
Small Induced-Universal Graphs and Compact Implicit Graph
Representations

Stephen Alstrup
�

Theis Rauhe
�

Abstract

We show that there exists a graph
�

with �������
	�� 
��������
nodes, where any forest with � nodes is a node-induced
subgraph of

�
. Furthermore, the result implies exis-

tence of a graph with ��������	�� 
�������� nodes that contains
all � -node graphs of fixed arboricity � as node-induced
subgraphs. We provide a lower bound of ����� ��! for
the size of such a graph. The upper bound is obtained
through a simple labeling scheme for parent queries in
rooted trees.

1. Introduction

Two basic ways of representing a graph are adjacency
matrices and adjacency lists [32, 26, 54]. Adjacency
matrices allow fast adjacency queries, but the space re-
quired is super-linear for sparse graphs. Adjacency lists
reduce the space needed, but then adjacency queries in-
volve searching in neighbour lists.

There is a number of papers on representing a sparse
graph in a compact way while allowing fast adjacency
queries, among these [46, 18, 34, 42, 51, 53]. One re-
search direction is the implicit representation of graphs.
In an implicit representation of a graph, all nodes are as-
signed a label. Given the label of two nodes, adjacency
between the two nodes can be computed alone from the
labels of the two nodes without access to global infor-
mation. We denote such a labeling of the nodes an adja-
cency labeling scheme, and the objective is to minimize
the maximum number of bits needed to represent a label
associated to a node.

For trees we have the following simple algorithm [33,
34]. Root the tree. Prelabel each node with a preorder
number. Let the label of each node be its prelabel ap-
pended with the prelabel of its parent. A test for ad-
jacency is then simply to test whether the prelabel for
one of the nodes equals the stored parent prelabel of the
"
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other node. If the tree has size � , the labels assigned to
the nodes have length �&%('�)�*
�,+ bits 1. The same label-
ing scheme can be used for forests. Before labeling the
nodes in a forest - , an additional node is added as the
parent to the root nodes in - . This will only increase the
label length with . .

Kannan, Naor and Rudich [34], established a con-
nection from adjacency labeling schemes to induced-
universal graphs. A graph

�
is said to be / -induced-

universal if it contains all graphs in / as node-induced
subgraphs. That is, a graph 0213�547658�9:6;! is contained
in
� 1<�54=8�9>! as a node-induced subgraph if 476@?A4

and 9:6@1<BC��DE8�FG!IH DE8�FKJL4>6NMO�(DP8QFG!RJS9UT . For un-
defined terminology, the reader is refereed to [10]. LetV�W �(/X! denote the minimum number of nodes in an / -
induced-universal graph. In [34] they show that

Theorem 1 (Kannan, Naor and Rudich [34]) If a
family / has an adjacency labeling scheme with unique
labels of length at most �Y'�)�*Z� then V�W �(/X!Y[\�&� .

Let ] denote the family of forests with � nodes.
Now the mentioned �&%('�)�*
�,+_^3. result for an adja-
cency labeling scheme for forest combined with The-
orem 1 gives V�W �5]7!`1bac���edf! [34]. Chung [19, The-
orem 5] subsequently shows that V�W ��]c!:1gac���h'i)�*
�&! .
She does this by establishing a reduction from univer-
sal graphs. We say a graph 021j�547658�9:6k! is contained
in
� 12�l4Z8�9>! if 4:6>?<4 and 9:6>?m9 . A graph

�
is said to be / -universal if

�
contains all graphs in /

as subgraphs. Let n�op�(/X! denote the minimum number
of edges in an / -universal graph. In a series of pa-
pers [8, 21, 20, 22, 24, 43, 19] it was established that:

n�op�5]>!=1Lqc����'�)�*Z�&!sr (1)

Let
� 1g�54=8�9>! be a universal graph for a family t

of acyclic graphs. In [19, Theorem 1 and Corollary 1.1.]
Chung shows:

V�W �;tu!Y[v�NH 9RHI^wH 4`Hxr (2)

1 y{zs| is y{zs|f} , and y{zs| " is the number of times y{zs| should be iterated
to get a constant.



Combining (1) and (2) she concludes VCW ��]c!b1
ac�(��'i)�*Z�&! . This bound can only be improved using
techniques different from [19], because of the lower
bound in (1). More generally, Chung considers the fam-
ily ] � of graphs with arboricity � and � nodes. A graph
has arboricity � if the edges from the graph can be par-
titioned to at most � forests. Chung [19, Theorem 9]
shows that V�W �5] � !Z1 ac�Q�(��'i)�*Z�&!���! .

Addressing a number of open problems in [34, 19,
20, 21], e.g. the problems stated in [19, emphasized on
page 452], and in [34, page 603], we show that for fixed
arboricity � :

Theorem 2 There exists an adjacency labeling scheme
for the family ] � with � nodes, with label length
bounded by � 'i)�* �X^Oac�('i)�* � �&! bits.

Theorem 3 An adjacency labeling scheme for the fam-
ily ] � with � nodes, uses labels of length

�
,
��� �='i)�*=�

bits.

Theorem 4 V�W ��] � !Y[\�&� ����	�� 
���� ���
Theorem 5 V�W ��] � !Z1L����� � !

As a special case of Theorem 4 we have V W ��]c! [
�&���
	�� 
�������� , and as a special case of Theorem 2 we have
a labeling scheme for planar graphs (which have arboric-
ity � ) using labels of length �
'i)�*
� ^wac��'�)�* � �&! . Per-
haps, of independent interest, we show that if the nodes
have already been assigned a label as the preorder num-
ber, we can extend the label with additional ac�('i)�*='�)�*Z�&!
bits such that adjacency can be tested alone from the la-
bels.

To the best of our knowledge, Theorem 5 is the first
lower bound given for this problem. Theorem 3 follows
by combining Theorem 1 with Theorem 5. Theorem 4
follows by combining Theorem 2 with Theorem 1. The-
orem 2 follows directly from Theorem 7 which is stated
and proved in Section 4. In Theorem 7 we give a label-
ing scheme that can be used to determine if one node is
a parent to another node in a tree, and as shown above,
it can be used to test for adjacency in forests. For a
graph

�
with arboricity � we can partition the edges to

� forests, and finally use Theorem 7 to label each forest.
If we restrict the family of graphs to forests with

bounded degree, denoted ]�� , there is a universal graph
with � nodes and ac�(�&! edges for this family [11, 12].
Combining this result with (2), Chung [19, Theorem 4]
establishes that V W �5]�� !R1Kac���&! . Hence, on contrary
to induced-universal graphs, there is a provable gap of a
'i)�*Z� factor between universal graphs for the the family
of trees and the family of bounded degree trees.

Related work In the early 1960s, induced-universal
graphs were studied in [45]. Since then many results
have been obtained for the related concept of universal
graphs, e.g. for families of graphs such as cycles [13],
trees [20, 24, 22, 21, 23, 27], bounded degree trees [11,
12, 29], caterpillars [25, 38], graphs of � edges [8],
planar graphs [8], bounded degree graphs [11, 12, 2],
and graphs with bounded path-width [50] . Induced-
universal graphs for the family of all graphs on � nodes
were studied in [40], and for trees, planar graphs, and
graphs with bounded arboricity in [34, 19], tourna-
ments [9], and in [39] the family of hereditary graphs
is studied. The above list of references is not complete.

In [14, 15] an adjacency labeling scheme was given
for general graphs. Efficient adjacency labeling schemes
were introduced in [33, 41]. Since then, adjacency label-
ing schemes producing small labels have been given for
different kinds of sparse graphs, see e.g. [17, 51, 48, 35,
46, 16]. A book on implicit graph representation can
be found in [49], and an extensive survey on labeling
schemes in [30].

To test various kinds of relationships, in addition to
adjacency, between two nodes alone from the labels, has
been studied in a number of papers: Labeling schemes
are given for ancestor in [34, 1, 52, 7, 35, 3], sibling
and parent in [35], and distances in [31, 36, 44]. Ef-
ficient labeling schemes are essential to a number of
distributed computation problems, as e.g. routing tech-
nology [47, 52]. Recently, papers on labeling schemes
with applications to XML-Based Search Engines have
appeared, see e.g. [1].

In [35] an adjacency labeling scheme for trees is
given, which assign labels of size '�)�*Z� ^ ac�
	 'i)�*=�&!
bits. The labels assigned in [35] can, beside adjacency,
be used to test for other properties as e.g. ancestor re-
lationship. If adjacency labeling schemes are defined
without addressing their computability, Chung’s [19,
Theorem 5] result can be viewed as an adjacency la-
beling scheme for trees using labels of size '�)�*Z�O^� �('i)�* '�)�*Z�&! . In [6] it is shown that a labeling scheme
for rooted trees supporting both parent and sibling
queries requires labels of size 'i)�*Z�_^ ����'�)�*Z'i)�*Z�&! .

2. Preliminaries

Let �g1 �54=8�9>! be a rooted tree with � nodes. We
denote the set of nodes and edges in � as 4X�
�G! and
9_���h! respectively. We let �>�
�,! denote the subtree of
� rooted at node �gJg4_���h! . If F J 4R���>�
�,!�! then
� is an ancestor to F , and we write ���KF . If F J
4_�
�>��� !Q!��=B��&T then � is a proper ancestor to F . If � is a
(proper) ancestor to F , then F is a (proper) descendant
to � . For nodes � and D in � , we denote the path between
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� and D including � and D by ��� D , and the distance
between � and D is the number of edges on this path. For
nodes D different from the root, we denote the parent by� ��D�! .

In the rest of this paper we order the trees such that
any node’s children root subtrees with sizes in non-
decreasing order from left to right. Hence the rightmost
child F of a node D roots a largest subtree among the
children. We say that the edge �(DP8QFh! is a heavy edge,
and the remaining edges �(DP8 � ! , � a child of D , are light.
A node D , where edge � � �(D !s8�D�! is light, is called an apex
node. Let �����	��
 �(D ! denote the heavy child of internal
node D . The light depth of a node D is the number of
light edges on the path �
� D . Let the family of all trees
of size � be denoted � � .

Lemma 1 For any tree � J�� � and node DvJ 4R���G! ,
the light depth of D is bounded by '�)�*Z� .

We let � ��� denote the set B�.�8�� 8f�I�f�Q�PT . A bitstring
of length � is a sequence �A1�������� rIrfr�� ��� � , where
��� J B��N8I.�T . For � [�� [ � �g. , ���=rIrIr!�#" and
�#"ZrIrIr�� �$� � are a prefix and a suffix of bitstring � re-
spectively. For positive integer � , the standard binary
representation of � is the unique bitstring �$�ZrIrfr���% � � ,
where �:1 %('�)�*P�l�G^\. ! + and �X1'& ��(�")(*% � � �#" �

% � " � � .
For two bitstrings � 1+���ZrIrfr�� � and ,_1-,.�
rIrIr/, � , we
denote their concatenation � � rfrIr�� � , � rIrIr/, � by �102, .

A parent labeling scheme for trees of size � is a pair
�43C8!5C! , where 3 and 5 are mappings called the encoder
and the decoder respectively. The encoder 3 defines a
label assignment 3	6 for all trees � J7� � which is a
mapping of the nodes 4_�
�G! into bitstrings called la-
bels. The decoder 5 maps pairs of labels into B�� 8f.�T ,
i.e., 598 B	� 8f.�T �;: B��N8I.�T �=< B��N8I.�T . The encoder
and the decoder satisfy > � J?� � 8@>,DE8�F J 4_���h!A8
5P�43 6 ��FG!s8!3 6 ��D�!�!_1b. iff � ��D�!=1vF>r Furthermore if the
label assignment 3 6 is an injective mapping for all tree
� JB� , we say that the labeling scheme assigns unique
labels to the nodes. The labeling schemes we con-
struct in this paper have unique labels. A function
id 8YB��N8I.�T � < B��N8I.�T	C is a node identity function for
�43C8!5C! if id 013 6 8 4R���G! < B��N8I.�T C is injective for all
trees �mJD� � . When such a labeling id is defined, we
call the bitstring id �E3	6 �(D !Q! for the node identity label of
D .

A parent labeling scheme has label length bounded
by F if the maximal length of the labels assigned to
any node in any tree � J7� � is bounded by F , i.e.,
F �HG �JI 6LKNM�O�P W K�Q 	 6 � B H 3	6=��D�!fH{T . Sometimes we re-
strict this notion to the maximal label length of leaf
nodes or internal nodes.

When we speak of the value 5E�4R&8�S !YJ B	� 8I.�T we will
sometimes identify 0 and 1 with the Boolean values false

and true respectively and vice versa.
Sometimes various computability requirements are

imposed on 3 and 5 , i.e., in [37] 5 should be com-
putable in polynomial time, in [1] in constant time on the
RAM, and polynomial time Turing machine computable
in [34]. Furthermore, in [34] they restrict attention to
labeling schemes where any label assignment labels the
graph with unique labels, since Theorem 1 needs this
property, whereas the time complexity of 5 is not impor-
tant. Theorem 1 obtained is as follows: for each of the at
most �&� labels, we have a node in the induced-universal
graph T for the family / , and two nodes are adjacent in
T iff the corresponding labels

� �p8 � d satisfy 5P� � � 8 � d !Z1 . .

3. A simple parent labeling scheme based on
preorder numbers

In this section we provide a simple construction
which leads to a parent labeling scheme that will serve as
basis of our main result in next section. This simple la-
beling scheme will have internal nodes with label length
bounded by 'i)�* ��^ ac��'�)�*Z'�)�*Z�&! , and leafs with label
length bounded by 'i)�*=� ^ ac� .p! . Furthermore it will
support a node identity function mapping to bitstrings
bounded by 'i)�*Z� ^Lac�Q. ! . A key ingredient of this la-
beling scheme is preorder numbers. Consider a preorder
depth-first traversal of a tree � , i.e., start by visiting the
root, and then recursively visit the subtrees rooted at the
children of the root, in order from left to right. The pre-
order number U�V!����D�! is the number of nodes visited be-
fore D in this traversal, i.e., the root has preorder number
0 and the rightmost leaf has preorder number �W� . . De-
fine X�Y[Z]\ U��#V���^�\f�(D ! 1_U�V!���(D !`��U�V!��� � �(D !Q! , and for the
root � we let X$YaZ]\ U��#V���^N\ �b��!X13� . For internal nodes,
we define X$YaZc\ �����	��
 �(D ! 1dU�V!���b�����	��
 �(D !Q!e�'U�V!���(D !
and leave leafs undefined. Let '[Y�*N�N\/X$�fU�\��&��D�! denote the
light depth of D .

Let � be a tree of size � . If we assign labels
to the nodes of � which encode both U�V!���(D ! and
X$YaZc\ U��JV!�f^�\f��D�! in the label for node D J 4_�
�G! , then
there is a simple test for parentship. Node F is parent
of D if and only if U�V��C�(FG! 1gU�V!����D�!`��X$YaZ]\ U��#V���^N\ �(D ! .
Each label uses �&%('�)�*
�,+ to store the two integer values
bounded by � .

The main idea behind our labeling scheme is to store
'hYi*#��\/X$�fU$\!�&�(D ! , and a cheaper factor 2 approximation
of X�Y[Z]\ U��#V���^�\ �(D ! and X�Y[Z]\ �����	��
,��D�! in the label of
D . That is, we only store the discrete logarithm of
X$YaZc\ U��JV!�f^�\f��D�! and X$YaZc\ �����	��
 �(D ! , and hence limit the
bit cost of storing these '�)�*Z� bounded integer values
to ac�('i)�*='�)�*Z�&! bits in the label of D . Similarly, only
%;'i)�*Z'i)�*=�,+ bits are needed to store '[Y�*N�N\/X$�fU�\��&��D�! , since
it is also bounded by '�)�*Z� by Lemma 1. We still store
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the exact value of U�V��C�(D ! using %;'i)�*=�,+ bits. Proposi-
tion 1 and 2 below give necessary and sufficient condi-
tions for a parentship test based on these values.

Proposition 1 For any apex node D and internal node
F , F is parent of D iff '[Y�*N�N\/X$�fU�\��&��D�!=1S'[Y�*N�N\/X$�fU�\��&��FG!�^
. , U�V!����FG! � U�V!���(D ! , �('�)�* X$YaZc\ �����	��
 �(FG!�� �
�;'i)�*`X$Y[Z]\ U �JV!�f^�\f�(D !�� and �;'i)�*P�bU�V!����D�! � U�V!����FG!Q!�� 1
�;'i)�*`X$Y[Z]\ U �JV!�f^�\f�(D !�� .
Proof. For F 1 � ��D�! it is straightforward to verify
that the conditions are satisfied. For the other direc-
tion, assume on the contrary that node F �1 � �(D !
satisfies the conditions. Since U�V!���(Fh!�� U�V!����D�! ,
and 'hYi*#��\/X$�fU$\!�&�(Fh! 1 '[Y�*N��\!X$��U$\��&��D�! � . 1
'[Y�*N�N\/X$�fU�\��&� � �(D !Q! , F cannot be a descendant of � �(D ! ,
and thus � � � ��D�!�! is on the path F � D . Hence, the nodes
visited by the preorder traversal of � from node F to D
contain both the nodes visited between F and �����	��
 �(FG!
and the nodes visited between � ��D�! and D . That is
U�V!����D�!2� U�V!����FG! � X$YaZ]\ �����	��
,��FG! ^DX$YaZc\ U��#V���^N\ �(D ! .
Using inequalities �('�)�* X$YaZc\ �����	��
 �(Fh!�� �
�;'i)�*`X$Y[Z]\ U �JV!�f^�\f�(D !�� and �('�)�*E�bU�V��C�(D ! �gU�V!���(FG!�!��31
�;'i)�*`X$Y[Z]\ U �JV!�f^�\f�(D !�� , this leads to the contradiction
U�V!����D�! �;U�V�����FG! � X$YaZc\ �����	��
 �(FG!,^ X$YaZc\ U��JV!�f^�\f��D�! �
� �����x� 
��
	�� 
�� ����������� 	 W ���j1 � � ���x� 
�� 	�������	 W � ��������	�� �(��� �
U�V!����D�! �AU�V!���(Fh!sr

Proposition 2 For any non-apex node D ,
and internal node F , F is parent of D iff
'[Y�*N�N\/X$�fU�\��&��D�! 1 '[Y�*N�N\/X$�fU�\��&��FG! , U�V!����FG!!� U�V����(D !
and �;'i)�*P�bU�V!����D�! �AU�V�����FG!Q!��:1"�;'i)�*`X$Y[Z]\ �����	��
e�(FG!�� 1
�;'i)�*`X$Y[Z]\ U �JV!�f^�\f�(D !��Cr

Proof. Similar to the proof of Propositon 1.

Based on the above propositions we can define a
parent labeling scheme �43C8�5�! as follows. For � J
� � , let the label 3	6=��D�! , D J 4_�
�G! encode the values
U�V!����D�!�8#�;'i)�*`X$Y[Z]\ U �JV!�f^�\f�(D !�� , and �('�)�* X$YaZc\ �����	��
 �(D !��
together with a type bit indicating whether D is apex
or not. Clearly, using standard binary representation
of these integers, such a label has length bounded by
'i)�*Z�@^ �
'i)�*Z'i)�*=� ^Rac�Q. ! . Furthermore, it is straightfor-
ward to define the decoder such that 5E�E3 6 �(FG!�8�3 6 �(D !Q!=1
. iff F 1 � �(D ! by performing the tests suggested by
the conditions of Proposition 1 or 2. In summary, this
proves the lemma below.

Lemma 2 There exists a parent labeling scheme for
trees of size � with label length bounded by 'i)�*=� ^
�
'i)�*
'i)�*Z�R^Oac� .p! .

Reducing length of labels for leafs We will now de-
scribe how we can modify the above labeling scheme
such that the length of leaf labels is reduced to 'i)�*=�u^
ac� .p! bits, accepting an additional %;'i)�*='�)�*Z�,+ bit cost in
internal nodes. Reducing the bit costs of labels to near
optimal 'i)�*=�`^Oac�Q. ! plays an essential role in the con-
struction of the main result provided in Section 4.

We begin with a simple extension of the label-
ing scheme from Lemma 2, where we extend the la-
bels of internal nodes D to store also the number$ 'h���&%4Z �(D ! of leaf children, i.e.

$ 'h���&%4Z �(D !\1 HxB(' H
' is a leaf with � �)'�!Z1vD T�H .

Clearly, storing
$ '[���*%4Zf��D�! would increase the bit cost

with unacceptable '�)�*Z� bits, but the positive aspect is
that it is now easy to limit the number of bits in leafs.
That is, we can, based solely on the preorder number
of a leaf ' , determine whether any node F is parent ex-
pressed in the following lemma.

Lemma 3 For any leaf ' and F J 4_�
�G! , FA1 � ��'�! iff
U�V!���(FG!+��U�V!���)'�!Y[ U�V��C�(FG!&^ $ 'h���&%4Z �(FG! .
Proof. Follows by the ordering of children to a node.

As mentioned, the problem of this approach is that
we use too many bits in the internal nodes D in or-
der to store the exact value of

$ '[���*%4Zf��D�! . We thus
use the previous approach of limiting the number of
used bits to %('�)�*Z'i)�*Z�,+ by only storing an approxi-
mate value of

$ 'h���&%4Z �(D ! . That is we store the inte-
ger �;'i)�* $ '[���&%4Z �(D !��\[ 'i)�*Z� . Then for leafs ' , where
U�V!����'�! [ U�V!��� � ��'�!�!�^\���x� 
��-, � ����.�
 	0/ 	�1Q�(��� ,
U�V�����FG!2� U�V!����'�!Y[ U�V!���(Fh!�^\� �x� 
��-, � ����.�
 	0/ 	�1Q�(��� (3)

is true iff F is parent of ' by Lemma 3. But for leafs
' , where U�V��C��'�!3� U�V!��� � ��'�!�! ^ �4�x� 
��-, � ���5.6
 	0/ 	�1 �(��� , (3)
obviously fails for F 1 � ��'�! . To solve this prob-
lem, we use a trick of “virtually moving” the pre-
order numbers for these leafs into the preorder range
that satisfy (3). Formally, for all leafs in � define
the value 7U�V!����'�! by 7U�V!����'�! 1 U�V����)'�! if U�V!���)'�!g[
U�V!��� � ��'�!Q!@^ �4�x� 
��-, � ���5.6
 	0/ 	�1 �(��� and 7U�V��C��'�! 1 U�V!����'�! �
���x� 
��-, � ����.�
 	0/ 	�1Q�(��� otherwise.

With 7U�V!���)'�! encoded in the labels for leafs instead
of U�V!����'�! , we can omit the value '[Y�*N�N\/X$�fU�\����)'�! and
�;'i)�* X�Y[Z]\ U��#V���^�\8� in leafs and still test for F 1 � �)'�!
for any F as given by:

Lemma 4 For any leaf ' and F J 4_�
�G! , FA1 � ��'�! iff
U�V!���(FG!+�97U�V!���)'�!Y[ U�V��C�(FG!&^\���x� 
��-, � ���5.�
 	:/p	;1 �(��� .

By the above lemma, we can replace the labels of
leafs such that they only store the integer �X[ 7U�V!���)'�!@[
� ��. , and hence have bit cost bounded by 'i)�*Z�h^ ac� . ! .
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For leafs ' , the decoder then answers the parent query
according to the above Lemma 4 using the additional
information of integer value �;'i)�* $ '[���&%4Z �(D !�� in internal
nodes.

The main problem left with the above modification
of the labeling scheme is that the label of the leafs is
not necessarily unique anymore which we need in next
section. More precisely, for any pair of leafs ' �1 '�6 ,
7U�V!���)'�!`1 7U�V!����' 6;! if and only if H U�V����)'�! � U�V��C��'�6i!fH 1
���x� 
��-, � ���5.�
 	�� ��� for a common parent F . It is straight-
forward to modify the labeling of each such pair with a
single bit which differs for ' and '�6 and hence reestablish
uniqueness of the labels.

Furthermore, if we encode U�V�����FG! or 7U�V!����D�! together
with the distinguishing bit for leafs in the prefix of the
label, then this prefix is unique for each node F and
bounded by %;'i)�*=�,+ ^ . . Hence, the function that re-
turns this unique prefix of length %;'i)�*=�,+ ^ . is a node
identity function for the labeling scheme. In summary,
we can conclude with the following theorem.

Theorem 6 There exists a parent labeling scheme for
trees of size � with label length of internal nodes
bounded by 'i)�*=�X^ � '�)�*Z'i)�*Z�_^ ac�Q. ! and label length
of leaf nodes bounded by 'i)�*Z� ^ ac� .p! . Furthermore,
the function id 8 B��N8I.�T � < B	� 8I.�T � that returns the pre-
fix of length %('�)�*Z�,+ ^L. of bitstring R is a node identity
function for this labeling scheme.

4. Main result

This section is devoted a proof of the following main
result of this paper.

Theorem 7 There exists a parent labeling scheme for
trees of size � with label length bounded by 'i)�*=� ^
ac�('i)�* � �&! .

We obtain this main result by refining the label-
ing schemes from last section, and start by giving and
overview of the techniques introduced to do this.

Overview Our general approach for the construction
of the compact parent labeling scheme is based on a re-
cursively iterated combination of two given parent label-
ing schemes, say A and B. The scheme A uses “many”
bits in internal nodes, but has near optimal bit cost in
leafs. The scheme B has a better worst case label length
than A, but it uses more bits in the leafs than A. The
combination of A and B balances this to obtain a better
scheme than B, and hence we can recursively reapply
this procedure for B. The combination of A and B is de-
fined in terms of a so-called cluster partition of a tree.

Consider a tree � of size � . The combined label for a
node in � consists, in addition to a constant number of
type bits, of the concatenation of the labels of two nodes,
one in a certain tree labeled by scheme A and the other
in another certain tree labeled by B. These two trees are
defined according to the cluster partition of � . This is
basically a partition of � into small subtrees with size
bounded by some threshold, say ac���Q! . Each such sub-
tree, called a micro tree, is uniquely identified with a
node in the so-called macro tree of the cluster partition.
This macro tree has at most ����� nodes. The macro tree
is labeled by scheme � and the micro trees are labeled
by scheme B. A label of a node is composed of either

a) a label from an internal node in the macro tree or

b) the label of a leaf node in the macro tree concatenated
with the label of a node in a micro tree or

c) the node identity label for a node in the macro tree
concatenated with the label from a node in a micro
tree.

With this, the decoder can test for the parent query.
In very general terms, this test is divided into two cases.
Both nodes may belong to the same micro tree, which
we can test for using the part of the labels storing the
node identity for the associated node in the macro tree.
If these parts equal, the parent test reduces to parentship
in the common micro tree, for which both nodes in this
case have a label part from. If the two nodes are not
in the same micro tree, the parentship in a certain case
reduces to parentship of the corresponding macro nodes
in the macro tree. If this is the case, both nodes have
a label part being the full labels of the corresponding
macro tree labels, which then suffices for the parentship
on this macro tree.

Analysing the label length, assume that we use Theo-
rem 6 for scheme A and any parent labeling scheme for
B with label length by '�)�*Z� ^Ln��(�&! for some function
n��(�&! . With threshold � � 'i)�*	�e� , the label of the macro
tree is bounded by 'i)�*P�(���
�Q!�^ � 'i)�*Z'i)�*Z��^ ac�Q. !Y[\'�)�*Z� .
Furthermore, the length of the node identities and leaf
labels is bounded by '�)�*Z���
�&^vac� .p!G[S'�)�*Z� � '�)�*���^
ac� .p! . The labels of the micro trees are bounded by
'�)�*�� ^ ac� . !@^ n����Q! . Hence in case a) the labels are
bounded by 'i)�*Z� and in case b) and c) they are bounded
by �('i)�*=�A�O'�)�*��=^wac�Q. !Q!Z^ �('i)�*
�
^wn����Q! ^wac�Q. !Q!_[
'�)�*Z�_^ n���'�)�* � �&!&^�� for some constant � .

Hence, if %�n��('i)�* � �&!@^�� + � n��(�&! , this combined
scheme has shorter labels than scheme B. Hence, we
can recursively reapply the procedure until n��(�&!g[
%�n���'�)�* � �&!@^��s+ . This recurrence has a solution with
n��(�&!Z1wac�('i)�* � �&! , implying our result.
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The rest of this section is devoted to a formal proof
of the following lemma that formalises this overview.
Theorem 7 is a corollary of this lemma.

Lemma 5 Suppose there exists a parent labeling
scheme for trees of size � with label size bounded by
'i)�*Z� ^ n����&! for a monotonically increasing function
n J ac��'�)�* � �&! . Then there exists a parent labeling
scheme with labels of size 'i)�*=�_^\n��('i)�* � �&!e^ ac� .p! .
Proof of Theorem 7. By Lemma 2 there exists a par-
ent labeling for trees of size � with the labels bounded
by 'i)�*Z� ^ n����&! for n��(�&!`1 �
'i)�*
'i)�*=� ^ ac�Q. ! . Ap-
plying Lemma 5 with this labeling and function n����&!
shows that we can obtain a labeling scheme with labels
bounded by '�)�*Z�u^vn 6l�(�&! where n,6l�(�&!h1 n��('i)�* �e�&!�^
ac� .p! . We can repeat this process setting n����&! 1 ne65���&!
and reapply Lemma 5 and obtain improved label bounds
until n 65��'�)�* � �&!&^Oac� .p! � n,6l�(�&! in which case n,6l�(�&!=1
ac�('i)�* � �&! whcih concludes the proof.

Clustering a tree Let � be a tree of size � 1
H 4_���h!IH�� . . For a connected subgraph

�
of � , we call

a node in 4R� � ! incident with a node in 4R���G!���4_� � !
a boundary node. The boundary nodes of

�
are de-

noted as � � . A cluster is a connected subgraph of �
where H � � HN[L� . A set of clusters

���
is a cluster parti-

tion of a tree � with root � iff 4R���G!c1���� K	��
P4_� � ! ,
9_�
�G!L1��
� K	��
E9_� � ! , and for any

� � 8 � d J ���
,

9_� � �f!��Z9_� � d !Z1�� , H 9R�
� �I!fH � . , �>J�� � if �7J�4_� � ! .

From [5, 4, 28] it follows that:

Lemma 6 Given a rooted tree � , � � . , and a parame-
ter . [ R [\� , there exists a cluster partition

���
where

H ��� H�[ ��� R , and for a fixed constant � , H 4R� � !IH
[ �.R
for all

� J ��� .

To each cluster
� J ���

with only one boundary
node, we associate the rightmost leaf in

�
as the sec-

ond boundary node. For two boundary nodes � 8QD in a
cluster, where depth ��� ! � depth �(D ! , we use the notation� ��� 8QD ! to denote this unique cluster. We call � and D
the upper and the lower boundary node of this cluster� ��� 8QD ! respectively.

A cluster partition has a macro tree � C defined as
follows. The nodes 4R��� C ! are the set of boundary nodes
of cluster partitions

���
, including the additional ones

defined above. The edges 9_��� C ! are the set of pairs
��� 8QD ! , where � 8QD belongs to the same cluster

� ��� 8QD ! .
We root � C at the root � from � which by definition is
a boundary node and hence also a node of � C . Clusters� ��� 8QD ! where D is a leaf in � C are called leaf clusters.

To simplify some of the case analyse later, and for
some other technical reasons, we impose a restriction

on the cluster partitions that we consider in the remain-
ing of the paper. We say a cluster partition is a single
child cluster partition if the following holds. Any non-
leaf cluster

� ��� 8QD ! , either contains at most two nodes
or � � D contains at least 5 nodes. Furthermore, D has
no children in

� �
��8�D�! , and � has only one, i.e., the node
on the path to D .

Lemma 7 Given a rooted tree � , � � . , and a param-
eter .L[ Rg[b� , there exists a cluster partition

���
satisfying the single child property, where H ��� HN[v���	R ,
and for a fixed constant � , H 4_� � !IH [ �.R for all

� J ��� .
Proof omitted.

For a single child cluster partition, we call non-leaf
clusters with only two nodes for small internal clus-
ters and the other internal clusters are called big internal
clusters.

The labeling scheme Let � � � be an integer and fix
�@1 �;'i)�*	�e��� . We will define a parent labeling scheme
�43C8�5�! for trees of size � , where the label size is bounded
by 'i)�*Z�u^Sn����Q!�^vac� . ! . As described in the overview,
�43C8�5�! will consist of the combination of two schemes A
and B. The scheme B is the assumed scheme from the
premises of the lemma, and we denote it by �43�6l8�5C6i! for
trees of size �e6U[ � , where the assumed label length
is bounded by '�)�*Z�&6 ^ n��(�e6k! . The scheme A will as
explained in the overview be the preorder based labeling
scheme from Theorem 6, and will be denoted as �43 / 8�5*/�!
for trees of size �e6 6 . The parameters �e6 and �&6 6 will be
defined later.

The encoder 3 Let �wJ � � be any rooted tree of size �
and let � denote its root. In what follows we will define
the label assignment 3 6 , and denote the label assigned
a node D JL4R���G! by

� �(D !>1+3	6 �(D ! . Let
���

be a sin-
gle child cluster partition of � with at most ����� clusters,
where each simple cluster has size bounded by � � � for
a constant ��� as provided in Lemma 7. Let � C denote
the corresponding macro tree for this cluster partition���

. Next, let
�
C denote the preorder based label as-

signment of this macro tree, i.e.
�
C �(D !`1 3 / 6�� ��D�! for

D_J 4_��� C ! . Furthermore, for the node identity function
id/ for �43�/ 8�5*/�! , we let the node identity label id �43 / 6�� �(D !Q!
for a node D_J�4_��� C ! be denoted by id C �(D ! .

Since H � C HP[w���
� , all internal nodes D in � C satisfy
H � C �(D !IH
[ 'i)�*,�(���
�Q!
^ � '�)�*
'�)�*E�����
�Q!
^Lac�Q. ! by Theo-
rem 6 and leafs ' in � C satisfy H � C �)'�!IH�[O'i)�*Z�e�X'i)�* ��^
ac� .p! . Furthermore, the node identity labels (the prefix
of
�
C ��D�! returned by id / ) are bounded by %('�)�*Z���
� +
^\. .

As explained in the overview, the label we define for
F J�4_���h! will have bitstrings

�
C �(D ! or id C �(D ! as com-

ponents for some D�J 4_�
� C ! . A technical point, when
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defining such a label, is to enable the decoder to com-
pute and isolate the exact location of these labels parts.
To this end we need to know the exact length of id C �(D !
or
�
C �(D ! , and these must be fixed relative to � and in-

dependent of � . Since the size of the macro tree � C
may depend on the topology of � , we need to be a lit-
tle careful, since the length of id C �(D ! and

�
C ��D�! is ex-

pressed in terms of H � C H and not � . Instead we modify�
C �(D ! and id C �(D ! such that their lengths are fixed to the

size of the upper bounds given above. That is, we as-
sume H � C �(D !IH
1 %;'i)�*E�����
�Q!Z^ � 'i)�*
'i)�*,�(���
�Q! +G^ � d and
H id C ��D�!fH�1 %;'i)�*Z����� +=^ ��� for some constants � d and ���
for any D J 4R��� C ! and tree � . It is straightforward to
ensure this independence of H � C H , since we can pad each
label with the prefix �C�C. , where � is chosen such that
the fixed length is reached. The decoder 5 / is then mod-
ified such that the initial prefix � � . is removed before it
makes the original decoding on the remaining suffix.

Next we will define the label for each node F in �
by considering a number of possible cases for F . For a
node which is not a boundary node, it is either contained
in a unique big internal cluster or in a unique leaf cluster.
With the exception of the root, if F is a boundary node,
it is a lower boundary node for a unique cluster. We
distinguish between cases for F according to the type of
this unique cluster.

We start by defining
� ��FG! for each node F that is con-

tained in a big internal cluster. Let F �1 � be such node,
and let

� ��� 8QD ! be the unique big internal cluster con-
taining F where � �1 F . Let �,6 be the unique child of
� in

� �
��8�D�! and let D�6 be the parent of D . Note that � 6
and D�6 are distinct, non-adjacent nodes by the assump-
tion of cluster

� ��� 8QD ! to be a big internal cluster. Let
�>�
��8�D�! denote the subtree of � consisting of the nodes
in
� ��� 8QD ! excluding � and D . That is �7��� 8QD ! has � 6 as

root. Note that H �>��� 8QD !IH
1 H � ��� 8QD !IH�� � [ ��� � . Let����� 1-3 6 ���>�
��8�D�!�! be the label function associated this
tree by the assumed labeling scheme �E3 658�5C6i! for trees of
size less than or equal to ��� � . Hence,

H ����� �(FG!fH [ '�)�*P� ��� �Q!�^ n�� ��� �Q!
[ '�)�*��&^ n����Q!e^ ac� . !�r (4)

The label
� �(Fh! is defined according to the fol-

lowing possible cases for node F . Each la-
bel has the last four bits reserved to indicate its
type encoded by different bitstrings we denote by
child of upper 8 in between 8I�f�I� J B��N8I.�T � r
I.1 Fw1 �P6 : Then

� ��FG! 8x1 �
C �(D ! 0 child of upper r

This label has size bounded by

H � ��FG!IH 1 H � C ��D�!fH ^Oac� .p!
[ 'i)�*,�(���
�Q!e^ � 'i)�*
'i)�*,�(�����Q!e^\ac�Q. !
[ 'i)�*Z�R^Oac� . !�r

I.2 F has �,6 as parent: Then� ��FG!28x1 id C �(D ! 0
����� ��FG! 0 grand child of upper r

This label has size bounded by

H � �(Fh!IHK1 H id C �(D !IHp^wH � ��� ��FG!IHp^Oac� . !
[ �f%('�)�*Z���
� + ^ ac� .p!Q!e^ '�)�*��e^ n����Q!&^\ac�Q. !
[ 'i)�*Z�_^ n����Q!&^Oac� . !�r

I.3 Fw1vD�6 : Then� ��FG!28x1 id C �(D ! 0
����� ��FG! 0 parent of lower r

The label size is as above bounded by '�)�*Z� ^un����Q!�^
ac� .p! .

I.4 Fw1vD : Then� ��FG!28x1 �
C �(D ! 0 lower in big r

With label size bounded by

H � �(FG!fH�[ H � C �(D !IHf^Oac� .p!Y[\'i)�*=�X^Oac� .p!sr

I.5 F is none of the above. Then� ��FG!28x1 id C �(D ! 0
����� ��FG! 0 in between r

As in previous cases

H � �(FG!fHK1 H id C �(D !IH ^LH ����� �(Fh!IHp^\ac�Q. !
[ '�)�*Z�X^\n����Q!�^\ac�Q. !sr

If F is the lower boundary node in a small internal
cluster

� �
��8�FG! , then we define it label by
� �(FG! 8{1�

C ��FG! 0 lower in small. We refer to this case for
F as I’.1. If F is the root � of � , we define

� �(FG! 8{1�
C �4��! 0 the root, and refer to this case as R.1. In

both of these cases, the the label length is bounded
H � C �b��!fHf^ ac� .p!=[O'i)�*Z�_^\ac�Q. ! .

The remaining cases of nodes are nodes located in
leaf clusters, and are not upper boundary nodes in these.
Let F be such a node, and let

� ��� 8QD ! , � �1 F denote the
unique leaf cluster that contains F . Let �>��� 8QD ! denote
the subtree of � within cluster

� �
��8�D�! .
Let

����� 1 3p6l���>�
��8�D�!�! be the label function associ-
ated this tree by the assumed labeling scheme �43�658�5C6;!
for trees of size less than or equal to � � � . As in (4) we
have H � ��� �(Fh!IH,[S'i)�* ��^ n����Q!�^vac�Q. !�r The label

� �(FG! is
defined according to the following two cases for F .

L.1 F has � as parent. Then� �(Fh!28{1 �
C ��D�! 0

����� �(Fh! 0 child of upper in leaf r
The label length is bounded by

H � �(FG!fH [ H � C �(D !IH ^LH ����� �(D !IHp^Oac� . !
[ '�)�*E�(�����Q!e^\ac�Q. !e^ '�)�*��&^ n����Q!e^ ac� . !
[ '�)�*Z�X^\n����Q!�^\ac�Q. !sr
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L.2 F does not have � as parent. Then� ��FG! 8x1 �
C ��D�! 0

����� �(FG! 0 in leaf r The label
length is bounded by

H � C �(D !IH ^LH ����� ��D�!fHf^Oac� .p!Y[ 'i)�*Z�R^\n����Q!e^Oac� . !�r

With the above definitions we have defined the labels
of all nodes in � . To summarize, each node is one of
the cases I.1-I.5, I’.1, R.1 and L.1-L.2. Furthermore, the
labels are unique, i.e., any pair of different nodes have
different labels.

The decoder 5 Before describing the decoder, we
provide some general properties and terminology for
the labels assigned nodes in � . Let F be any node in
� , and let R denote the label provided by the above
labeling scheme. The last four bits of R describe which
of the above conclusive cases the node belongs to.
We denote this type by typeof �bR,! , i.e., typeof �4RP! J
B child of upper 8 grand child of upper 8
parent of lower 8 lower in big 8
in between 8 lower in small 8 the root 8
child of upper in leaf 8 in leaf T which in-
dicates that F is in case I.1-I.5, I’.1, R.1, L.1 and L.2
respectively.

For each of these cases, the label of the node will
consist of one or more of the following parts; the whole
label of a node in the macro tree � C , the unique id of a
label from macro tree � C and the whole label of a label-
ing of a subtree of � . We refer to these three parts of a
label as the macro part, the id part and the micro part of
the label respectively. The following lists possible cases
of the type of label R , and which of these label parts are
defined for each case of label R .

� For typeof �4RP! J B child of upper 8
lower in big 8 lower in small 8 the root 8
child of upper in leaf 8 in leaf T , F is
in one of the cases I.1, I4, I’.1, R.1, L.1 or L.2.
In each of these cases, R has a prefix that is the
label of a node in � C . This prefix has fixed length
dependent on � but independent of � , and we
denote this prefix by macropart �bR,! . Furthermore,
we say that R has a macro part if and only if it
satisfies one of these cases.

� The label R has a prefix which is the node iden-
tity label for a node in � C . This prefix has fixed
length relative to � and we denote this prefix of R
by idpart �4RP! .

� For typeof �4RP! J B parent of lower 8
in between 8 grand child of upper 8
in leaf 8 child of upper in leaf T , F is

one of the cases I.2, I.3, I.5, or L.2. In any of these,
the label also contains the label of the subtree of �
of fixed length ending before the 4 last type bits.
We let micropart �4RP! denote this infix for the labels
of these cases.

With the above notation for these parts of the label
of the nodes in � , the decoder 5 for the parent labeling
scheme is given in Figure 1. Note that the decoder only
refers to the macro parts and micro parts for labels R and
R 6 if these parts are defined for R according to the above
definition. Correctness of the labeling scheme follows
by the following lemma.

Lemma 8 For all pairs of nodes F and Fh6 in � with
labels R and RP6 respectively, FG6 is parent of F iff 5E�4RP6l8]RP!
return true.

Proof omitted.

This then concludes the construction of the parent la-
beling scheme proving Lemma 5.

proc d(x’, x)
case typeof(x) of

child of upper:
return typeof

�������	� # lower in big 

lower in small 
 the root $��
�� �

macropart
��� � � 
 macropart

�����������
grand child of upper:

return typeof
��� � ���

child of upper �
idpart

��� � ���
idpart

�����
parent of lower:

return typeof
��� � ���

in between �
idpart

���������
idpart

����� �
 ���
micropart

������� 
 micropart
�����������

lower in big:
return typeof

��� � ���
parent of lower �

idpart
��� � ���

idpart
�����

in between:
return typeof

�������	� # in between 

grand child of upper 

parent of lower $��
idpart

���������
idpart

����� �
 � �
micropart

��� � � 
 micropart
�����������

lower in small:
return typeof

��� � �	� # lower in small 

lower in big 
 the root $��
 � �

macropart
������� 
 macropart

�����������
child of upper in leaf:

return typeof
�������	� # lower in small 


lower in big 
 the root $��
 � �
macropart

��� � � 
 macropart
�����������

in leaf:
return typeof

��� � �	� # in leaf 

child of upper in leaf $��
macropart

���������
macropart

����� �
 ���
micropart

������� 
 micropart
�����������

the root:
return false

Figure 1. The decoder 5
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5. A lower bound

Lemma 9 For � � � , H ] � H
� �

� O������ ��� �
	��
��d � � � O��
	�� r

Proof sketch. A labeled tree is a tree where each node
is labeled uniquely with an integer from 1 to � . It is
well-known that the number of labeled trees is �����,d ,
see e.g. [55]. For graphs in ] � we consider the set

�
of

labelings that labels all nodes with 0 except a single node
labeled one, and which labels the edges with subsets of
B��N8I.�8IrIrfrQ� �L.�T . For a graph

� J ] � there is at most
� ��� �_. ! edges, so H � H [ �&��� � 	���� � � . The above bound is
then obtained by showing there is an injective mapping
 8�� ��� � < ] �

: �
.

Theorem 8 For a family / : V�W �(/X! � � o H / H
	O r

Proof. The number of possible node-induced sub-
graphs of size � in a graph with � � � nodes, is clearly
bounded by ��� � � r Hence the minimal induced-universal

graph for a family / , V W �(/X! , satisfy H / H [������ 	 / ��
� [� o ��� 	 / ��

� � implying V W ��/U! � � o H / H
	O as desired.

Proof of Theorem 5. Let � � � be fixed, and let �
be a sufficiently large constant such that for � � � we
have � d����W� .p!N^ '�)�* � �w��� � ��!��l� � . !I�5�@^ ��! . Using
Lemma 9 and Theorem 8 we can bound VCW ��] � ! assum-
ing � � � as follows,

V�W �5] � !
� �
3 H ] � H

	O
� �
3
� ��	i���Pd�� 	i��� � �I� 
��N�
� 	����,d�� 	i��� � � 	i��� � ���

	O
1 �
3�� �

� ��� � � ��� � 1L���(� � !�r
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