to allow ex-
perimentation and simulation. In the Bigraphical Programming Languages
research project at the IT University, we are working towards such an im-
plementation.

An implementation of bigraphical reactive systems must, of course, work
on some data structure representing bigraphs. An obvious possibility is to
represent bigraphs by bigraphical expressions that denote bigraphs. This
is particularly feasible if (1) the bigraphical expressions are defined induc-
tively (by a grammar, say), such that algorithms may operate inductively
on the representation; and (2) there are normal forms for bigraphical ex-
pressions and axioms for determining whether two bigraphical expressions
denote the same bigraph, such that algorithms may operate on normal form
representations, and may be founded on principles of equational reasoning.
There is such an axiomatization of the so-called pure bigraphs with these
properties [12]. In the present paper we extend the axiomatization for pure
bigraphs to binding bigraphs, a wider class of bigraphs better suited for the
representation of calculi and systems involving binding, e.g., the m-calculus,
and prove that our axiomatization has the above mentioned desired prop-
erties. In particular, we prove the axiomatization complete and prove that
our notion of normal form is unique up to certain specified isomorphisms.
Our axiomatization is a conservative extension of Milner’s.

For reasons of brevity, we refer the reader to the papers cited above for
more background information and motivation than can be included here. In
particular, we shall need to assume some familiarity with pure and binding
bigraphs as described in [9] and with the axiomatization of pure bigraphs
[12] — we do, however, include an informal description of bigraphs in the
following section and we have included the formal definition of binding bi-
graphs in Appendix A.

The remainder of the paper is organized as follows. In the following sec-
tion we introduce bigraphs by example. In Section 3 we define elementary
forms of bigraphs and arrive at a semantic normal form theorem, which
expresses how every bigraph may be decomposed into a composite of el-
ementary forms. In Section 4 we present our term language for binding
bigraphs and the accompanying equational theory. We arrive at a theo-
rem which states soundness and compleness of the equational theory. We
present some examples of bigraphs and their corresponding normal forms in
Section 5 — we recommend that the reader refers to these examples from
time to time when reading the earlier more technical sections. We com-
ment on some related and further work in Section 6. Finally, Appendix A
contains a summary of the definitions of binding bigraphs. We have omit-
ted detailed proofs from this paper, they can be found in the companion
technical report [5].
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Figure 2.2: B and C — bigraphs that compose to form A

2. Bigraphs by Example

We introduce the most basic terminology and properties for bigraphs, by
giving a small example of a bigraph. We refer the reader to Appendix A
for all formal definitions.

The bigraph A is bigraph model of an office containing a pc and two pdas.
The pc is linked (supposedly by some kind of network connection) to server
containing a secret located somewhere else. We say that A consists of roots
(dashed boxes), nodes (solid boxes), and links (lines). Each node has a
control written beside it. The control indicates the number and type of
ports for linkage on the node. Ports can be either free or binding — the
latter indicated by circular attachments.

Bigraphs can contain sites (sometimes called holes), and /or inner or outer
names. The bigraph B has two sites, numbered 0 and 1, and two inner
names, z located at site 0 and z global (i.e., not located). C has two outer
names, = located at its first root, and x global.

We can compose B and C' by plugging the sites of B with the roots of C.
The bigraphs B and C compose to form A. We write A = B o C. Bigraph
A is said to be ground as it has no holes or inner names.

Binding bigraphs enforce a scope discipline on linkage connected to a
binding port: All peers (names or ports) linked to a binding port or located
outer name, must be nested within the node or root (see Definition 13).

Not all bigraphs are composable. B and C composes exactly, because C
has a root, outer name (local and global), for each corresponding site and
inner name (local and global) of B. The interfaces of a bigraph registers
this, and hence determines which bigraphs can be composed. We write B :

(2, ({«},0), {z, 2}) — (2,(0,0),0) and C: (0, (0),0) — (2, ({2}, 0),{x, 2}).
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Figure 3.3: 1, join, and v,, ,, % 7 (using the abbreviation p =m+n — 1)

We can also combine bigraphs by an associative tensor product (denoted
by ®), which works simply by juxtaposition of roots. For tensor product we
require only that both inner and outer names be disjoint.

Finally, in the following we will be particularly concerned with three classes
of bigraphs — prime bigraphs are those with only a single root, and only
local inner names. For discrete bigraphs all linkage upon global names is
one-one while name-discrete bigraphs, are those where all linkage upon all
names is one-one (refer to Definition 14 for the full definition of discreteness).

For more involved examples of bigraphical models including dynamics, we
refer the reader to the tech report [6].

3. Elementary Bigraphs and Normal Form

We start by defining placings corresponding closely to the placings defined
for pure bigraphs in [12]. We shall use placings to define the class of terms
for bigraphs that denote place graphs paired with identities on local names.

1 : e—1 a barren root,
join : 2—1 join two sites,
Vmm(Z.Z) © (mEn, XZAXYw{Z}) — (m+n,ZX {X w{Z})
transpose m with n places preserving names.
Note that 1 and join are defined exactly as for pure bigraphs, while Vo, (%,7)
lets a set of local inner names be linked to corresponding outer names, in
the only way allowed by the scope rule (see Definition 13).
We use 7 and p to range over permutations, placings generated by com-

position and tensor product from ~,_ (%.2)"
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For I; = (m;, Xi, {X%} W Xi) (i € {0,1}) we define

def

Vot = Vg my (x50 © dxp @idx

Using join we define the bigraph merge,, that joins m sites:

Definition 1 (merge). For allm > 0 we define merge,,, : m — 1 recursively,
by
def
mergeg, = 1
de .
merge,,,1 = join(id; ® merge,,).
Note that merge; = id; and thus merge, = join.

A linking is a (pure) link graph X — Y that has no nodes. All linkings
can be expressed in terms of the following two kinds:

/x : x—e€ closure,
y/X : X —y substitution z — y, for all x € X.

A closure closes a sing(lieflink. For X = {zg,...,z5_1} and k > 0 we define
a multiple closure /X = Jro @+ & Jxg—1. For Y = {yo,...,yk-1}, k >0,
and disjoint sets Xy, ..., Xr_1 we define a multiple substition

Lo def
§/X Cy/Xo® @ Ypo1/Xk-1.

Note that a substitution need not be surjective (i.e., we allow X = 0),
thus the dual of closure — name introduction y : € — y — is a substitution.
A renaming is a bijective (multiple) substitution, i.e., each X; above is
a singleton. A wiring is a bigraph with zero width (and hence no local
names) generated by composition and tensor of /z and y/X.

We let w range over wirings, o range over (multiple) substitutions and
o and (8 range over renamings. Often we do not distinguish notationally
between a name and the singleton set containing the name. With this con-
vention /¥ is a renaming when § = yo,...,yx—1 and ¥ = zg,...,zk_1, for
some k.

A simple concretion is a discrete prime which maps a set X of local
inner names severally to equally named global outer names.

FX7 : (X)— (X) concretion.

Note that a special case of a simple concretion is id; = 0.
An abstraction (X)— is a construction, defined on every prime P that

localizes a subset of the global names of P. For every prime
P:1—{((Yg),Y),let

(X)P :1—((YpWX),Y) abstraction on P,

where X CY \ Yp.
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Figure 3.4: "X

Note that the scope rule is necessarily respected since the inner face of P
is required to be local as P is prime. Abstractions are in some sense dual to
concretions, and the axioms concerning abstraction and concretion reflect
this (see axioms (B2) and (B3) in Table I)

Using abstraction we can express concretions in the sense of [9]: We define
a general concretion "Y X : (1, (XwY), XwWY) — (1,(X), X WY) in terms
of a simple concretion and abstraction as "Y ¥ © o (x ) TXWY . Towards
succinct statement of the normal form, we define "o of (a®idy)" X (where
a: X —).

With the help of linkings we get local wirings — bigraphs that by
composition can change the linkage of local names. We define a local
renaming (for vectors of names i and 7, s.t. |y| = |¥]) by (§)/(Z) def
() ((¥/Z @ id1)"{Z}7). We extend this notation to multiple substitutions
and define (7)/(X) < (7)((7/X ®id) X" (for X = {X}).

Just as plain substitutions can introduce idle global names, local substi-
tutions can introduce idle local names when their underlying global substi-
tution is not surjective (e.g., (y)/(0)).

We let al°¢ and ¢1°¢ range over local renamings and substitutions, respec-
tively. We shall need to take the preimage of a local substitution ¢'°¢ of a
vector of namesets X. Formally:

Definition 2 (Preimage of a local wiring). Let o1°¢ be the link map (which
is a function) of o'°¢. For a set of names X, define (¢'°¢)~1(X) to be the
preimage (01°¢)71(X) and define ('°¢)"1(X) to be the vector of namesets

loc

resulting from taking the preimage of o'°C pointwise for each set in X.

We can generate all isomorphisms in the category of binding bigraphs using
permutations 7, renamings «, and local renamings aloc(see [9, Proposition
9.2b] for the definition of isomorphism in the category of binding bigraphs):

Proposition 1. Every binding bigraph isomorphism, ¢ : (m, Z, {Z} WwU) —
(m, X, {X}WY) (of width m) may be expressed in the following form
=T Qa) (v ® - QUp_1Ridy)

where these requirements hold:
o m=|X| =12,
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oa:U—=Y,

o Viem:v; = (7)/(Z) for X =({@o}, .. AZm1)).
and Z = ({20}, caey {Zm—l})-

_For a control K : b — f € K, let § be a sequence of distinct names, and
X a sequence of sets of distinct names, s.t. |X|=b and |g] = f.

A binding ion K ¢ : (1, (X),X) — (1,(0),Y) is a prime bigraph with
a single node of control K with free ports linked severally to global outer
names ¥, and each binding port 7 € b linked to all local inner names in Xj.
Figure 3.5 shows a binding ion.

Kz ¢ (X) — (Y) a binding ion

Figure 3.5: A binding ion

This definition of binding ion is a straightforward generalization of the
free discrete ion defined in [9, Chapter 11]. We can recapture the latter
by requiring every set in X to be a singleton. When X = ({z¢},...,{zs_1}),

we overload our notation and write Kyz) to mean a free discrete ion.

Definition 3. For any name-discrete prime P : I — (1,(X), X W Z) and
ion Kg.()z), we define a free discrete molecule as

(Kg()?) ®id))P: 1T — (1,0),{y}wZ)

Note that even though we use the more general binding ion in the definition
above, our definition of free discrete molecule is equal to the one given in [9,
Chapter 11], in the sense that it covers the same set of bigraphs.

As P in the above definition is discrete and prime it is easily seen that M
is also discrete and prime. In fact:

Proposition 2. A free discrete molecule is a name-discrete prime bigraph
with a single outermost node.
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This proposition relies on both name-discreteness and discreteness being
preserved by composition and tensor (Lemma 13). Vice versa, we have:

Proposition 3. Any free discrete prime bigraph with a single outermost
node is a free discrete molecule.

3.1 A Normal Form for Binding Bigraphs

In the following section we present our binding discrete normal form theo-
rem for graphs. This semantic theorem states that every binding bigraph
can be decomposed in certain ways. We shall use it as the basis for the
establishment of a corresponding syntactic definition of normal form for our
term language for binding bigraphs, which we introduce in Section 4.

We aim to base our normal form on a variant of discreteness, as in [12],
simply as this allows a clean separation between the constituent components
of a bigraph. Our main aim is to prove completeness for an equational
theory over a term language for binding bigraphs. To that end it will be
central to formulate an inductive property of expressions that characterizes
our chosen variant of discreteness syntactically. Alas, discreteness is not
preserved under composition with abstractions and concretions. Indeed,
consider a discrete bigraph D with width n. (®),_,,"X;")D is not discrete,
if D is not name-discrete. Conversely, given a nondiscrete prime P : [ —
(X),XwY), Y)P:I — (XWY) is discrete. Hence, we turn to name-
discreteness.

Recall that a bigraph is name-discrete (Definition 14) if every free link is
an outer name and has exactly one point, and every bound link is either
an edge, or (if it is an outer name) has exactly one point. This is a simple
specialization of the discreteness property. As a consequence, it is easy
to verify that both abstraction and composition with concretions preserve
both name-discreteness and non-name-discreteness. Name-discreteness still
allows arbitrary linking upon bound edges, and exactly for that reason, we
have chosen to take the binding ion (as defined above) as a constant in
our term language. Syntactically, this allows us to restrict the usage of
substitutions to define a simple inductive property that characterizes name-
discreteness.

Theorem 1 (Semantic binding discrete normal form).
(1) Any free discrete molecule M : I — (1,{§} W Z) can be expressed as
(Kyox) @idz) P

where P: 1 — (1, {X}),{X} W Z) is a name-discrete prime.

This expression is unique up to renaming of the local names on the
innerface of the ion, and (correspondingly) on the outer face of prime
P. Hence, any other such expression for M takes the form

(K0 @idz) P
50
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where the following requirements hold:

o there exists a local renaming o’ : ({X'}) — ({X}) s.t.
L aloc — -
Kg(x)o‘ ¢ = ng(X/)’ and
o P=(al°®idy)P'.

Any name-discrete prime P : I — (1,(Yp),Y) may be expressed as
(YB) (merge, ), ®idy) (Tap '@ -+ @ "1 " Q@ My @ -+ @ My_q)

where every M; : J; — <Y;M) is a free discrete molecule, and for re-
namings o; : X; — Y;C, we have Y = (l4,,, Y;°) Wy YM.

K3 K3
The expression for P is unique up to reordering of the concretions
and molecules, and the ordering of the sites inside the molecules; the
permutation changes accordingly to preserve the innerface. Formally,
any other such expression for P takes the form

(YB) (merge, ., ®idy) (Tap @+ @ a), @ My®--- @ Mj_,)«

where the following requirements hold:
o There exist permutations p, p; (i € k), p', s.t.
- o= Ta, ]
— M= M, pi,
— (id(X(r)) Q- ®idxr y®p®---® pr_1)m = p'r.

o Furthermore, let [ denote the vector of inmer widths of the product
(g ®id1)" X' ® ... ® (ap_1 ®id1) ' Xy 1 T Q My ® -+ @ My_1),
let X' = (X},..., X} ), and let X = (Xo,..., Xn_1).

Then o' is determined uniquely by p, I, X, and X' as p' =p
as defined in Lemma 2.

XX
Any name-discrete bigraph D (of outer width n) can be expressed as
(PR QP 1)T R«

where every P; is a name-discrete prime, « is a renaming, and 7 is a
permutation.

This expression is unique up to reordering of the sites in the primes;
the permutation changes accordingly to preserve the innerface. Hence,
any other such expression of D takes the form

(Pp@--@P,_ )7 @«

where there exists permutations p;, (i € n), s.t. P/ = P;p;,
and (po @ -+ ® pp—1)7’ = .

o1
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(4) Any bigraph G : I — (n,Yp,{Yg} W Yp) can be expressed as

(@@:)/0&) ®w> D

<n

where D : [ — <n,X,XL{dZ) is name-discrete, w : Z — Y is a wiring,
and ®l<n(y:)/()i) . (X) — (YB) is a local substitution of width n on
the bound names of D.

The expression is unique up to (local and global) renamings on the
innerface of the wiring and (correspondingly) on the outerface of D.
Hence, any other such expression of G takes the form

(@@)/(ﬁ) @ w'> D

where there exists a renaming o s.t. w' = wa, and n local Tenam-

ings ol°® (X)) = (Xi), st (@icn)/(X0) @jenal® =

=

(®icn(@)/(X"0)), and (®;.,, 0i*° ® a) D' = D.

Furthermore, for every class of expressions the expression given is well de-
fined and gemerates only bigraphs of the appropriate type.

See [5] for a proof of the theorem. The proof is simply a detailed analysis
of the structure of possible decompositions of binding bigraphs.

4. Binding Bigraph Expressions and Axioms

The set of binding bigraph expressions is defined as the smallest set

of expressions built by composition, tensor product, and abstraction (on
primes) from identities and the constants we have just introduced:

107, r al N

1 join y/ X X Kg( %)

Timgym,(Xo,X1) [z
Each expression (implicitly) has two interfaces of the form (m, X, Y’) which
determine when tensor product, composition, and abstraction are well de-
fined (according to the requirements stated formally in Appendix A). The
interface and the bigraph an expression denotes can be determined by in-
duction. As usual, we write F E = F' to mean that the expression F = F' is
valid; and - E = F if the equation is provable.

In [12] Milner stated and proved a set of axioms complete for pure bigraph
expressions. We extend that result and prove the set of axioms in Table I
complete for binding bigraph expressions. Every pure bigraph expression as
defined by Milner [12] trivially corresponds to a binding bigraph expression
as defined above. Our axiomatic theory is a conservative extension of Mil-
ner’s in the sense that any two pure bigraph expressions are provably equal
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in Milner’s theory iff the corresponding expressions are provably equal in our
theory. (Formally, this is easy to prove using soundness and completeness
of the two theories and the fact that the embeddings of pure bigraphs into
binding bigraphs and pure bigraph expressions into binding bigraph expres-
sions are both full and faithful). We proceed by defining and proving the
theory complete for increasingly larger classes of expressions.

Note that as tensor product is defined only when name sets of the interfaces
are disjoint, and as abstraction is defined only on prime bigraphs with the
abstracted names in the outer face, we only require the equations to hold
when both sides are defined.

4.1 Preliminaries

Lemma 1 (Wiring commutes with all binding bigraph expressions). For all
bigraph expressions G and for all wirings w F GRuw =w® G.

By essentially iterating axiom C9, we can push a permutation “through” a
product of primes, permuting the order in which they appear in the product,
and producing a permutation that reorders the sites in the primes to preserve
the inner face.

Lemma 2 (Push-through lemma). For n primes P,

P <mz7)?lv{X‘l}>4><17(Y;B)a)/l>7

and permutation T, there exists a permutation T
onm, m, and X = (Xg,...,X,_1), s.t.,

¢, Which depends solely

f—’]rO(Po®"'®Pn—1):(PTr(O)®"'®Pﬂ(n*1)>oﬁfﬁyi'

4.2 Placey, expressions

Let Placey, expressions be all expressions in the term language generated by
o, and ® from bmerge, ¢ (defined below) and 77 ;. Thus, Placey, consists
of all expressions denotiflg place graphs paired with identities on local names.
We shall start by proving that the theory is complete for Placey, expressions.

To that end, we extend the place merging expression join to local inter-
faces.

Definition 4 (binding join). For sets of names X and Y let bjoin x yy, the
binding join bigraph, be defined as

bjoin(xy) = (X WY)((join Didxwy)o ("X @Y ).

We also define an iterated version
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Categorical axioms

(C1) Aidi = A =idj A (A:1T—J)
(C2) A(BC) = (AB)C

(C3) ARid. = A =id®A4

(C4) AR(BC) = (A®B)®C

(CS) id] ® idJ = id[@J

(C6) (A1 ®B1)(Ao® By) = (A10Ag) ® (Bi1oBy)

(C7) Ve = id;

(C8) Y1 vy = idrgg

(09) ’YI,K(A®B) = (B®A)’}/H,J (A:H—>I,B:J—>K)
Link axioms

(L1) z/r = idg

(L2) [yoy/z = [z

(L3) Jyoy = id.

(L4) z/Yyy)lidy ®y/X) = z/(YWX)

Place axioms

(Pl) jOi’fL(l & idl) = idy

(P2) join(join ® id1) = join(idy ® join)

(P3) jomyi, 0 = Join

Binding axioms

(B1) @mp = P

(B2) Y)Y = idy

(B3) (XY @idy)(X)P = P (P:1—(1,(2),Zy X WY)
BY)  (NP)®id)G = (V)(Peidy)G

(B5) (X&Y)P = (X)((Y)P)

Ion axioms

(Nl) (idl ® Oé)Kg X = Koz(gj)()?)

(N2) K)o = Kygroe)1(3))

TABLE I: Axioms for binding bigraphs
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Definition 5 (binding merge). For all m > 0 we define bmerge, ¢ recur-
swely, by

bmergeg () def

def

bmerge, | ¢y = bjoz’n({X}’Y) o (bmergemx ® idy)

Binding join and merge behave similarly as their underlying place expres-
sions when composed with permutations or themselves (refer the place graph
axioms of Table I), though, as they have (local) names on their faces their
interplay with names is not as simple. The lemma below reflects this, and
also states that merging a product of binding merges yields a binding merge.

Lemma 3.

= bjoin x, xq) © M,1,(X0,X1) = 0J0I(xp,X1)5
= bmerge, (%) 0T = bmerge, ¢,
= bmerge, ¢ o (Q);, bmerge, ) = bmerge, ¢,

where in the last equation m =, ;. m; and
X=Xy... X 1.

Using binding merge, we define and prove sufficient a normal form for
Placey, expressions.

Lemma 4 (Normal form for Placey, expressions). For every
Placey, expression E

FE = (bmerge ¢ ®---® bmerge

o T
mo,Xo

mk71,X1;1)

for some k > 0 and permutation expression w s.t. the composition is well

defined.

With the help of Lemma 3 the proof is simple by induction on the structure
of expressions.

Note that in a strict symmetric monoidal category the categorical axioms
are known to be complete for o and ® of the symmetries 77 ; — hence the
theory is complete for permutations.

Full completeness for Placey, expressions follows with the help of the
uniqueness properties stated in Theorem 1. These yield a number of equa-
tions which are provable within the theory.

Proposition 4 (Completeness for Placey, expressions). If
FE =@, bmerge, gomandt F =@, bmergenjyjow' and = E = F,
then FE =F.
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4.8 Linkg expressions

We now consider the class of global link expressions, those bigraph expres-
sions generated by composition and tensor of closure and substitution. We
will refer to this collection of expressions as Linkg. Our term language for
binding bigraphs has the same constructs for linking as the language used
by Milner for pure bigraphs [12]. Since we also have the exact same axioms
for global link expressions, it is easily seen that the proof that the axiomatic
theory for the binding bigraph term language is complete for global link
expressions is entirely the same.

Proposition 5 (Link completeness). The theory is complete for link expres-
stons.

4.4 Linear bigraph expressions

We now define an important kind bigraph expressions — linear expressions,
which we shall prove to be a syntactic analogue to name-discrete bigraphs,
in the sense that any name-discrete bigraph has a linear expression.

Definition 6 (Linearity). A binding bigraph expression is linear iff it con-
tains only linkings of the form y/x.

In other words, in linear expressions all substitutions are renamings, and
there are no closures. This is an inductive property with respect to the term
language, which we will utilize to full effect in the following sections.

We start by establishing some basic properties of linear expressions. The
proofs of the following lemmas are all by induction on the structure of ex-
pressions.

Lemma 5. If E is linear expression, then - E = E' ® a, where E' is linear
and has local innerface.

Lemma 6. If E: (m,U,{U}) — (n,Y ,{Y}WV) is a linear expression with
local innerface, then

FE o Qi)/(Zi) = ((@(?fi)/(ﬁ)) ® idv) o F,
<m <n
for some 1, )Z, and E' where E' is linear with local innerface.

We shall use the following proposition to show completeness for ion-free
expressions in the following section. Importantly, it also constitutes a step
towards a syntactic normal form for bigraph expressions, analogous to the
semantic normal form we established in Theorem 1, item 4.

Proposition 6 (Underlying linear expression). For any expression G de-
noting a bigraph of outer width n, there exists a wiring w, a linear expression
E, and a local renaming @), ., (vi)/(Xi), s.t.,

-G = (Q)/(X) @ w) o E.

<n
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The proof is by structural induction on G, using the lemmas above [5].

4.5 lon-free expressions

Let us now consider ion-free expressions — all expressions in our term lan-
guage, that does not contain ions (Kg( )Z))' We proceed as above, by showing

that ion-free expressions can be decomposed into simpler expressions.

Lemma 7. If E = E1 0 Ey or E = E1 ® Fs is linear, ion-free, and with
local inner and outer face, then Fq and Ey are also linear and ion-free with
local inner and outer face.

Lemma 8. If F is linear and ion-free of width n with local inner and outer
face, then - E = ®,_,.(4:)/(%;) o GF', where G¥' € Placey,.

Lemma 9. If E is linear and ion-free, then there exists concretions, E’,
and a renaming o« s.t. = E = (Q,.," X; % o E') ® a, with E' linear and
ion-free and local inner and outer face.

With the help of the above lemmas we can now establish a normal form
for ion-free expressions.

Lemma 10 (A normal form for ion-free expresssions). For all ion-free ex-
pressions G of width n

FG=w® <®(Yi) ((p®@idy) o "X[')) oGP,
<n
where G € Placey,.
Completeness for ion-free expressions follows easily.

Corollary 1 (The theory is complete for ion-free expressions).

4.6 Syntactic Normal Form

Corresponding to the four classes of normal forms in Theorem 1 we define
four classes of syntactic normal forms for binding bigraph expressions:

Definition 7 (Syntactic binding discrete normal form (BDNF)).

MDNF M = (Kg()g) ®idz)P
PDNF P u= (X)(merge, ., ®idy)
(Ca"'®@ @Tap1 ' @My ® -+ @ M_1) 7w
DDNF D = (P® QP 1)t®«a
BONF B = (@, (h)/(Xi) @ w)D.

The proofs of the following lemmas go by induction on the number of ions.
As we have established completeness for ion-free expressions, we have the
base case.
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16 T.C. DAMGAARD, L. BIRKEDAL

Lemma 11 (All BDNF forms are closed under composition with isos).
We also need that DDNF expressions are closed under composition.

Lemma 12 (DDNF is closed under composition). For all composable DDNF s
C,D, there exists a DDNF D', s.t. F Do C = D',

We now state the correspondence between our semantic normal form (The-
orem 1) and the syntactic normal form above. Moreover, we state that
linearity is, in fact, a syntactic correspondent to name-discreteness (item 3
in the following proposition):

Proposition 7 (provable normal forms). Let E be a linear expression, and
G any expression.

(1) If E denotes a free discrete molecule, then = E = M for some MDNF.
(2) If E denotes a name-discrete prime, then = E = P for some PDNF P.
(8) v E =D for some DDNF D.
(4) b G = B for some BDNF B.

We are now able to state the formal completeness proposition, using our
results for linear expressions to bridge the gap to the full binding bigraph
term language.

As we have laboured to establish a correspondence between each level of
BDNF form and each level of the semantic normal form, in the proofs we are
able to proceed by case analysis on the form of the bigraph the expression
denotes, and then apply the uniqueness properties spelled out in Theorem 1
to yield a number of equations that are provable within our theory. We refer
to the companion technical report [5] for more details on the proofs.

Proposition 8 (Linear completeness). If E and E’ are linear expressions
and E = E', then+ E = FE'.

Theorem 2 (Soundness and Completeness). For all binding bigraph expres-
stons E and F,EE=F iffF E=F.

5. Term Language and Normal Forms — by Example

We shall use our examples from Section 2 to give a few examples of the term
language and the syntactic binding discrete normal form.

Using a modicum amount of shorthand, an expression for C is
((x)(secrety o 1)) ® pda, o 1, while B can be expressed for example as

(id2 ® /{e0,el}) o ( (servergy(fz})) ®
(id(1,e1y ® /{f0, f1})(office o 1 @ idye1 fo,11})
(merges ®ideq so,r13)(PCey © 1 ® pdagy o 1 @ pdagy o 1))).
Hence, A can be expressed, simply by putting a o between the two expres-

sions for B and C.
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AXIOMATIZING BINDING BIGRAPHS 17

On the other hand, giving an expression on BDNF for either bigraph, re-
quires us to break it down into molecules, prime parts and not use non-linear
linkage except at the topmost level. As an example, we give an expression
on normal form for B:

(ide ® /{e0,el} ® /{f0, f1}) o
( (0)(merge; ®ideo) (servereg((z}) © (z)(merge; ®id,)("z7)) @
(0)(mergey ®ide1, fo,1y) (office o
(0)(merges ®id(e1,70,£13)(PCe1 © 1 ® pdagg o 1 ® pdagy o 1))
@ idy).

Here we do not show identity permutations, and we write 1 instead of
PDNF for 1 (which is (0)(mergey ® id.)).

6. Related and further work

Bigraphical reactive systems are related to graph transformation systems
using the double pushout construction [7] and, recently, it has also been
investigated how to derive bisimulation congruences in the double pushout
approach to graph rewriting [8].

Recent work on spatial logics [4] for pure bigraphs utilizes the axiomati-
zation of pure bigraphs by Milner [12]. An obvious line of further work is
to utilize the algebraic theory presented here for binding bigraphs to extend
the spatial logics to binding.

As mentioned in the introduction, jointly with the other members of our
Bigraphical Programming Languages group, we are are currently working
on an implementation of bigraphical reactive systems.

Further work is needed to relate tools based on graph rewriting to our
work on Bigraphical Programming Languages.

Currently our experimental implementation of bigraphical reactive sys-
tems represents bigraphs internally by normal form bigraphical expressions
that denote bigraphs. We have also developed a proposal for a surface
language which users can use to define bigraphical reactive systems — ex-
pressions of the surface language denote binding bigraphs and can thus be
transformed to binding discrete normal forms: the proofs of the normal form
theorems of this paper are constructive in nature and thus define algorithms
than can be used to transform arbitrary bigraph expressions into normal
form.

The core problem of implementing the dynamics of bigraphical reactive
systems is the matching problem, that is, to determine for a given bigraph
and reaction rule whether and how the reaction rule can be applied to rewrite
the bigraph.

The abstract semantic definition of matching, as defined in the theory of
bigraphs [9], is roughly as follows (omitting many details): Given a reaction
rule with redex R and reactum R’ (with R and R’ both bigraphs), and a
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18 T.C. DAMGAARD, L. BIRKEDAL

bigraph A (the agent to be rewritten), if A = C o R o d, then it can be
rewritten to C o R’ o d. Here o denotes composition of bigraphs. In other
words, if the reaction rule matches A, in the sense that A can be decomposed
into a context C, redex R and a parameter d, then A can be rewritten.

Phrased in terms of binding bigraph expressions, the decision problem for
matching is then roughly the following. Given binding bigraph expressions
R, A, C, and d, determine whether F A = C o R o d holds. We have worked
out an inductive characterization of when F A = C'oRod holds, by induction
on the normal forms for A and R (the input to a matching algorithm). Tt is
a precise characterization in the sense that it is both sound and complete.
This provides a detailed analysis of the matching problem, and paves the
way for developing and proving correct an actual matching algorithm (which,
given A and R, must find a C and d such that E A = C o R o d holds). We
will report on our work on the inductive characterization and on an actual
matching algorithm in a subsequent paper.

We intend to use the implementation of bigraphical reactive systems to
evaluate also in practice how well bigraphical models of ubiquitous sys-
tems [3] work.
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Appendix A. Definition of Binding Bigraphs

We recall the definition of binding bigraphs [9].

Definition 8 (binding signature). A binding signature K is a set of con-
trols. For each K € K it provides a pair of finite ordinals: the binding
arity ar,(K) = h and the free arity arg(K) = k. We write ar(K) =
arp(K) + arg(K).

Definition 9 (binding interface). A binding interface I = (m,loc, X),
consists of a width m, a finite set of names X, and a locality map loc :
X — mW L, which associates some of the names in X with a location in
m; if loc(x) = i € m, we say = is located at i or local to i. When
loc(z) = L we say x is global.

For an interface I = (m, loc, X) we shall typically represent the locality
map by a vector of disjoint subsets X = (Xoy..., Xm—1), where X; is the
set of names local to i € m. If I is global, meaning that all names in I are
global, then we may write I simply as (m, X); just m, if X = 0; or just X,
if m=0.

We call I prime if m = 1. In that case, we shall sometimes write I as
((X),Y); just (X), if it is local; or just (Y), if it is global.
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AXIOMATIZING BINDING BIGRAPHS 19

We use € to denote the interface (0, (), 0).

A binding bigraph will have two binding interfaces and will be a pairing of
a place graph, and a link graph following a structural requirement, the
scope rule (see Definition 13).

We start by calling to mind the definitions of place graphs and link graphs.

Definition 10 (place graph). A (concrete) place graph over signature K
G = (V, ctrl, prnt) : m — n has an inner width m and an outer width n,
both finite ordinals; a finite set V' of nodes with a control map ctrl : V — K;
and a parent map prnt : myV — Viwn. The parent map is acyclic, i.e.,
prntF(v) # v, for all k >0 and v € V.

The parent map prnt represents a forest of n unordered trees. The widths
m and n of G : m — n index G’s sites 0,...,m — 1 and roots 0,...,n — 1,
respectively. We use € to denote the width 0. A place graph with inner
width 0 is called an agent.

Place graphs are composed as follows. Let G; = (V;, ctrl;, prat;) : m; —
mi+1 (i € {0,1}) be place graphs with Vo N'V; = 0; then G o Gy def
(V, ctrl, prnt), where V. = Vo W Vi, ctrl = ctripW ctrly, and prnt = (idy, W
praty) o (praty Widy, ). et

The identity place graph at m is id,, = (0,0,id,,) : m — m.

The tensor product I ® J of two interfaces I = m and J = n is simply
m+n, and the tensor product of two place graphs F : k —land G: m — n
with disjoint node sets is F @ G : k+m — [+ n. It consists of placing the
two forests side-by-side (see [9, Definition 7.5] for a formal definition). Note
that ide = idg is the unit for ®, in the sense that F ® id. = ide ® F = F, for
all place graphs F'. Thus, an iterated tensor product Fy ® - - - ® Fj_1 equals
id. in case k = 0.

Two concrete place graphs Gy and G are said to be support equiva-
lent, Gy = GGy, if they differ only by a bijection between their node sets. An
abstract place graph is an =-equivalence class of concrete place graphs.
Composition and identity of abstract place graphs is given by composition
and identity of concrete place graphs, and this provides a well-defined cate-
gory of place graphs with interfaces as objects and abstract place graphs
as morphisms. The induced tensor product on abstract place graphs, de-
fined by [F]-® [G]=~ o [F ® G]~, makes it into a strict symmetric monoidal
category.

Definition 11 (link graph). A (concrete) link graph G over a signature
IC, is a tuple (V, E, ctrl, link) : X — Y with finite sets of nodes V, edges E,
inner names X, and outer names Y. As place graphs it has a control
map ctrl : V. — K. The function link : X § P — EWY maps points, i.c.,
inner names X and ports P = Y i ar(ctrlV) of G to links, i.c., outer
names Y and edges E.

We call a link idle if it has no preimage under link. An outer name is an
open link, and an edge is a closed link. A point is called open if its link
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is open, otherwise closed. Further, we call two distinct points on the same
link peers.

The composition of two link graphs G; = (V;, E;, ctrl;, link;) : X; — X411
(i € {0,1}) is defined when Vo NV} = () and Ey N E; = 0; and is then
Gi10Go ¥ (V,E, ctrl, link) : Xg — Xo; where V = VoW Vi, E = Eog W B,
ctrl = ctrlp W ctrly, and link = (idg, W l%nkl) (linko W idp, ).

The identity link graph at X is idx = (0,0,0,idx) : X — X.

The tensor product of two link graph interfaces X and Y is the disjoint
union, XWY, and is defined only when X and Y are disjoint. Tensor product
of link graphs G; = (V;, E;, ctrl;, link;) : X; — Y; is the disjoint union of the
underlying constituents Gy ® G def (Vo W Vi, Eg W Ey, ctrigW ctriy,
linkoWlink1) : Xg ® X1 — Yy ® Y1, and is defined only when the interfaces
are defined.

Definition 12 (binding bigraph). A (concrete) binding bigraph G =
(V,E, ctrl, GF,G¥) : I — J over a signature K has an inner interface
(or inner face) I = (m,locy, X) and an outer interface (or outer face)
J = {n,loc;,Y). Here V, E and ctrl are finite sets of nodes, edges, and a
control map ctrl : V. — K, exactly as for link graphs.

The fourth component GP (V, ctrl, prnt) : m — n is a place graph, while
the fifth G¥ = (V, E, ctrl, link) : X —Y is a link graph.

We require that G adheres to the scope rule below.

Definition 13 (scope rule). Let the binders of G be the binding ports of
nodes in V' and the local names of its outer face J.

If p is a binder located at a node or Toot w, then for all peers p' of p,
loc(p') = w' must imply w' = prntgp (w), for some k > 0.

We say that a link is bound if it contains a binder, otherwise free. As
usual, we extend this terminology to the points in the link. A binding
bigraph G : I — J is said to be free if its outer face J is global, i.e., the
image of locy is L.

A binding bigraph G is given by its underlying place G¥ and link graph
GY and its binding interfaces I and J. We write G = (GP,GY) : I — J.
We shall sometimes use a variant of the 5-tuple notation where we inline
the components unique to the place graph and link graph components, i.e.,
G = (V,E, ctrl, prot, link) : [ — J.

We define a notation for the underlying set of vectors of names: Given a
vector of disjoint name sets Y, {}7’} denotes the disjoint union of the sets in
the vector. Composition and tensor product of concrete binding bigraphs
G; = (GiP, G}‘) . I, — J; are given by composition and tensor product of
their underlying place and link graphs, and by the tensor product of binding
interfaces. We have only to explain the latter: Tensor product of binding
interfaces I; = (my, X;, X;) is Io ® I o (mo + m1, XoX1,{Xo} W {X1})
(letting juxtaposition denote vector concatenation), and is defined when the
name sets are dlSJOlIlt Hence, if the bigraphs above have disjoint node and
edge sets, G0 Gy € (GP oGP GLoGLY : Iy — Jy is defined if I; = Jo;
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and G1 ® Gg def (GPeoGt,GteGY) « el — Jy® Ji if the tensor

products of the interfaces are defined. (See [9, Chapter 11] for more details.)

The identity for composition is given by a pairing of the identities for
comdposition for place graphs and link graphs. If I = (m, loc, X) then
id; 2 (id,,,idy) : T — I.

We shall use the following notation for iterated tensor product:

RicnPi = Ph® Py ®--- ® P,_1. The identity for tensor is id¢; thus, an
iterated tensor product Py®...® P,_1 equals id, in case n = 0. Composition
binds tighter than tensor product, and abstraction (Y)P and ) binds as
far right as possible.

We say that two concrete binding bigraphs Gy and G; are lean-support
equivalent, denoted Gy < G iff they differ only by a bijection between
their nodes and their non-idle edges; idle edges are disregarded entirely.

Abstract binding bigraphs are <-equivalence classes of concrete bind-
ing bigraphs. Composition, tensor and identity of abstract binding bigraphs
are given by composition, tensor and identity of the underlying concrete
bigraphs. Taking interfaces as objects and abstract binding bigraphs as
morphisms we have a category of binding bigraphs. Finally, a ground
bigraph is a bigraph with inner face e. We shall also refer to such a bigraph
as an agent. A bigraph G : I — J is called prime, if I is local and J is
prime.

We shall need to consider and distinguish several forms of discreteness,
which we define below.

Definition 14 (Variants of discreteness).
o We say that a bigraph is discrete iff every free link is an outer name
and has exactly one point.

o A bigraph is name discrete iff it is discrete and every bound link is
either an edge, or (if it is an outer name) has exactly one point.

Note that name-discrete implies discrete. Name-discreteness is defined
to impose exactly the same level of constraints on local and global linkage
upon names. We utilize this in the normal form we define. Discreteness and
name-discreteness share several nice properties.

Lemma 13. If A and B are discrete, then A® B, (Y)A, and AB are also
discrete. The same holds for name-discrete bigraphs A and B.
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Erratta for “Axiomatizing Binding Bigraphs” In Table I, the follow-
ing categorical axiom concerned with symmetries was mistakenly omitted:

Yiesk = (vix ®idy) (idf @ viK).

Also, in Lemma 2, replace Py (o) with Pr-1(gy and Pr(,—1) With Pr-1(,_1).
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Part I1I
Matching of Bigraphs

This part contains an extended version of the paper “Matching of Bigraphs” [BDGMO06]
that I presented at the GT-VC workshop 2006. The paper is currently under
publication, and this version is extended with an appendix with extensive

details for the proof of the main theorem stating completeness of the char-
acterization (Theorem 3.15).
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Abstract

We analyze the matching problem for bigraphs. In particular, we present a sound
and complete inductive characterization of matching of binding bigraphs. Our re-
sults pave the way for a provably correct matching algorithm, as needed for an
implementation of bigraphical reactive systems.

1 Introduction

Over the last decade, a theory of bigraphical reactive systems has been de-
veloped [9,13,14]. Bigraphical reactive systems (BRSs) provide a graphical
model of computation in which both locality and connectivity are prominent.
In essence, a bigraph consists of a place graph; a forest, whose nodes represent
a variety of computational objects, and a link graph, which is a hyper graph
connecting ports of the nodes. Bigraphs can be reconfigured by means of re-
action rules. Loosely speaking, a bigraphical reactive system consists of set of
bigraphs and a set of reaction rules, which can be used to reconfigure the set
of bigraphs. BRSs have been developed with principally two aims in mind:
(1) to be able to model directly important aspects of ubiquitous systems by
focusing on mobile connectivity (the link graph) and mobile locality (the place
graph), and (2) to provide a unification of existing theories by developing a
general theory, in which many existing calculi for concurrency and mobility
may be represented, with a uniform behavioural theory. The latter is achieved
by representing the dynamics of bigraphs by an abstract definition of reaction
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rules from which a labelled transition system may be derived in such a way
that an associated bisimulation relation is a congruence relation. The unifi-
cation has recovered existing behavioural theories for the m-calculus [9], the
ambient calculus [8], and has contributed to that for Petri nets [11]. Thus the
evaluation of the second aim has so far been encouraging. In [3], Birkedal et
al. initiate an evaluation of the first aim, in particular it is shown how to give
bigraphical models of context-aware systems.

As suggested and argued in [9,1,3] it would be very useful to have an
implementation of the dynamics of bigraphical reactive systems to allow ex-
perimentation and simulation. In the Bigraphical Programming Languages
research project at the IT University, we are working towards such an imple-
mentation. The core problem of implementing the dynamics of bigraphical
reactive systems is the matching problem, that is, to determine for a given bi-
graph and reaction rule whether and how the reaction rule can be applied to
rewrite the bigraph. The topic of the present paper is to analyze the matching
problem.

In Figure 1 we show several bigraphs. Consider the bigraph named a.
It is intended to model two buildings, one belonging to a corporation and
one belonging to a consultancy group. Inside the buildings are laptops with
data nested inside folders. The nesting structure depicts the place graph.
Links are used to name the buildings and, moreover, to model which folders
can be shared between the corporation and the consultancy group and inside
the corporation. Thus the laptop shown in the middle is intended to belong
to a consultant working for the corporation — the consultant has folders
with data belonging to the consultancy group (the link shown to the left)
and folders with data belonging to the corporation (the link shown to the
right). The fact that folders belonging to the corporation should not leave the
corporation is expressed by linking those folders to a so-called binding port
on the corporation building, indicated by the circle.

The abstract semantic definition of matching, as defined in the theory of
bigraphs [9], is roughly as follows (omitting many details): Given a reaction
rule with redex R and reactum R’ (with R and R’ both bigraphs), and a
bigraph a (the agent to be rewritten), if a = C o (R ® idz) o d, then it can be
rewritten to C' o (R’ ® idz) o d. Here o denotes composition of bigraphs and
Z is the set of global names of d. In other words, if the reaction rule matches
a, in the sense that a can be decomposed into a context C, redex R and a
parameter d, then a can be rewritten.

Consider again the example in Figure 1. There is a reaction rule expressed
by the redex R and the reactum R’; the intention of the reaction rule is to
allow copying of data between connected folders in the same nesting hierarchy
(note the link in R between the two folders and the so-called local name y).
The agent a can be written as a composition of C, R and d — formally,
a=Co(R®id,)od Composition works by (1) plugging the roots of R
and d into the holes (aka sites) of C' respectively R; (2) fusing together the
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consultancy corporation

Fig. 1. Example of a ground agent a = C o (id, ® R) o d. Reaction rule R — R’
copies data between connected folders.

connections between folder and z (in d) and z and folder (in C'), removing the
name z in the process; (3) fusing together the connection between the local
name gy and the two folders in R and the name y and the bound port in C,
removing the name y in the process. Note the use of id, in the composition
a=Co(R®id,)od;it allows a name z from the parameter d to be “passed
through” the redex and be attached to something in the context C. The
reactum R’ contains a copy of the site numbered 1 in R, expressing that data
is copied between the shared folders. The sites numbered 0 and 2 in R allow
the reaction rule to apply also when the laptops contain other folders than the
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two that are connected. Thus a can be rewritten using the reaction rule to
another agent @’ like a but with two data items in the rightmost laptop (the
agent @' is not shown in Figure 1).

In the present paper we provide an inductive characterization of when
a=Co(R®idz)od holds, by induction on a and R (the input to a match-
ing algorithm). It is a precise characterization in the sense that it is both
sound and complete with respect to the abstract definition. This provides a
detailed analysis of the matching problem, and paves the way for developing
and proving correct an actual matching algorithm (which, given a and R, must
find C, d, and Z such that a = C' o (R ®idz) o d holds). We further include
a discussion of how one may derive matching algorithms from our inductive
characterization. We will report on our work on an actual implementation of
matching in a subsequent paper.

Our inductive characterization is based on normal form theorems for bi-
graphs [13,5], which express how general bigraphs may be decomposed into
a composition of simpler graphs. The normal form theorems and also the
inductive characterization we present here is based on so-called discrete de-
compositions of bigraphs. Discrete bigraphs are bigraphs with a simple form
of linkage. To a large extent, this allows us to analyze matching of a general
bigraph by considering its link graph and place graph separately.

Of course, the matching problem is closely related to the NP-complete
graph embedding problem. Thus we analyze the embedding problem for a
restricted class of graphs, and our inductive characterization makes good use
of the algebraic presentation of such graphs [13,5]. One hopes that matching
implementations will be efficient in practice since redices typically are small.
Furthermore, sorting bigraphs [4] could be a source of early search elimination.

The remainder of this paper is organized as follows. In Section 2 we give an
informal description of binding bigraphs. The main contribution of this paper
is in Section 3, where we present our inductive characterization of matching.
Section 4 discusses how the inductive characterization may ensure a correct
and efficient algorithm for matching. In the final sections we discuss related
work and conclude.

For lack of space, most proofs [2] have been omitted from this extended
abstract.

2 Binding Bigraphs

Here we present bigraphs informally; for a formal definition, see [9,5].

2.1 Concrete Bigraphs

A concrete binding bigraph G consists of a place graph G¥ and a link graph
GY. The place graph is an ordered list of trees indicating location, with roots
ro,...,Tn, Nodes vy, ...,v;, and a number of special leaves sq,...,s,, called
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sites, while the link graph is a general graph over the node set vy, ..., v, ex-
tended with inner names xg, . .., x;, and equipped with hyper edges, indicating
connectivity.

We usually illustrate the place graph by nesting nodes, as shown in the
upper part of Figure 2 (ignore for now the interfaces denoted by “: - — 7).
A link is a hyper edge of the link graph, either an internal edge e or a name

Bigraph G : <37 [{}7 {}’ {x07x2}]7X> - <27 [{yO}v {}]7Y>
Yo Y1 Y2

X ={xo0, 21,22}

Y= {yO?ylv yQ}

Place graph G¥ : 3 — 2 Link graph G¥: X — Y

roots: (T TD names: Yo Y1 Y2
o
@D @@
sites: GO G2 Gv inner names: @D

Fig. 2. Example bigraph illustrated by nesting and as place and link graph.

y. Links that are names are called open, otherwise they are closed. Names
and inner names can be global or local, the latter being located at a specific
root or site, respectively. In Figure 2, y, is located at 7, indicated by a small
ring, and zg and x4 are located at ss, indicated by writing them within the
site. Global names like y; and gy, are drawn anywhere at the top, while global
inner names like x; are drawn anywhere at the bottom. A link, including
internal edges like €’ in the figure, can be located with one binder (the ring),
in which case it is a bound link, otherwise it is free. However, a bound link
must satisfy the scope rule, a simple structural requirement that all points of
the link lie within its location (in the place graph), except for the binder itself.
This prevents ys and e in the example from being bound.

2.2  Controls

Every node v has a control K which determines a binding and free arity,
indicated by v : K. In the example of Figure 2, we could have v; : K;,i =
0,1,2,3, where Ky : 0 - 1, K1 : 0 — 2, K5 : 0 — 3, K3 : 1 — 2. The
arities determine the number of bound and free ports of the node, to which
bound and free links, respectively, are connected. Ports and inner names are
collectively referred to as points.
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2.8 Abstract Bigraphs

While concrete bigraphs with named nodes and internal edges are the basis
of bigraph theory [9], our prime interest is in abstract bigraphs, equivalence
classes of concrete bigraphs that differ only in the names of nodes and internal
edges®. Abstract bigraphs are illustrated with their node controls, as shown
in Figure 1 with Building, Laptop, etc. In what follows, “bigraph” will thus
mean “abstract bigraph.”

2.4 Interfaces

Every bigraph G has two interfaces I and J, written G : I — J, where [ is
the inner face and J the outer face. An interface is a triple (m, )Z', X), where
m is the width (the number of sites or roots), X the entire set of local and
global names, and X indicates the locations of each local name, cf. Figure 2.
We let € = (0,[],{}); when m = 1 the interface is prime, and if all € X are
located by X, the interface is local. As in [12] we write G : — Jor G : I —
for G : I — J when we are not concerned about about I or J, respectively.

A bigraph G : I — J is called ground, or an agent, if I = €, prime if I is
local and J prime, and a wiring if m = n = 0, where m and n are the widths
of I and J, respectively. For [ = <m,)?,X), bigraph id; : I — I consists of
m roots, each root r; containing just one site s;, and a link graph linking each
inner name = € X to name .

2.5 Discrete and Regular Bigraphs

We say that a bigraph is discrete iff every free link is a name and has exactly
one point. The virtue of discrete bigraphs is that any connectivity by internal
edges must be bound, and node ports can be accessed individually by the
names of the outer face. In Figure 1, only R, R' and d are discrete, because
the free internal edges of a and C have two points. Further, a bigraph is
name-discrete iff it is discrete and every bound link is either an edge, or (if
it is an outer name) has exactly one point. Note that name-discrete implies
discrete.

A bigraph is reqular if, for all nodes v and sites i, 5,k with i < j <k, if 4
and k are descendants of v, then j is also a descendant of v. Further, for roots
ry and 7, and all sites ¢ and j where 7 is a descendant of r; and j of rj, if
i < j then i’ < j'. The bigraphs in the figures are all regular, the permutation
in Table 1 is not. The virtue of regular bigraphs is that permutations can be
avoided when composing them from basic bigraphs.

3 Formally, we also disregard idle edges, those edges not connected to anything.
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2.6 Tensor Product, Parallel Product, and Composition

For bigraphs G; and G5 that share no names or inner names, we can make
the tensor product Gy ® G5 by juxtaposing their place graphs, constructing
the union of their link graphs, and increasing the indexes of sites in Gy by the
number of sites of G;. For instance, bigraph d of Figure 1 is a tensor product
of four primes. We write ®ZL G for the iterated tensor Gy ® - - - ® G,,_1, which,
in case n =0, is id..

The parallel product Gy |Gy is like the tensor product, except global names
can be shared: if y is shared, all points of y in G; and G5 become the points
of y in Gy || Gb.

We can compose bigraphs Go : [ — I and G; : I' — J, yielding bigraph
G10Gs : I — J, by plugging the sites of G; with the roots of G5, eliminating
both, and connecting names of Gy with inner names of G;—as in Figure 1,
where a = C'o (id, ® R) od. In the following, we will omit the ‘o’, and simply
write G1G4 for composition, letting it bind tighter than tensor product.

2.7 Active, Passive and Atomic Controls

In addition to arity, each control is assigned a kind, either atomic, active or
passive, and describe nodes according to their control kinds. We require that
atomic nodes contain no nodes except sites; any site being a descendant of a
passive node is passive, otherwise it is active. If all sites of a bigraph G are
active, G is active.

For Figure 1 we could have Data : atomic(0 — 0), Folder : passive(0 — 1),
Laptop : active(0 — 0), Building : active(1 — 1).

2.8 DBigraphical Reactive Systems

Bigraphs in themselves model two essential parts of context: locality and con-
nectivity. To model also dynamics, we introduce bigraphical reactive systems
(BRS) as a collection of rules. Each rule R —¢ R’ consists of a regular redex
R : I — J, aregular reactum R' : I' — J, and an instantiation o, mapping
cach site of R’ to a site of R. Interfaces I = (m, X, X) and I' = (m’, X', X')
must be local, and are related by X; = X,;. We illustrate o by a ‘i := j’, as
shown in Figure 1, whenever o(i) = j # . Given an instantiation ¢ and a dis-
crete bigraph d = dy® - - - ® dj, with prime d;’s, we let o(d) = dy0) ® - - - @ dy(),
allowing copying, discarding and reordering parts of d.

Given an agent a, a match of redex R is a decomposition a = C(idz ®
R)d, with active context C, discrete parameter d, and some set of names Z.
Dynamics is achieved by transforming a into a new agent «’ = C'(idz @ R')d',
where d’ = p(d)—an example is shown in Figure 1. This definition of a
match is as in [9], except that we here also require R to be regular. This
restriction to regular redexes R (and to discrete parameters d) does not limit
the set of possible reactions. We restrict attention to regular R’s because it
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simplifies the inductive characterization of matching by allowing us to omit
trivial permutations.

2.9 Notation, Basic Bigraphs, and Abstraction

In the sequel, we will use the following notation: W denotes union of sets re-
quired to be disjoint; we write {}7} for Yow---wWY, ; when Y =Y, ...V, 1,
and similarly {y} for {yo,...,yn_1}. For interfaces, we write n to mean
(n,[0,...,0],0), X to mean (0,[], X), (X) to mean (1,[{}],X) and (X) to
mean (1, [X], X).

Any bigraph can be constructed by applying composition, tensor product
and abstraction to identities (on all interfaces) and a set of basic bigraphs,
shown in Table 1 [5]. For permutations, when used in any context, m¢G or

Notation FEzample
01 2
Merge merge,, :n — 1 merges =, () (O O
mmy
Concretion "X7: (X) — (X) oy, 20} " = 30 3
_ ials
Abstraction (Y)P ( H{ysH™{ 2} = IO“ ‘:
:I~><1,[Y},Z&JY> Y1, Y2 Y3 Y1,Y2, Y3, —L ‘
. Y1 Z/f Y3
Substitution 7/X : X —»Y [y1, Y2, y3l/{z1, 22}, {}, {23} = ‘
o Ty T2 T3
Y1 Y2 Y3
Renaming ¢/7: X —Y [y1, Y2, y3]/[x1, w2, x3] = ‘ ‘ ‘
a, 3 T1 X9 T3
Closure /XX —{} Hz1, 2, 23} = :(:Tl lTQ J:Tg
N (id @ /2)o (idgy1.42) @ /{21, 22)) LR
Wiring X LY [y1, 21, Y2, 22] / = ) A
w [{}a {3717372}7 {x4,x5}, {xG}] X1 Iy T4 Th ZL’TG
Y192
K. -
(X)) — (7)) [y1,y2] ({1} {z2,23},{}])
{i—j,...}

Pe;rilutatlon : <m,X,X> - <m,7T(X),X> {0—2,1—0,2— 1}[{96},@,{11}] = O
X
Table 1

Basic bigraphs, the abstraction operation, and variables ranging over bigraphs.
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Gy, X is given entirely by the interface of GG; in these cases we simply write
T as .

Given a prime P, the abstraction operation localises a subset of its outer
names. Note that the scope rule is necessarily respected since the inner face
of a prime P is required to be local, so all points of P are located within its
root. The abstraction operator is denoted by (-)- and reaches as far right as
possible.

For a renaming o : X — Y, we write "o to mean (id; ® a)" X7, and
when ¢ : U — Y, welet ¢ = (Y)(oc ®id;)"U". We write substitutions
y/[0,....,0]:e - Y as Y.

Note that [|/[] = /0 = 7 = id. and merge; = "07 = m; = id;, where 7; is
the nameless permutation of width 7.

As an example, the bigraph of Figure 2 can be written

G = (w® (({yo})(wo/Y ®id))"Y ) (Y)P1) ® P> ® y2/x1) , where
w = (/e ®idgy, yu}) W1,y el /Hunt {2, vo, 924 {e, €'}, Y = {wo, w0, o
P = (id{yo,yl,yé,e} ® merge,) ((id{yo,e} ® KO[y(’)])Kl[yo,e] ® Koyt yr 4] mergeo)
Py = (idge gy ® merges) (Ksier yy)(({zoaa))) @ 707),

and for Figure 1 we have a = (id{ consuttancy, corporation} @ /%) (p1 || p2), where

p1 = (id. ® Building o suitancy(((3]) LaPtop) Folder|.)Data merge,,

b2 = (Idz & Building[corpomtion]([{y1,yz}]))({y17 yQ})(id{ZvyLQQ} ® merge?) (pIQ ® plgl)
py = (id. 4,1 ® Laptop merge,)(Folder,Datamerge, ® Foldery,,;Data merge,)
p5 = (idy, ® Laptop)Folder,, Data merge,

Finally, a molecule is a prime with just one outermost node.

3 Inductive Characterization of Matching

In this section we present our inductive characterization of matching. To ease
the presentation we shall disregard the requirement that the context in a match
must be active (it is straightforward to extend the following presentation to
include the active requirement).

3.1 Preliminaries

In this subsection we introduce useful notation and establish some propositions
about how one may decompose bigraphs. To simplify notation we shall simply
write id for identity bigraphs, without a subscript showing the interface, when
it is clear from the context what interface is intended.

The following propositions express how bigraphs may be decomposed into
simpler constitutent components. The proofs follow easily from the normal
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form theorem in [5]. Note that w,«, ¢ and 7 range over wirings, renamings,
substitutions and permutations, cf. Table 1.

Proposition 3.1 Any bigraph G can be decomposed into a composition of the
following form

G=(w®id)(D ®idy),
where D is discrete and with local innerface. Any other decomposition of G
on this form takes the form G = (W' ® id)(D’ ® idy), where w' = w(a @ idy)
and D' = (a™' ®id)D, for suitable a.

Proposition 3.2 Any discrete bigraph D of width n with local innerface can
be decomposed such that

n

D = ()G ®id) ),

i

where the P;’s are name-discrete and prime. Any other decomposition on this
form of D takes the form (®?(02 ® id)Pi/)’]T/, where, for some &y, p;, for all
i, P = (&' ®@id)Pp; (Q; pi)r' =7, and o} = ;0.

7

For primes and molecules, the normal form can be found in loc. cit.

One can decompose binding ions K g into Kyq) ;' (ui)/(Xi). Such de-
compositions will be useful because of the following proposition, which is a
corollary of Theorem 1, item 1, in [5] (specialized to free discrete ions).

Proposition 3.3 Any free discrete molecule M : I — ({y} W Z) can be de-
composed as

M = (Kym) ®idz) P,
where P is a discrete prime. Any other decomposition of M on this form, has
the form (Kyz ® idz)P’, where there exists a unique @, given by u; — x;,
such that Kyaa = Kyz and P = (@ ®idz)P'.

3.2 Matching Sentences

We now define matching sentences and rules for deriving valid matching sen-
tences.

Definition 3.4 A matching sentence is a 7-place relation among wirings
and bigraphs, written w,, wr,wc F a, R— C, d, satisfying that w,, wr, wc are
wirings, and a, R, C, d are discrete bigraphs, R and C have local inner faces,
and R is regular.

Definition 3.5 A matching sentence w,,wr,wc F a, R— C,d, where wg :—
Y, and d has global outer names 7, is valid, denoted wa, wr,wc F a, R— C\ d,
iff

(id ® wa)a = (id @ we)(C ®idy ®idz)(id ® wr)(R ®idz)d.
where unqualified identities are local and determined from the context.
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Note that for a valid sentence wa,wr,wc F a, R— C.,d, if we let o/ =
(id ® wa)a, C" = (id ® we)(C ®idy ®@idz), and R’ = (id ® wr)R, then o’ =
C'(R' ®idz)d. Conversely, if, for general o', C’, R', d we have a match ¢’ =
C'(R ®idyz)d, then by Proposition 3.1, we can decompose a/, C’,; and R" and
obtain a corresponding valid sentence. Thus, valid sentences precisely capture
the abstract definition of matching.

3.3 Rules for Matching

Wa, WR,we I a, Q" Pr1(j) — C, (T ®@id)d

PERM
Wa,wr,we F a, Q" P;— Cr,d
Wa,wR,we |wka, R—C,d Wh,ws,wp ||wk b,S— D,e
PAR
wa || wp,wr | ws,we [wp [wFa®b RRS—CQD,d®e
LSUB 0a QUWa,wRr,0cQwckFp, R—P,d o0a:2Z—-W oc:U—->W

wa, wR,we F (02 @id)(Z)p, R—(o¢c ®@id)(U)P,d

Wa,WR,wc Fa, R—C,d a global
Wa, wR,we b (merge ®id)a, R —(merge ®id)C, d

MERGE

wa,wr,we - ((0)/(X) ®id)p, R—(()/(Z) @ id)P,d  a=g/i o:{j}—

0 || wa,wr, o0 ||we - (K g @id)p, R— (K 7 @id)P,d

Wa, ide, we(oc @wr ®id) F p,id— P,d P:— (WWY) oW —=U

SWITCH _
Wa, WR,WC F D, (U ® Id)(W)P;)I—U—Iv d

w,ide, w(a™! ®id) F p,id ="a’, (X)p

PRIME-AXIOM

WIRING-AXIOM
y,Y,y/Y Fid.,ide — id, id,

Oa,0OR,1dyg ®ocFa,R—C,d oc:—=YWYe or:—UWYp
(id ® /(YR W Yc))Ua, (id & /YR)UR, (id & /Yc)UC Fa, R— C,d

CLOSE

Fig. 3. Rules for matching binding bigraphs

In Figure 3 we present a set of rules for inferring matching sentences. In
PAR we require further that the tensor products of all discrete components be
defined. Also, in the premises of the rules PERM and 10N, and in the conclusion
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of rules MERGE, ION, and SWITCH we require the id’s to have width 0 (hence
be link graph identities). This determines them entirely from the context.

We now explain the rules.

The PERM rule simply pushes a permutation on the inside of the context
through the redex, permuting the discrete primes, and producing a pushed-
through permutation 7, depending on 7 and the innerface of the redex, as
stated in the push-through lemma [5].

The PAR rule explains how to match a product, given two valid matches,
which share some context wiring w if the two parts of the redex share a
(necessarily global) name, cf. Figure 4.

wa | SN e we | <Y | wp

zWiy1 Y2ws 2. z Y1 wh2 =z
ai K | 3 1 ) C@idyci l ‘ IdyD®D

777777777777777777777 w - z

_ WR /\ | ws
Yo {w} T W1Y1 Yows z
Yp =4{w,z RUDREEAUVE

b = {w.2} R:W: :W 'S
l K [ | I_ [

Fig. 4. Matching a product using the PAR rule

The LsUB rule allows us to match any discrete prime (c.f. Proposition 3.2)
by matching an underlying free (name)discrete prime with the wiring of agent
and context extended with the underlying global substitutions ¢, and oc. In
other words, this rule expresses that we can match a bigraph with local names
by matching the corresponding free bigraph (forgetting that the names are
local) and then remember to make the correct names local again.

The MERGE rule simply states that to match bigraphs with an outer merge
and a global id, we must be able to match the underlying bigraphs.

The 10N rule works intuitively by splitting up a binding ion into a free,
discrete ion and an underlying local substitution. For any given match of
discrete primes, we can compose with ions Kg( %) or KJ(Z)’ if we extend the
wirings of agents and contexts with isomorphic wiring on the outer names ¥
and u; stated in the rule by requiring that we extend with o, and oya (where
a = y/u). For example, if we seek to match the agent a = (id ® K g))p
yielding a context C' = (id ® K 7)) P, then it suffices to consider matching of

— —

a' = (V)/(X)p yielding a context C" = (¢))/(Z), as illustrated in Figure 5.
Given an agent and considering an inference tree operationally bottom up,
the rules specify how to decompose the agent while constructing the corre-
sponding context (cf., e.g., the ION rule). At the point where the root of
the redex is matched, the SWITCH rule is applied, switching the redex into
context position, so that further decomposition of the agent checks that the
redex matches. Thus, when inferring a match, every rule except SWITCH can
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Fig. 5. Matching ion agent a yielding context C' by matching o’ yielding context C’

be used in two modes: one where the agent and redex are given, resulting
in a context and parameter; and one where the agent and context are given,
resulting in a parameter.

The PRIME-AXIOM and WIRING-AXIOM axioms are our base cases and are
intuitively clear (the latter is used to match bigraphs of zero width).

The CLOSE rule allows us to infer a match for bigraphs where all global
links are open, and “close” this match by replacing names in wirings with
edges, cf. Figure 6. An internal edge in the agent need not have the same
identity as its counterpart in redex or context, hence the a.

Fig. 6. Matching closed links within and between redex and context

Theorem 3.6 The rules for matching in Figure 3 are sound, that is, any
matching sentence that can be derived is valid.

Proof. Straightforward, but tedious, standard algebraic manipulations. O

The completeness theorem will be proved by induction on the size of valid
sentences, which is defined as follows.

Definition 3.7 The size of a matching sentence wa,, wr,wc F a, R— C,d is
the number of ions in a.
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The following lemmas express how a valid sentence may be derived by
applications of inference rules to valid sentences of lesser or equal size. The
proofs proceed by first decomposing the components of the given valid sen-
tence, then defining the components of the valid sentence(s) claimed to exist
and, finally, verifying that (1) the sentences claimed to exist really are valid
and (2) that the given sentence can indeed be derived as claimed. The decom-
positions are obtained via Propositions 3.1, 3.2, and 3.3, and the verifications
proceed using centrally the unicity results for these normal forms and lemmas
as found in [5].

Lemma 3.8 FEvery valid sentence w,, wr,wc F a, R— C,d is provable using
the CLOSE and the PERM rule on a valid sentence, of equal size, of the form
Oa;OR,0C F 0, S — Q) P, e.

Lemma 3.9 Every valid sentence 0,,0r,0c F a,R—P ® Q) P;,d, with P
and P; prime and discrete, is provable using the PAR rule on valid sentences, of
lesser or equal size, of the form of ok, o0& 02 E p, S P,e and 0$, 0§, 0§ |

S I / n !
ooFd,R—Q.;D,¢.

Lemma 3.10 Every valid sentence a, 0r,oc F a, R—id, d is provable using
PAR and WIRING-AXIOM.

Lemma 3.11 FEvery valid sentence w,, wr,wc F p, R— P,d, with p and P
prime and discrete, is provable using the LSUB rule on a wvalid sentence, of
lesser or equal size, of the form w!, wh,wy E p', R— P’ d, where p’ and P’
are discrete free primes.

Lemma 3.12 FEvery valid sentence oa,0r,0c F p, R— Q,d, with p and Q
discrete and free primes, is provable using MERGE, PAR (iterated), and SWITCH
rules on wvalid sentences, each of lesser or equal size, and each on one of two
forms:

o ol o oL E PN id— PN e, where p* and PN are free discrete primes,

* 0, 0n 00 FEm,S— M, e, where m and M are free discrete molecules.

Lemma 3.13 Fvery valid sentence ca,0r,0c F m, R— M, d, with m and
M free discrete molecules, is provable using the ION rule on a valid sentence
ol o 00 Ep, R— P,d, of lesser size, where p and P are discrete primes.

Lemma 3.14 FEvery valid sentence 0,,0Rr,0c F p,id— P, e, with p and P
free discrete primes, is provable using the MERGE and PAR (iterated) rules
on valid sentences of equal or lesser size, which are either instances of rule
PRIME-AXIOM or of the form o’ 0., 0%, F m, R— M,d.

Theorem 3.15 The rules for matching in Figure 3 are complete, that is, any
valid matching sentence can be derived from the rules.

Proof. By induction on the size of a sentence. By the lemmas above, we have
that all valid sentences with size n can be derived from valid sentences of the
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form o,,0r,0c E m, R— M,d, with m and M free discrete molecules, of size
less than or equal to n. By Lemma 3.13, these can be derived from sentences
of size less than n. O

4 Towards Algorithms for Matching

The completeness theorem tells us that we can find all valid matching sentences
by applications of the rules for matching. Thus the rules for matching define an
algorithm for matching, for instance easily expressed in Prolog, which simply
operates by searching for inference trees using the rules.

Although we can (e.g., in Prolog) base a matching algorithm directly upon
the matching rules, we do not claim that an efficient matching algorithm has
to be so based. We have introduced matching rules for a dual purpose: first,
to characterise matching structurally and inductively in order to understand
it (in particular to understand the relation to representations based on normal
forms and to understand where exactly choices between different matches can
be made during matching); second, to provide a point from which to begin
the search for truly efficient matching algorithms, and to verify them. This
rigorous approach to matching is justified, in our view, because matching will
be the workhorse of any implementation of bigraph dynamics.

In practice, one is, of course, interested in minimizing unnecessary blind
search, and thus, for instance, only search for inference trees of a certain
form. Indeed, one can show that it suffices to consider so-called normal
inference trees, which put restrictions on the order in which the inference
rules are applied (such as, e.g., always concluding with the CLOSE rule). We
shall not include a formal definition of normal inference trees here, but rather
discuss some of the possibilities for defining normal inference trees. We first
remark that to retain completeness, any definition of normal inference must,
of course, ensure no loss of provability. Looking at the formulations of the
lemmas leading up to the completeness theorem, we see that there are indeed
several possibilities for the definition of normal inference tree. For example,
from Lemma 3.8 we see that we are free to conclude each inference tree with
CLOSE and then PERM or vice versa. Further, in several rules we are allowed to
propagate closed links, even though CLOSE intuitively makes that unnecessary.
We have chosen to leave this freedom in the rule system and instead comment
on how we could eztend the set of rules to allow even more freedom in chosing
our definition of normal inference tree. This is important when thinking about
implementations, as each definition of normal inference tree corresponds to a
different algorithmic approach to matching.

One may say that the current set of rules naturally give rise to normal
inferences that are a mix between matching the link graph “lazily” or “eagerly”.
Instead of the CLOSE rule, one could have amended the PAR and TON rules
(those with || in the conclusion) such that they would also handle matching of
closures. This would have allowed true “by need” link-matching. Conversely,
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one could have amended the CLOSE to also compare substitutions, allowing
us to consider matching of discrete bigraphs up to renaming isos on their
outerfaces. If we amended the LSUB and SWITCH rules to work accordingly,
this would actually preclude the need for the wirings wa, wr,wc in matching
sentences. It seems, though, that the tedious complexity added into these
rules would mean that we would gain little in removing complexity from the
rules as a whole. Anyhow, these changes would allow us to define a variant
of normal inferences, which would be “strict” in the link graph, in that we
would immediately be able to reject possible matches based on the link graph
(instead of the place graph).

Another possibility would be to add a rule GLOB, allowing us to match
all wiring stemming from a single prime as global wiring. This idea seems to
indicate that matching in local bigraphs [12] (where there is no global linkage
but instead multilocated names) could be handled similarly, by recasting the
rules to work on local links and just locating names at all roots where they
occur.

4.1 Representations of Graphs

An implementation of matching must, of course, represent bigraphs in some
way. One possibility is to represent bigraphs directly by place and link graphs,
and then implement the normal form lemmas, which express how bigraphs
may be decomposed into simpler bigraphs; then matching can proceed by
induction on the decomposed graph. In general, however, the “decomposition
functions” return sets of possible decompositions, because normal forms are
only unique up to certain permutations. (For example, merge(M; @ My) =
merge(Ma®My).) A matching implementation needs to explore all the possible
decompositions. This can be made explicit formally, by phrasing the inductive
characterization of matching not on bigraphs but on bigraphical expressions
(syntax), as defined in [13,5]. Doing so forces us to add an inference rule,
which allows one to replace any expression in a matching sentence w,, wr, wc -
a, R— C,d, say a, by another, say a’, that is provably equal via the axioms for
equality in [5]. Doing so clearly yields a complete set of rules on bigraphical
expressions. When defining normal inference trees for these, one seeks, of
course, to restrict the application of the equality axioms. The definition of
normal inference trees will then formally explicate all the possibilities that
a matching algorithm needs to explore. We have worked out a definition of
normal inference tree for matching of place graph expressions and proved it
complete. Based on that experience, we believe it should not be too hard
to work out a suitable definition of normal inference tree binding bigraph
expressions and prove it complete.

82



BIRKEDAL, DAMGAARD, GLENSTRUP & MILNER

5 Conclusion and Related Work

We have presented a sound and complete inductive characterization of match-
ing for binding bigraphs. We are currently working toward an implementation
of matching based upon the characterization.

Bigraphical reactive systems are related to graph transformations systems;
see [6] for a recent comprehensive overview of graph transformation systems.
In particular, bigraph matching is strongly related to the general graph pat-
tern matching (GPM) problem, so general GPM algorithms might be appli-
cable [17,7,10,20]. Due to the special structure of bigraphs, general GPM
algorithms are expected to be inefficient, although some GPM tools [19] use
heuristic search strategies that might be able to discover and exploit bigraph
structure. A special aspect of bigraphs is that we may match a set of sub-
trees with a single node (site) in the redex, and match multiple redex roots in
different places within the agent. Fu [7] handles such wildcard nodes and mul-
tiple patterns, but directly applying his algorithm is not straightforward, as he
attacks the problem of tree isomorphism of rooted graphs unfolded to finite
unbounded depths. The subtree isomorphism problem [15,18,16] is simpler
than GPM, but applying it directly to the place graphs of bigraphs would not
exploit the constraints imposed by the link graphs. Rather, efficient implemen-
tations of bigraph matching should be derived from the initial implementation
by experimenting with different normal inference tree definitions, and combin-
ing it with subtree isomorphism algorithms. The inductive characterization
provided here will make it easier to prove the actual algorithm correct.
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A Proofs of completeness

Below we give extensive details for the proof of Lemmas 3.8 through 3.14. To establish the
proofs we shall need a number of preliminaries (extending the ones in Section 3.1), which
we start by stating and proving.

A.1 Preliminaries

First, Corollary A.1 is a simple restatement of Proposition 3.2, eliding the details of the
representation of discrete primes.

Corollary A.1 Any discrete bigraph D with local innerface of width n can be decomposed
such that

D= (é PP,

where PiD are discrete prime. Any other decomposition on this form of D can be written as
(®! PPy’ where for some p;, P'P = p; PP and (® pi)r' =

K3
We shall also need the following simple property of abstraction.

Lemma A.2

(U)P = (U)Q iff P=Q

Proof.
(<) Immediate.
(=) Nearly immediate; algebraically, by composing with equal concretions:

P=(U"®id)(U)P = (U"®id)U)Q = Q.
O

The parallel product of two bigraphs G : X - YW Z and H : U — V W Z, with
XNU=YNV =10, is given by taking the tensor of the place graphs and the union of the
link graph maps.

We record a few properties of ||, which allows us a number of convenient algebraic
manipulations. (These properties are easily proven by algebraic manipulations and with
the help of the normal form for links proven in [13].) We start by giving some simple
equivalent forms of the definition of the parallel product.

Fact A.3 (Parallel product)

Gl H = (® z/{z: %)) @idy @idv) (G © () #/2) @idv)H)
= (7/7,7 @idy ®idy) (G ® (7/Z®idv)H)
= (c®idy ®idy) (G ® (a®idy)H),
where in the second equation we introduce some shorthand notation and in the third equa-
tion ¢ and «a are given by the previous equations.

When splitting up a wiring w : UV — X WY by its innerface or outerface we get, for
¢ a suitable closure,

w=(0®id)(og | o1) o0:U — o1:V —

respectively
w=wy R wi wo :— X wy :— Y,

where 6, 09, and o1; and wy and wy are uniquely given by w, U, V, X and Y.
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Lemma A.4 For all wirings w, :— ZWY,, wp :— ZWYy, we :— X WY, and wg :— X WYy,
with all inner faces mutually disjoint and such that (YaUYp)N(YpUYe) =0, it holds that

(wa [ wp) @ (we [ wa) = (wa @we) || (wp ® wa).

Proof. Algebraically,

(Wa || wp) @ (we |wa) = (0z ®id)(we ® (az Qid)wy) @ (0x ®id)(we @ (ax ® id)wq)
(07 ®id)(wa @ (azwf @w))) @ (ox @id)(we @ (axwy’ @ wy))
(

(

oz ®@0x ®id)(wy ® we @ (azwf @ axwy @w) @ wy))

Wa @ we) || (wp @ wa).-

— where the first and the last equality are instances of the third equation of Fact A.3, and

wa , W, wff , and w/; arises from splitting wy, and wy by the outerface. o

Lemma A.5 For wirings w' = X' =YW Z (i=0,1),
W o)X ®idx1) =Y @ w!.
Proof. Algebraically,
(@ (X0 @idx1) = (X0 )
YO® Z|wh)

(
(

= (Uz(Zl ® azw%) ®Y" ®w)1/1)
(

-1 1 0 1
oy azwy @YY Qwyy)

= (wy @Y @wy)

=Y'®w.
— where we get the third equality by using the third equation of Fact A.3 splitting w' by its
outerface and rearranging. We split by Z and Y'! — producing another copy of the names

Z, 7', and oz (the substutition as defined in Fact A.3 that joins these, again). The fourth
equality resolves the composition (equationally, by repeated application of axiom L4). O

Lemma A.6 Given w!,w! : X* - YiwZ, (i =0,1) we have that

wg llwe = w [lwg iff we=wy and wg = w,.
Proof.
(<) Immediate.
(=) We have,
(/Y ®@idy ) (Wl | wH)(X'®idyn) = (/Y @idy1 ) (YO @ w!) = wl, and
(/Y @idy1)(wq | wa)(XO @idyn) = (/Y° @idy1)(Y0 ® wg) = wg.
— and analogously for w! and w!. O

We record a few further convenient properties of the interplay of substitutions with
parallel product.
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Lemma A.7 When both sides are defined, we have:

ol|lca=0o(id| a), (A1)
(T((UO H wl) = 0wy || agWw1, (AQ)
(00 [lo1 || o2)(wo [[w1) = (00 || o2)wo || (01 || o2)wr. (A.3)

Proof.

(A.1) By definition of || and normal form for o (see, [5]).

(A.2) Follows easily from (A.1).

(A.3) Immediate from the earlier properties. a

We end these preliminaries by giving a number of convenient equivalent forms for Def-
inition 3.5 of valid matching sentences. Both are simple algebraic manipulations of the
original form. In particular, the second is more compact, while the third separates global
linkage from discrete bigraphs. In the proofs, we shall refer to the following Fact instead of
Definition 3.5.

Fact A.8 (Valid matching sentence — with equivalent forms) A matching sentence
Wa,wR,wc F a, R— C,d, where wr :— Y, for C' with global outer names V', and d with
global outer names Z, is valid, denoted wa,wr,wc F a, R— C,d, iff

(id ® wa)a = (id ® we)(C ®idy ®idz)(wr ®idz ®id)(R®idz)d
(id ® we)((C @ wr)R ®idz)d

(Id ® wc(wR ®Ridz ® Idv))((c ® IdU)R & Idz)d

where unqualified identities are local and determined from the context.

A.2  Proofs of Lemmas 3.8 through 3.1/

In this section we give the proofs for the lemmas which support the main theorem on com-
pleteness, i.e., Theorem 3.15. For ease of reading we repeat the lemmas immediately before
each proof.

Note 1 In the following proofs, we proceed algebraically as allowed by the axiomatization
of binding bigraphs [5].

In particular, in manipulating terms, we shall need to introduce quite a lot of id’s on
interfaces determinable from the context. As usual, we leave out the interface, when they
are determinable, and nonessential (being, e.g., eliminated in the next step). Sometimes we
like to keep track of these identities, though (e.g., for allowing the reader to easier parse
and check a term). In some cases, it is inconvenient to give names to all interfaces, and
we shall adopt a convention of introducing an identity as idg, when it is determined by an
interface (inner- or outer-) of a term G. This is simply a naming convention, and has no
bearing on the results.

We start by proving two sublemmas, of which Lemma 3.8 will be a simple corollary.
As cLOSE and PERM work solely on the three link graph and four discrete components,
respectively, we proceed by proving a lemma for each of these rules.

Lemma A.9 Fvery valid sentence wa,wr,wc E a, R— C,d is a consequence by PERM on
a valid sentence, of equal size, of the form wa,wr,wc F a,S— Q) Q;,¢), where each Q; is
prime (and discrete).

Proof. By Fact A.8 and Corollary A.1, C can be decomposed directly as (Q); Q;)m, while
(regular) R can be decomposed as Q)" P; (for prime and discrete Q;, P;).
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Applying these decompositions and the push-through lemma of [5] we find by standard
manipulations

-t (@) roun) (@) i)
v (@) oon) (@) o) o

Choosing S = Q" Pr-1(i) and e = (7 ® idz)d by Fact A.8 we have a valid sentence
Wa, wR,we F a, 5 — @ Qi, e, which taken as the premise in the PERM yields the required
sentence as conclusion. O

Lemma A.10 FEvery valid sentence wa,wr,wc F a, R— C.,d is a consequence by CLOSE
on a valid sentence, of equal size, of the form o), 0R,0c F a,R— C,d.

Proof. We may write w,, wr and we as (by the normal form for linkage (see [13]))

Wy = (Id ® /Ya)(fa, WR = (Id ® /Y—R)JR7 we = (Id ® /Yc)O’C

Given a valid sentence as above, by Proposition 3.1 and Fact A.8, there exists a renaming

8, s.t.,

= (7' ®@id)((C ®idr)R ®idq)d, (A.4)

and (id® /Ya)oa=(ld® /Yc)oc((id® /Yr)or Q idcgd)S
=(id® /Yo ® /Yr)(0c @ idyg ) (0r @ idcga) . (A.5)
Further, we have |Ya| = |Yr|+|Yc]; as, in particular, the number of free edges in agent

and context composed with redex and parameter, must be equal — d, C' and R are discrete,
the free edges must be created entirely by wr and we. Hence, working from (A.5) we see
easily, that there exists an isomorphism « : Y, — Yr W Y(, s.t.

(id® a)oa = (ld ® idy, R idyg )(0c ®idyg)(or ® idcga)B- (A.6)
Combining (A.4) and (A.6), we find
(id(id ® @)oa)a = (i[d @ (¢ ® idyg ) (R ® i[doga))((C ® idr)R ® ida)d,
which by Fact A.8 means that the sentence
(id ® a)0a,0R,0c Qidyg F a, R— C,d,

is valid. This sentence is on the required form, and, checking, we see that applying CLOSE to
this sentence, we arrive at (dissolving «)

(id® /Ya)oa, (id @ /YR)or, (id ® /Yc)oc F a, R— C.d,

i.e., the original sentence, with the linkage in normal form. a

Lemma (3.8) FEwvery valid sentence wa,wr,wc F a, R— C,d is provable using the CLOSE
and the PERM rule on a valid sentence, of equal size, of the form oa,0r,0¢c F a,S — ®? P e.

Proof. Immediate by combining Lemma A.10 and Lemma A.9. o
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Lemma (3.9) Ewvery valid sentence oa,0r,0c F a,R—P ® ®:L P;,d, with P and P;
prime and discrete, is provable using the PAR rule on valid sentences, of lesser or equal size,
of the form of ok, 0& | 02 Ep,.S— P,e and 0§ ,08,0& | 0& Ed,R' — Q. P;, €.

Proof. By Fact A.8 and Corollary A.1, a can be decomposed as ®:L p; (with discrete and
prime p;); we immediately utilize that by validity of the original sentence, in particular, the
width of a and @' P; must be equal.

Hence, given the validity of the original sentence, we have (introducing C' = Q"_; P;)
n
(id @ 0a) Q) pi = (id ® 0c(0r ® ida ® idp, @ idc))((Py ® C @ idr) R ® ida)d.

By Proposition 3.1 there exists a renaming «, s.t.,

Oa =0C (O'R ®idg ®idp, ® id(j)Oé7 (A7)
and Q) pi= (o' @id)((P®C ®idr)R @ ida)d. (A.8)

By the normal form for discrete bigraphs, we also have, for discrete primes R, and d;
R= ®:n, R} and d = ®i/ d;. Hence, we can partition the discrete primes of the redex and
parameter according to the innerfaces of Py and ;" P;. Introducing a few more convenient
metavariables, let R = ®Z” R, =Ry® R and d = ®i d; = dy ® d’ (where each R; and d;
is not (in general) prime).

Further, we also split « and or by the outerface of P;’s, R;’s, and d;’s, to get from
(A.7):

Oa = oc((aRoaRo H URIOLR/) X ady ® agr ® ap, @ Oéc), (A9)
and from (A.8), by standard manipulations we derive
®pi = (Oé_l ® Id)(((PO ® idRD)RO ® iddo)dO ® ((C ® ide)R/ ® idd/)d/)

= ((apiPo® agl)Ro ® ag))do ®

(e ) o oam ) (@it ) (et

= ((apiPo® agl)Ro ® ag))do ®

n m* It
Q |(eiboid) | | RS | 2id| Qe
J J

i=1

introducing @~ , aﬁi R =Q._, ®;nl S; and @ a;é,di =Q, ®5 e;ﬂ
By Corollary A.1, as the bigraphs are ground (i.e., there are no permutations to con-
sider), we find

Po = ((Oz;,épo X a;{i)RO X Ol;ol)do (AlO)
n n mt It
and ®pi:® (a;é@id) ®S§ ® id ®e§-
i=1 i=1 J J
= (ag' @ ag' ®@ oy ®id)((Q) ®idr/)R @ ida')d, (A.11)

i=1
introducing ag', agy' and ag’ as metavariables for the (equally named) products of renam-
ings used above.
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Now we split 0, and o¢ by their innerfaces according their underlying components; we
define
P R .d cy .d
0a=0,° [ oq |05 o [l o5,
P R .d C | ~d
and oc=o0c"|oc o o oG-
By (A.9) we have:
P R .d Cy d P R .d C .d
0. [oa o5 I og llog =(oc® loc o [og llog) o
((JROO‘RO H UR’OCR’) ® ady ® aqr ® ap, ® Occ)
_ _Po R do C d’
=o0g’ap, | 0G(OReOR, | R aR’) [ 0G4, | oG C || 0G -
We note that by Lemma A.6, as each pair of wirings have equal interfaces, they are equal.
We now consider the substitution working on the redex stemming from the context,

ag, which needs a little extra care.
We have, by the arguments above, in particular,

oR = 08 (0RoOR, || oRIORY).

Splitting U% by the underlying wirings, we get (as, in general, or, and ors can share
names),
on = (06" | o6° | & )(oroam, || orram)-
For ease of notation, we break our metavariable conventions for substitutions temporarily,
and introduce ¢ = og® || Ug;’ and Y& = ag:’ | o&.
Then, applying Lemma A.7(A.2), we have

on = (0EOR,OR, || VEoR ORY). (A.12)
Splitting o® (accordingly) by its innerface, we get (again applying Lemma A.6),

UZRZ = ¢1(:§URoaRo7 (Al?))
U;LRZL’ == ’LﬁgO’RlaRl. (A14)

Finally, we are set to utilize what we have learnt from these somewhat tedious symbol
manipulations; from A.10 and (A.13):

(020 | ox® [ o5° @ id)po = ((06° P, || $ETReOR, | G @dy) @ id) 0
((a;éPo ® aﬁi)Ro ® agol)do
= ((02° | 68 | 7&) (oRoidp,ida,) @ id) o
((Pr ® idry ) Ro ® ida, )do

Analogous manipulations from (A.11) and (A.14) ensures us that we have valid sentences

Rl
Ugo || 0-:11:{0 H UgoaaRngo H Uéo H Ugo ” JCD E p07RO (_>P01d07
and
R/ n n
’ ’ ! !
of o | o8 sor,08 |0 [ 0& | oc® F Qpi B — Q) Qi d',
i=1 i=1
which by PAR yields the original sentence. a

Lemma (3.10) FEvery valid sentence 0a,0R,0c F a, R—idc,d is provable using PAR and
WIRING-AXIOM.

90



BIRKEDAL, DAMGAARD, GLENSTRUP & MILNER

Proof. Since C' = id., a must have width 0, hence also a = id. the only discrete bigraph
with local innerface (in this case, actually ground innerface) of width 0. Equally, R and d
must have width 0, hence be id.. We analyze the wirings, in turn:

Agent By Fact A.8, the agent is expressible as (0, ® id)ide, hence g, =Y for some Y.

Context Equally, by Fact A.8, the context is (cc ® id)(ide ® idy) (for some names U stem-
ming from the redex (wiring)). Hence, oc : U — Y.

Redex And finally, also by Fact A.8, redex is (or ® id.)id,, hence og : ¢ = U = U.

By the arguments above, the original sentence must be on the form,
Y,U,oc Fide,ide —ide,ide (0c:U —Y).
By induction on the size of Y it is immediate that this sentence is derivable by |Y| —1
applications of PAR from sentences, which are instances of WIRING-AXIOM. o
Note 2 Iterating Lemma 3.9 allows us to break any product of discrete primes in context
and agent into prime parts, resulting in sentences of the form
0a,0R,0C ':pvR(_>P7d,

for (discrete) primes p, P. Lemma 3.10 handles the base case, where there are no primes in
the context.

Lemma (3.11) FEvery valid sentence wa,wr,wc F p, R— P,d, with p and P prime and
discrete, is provable using the LSUB rule on a valid sentence, of lesser or equal size, of the
form wl,,wh,wy Ep', R— P’ d, where p' and P" are discrete free primes.

Proof. We have (by Fact A.8 and Proposition 3.2),
p=(0q®idy)(Z)q, and P =(0q®idy)(X)Q,

where ¢ and Q are free primes.
Hence, given validity of the original sentence; by standard manipulations,

(wa ®id)(7q @idy)(Z)p = (we ®@id)((((7q ® idy)(X)Q) ® wr)R @ idz)d
= (wa ®id)(U)(oq ®idy ®@id1)p = (wec ®id)o
((U)(cq@idy ®id1)Q) @ wr)R ®idz)d
— (U)(wa®0q®id1)p = (U)(wec ® 0q ®id1)((Q @ wr)R ®idz)d,

assuming 4 (hence, necessarily also 6q) has outerface (U).
Now, by Lemma A.2, we also have

(wa ®0q®id1)p = (wec ®oq ®id1)((Q ®wr)R®idyz)d.

Hence, choosing o), = 0, ®0q, 0 = oc®0q, p' = ¢, and P’ = @, we have a valid sentence,
which by LSUB yields the original sentence. a

Lemma (3.12) Fvery valid sentence ca,0R,0c F p, R— Q,d, with p and Q discrete and
free primes, is provable using MERGE, PAR (iterated), and SWITCH rules on valid sentences,
each of lesser or equal size, and each on one of two forms:
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e ol 0,00 EpN id— PN e, where p" and PN are free discrete primes,

e 0,0, 00 Em,S— M,e, where m and M are free discrete molecules.

Proof. By Fact A.8, and the propositions on normal forms (for namediscrete primes, [5,
Theorem 1(2)] and for discrete, Proposition 3.2), we see that,

k
p = (merge ®id) ® m,

0= (e (@) o Q)

1
and R:®Pi,

as R is regular.
Then by Fact A.8 and Proposition 3.1, there exists a renaming (3, s.t.,

O’a:O'C(O'R®idc®idd)ﬂ717 (A.15)
k

(merge ®id) ®mi = (f®id)o (A.16)

(merge ®id) ((((é'—ai—') ® é Mz) T® idR> R® idd> d.

Splitting B by ", and M; we get from (A.16) (applying the push-through-lemma [5]),

k

(merge ®id) ®mi

7

n m k
= (merge ®id) (((@wﬁp) ® Q) (B @id1) MZ-) Q) Pr1h @ idd) 7d

i

= (merge ®id) ((@Fﬂf’aiﬂpﬁlm) ® <® (BM @ idy) MiSZ-) ® idd) 7d

3

= (merge ®id) (@ ("BCa; " Pr-1iy ®id) ei> ® (@ (ﬁZM®id1)MiSi®id> fi,

| i (A.17)

K3
K2

letting in the second step,
m k
&) i = Q) Pr-(o
7 =n
and in the third step,
(&)o@ si-ma
i i

Each e;, S; andf; are determined by the innerfaces of the corresponding Pr-1(;)’s, M;’s and
S;’s, respectively.

In general, for ground bigraphs g and h, (merge ®id)g = (merge Qid)h iff g = 7'h (for
some permutation 7'), iff g and h can be written as tensor products @;* g; and @;" h;,
where each g; and h; are equal molecules. (This property follows from the normal form
theorem of loc.cit.)
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Since both sides of (A.17) are ground the property applies. But, we do not want to
break the redex and parameter entirely into molecules in this step, so we rewrite on the
lefthand side by a permutation, and define,

k n m
(p® id)®mi = <®Pz> ® ®ni, (A.18)

for some permutation p, s.t., p; = merge(@?/ m;) (for some n'), and n; = My _ 4.
Combining (A.17) and (A.18), we find,

(Vien)p, = ('_ﬁicai_‘Prl(i) ®id) e;

T8 @idt) ((TU; " @id) (6; ® id) Po—1y @ id) €5, A.19
i (i)

and (Vi e m)n; = (B @id) (M;S; ®id) fi (A.20)

Now we concern ourselves with the wirings; we split 0, and ogr into n + m substitutions in
parallel, by the outerfaces of the underlying components, as partitioned above,

e o™
Oa = (” Ui,a> ” <|| Ui,a)

K 7

n c m M
OR = (” CTi,R) I <|| Ui,R)

2 7

e ((flo) 1 (ff o) @100 i) 5

((” USCUSR> I <|| a%aiﬂR> ®idc ® idd) Bt (A.21)

7

Hence, from (A.15),

N _c oM
(|| o) n (|| )
1 1

where we use Lemma A.7(A.3) (iterated) to split shared wiring in o¢ into n+m substitutions
according to JSR and U}\;/IR.
We split 371 into the inverses of the SM’s and 3F’s, and infer from (A.19), (A.20), and
(A.21), that,
(Vien) (6, ®id1) pi = (05 (cCg ®id) @id1) (U7 @ id) (@ ® id) Pr-1s) @ id) €5,
and (Vi € m) (opa @ id1) n; = (07 (opR @ id) ®idy) (M;S; ®@id) f;.
Hence, we have n + m valid sentences which by PAR (iterated) yields the original sentence

by a single application of MERGE.
Finally, we note that each sentence resulting from the first n sentences,

0 0 R, 0L B iy (B @ 1d) Pror () =" T e
is a consequence by SWITCH of the sentence,
Tinride, 07 (Qi0r13i) @ o R @id) E pyyid— PRy g e
for P; = (6; ®id) (Y;) PN; where P}r\ll(i) is discrete, free and prime. O
Lemma (3.13) FEvery valid sentence oa,0r,0c E m, R— M,d, with m and M free dis-

crete molecules, is provable using the 10N rule on a valid sentence o), 0,04 E p, R— P,d,
of lesser size, where p and P are discrete primes.
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Proof. By Fact A.8, and Proposition 3.3 on the normal form for molecules, we have for m
m = (Kﬂ(f) ® id) q,

while for M (using immediately that, in particular, the control K must be equal),
M= (KW) ® id) 0,

where ¢ and ) are namediscrete and prime.
Assuming validity of the original sentence, we have,

(0 ®id) (Kg();) ® id) g = (id ® oc(or ®id))(M @ id)R © id)d.
Hence, by Proposition 3.1, there exists a renaming (3, s.t.,

0a = oc(or ®id)3 L. (A.22)
and (Kg( 2 ® id) ¢=(B®id) (M ®idg)R ® idp)d. (A.23)
We split the linkage of 3 by the underlying components K, Q, R, and d, and get 3 = fx ®

Bq ®Br® Bq. Further, let 8( %) and ¢y be shorthand for local substitutions underlying the
ions of ¢ and @, respectively (as detailed in the comments for Proposition 3.3). We overload

our notational conventions for local substitutions slightly, and define 8( %) = ®LX‘ (z:)/(X;)
and $(‘7) = ®Lm(ei)/(Vi). Finally, let @ = Bk (@).
Now from (A.23) we get, by standard manipulations,
(K @1id) (75) @id) a = (((Kgp) ©1d) (d @ 6) Q @ Br ) R fa) d
= (K @d) (3, @ Ba) Q@ Br) Re Ba)d  (A24)
From (A.24), by Proposition 3.3, Bk = @/7, and there exists a (unique) @, s.t. aa(v) = 3(%

(mapping the set V; to z; iff 3()?) maps X; to z;).
Hence, we have

Gy @id) a=(((Fir) @ a) @ Br) R Ba) d
(id @ o @ fr @ 6a) [( (5,9, @1d) (Qwid) R id) d]
= (id ® Bora) P (A.25)

in the last line introducing metavariables Sgrq, and P.
By (A.22), we have

QRd
a

and oc (or ®id) (g;g ® %Igd) = 08B! | 0@ (or @id) Bg hgs

oa=0X o

splitting 0, and o¢ by their innerfaces according to the underlying components. By
Lemma A.6, then also — as the interfaces of the corresponding substitutions match,
ok = O'g ﬁl_{l

and oQ@Fd = ang (or ®id) 65%&1'
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Combining this with (A.25), we find,

(id@ 02" (5.5 @id) g = 0™ (om @ id) P.

Choosing o/, = 0@F4, oy = oR, 0, = O'ng, p= (3()3) ® id) g, and P = P, we have a valid

sentence, which by 10N yields the original sentence. a

Lemma (3.14) FEvery valid sentence 0a,0Rr,0c F p,id<— P, e, with p and P free discrete
primes, is provable using the MERGE and PAR (iterated) rules on valid sentences of equal
or lesser size, which are either instances of rule PRIME-AXIOM or of the form o, 0., 0%, F
m,R— M,d.

Proof. (Omitted) Analogous to the proof of Lemma 3.12, but simpler as redex is id. Fur-
ther, for the concretions in P, instead of arriving at sentences which are derivable by
SWITCH, each such sentence is an instance of PRIME-AXIOM. |
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