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Institution: University of Liverpool
Classification: Public
Date: 12 September 2003



Abstract

(i) Symmetry sets of 1-parameter families of smooth plane curves were classified by Bruce
and Giblin[2]. When a family of curves includes a singular member, as will happen if the curves
are obtained by taking plane sections of a smooth surface, at the moment when the plane becomes
tangent to the surface, the previous results do not apply. Here we study plane sections of smooth
surfaces, concentrating in this report mainly on the behaviour of the vertices and inflexions of
these plane sections and starting to make deductions about the behaviour of the symmetry sets and
medial axes themselves. Since the six-month report (Deliverable 4) a good deal of progress has
been made on this problem, and all cases have now been analysed. Further work is still needed to
obtain full information on the transitions of the symmetry sets.

1 Introduction

Image data is often thought of as a collection of pixel values
���������	
���

. The physical information
is better captured by embedding the pixel values in the real plane, as the pixelation and quantization are
artifacts of the camera, hence

�
��� � �	�� �
. The geometrical information of an image is even better

captured looking at the level sets of an image
�������������

for all
���
��� �

. Since object boundaries
often coincide with or are well approximated by level sets locally, the level sets of an image capture a
large portion of the object information in an image.

Shape analysis using point-based representations or medial representations (such as skeletons) has
been widely applied on an object level demanding object segmentation from the image data. Appear-
ance models have been applied directly to the image data, but cannot handle different types of shape
in the same model. The elegant division of shapes into parts as in the skeleton-based models seem
imcompatible with the linear shape deformation models in active appearance models.

We propose to combine the object representation using a skeleton or symmetry set representation
and the appearance modelling by representing image information as a collection of medial representa-
tions for the level-sets of an image. The first step towards such representation is the determination of
generic events in the medial representation when

���
changes.

In this article, we work with the full symmetry set, and make a start on determining the transitions
which occur in the symmetry sets of a family of plane sections of a smooth surface in 3-space, as the
plane moves through a position where it is tangent to the surface. In order to illustrate the theory by
examples, we need to draw the symmetry set of a curve defined implicitly by an equation � ���! #"$�%�'& .
This is much harder than drawing a symmetry set for a parametrically defined curve

���(��)#�* #"+��)#�#�
. The

package produced by Arjan Kuijper in Mathematica (see Deliverable 10) will be very useful in this
respect; for the time being the symmetry set figures in this report are produced using LSMP[5], which
can handle only the parametrized case. Other figures are produced using MAPLE. The whole problem
of illustrating the transitions in the very complex situations described here is a very interesting one,
and poses many computational challenges.

Symmetry sets and medial axes of families of smooth curves in the plane have been investigated
by a number of authors. See for example [2, 4]. In this report we study the evolution of symmetry sets
and medial axes when the family of curves consists of the parallel plane sections of a generic surface,

in three-space. A new situation arises when one of the plane sections is tangent to
,

, at a point
p so that this section is singular. For a generic surface, three situations arise, according to the contact
between the tangent plane and

,
at p, as measured by the singularity type of the height function in

the normal direction at p. See for example [7] for the geometry of these situations, and [3, 6] for an
extensive discussion of the singularity theory.- The contact at p is ordinary (‘ .0/ contact’), in which case the point is (i) elliptic or (ii) hyperbolic.
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The intersection of
,

with its tangent plane at p is locally an isolated point or a pair of transverse
arcs.- The contact is of type . � , which means that p is parabolic. The intersection of

,
with its tangent

plane at p is locally a cusped curve.- The contact is of type .�� , which means that p is a cusp of Gauss, in which case it can be (i) an
elliptic cusp, or (ii) a hyperbolic cusp. The intersection with the tangent plane is locally an isolated
point or a pair of tangential arcs.
Elliptic and hyperbolic points occupy regions of

,
, separated by parabolic curves which are generi-

cally nonsingular; on the parabolic curves are isolated points which are cusps of Gauss.
The methods used in [2] do not apply to the present situation, and we shall in this paper adopt

a very direct approach, studing the evolution of the vertices (maxima and minima of curvature) on
the sections of a surface as the section passes through a tangential one. The vertices are crucial to
the understanding of the symmetry set since it has branches which end at the centres of curvature at
vertices. Thus from the way in which vertices behave we can deduce a good deal about the evolution
of the symmetry set.

As a particular example, consider a round torus, obtained by rotating a circle about an axis in the
plane of the circle but not intersecting it. This consists of elliptic and hyperbolic points, separated by
two circles of parabolic points along the ‘top’ and ‘bottom’ of the torus. (The parabolic curves are
far from generic but we shall stay clear of them.) We can take plane sections like those in Figure 1,
which pass from two ovals through a ‘figure eight’ to one component. In this case we have drawn the
evolutes of the sections; the cusps on these evolutes are at the ends of branches of the symmetry set.
As the two ovals merge three vertices on each oval come into coincidence at the crossing. Two of these
from each oval give rise to branches of the symmetry set which recede to infinity, as the curvatures
at the corresponding vertices tend to zero. The other vertex on each oval has a curvature which tends
to infinity and the corresponding branch of the symmetry set passes in the limit through the crossing.
After the transition, when there is one component of the curve, two vertices emerge from the crossing.
We show below that this scenario (six vertices locally becoming two) is one of two which can arise
from a hyperbolic point of a surface. In addition to this, the symmetry set branches may or may not
recede to infinity.

2 Vertices and inflexions on families of curves
�������
	���
��

.

We are concerned with the local behaviour of symmetry sets (SS) and medial axes (MA) of plane
sections of smooth surfaces so we may assume that our surface

,
is given by an equation � � � ���! #"$�

for a smooth function � , which will often be assumed to be a polynomial of sufficiently high degree.
We shall take

,
in Monge form, that is �  �
� and ��� all vanish at (0,0). (We use subscripts to denote

partial derivatives, � � ������ � etc.) To such � we assign two functions � � and
� � whose zero-level

sets � � ��� and
� � ��� , are respectively the sets of all vertices and inflexions of the plane curves

� ���  #" ��� & for constants
&

. More precisely, the curve � � ��� (resp.
� � ��� ) describes the pattern of

the vertices (resp. inflexions) of the level curves � � &
as
&

varies near
�
. We shall make most use

of the ‘vertex function’ � � or the vertex set � � ��� . In fact for each of the generic cases of elliptic,
hyperbolic, parabolic and cusp of Gauss points of

,
we shall go through the following steps.

- Calculate � � ��� and � ��� and their Taylor expansions at the singularity, taken to be the origin.
In each case there will be several branches, some of which may be singular. (The same can also apply
to
� � .)- By careful analysis of the branches, decide the possible relative positions of the branches of � ���

and � � � � (and
� � �!� ). These can be indicated on diagrams.
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Figure 1: Two plane sections of a torus close to a singular section, together with their evolutes. The
thick lines are the medial axis and the dashed lines are the additional parts of the symmetry set. As
the two ovals merge, two cusps on the evolute recede to infinity, taking the branches of the symmetry
set with them. (In the right-hand figure, in fact the symmetry set goes twice to infinity and in between
these excursions it covers the whole vertical line; this part, caused by the global structure of the curve,
has been omitted for clarity. In this paper we are concerned with the local behaviour of symmetry sets
near the singular section.)

- For
&

small, the parallel section � � &
is close to the section � ��� . We can read off the pattern of

vertices (and inflexions) from the diagrams above.- Calculate the limiting curvature at vertices of the section � � &
, when such vertices approach a

singular point.- Deduce the local structure of the SS/MA of � � & for
&

passing through 0.

To obtain the function � � we argue as follows. We want to find the vertices on a smooth curve
� ���  #" �
� &

. For this purpose we may assume that locally the curve is given by
"���� ���+�

for a
smooth

�
, that is � ���  ��!�����#� � &

is an identity. Then the vertex condition is simply ��� ����� ��� where

� ���+� � ��� �
	 ���	 / � 	
� � 	 ������������� � is the curvature of
" ���!�����

. Working out the derivatives of
�

in terms of

those of � and clearing denominators we arrive at the following. The vertices of any smooth curve
� ���  #" �%� & will be at the intersections with the curve � � �!� .

� � � � � ���� � �� � ��� � �� ��� � � ��� ��� � �� ��� � � � � � �� ��� ��� � � � � �� ��� � � �
��� � � � � � � �� � �� � � � � �� � � �� � � � � � � � � � �� � �� � �
��� � � � � � �� � � � �� � � �� �
��� � � � � � � � ���� � � � �� � �� � � � � � � � � � � � � � ���� � (1)

Similarly, the inflexion function
� � becomes

� � ���! #"$� � ��� � � �� �"! ��� � ��� ��� � ��� ��� ���# (2)
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3 Hyperbolic points

In a neigbourhood of a hyperbolic point, � can be written, after scaling of the variables
�! #"  � , as

� � � � ���! #"$� where1

� � ���  #" � � � � ��� � " � � � � � � � � / � � " � � � � " � � � � " �
��� �*� � ��� / � � " ��� � � � " � ��� � � " � ��� �

" �
��� � �	� ��� / � � " ��� � � � " � �
� � � � " � ��� �

� " � ��� � "��
� higher order terms, (3)

where we may asume
�
� �

.
We shall need to find the branches of � � �� � � ��� (and

� � � � ) through the origin in order
to determine the behaviour of the vertices (and inflexions) of the level sets � � &

. In most cases we
shall be content with an application of Puiseux’ Theorem; in the case at hand it is possible to use
more powerful techniques of singularity theory and we give brief details at the end of this section. The
conclusion is as follows.

3.1 Vertices at hyperbolic points

Proposition 3.1.1. (i) The vertex set � � � � has exactly four branches ��� /  ��� �  ��� �  ��� �
through

� �� � �
, where ��� / is tangent to the axis

� � �
, ��� � is tangent to the axis

" � �
, ��� � is

tangent to the line
� ��� " � �

, ��� � is tangent to the line
� � � " � �

.

(ii) The level sets � � � and
� � � � have exactly two branches in a neighbourhood of

� �� � �
, one of

them being tangent to
� ��� " � �

and the other one to
� � � " � �

.

We need to determine the relative positions of the branches of � � � and � � � � (and
� � � � )

which are tangent to one another at the origin. To do this we need the higher terms of the Taylor ex-
pansions of those branches with the same tangents. We find the following by substituting for example�
��� " � � � " � � � � " � � higher terms into the expression the vertex set � � , for the branch ����� .
Proposition 3.1.2. (i) The branches ��� �  ��� � of the vertex set are of the following form.

��� � � � � � " � �!�� ��� � � � � � � � / � � � � � � � � " �

� ���� � � � � � � ��� � � �� � � ! � / � � � � � �� � � �� ��� � �
��� � � ����� � � � � � � � � � � � � � / � � ��� � � ��� � �

��� ! � / � � ��� � �
� � �� ��� � � / ��� � � � � ��� � � ��� � � ����� � / ��� � � ��� � � � / ����� �� � � / � ! � � � � ��� � � ��� � �� ��� � � ��� � � �!� � � � / ��� � / ��� " � ���#� � � � � � �� ��� $&%+" � � #�#�#

��� �
�

replace
�

with
�#�

in the above.

(ii) The branches of � � � are of the following form.

� � � " � �!�� ��� � � � � � � � / � � � � � � � � " � �
�
� � � �

� � �� � � ! � / � � ��� � � �
� �� ��� � � �!� � � � � ��� � � � � � / � � ��� � �

� � � � / � � � � � � ��� � � ��� � � � � � � � / ��� � / ����� � � � � �� ��� � � ��� � % " � � #�#�#
and a branch obtained by replacing

�
with

�'�
in the above #

1We adopt the notation (*),+.-/)0+213) for the hyperbolic case, with similar conventions in the other cases ( 4 =elliptic,5 =parabolic, etc.).
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Figure 2: Examples of the pattern of the vertices of the level curves � � � &
evolving through a

hyperbolic point. Thick curves are � � � � and thin ones are the vertex sets � � � � . Note that
branches of � � � � and � � � � have 3-point contact here, hence cross at the origin. (This helps
to decode the pictures when the branches are very close!) Example 1 (left hand side) of the case
� / : � � � � � � "�� � � � � � � " � � "�� � " � � � � � !�� � " � � " � � !�" � . As

&
varies from

� �
to

� � four extra vertices are created: � � ��� ��� � . Example 2 (right hand side) of the case
� / :

� � ����� � "�� � � � � ���*"�� � "�� � " � � � � � !�� � " � � � "�� . The number of vertices of � �'& remains
the same as

&
goes through

�
:
! � !

�
! � !

.

It is evident from (i) and (ii) of the above Proposition that the vertex set and the branches of the
curve � ��� have at least 3-point contact at the origin: their Taylor expansions agree up to order two.
The condition for them to have (at least) 4-point contact is that the terms in

" � agree also. After some
manipulation, this important condition comes to the following

Proposition 3.1.3. The condition for the branch � � to have (at least) 4-point contact with the corre-
sponding branch of � � � at the origin is

� � � � � � � / � � � � � � � � � � � � � ��� � � / � � � � � � � � � � � ��� � ��� � � � � � � / ��� � � � � � � � � �� ��� � � � � � � � � � � � � ��� / � � ��� � � � �
� � � ��� �
� #

The condition for � � is obtained by replacing
�

by
�#�

:

� � � � � � � / � � � � � � � � � � � � � ��� � � / � � � � � � � � � � � ��� � � � � � � � � � / ��� � � � � � � � � �� ��� � � � � � � � � � � � � � � / � � ��� � � � � � � � ��� �
� #

We do not know of a geometrical interpretation of this condition, beyond that being given here. It
is possible to re-express it in terms of derivatives of principal curvatures but this does not give much
enlightenment. Note that in particular it holds if

� � � "
is a factor of both the cubic and quartic terms

of the expansion of � . This is a biflecnode in the terminology of Koenderink [7, p.296].
Given a generic surface

,
, we can apply our analysis to any point p of the surface: we are then

looking at the family of plane sections of the surface close to the tangent plane section. The ‘4-point
contact condition’ then imposes one condition on the point p (for example it can be rewritten as a
formula for any of the ��� in terms of the other coefficients occurring) and can therefore be expected to
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hold for points p along a curve on
,

. We call this curve (or collection of curves) the vertex transition
set, VT, on

,
. Of course VT lies entirely in the hyperbolic region of

,
.

Altogether the following cases are therefore possible:
� / Both branches of � � � have only 3-point contact with the branch of the vertex set tangent to the
same line: the generic situation within the hyperbolic region of

,
. Examples: (i) � � � � � � "�� �� � � � � " � � "�� � " � � � � � !�� � " � � " � � !�" � . The curve � � & has two ( � � � ) vertices for

&
small

and positive and six ( � ��� ) vertices for
&

negative.
(ii) � � � � � � "�� � � � � � � " � � "�� � " � � � � � !�� � " � � � "�� . The number of vertices of � � &
remains the same as

&
goes through

�
:
! � !

�
! � !

. See Figure 2.
� � The vertex branch and the one of � � � , say both tangent to

� � � " � � , have a 3-point contact, and
the branches tangent to

� � � " �!�
have

�
-point contact, or vice versa. This happens along the vertex

transition set, VT, on
,

. Example: � � ���! #"$����� � ��"�� ��� � � � � " � � "�� � " � � � � � !�� � " ��� � "�� � � " � .
The curve � � &

has three (
! � � ) vertices for

&
small and positive and five ( ��� !

) vertices for
&

negative.
� � Both branches have

�
-point contact. This happens at a self-intersection of VT, hence at isolated

points of
,

. Example: � � ���  #" � �'� � � " � � � � � � � " � � " � � " � � � � � !�� � " . The curve � � &
has two ( � ��� ) vertices for

&
small and positive and six (

! � !
) vertices for

&
negative.

�
� One pair of branches has 5-point contact. This happens at isolated points of one of the vertex

transition curves. This can be written as a formula for any of the � � (coefficients of degree 5 terms
in � � ) in terms of the other coefficients of degrees

� � . It can be shown that in general the vertex
transition curve is nonsingular at these points. Example: � � ���  #" � � � � ��� " � � � � � � " � � � �� �

� � �� �/ � $ � � .
Proposition 3.1.4. The transition on vertices of � � � &

as
&

passes through zero is as follows. For
each

&
there are two branches of � � � & close to the origin and we indicate the number of vertices on

each in the form � ��� , � indicating the transition in either direction.- Case
� / : (i)

! � !
�
! � !

or (ii) � � � � � ��� .
For (i) we require that the two = signs in Proposition 3.1.3 should become �

 �
or

�� � and for (ii)
that the two = signs should both become

�
or both

�
.- Case

� � : � � !
� � � !

.- Case
� � : ! � !

� � ��� .- Case
�
� : As Case

� / . The conditions for the two cases are now much more complicated, and we
omit them.

3.2 The vertex transition curves: examples

It is clearly of interest to determine, for a given surface
,

, the subregions into which the hyperbolic
region is separated by the vertex transition curve VT. This curve can self-intersect, when both local
branches of � � � � have 4-point contact with the corresponding local branches of the vertex set
� � � � . Also there are special points on VT where a branch of the vertex set and � � �!� have 5-point
contact. Although the local conditions are quite easy to calculate—see the above formulae—it is not
so easy to take a global surface and determine VT. We report here on two cases which have been
considered, both of which turn out to be non-generic. The procedure for calculation is as follows. We
have to find the 4-jet of the Monge expansion of

,
at any point p, relative to a coordinate system

which has axes along the two principal directions at p and the normal at p. We can then apply the
condition of Proposition 3.1.3 to determine the constraint on p which makes it lie on VT. Of course
the difficulty here is finding the 4-jet relative to a special coordinate system. It is indeed possible to
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avoid this, but at the expense of an enormous complication in the condition of Proposition 3.1.3 which
makes the calculations effectively unmanageable.

Torus and surface of revolution If we consider a torus of revolution
,

in
� � , obtained by rotating a

circle about a line in its plane, not intersecting the circle, then we can find the position of VT; naturally
it will be one or more circular ‘latitude parallels’ of the torus in view of the circular symmetry. In
fact, for a circle of radius

�
rotating so that its centre describes a circle � of radius

�
, both the latitude

parallels in the hyperbolic region of the torus making an angle ������� / � ��� �$� with the plane of � consist
entirely of self-intersections of VT. Thus for points on these two latitude parallels, both branches of the
local intersection of

,
with its tangent plane have 4-point contact with the corresponding branches

of the vertex set, and at other hyperbolic points of
,

neither branch does. Crossing VT we cross it
twice, so that, apart from points p on VT itself, the pattern of vertices on sections of

,
parallel to

the tangent plane at p is always the same. In fact we find that, in the expansion of the torus in Monge
form at any hyperbolic point, the coefficients

� /  � �  � /  � � are all zero (compare (3)). It is clear that,
in this situation, the two expressions in Proposition 3.1.3 become identical so that, in the case

� / of
Proposition 3.1.4, only (ii) is possible. Thus all hyperbolic points away from VT exhibit the same
pattern of vertices. Compare the torus example in 	 1.

The same happens in fact for any surface of revolution generated by rotating a plane curve, say in
the

�! � -plane, about the � -axis. We find that
� /  � �  � /  � � are all zero and the conclusion follows as

before. If we rotate the curve
" ���� %� � � � � � � � � � ��� � � ��
 � � �
����� about the � -axis then the

condition for the point
���  �� � �

to be hyperbolic is
� � � � and the condition for this point to lie on VT

determines 
 uniquely in terms of
�  �  �  � . For example, the curve

� � � ��� � � ��� � � � !��$� � � has the
latter property, as does

�
� ���"! � � ! � � � � � .
Cyclide of Dupin We can try inverting a torus of revolution with respect to an arbitrary point in
3-space (not on the torus), to obtain a cyclide of Dupin. This has the advantage that the principal
directions at any point are the images of principal directions on the torus under inversion. The coeffi-
cients mentioned above are not necessarily zero, but the two conditions for VT nevertheless become
the same.

3.3 The limiting curvature at vertices

Proposition 3.3.1. In the notation of Proposition 3.1.1, the limiting curvature of the level curves
� � � &� %& 	 � at vertices on the various branches is, up to sign,- infinite, along ��� / and ��� �- � � � � � � � / � � � � � � � � � � � ��� � � � � � ��� � , along �����- � � � � � � � / ��� � � � ��� � � � � ��� � � ��� � ��� � , along ��� � .

To prove this, we use the Taylor expansions of the branches of the vertex set, given above in
Proposition 3.1.2, and the formula for the square of the curvature of a plane curve. For the branch
���
/ we find the numerator and denominator of � � come to � ��� $ " � ��� ��" � � and � ��� / � " � ��� ��" " �
respectively, so that as

" 	 �
the limiting curvature is infinite. The situation for ��� � is similar.

For ��� � the numerator and denominator come to � ��� � � � � � � � � / � � � � � � � � � � � " � ��� ��" " �
and � ��� � � � � � � � � " � ��� ��" " � , which gives the required result. Note that this is zero precisely for a
flecnodal point, at which the quadratic and cubic terms have a common factor

� ��� "
. The limiting

curvatures for both branches ��� � and ��� � are zero when the whole of the quadratic terms are a
factor of the cubic terms, that is for the intersection of two flecnodal curves corresponding to different
asymptotic directions on the surface

,
.
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Figure 3: Patterns of the inflexions of the level curves � � &
evolving through a hyperbolic point.

Thick curves are � � �
and thin ones are the inflexion sets. Example 1 (left hand side): � � �� ��� !�"�� � � � � � "�� � � �� �
� � � � �/ � $ � � . Every branch of � � � is tangent to one of

� � �!� and they have
2-point contact. As

&
goes through

�
the number of inflexion remains the same: � � � � � � !

. The
picture to the right illustrates the case � � ��� � � " � � � � � � � " � � " � � " � � � � � !�� � " � � " � � !�" � .
The branches of � � � and

� � � � both tangent to
� � � " � �

have 3-pt contact, while the ones
tangent to x-ay=0 have only 2-point contact. As

&
varies from

���
to � � the following scenario

occurs (two inflexions disapearing): � � !
�
� � � .

3.4 Inflexions at hyperbolic points

Analysing the Taylor expansions of the inflexion function
� � we find the following.

Proposition 3.4.1. The branches of the inflexion curve
� � � � are of the following form.

� � � " � �
� � � ���

� �� � � ! � � � � � � � ��� � � � � / � � ��� � �� ��� � �
��� � � � � ��� � � � � � � � � � / ����� � ��� � � � ��� / � � ! � � � / ��� � � � ��� � � � � �� ��� �&%+" � � #�#�#
and a branch obtained by replacing

�
with

�#�
in the above #

Note that there are no quadratic terms in these expansions: the branches of
� � ��� themselves

have inflexions at the origin. The different possibilities for inflexions on the branches of � � � &
as& 	 �

are illustrated in Figure 3.

3.5 The branches of � �������
	������ and � ����� : some details

We conclude this section with an outline of the proof that in the hyperbolic case � � ��� has exactly
four smooth branches through the origin, and that

� � � � and � � � � have two.
The Taylor expansion of � � at

� �� � �
reads:

� � � � � � � �
 

where � �
� � � !�� � � � � � � � � "+��� ��� " � ��� � � " �

and � � ��
 �� , the fifth power of the maximal ideal

 � �����  #"��

in the ring ��� of real smooth
functions defined on a neighborhood of

� ��� �
. That is, � � consists of the ‘higher order terms’ of � � .

The inflexion condition can be written as

� � ��� � � � � where
� � � � � � � ��� ��� " � ��� " � �+� and

� � ��
 �� #
9



Note that � � and
� � are in fact nondegenerate (Morse) functions, so that both are equivalent under

changes of coordinates in
� �

(that is, � -equivalent) to their quadratic parts. Thus both � � � � and� � � � have exactly two smooth branches through the origin.
We can conclude that � � � � has exactly four smooth branches through the origin by an appli-

cation of the standard theorem on � -determinacy given for example in [1, Theorem 11.20]. Thus
provided


�� � /� �

 �� � ���� �  ���� � � � 
�� � �� we can conclude that a function � is determined by its � -jet.

The function � � satisfies
�
	��� � � � � � � � ��� � � � !$� � � � " � � � " � � and

��	��� � � � � � � � � � � � � !$��� � �
� ��� "�� ��� , so that


 �� � �
	 �� �  �
	 �� � �
is generated by


 / � � � � � � ��" ����� " � � , 
 � ��� "+� � � � " �����*" � � , 
 � ��"�� � � ��� " ����� " � � ,

 �
� � � ��� � � � � � " � �+� , 
 � � � "+��� � � � � � " � �+� , 
 � ��" � ��� � � � � � " � �+� .
But it is readily checked that� � � 
$�� � 
 � ��
 �

� �$�� � 
 � , � � " � �$ 
 / � /$ 
 � ,� � "���� �$ 
 � � /$ 
 � , � � " � � /$�� � 
 / � �$�� � 
 � ,� " � � /$�� � 
 � � �$�� � 
 � , " � � �$�� � 
 / � /� � 
 � � 
$�� � 
 � .
So

 �� � �
	��� �  �
	��� � �

contains

 �� � � � �  #� � "� #� � "��  #��� " �  #� " �  #" � � .

This shows that � � is 4-determined. (This applies to any 4-jet having four distinct linear factors.)
Thus up to � -equivalence, � � is the same as � � , which has four smooth branches.

3.6 Some remaining questions

The investigation of the hyperbolic case is not as yet complete. Here are some of the questions which
we would like to answer:
a. Suppose that two branches of the VT curve pass through the origin (case

� � in 	 3). We have seen
in 	 3.2 that in certain circumstances these branches of VT can actually coincide. It is possible to write
down the condition for them to be merely tangential, but we do not have a geometrical interpretation
of this condition.
b. What is the geometrical interpretation of the condition for zero limiting curvatures on the vertices?
c. Can a branch of VT intersect a parabolic curve? Obviously the VT curve lies entirely in the
hyperbolic region of our surface, so the questions is whether the vertex transition curve can have
limiting points on the parabolic curve.
d. Although we have a good description of the behaviour of the vertices and inflexions we have as yet
only limited knowledge of the symmetry sets themselves. In the hyperbolic case, the curves � � � &
will consist of two components, for small

&
both positive and negative. The vertices give a good clue

to the symmetry set corresponding to pairs of contact points both of which are on the same component,
but there will also be a part of the symmetry set passing between the two components, corresponding
to circles with tangency to both components. This part can be expected to be always a single branch,
but this should be established rigorously.

4 Elliptic points

At an elliptic point, say
� �� �� � �

on a surface � � � ���  #" � , the function � , after scaling of the variables�  #"� � , is of the form ��� ���  #" � � � � � � � " � � � � � � � � / � � " � � � � " � � � � " � � h.o.t., where we may
assume

� � �
. We can distinguish two cases here: the generic case where

���� � and cas
� � � of

umbilic points (the principal curvatures are equal) which are isolated points in the elliptic region of a
given surface.
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The vertex function � � � has 4-jet

� � � !�� � � "���� � � � � ��� � � � � " � �

so that, when
� �� � , there can be only two real branches of � � � � , with tangents

� � �
and

" � �
.

(The inflexion condition
� � has 2-jet � ��� ��� � � ��� "�� �

, hence the set
� � � � contains no real points apart

from the origin.)
The sections � � � &

will therefore have four vertices for small
& ���

, and the symmetry set will
consist of two branches, just as in the case of an ellipse.

Let us consider the case where the origin is an umbilic. A general umbilic is, after scaling of the
variables,

� � � � ���! #"$� � � � � " � � � �*� � � � / � � " � � � � " � � � � " � � h.o.t.

The vertex set � � � � is now given by

�
� � ! � �

� � � � � ��� � � " �"!�� � � " � �"! � � � " � � � � � " � ���
" � � h.o.t.

 
� ��� � � " � � ��� � � � ��� � � " � � � � " � ���

" � � � h.o.t.
 

where
� � � � � � /  � � � � � � �

. The discriminant of the form of degree 3 is

� � � ��� � ���
� � �  

so that, unless
� �

�
���

(very non-generic since umbilics are isolated), the discriminant is
� �

and
the branches of � � � � through the origin are distinct and exactly three of them are real. It follows
that there are always six vertices on the section � � � &

for small
&
� �

, and correspondingly three
branches of the symmetry set which all collapse to a point as

& 	 �
. Of course there are no inflexions

on � � � & (the inflexion set has equation
� � � � which has equation of the form � ��� � � " � � � h.o.t.).

The three branches of the symmetry set joining the pairs of cusps on the evolute cannot all be of
the kind which joins a maximum of curvature to a maximum, or a minimum to a minimum. One must
be of the kind which joins a maximum to a minimum. This is shown in the example below, where one
of the branches joins two consecutive cusps on the evolute, which therefore represent a maximum and
minimum of curvature.

Figure 4 shows the symmetry set and evolute of a curve of the above form (in fact
�(� � "�� � � � �!�� � � " � &

, for
� � � # � and

& �!� # � ).

5 Parabolic points

In a neigbourhood of a parabolic point our surface
,

, after scaling of the variables
�! #"  � , can be

written in the form � � �	� ���  #" � where

�
� ���  #" � � � � � � � � � � � / � � " � � � � " � � � � " � �
� � � � ��� / � � " ��� � � � " � �
� � � " � ��� �

" � � higher order terms (4)

where
� � �� � , so that such a parabolic point is not a cusp of Gauss.

5.1 Vertices at parabolic points

Proposition 5.1.1. (i) The vertex set ��� � � , has three branches, two of them having ordinary cusps.
(ii)The level zero-set �	� � � has one branch. Such a branch has an ordinary cusp.
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Figure 4: Left: the symmetry set of a surface plane section (thin oval line) close to the tangent plane at
an umbilic point. There will always be six cusps on the evolute (see text) and this gives three branches
of the symmetry set which collapse to a point as the section becomes more tangential. Also shown is
the pre-symmetry set in parameter space. Right: a close-up of the centre of the other picture, with the
evolute (thick line) added. This figure was produced with the Liverpool Surface Modelling Package
[5].

See 	 7 for an indication of how this can be verified using Puiseux series.
We now use Taylor expansions in order to find the relative positions of the branches of � � ���

and �
� � � . The following proposition is obtained by substituting
" � )

or
"���) � ��� ) �

and
���

� / ) � � � ) � � � � ) � � � �
) � � � � ) � � � # � # ) # into the vertex condition � � ��� . Since replacing

"
by

��"
in � � changes the sign of

� � we may assume
� � � � .

Proposition 5.1.2. The smooth branch � � / of the vertex set has the following parametrization, up to
order � :- � � / : ��� /� � � ) � � � � 	 ��� � � � � � ��� �� ) �  #) � .
(i) The two cusped branches of the vertex set have parametrizations up to order 5:- � � � : ��� � � ) � � /� � � ) � � � � � ) �  �� ) � � ,- � � � : ��� � �� ) � � /� � � ) � � � � �� ) �  �� ) � � ,
where

� � � �	� 
 � ��
 �� � � � , and
� � �� �	� 
 � ��
 �� � � � ,� � � � ��� � � 
 � 	 ��
 � � � �/ � 
 � � 	 / � 
 � �

� � � �� � � / � � � � � � � 
 �$ 
 � �
����� � � �

� �� � and

� � �� � � � � � 
 �/ � 	 � /
� 
 � � � 	 ��
 � � � �

� �� � 	 � � � 
 � � ���
� � � � 	 � �� � � � � � � � 
 � 	 � �� � � � � �
 � � .

(ii) the curve � � � as
� � � � ) � � /� � � ) � � � �� � � � � � � � � � �$ 
 � �

) �
,
� ) � �

,

Comparing the coefficients of the
) � -terms

� � �� � /��� � � � � � � � � � � � � � � � � � /��� � ��� � � � � � ,
it follows that- the branch of � � � � is always between the two cusped branches of the vertex set. See Figure 5.

Hence each level curve �	� � & has only three vertices, near the origin, for small
&

. We summarise
this in the following proposition.

Proposition 5.1.3. For small
&

each level curve � � � & has three vertices near the origin. Thus, when
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Figure 5: Illustration of the patterns of the vertices of the level curves � � &
evolving through a

parabolic point: �	� � � � � � � � � � " � � " � � " � # The thick curve is �	� � � and thin ones are
branches of the vertex set. The thick cusped curve is always between the cusps of the thin curve, by
Proposition 5.1.2. The number of vertices of � � & remains the same, as

&
goes through

�
: � � � .

&
passes though

�
, the number of vertices of the curves � � � & remains unchanged: � � � .

5.2 The limiting curvature of � � ��� , at vertices.

Here again, keeping in mind the idea of handling the local structure of the SS near a parabolic point,
we would like to evaluate the curvature � of � � � &

at a vertex. Then we will take the limit of � , as
one approaches the parabolic point p

� � �� �� � �
, along that vertex branch.

Proposition 5.2.1. The limiting curvature of the level curves � � &
, is infinite as

& 	 �
, at vertices

on any of the branches.

Let
���! #"  & �

be such a vertex. We can use the parametrization of the vertex branch containing���  #"� & �
and write

��� ��) �* #"���) �* & �
. Then, at

���(��)#�* #"+��) �* & �
the numerator ��� �

� � � � and the denominator
� 
 � � � � � � � of the squared curvature � � of � � & have Taylor expansions
��� �

� � � �%� � � � � �� �"!,� � � � �� � � ) / � ��� ��) / " �
� 
 � � � � � � � � � � � �� ) / $ � � ��) / 
 � . Using the formulae of Proposition 5.1.2, the coefficient of

) / �
in the numerator cannot be zero for any either of the branches of � � ��� , so the limiting curvature of
�
� � & is infinite, as one approaches the origin, along any of the branches of the vertex set.

5.3 Inflexions near parabolic points

Proposition 5.3.1. The inflexion set has two branches. When
� � � � , they can be parametrized, as- ��� � � �� � ) � � � � ) � �������  #)#�- � 
 �� � � � ) � � � $ � � ) � � � � � ) � � �����  ���) � � where

� � � � � �� � $ � �� � � �
� �� ��
� ! � � � � / � � � � � � ��� � �

�!� � � � � � � / � and
� � � � 	 / � � �� � � � ��� � � � � � � � � 
 �/ 
 � 
 � � .

The number of inflexions does not change as
&

goes through
�
, as each curve � � &

has two
inflexions near the origin. Hence the transitions of inflexions are

!
�
!
, as can be seen in Figure 7.

Figure ?? shows a typical symmetry set transition in the parabolic case. At the transition point, the
symmetry set branches reach right to the cusp, since the limiting curvatures are infinite in this case, as
in Proposition ??.
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Figure 6: Inflexions in the parabolic case: � � � � � � � � � ��� " � � "�� � " � . The thick curve is the
level set � � � � . The inflexion curve (the thin one) consists of one smooth branch (above � � � � ) and
an ordinary cusp (below � � � ). The level curves � � � &

should be above (resp. below) the � � � �
one for

&
small and

� �
(resp. �

�
). Thus the number of inflexions evolves according to the scheme!

�
!
.

Figure 7: Symmetry sets (thin lines) of curves (thick lines) which are sections of a surface close to the
tangent plane at a parabolic point. Note that there are three vertices (endpoints of the symmetry set)
both before and after the transition. The vertical line separating the two figures is not part of either
symmetry set. At the transitional moment itself, the branches reach right to the curve, which then has
an ordinary cusp. Figure produced with LSMP[5].
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Figure 8: Vertices and inflexions in the case of elliptic (
� �� � � � � �

�
) cusps of Gauss: � � � � � � � � �� � " � � " � � � � � � � " � !�� � " � � " � # The thick (dashed) curve is the set of inflexions, the closed one

is the level curve � � ��� # � � � . The other one, the vertex set, consists of two smooth branches tangent
either to the axis

� ���
or to

" � /� � ��� . As
&

goes through
�
, the vertices evolve as

�
�

�
, while

the inflexions have the following diagram
�
�
!
.

6 Cusps of Gauss.

Consider the cusp of Gauss condition for the surface � � � ���  #" � . In an appropriate neighborhood of� �� � �
, � has the form

� � ��� � � � � � � � � / � � " � � � � " � ��� � � � ��� / � � " ��� � � � " � � � � � " � ��� �
" � ��� � � � � � / � � " ��� � � � " � ��� � � � " � ��� �

� " � � � � " � � h.o.t.

For a nondegenerate cusp of Gauss (that is exactly . � contact between the surface and its tangent
plane) we have

� �� � � � �
�� �

. In the case
� �� � � � � �

�
(an elliptic cusp of Gauss), the curve � � � & is

locally a closed loop for
& � �

and empty for
& � � .

6.1 Vertices at a cusp of Gauss.

In a neighbourhood of a cusp of Gauss, the vertex condition now reads

� � � � � !$� � � � � / � � � � � � � � !$�!� � �
� � �� � " � � � h.o.t.

As
� �� ��� � �

�� �
, there will be a nonzero coefficient of

� � "
here.

Proposition 6.1.1. In the case of an elliptic cusp of Gauss i.e.
� �� ��� � � � � (the closed curve

intersection), there are two (smooth) real branches of the vertex set through the origin, one of which
is tangent to the axis

� �!�
, and the other one to

" � � � � � ��� �� �� � � � �
�

.

In the case
� �� ��� � �

� �
(hyperbolic cusp of Gauss), the the vertex set � ��� � � has six smooth

real branches � �
� for � � �  ����� � . All except � � � are tangent to

� ���
while � � � is tangent to" � ���
� � ��� �� �� � � � �

�
.

See 	 7 for a sketch of how one deduces from Puiseux series that there are the claimed number of
smooth branches.

To have a more precise information on these branches, we use again the Taylor expansion
� �

�

�

�
�
" � of the branches of � � � � , substitute it in � � ���! #"$� �!� to deduce the coefficients

�
� . Precisely

we have � � � � � � !�� � / ��� � � � / ��� � � �
� / � � � / � � �� � " � � � ��" " � . Now requiring the coefficient
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Figure 9: Vertices (picture to the left) and inflexions (to the right) in the case of hyperbolic (
� �� � � � �

�
�
) cusps of Gauss: � � ��� � � � � � � � " � � " � � " � # The thick curve is the level curve � � �!� . In the

picture to the left, two (the thick ones) of the six branches of the vertex set are very close to those of
� � � and they are difficult to separate.

� � � !�� � / ��� � � � / � � � � �
� / � � � / � � �� � of the lower term of � � to vanish we get

� / � � with multiplicity

� and
� / � � � � � � � � ��

��� � � ���
� � . This corresponds to the five smooth branches tangent to the axis
� � �

and

the other one tangent to
" � ���
� � ��� �� �� � � � �

�
. Note that if � � � � � � / � � , this branch is tangent to the axis

" � �
and we then rather use an expansion of the form

" � �

�

"
�
� � .

This process is iterated to get the coefficients of the higher order terms.

Proposition 6.1.2. When
� �� � � � �

� �
, the branches of the vertex set can be parametrized as follows:- � � / : � � � /� � � "�� � /� � � � � � / � � � " � � /� � � � ����� � � �

� �� � /
�
� � � � � � � � � � / � � � � �#� � � / � � � � �

� " � �
h.o.t.,- � � � : � � � /� � � � � � ��� � � �

� �� � "�� � h.o.t.,- � � � : � � � /� � � � � � ��� � � �
� �� � " � � h.o.t.,- � �

� :
� � � /� � � � � � � ��� � �

! � �� � " � � h.o.t.,- � � � : � � � /� � � � � � � ��� � �
! � �� � "�� � h.o.t.

The level set � � � has two branches which can be parametrized as:-�� � / � � � � /� � � � � � ��� � � �
� �� � "�� � h.o.t.-�� � � � � � � /� � � � � � ��� � � �
� �� � "�� � h.o.t.

The Proposition 6.1.2 above implies in particular that the vertex branch � � � and the branch � � /
of � �!� have at least � -point contact at the origin. The same holds for � � � and � � � .

In general, the coefficients of the cubic terms
" � are different, i.e generically we have exactly � -

point contact. The conditions for 4-point contact are given below; since cusps of Gauss are isolated on
a generic surface, we do not expect these conditions to hold at any point.

Proposition 6.1.3. The vertex branch � � � and the branch � � / of � � � � have at least
�
-point

contact at the origin if and only if� � / � �� � � / � � � � �� ��� � � �
! � / � � �

� � � � � � � � � �� ��� � �
� ! � � � � .

The same holds for � � � and � � � if and only if� / � �� � � / � � � � �� ��� � �
�"! � / � �

� � � � � � � � � � �� ��� � � �
! � � � � .
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6.2 The limiting curvature

Consider the curvature � of the curve � ���! #"$� � &
at a vertex

��� �  #" �  & �
, for

&
small and look for its

limit as
�����  #" �� & �

tends to
� �� �� � �

.

Proposition 6.2.1. The limiting curvature of � � & as
& 	 �

is:- infinite along � � /-�� � � � � � ��� � � �
� �� � along � � �-�� � � � � � ��� � � �
� �� � along � � �-�� � � � � � � ��� � �
! � �� � on � �

�-�� ��� � � � � � ��� � �
! � �� � on � � � , and-�� � � on � � � .

Proposition 6.2.1 is obtained by expanding, as in the above sections, the square of the curvature
� of � � � &

at vertices. For example at a vertex of � � � &
belonging to the branch � � / , the Taylor

expansion of the numerator and the denominator of � � are ��� � 
 � � � � � � � �!� � �
� � �� � � " / � � � ��" / � �

and � 
 � � � � � � � � �!� � �
� � �� � � " / $ � � ��" / 
 � . So that � 	�� as

" 	 �
.

Now the scenario is different along the other branches of the vertex set, as � tends to a finite
number. Namely, along � � � the numerator and denominator of � � have the following expressions:
��� � 
 � � � � � � ����� � � �

� �� � � �!� � �
� � �� � � � � ��� � � �

� �� � � " / � ��� ��" / � � and � 
 � � � � � � ��� ����� � � �� �� � � " / � ��� ��" / � � . This means that � tends to �
� � � � � ��� � � �

� �� � , as
"
	 �

. The same technique
applies for other branches.

From the proposition above, the limiting curvature is infinite at a vertex of � � � &
belonging to

the branch � � / . Hence, for small
&

, there is a branch of the SS of � � � & coming right into the vertex
belonging to � � / . For other vertices, a branch of the SS stops at the center of the circle of curvature
through the vertex (with radius the inverse of the limiting curvature.)

We remark that the case � �
� �

is equivalent to the fact that the line
� �!�

(asymptotic direction)
has a

�
-point contact with the surface. That is, the origin is a flecnode. We do not expect this to occur

on a generic surface since cusps of Gauss are isolated.
For a generic surface we shall only encounter cusps of Gauss at which the branches of � �  � � of

� � � � and � � /  � � � of � � � � have 3-point contact, since cusps of Gauss are isolated. Here,
there are two possible ways in which the vertices on the plane sections can change: � � � � � � �

,! � !
�

� � �
.

6.3 Inflexions at cusps of Gauss.

Proposition 6.3.1. If
� �� ��� � �

� �
, the inflexion set has three branches (see Figure 9), whereas when� �� ��� � � �

�
, there is only one branch (see Figure 8).

7 Branches of the vertex set

In each of the cases elliptic, hyperbolic, parabolic points and cusps of Gauss we have obtained an
equation for the vertex set. In this section we show briefly how we are able to deduce that this set has
branches as claimed above. In fact for the hyperbolic case the situation is sufficiently simple that the
function � � can be shown to be right-equivalent to its 4-jet; see 	 3.5. For the other cases it is better to
look at the function from the point of view of the lowest terms in the weighted sense, in fact to use the
Newton polygon.
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Figure 10: The Newton polygons for the functions � � and � � corresponding to parabolic points and
hyperbolic cusps of Gauss.

Parabolic case The Newton polygon for the function � � contains the following monomials with
coefficients:

� � ! � � � � ��� � � � �� � � " � � � � � � �� � "�� ��� !,� � � � �� " $ #
Note that

� � � � means that the parabolic curve is tangent to the asymptotic principal direction at
the origin, which is equivalent to saying that the origin is a cusp of Gauss (or worse). Thus for an
ordinary parabolic point all but the last term above are definitely present. The last term is absent when� � � � , which means that the parabolic curve is tangent to the other principal direction at the origin.
When this is the case, there is a term � !,� � �� � � " 
 , which will be present unless � � � � . Generically
this will not happen anywhere on our surface

,
. Thus the Newton polygon has terms

� �  � � " �  (� " �
and either

" $
or
" 


; see Figure 10. These give us the two ordinary cusps and the smooth branch
of the set � � ��� . Note that these three branches are certainly distinct (see 	 5, where the singular
branches are parametrized

��� � ) � �������  �� ) � � for different values of
� � ). They must therefore be real

since if not there would also be between one and three conjugate complex branches, and this would
make too many branches of the curve for its multiplicity of 5 (the singular branches count as 2 and the
nonsingular branch as 1).

Cusp of Gauss case (
� �� � � � � ) In this case, the branches of the vertex set � � � � have expansions

which begin
� � � � � / � � � ��� � � �� ��� � �

� "
and

� ��� � "�� ������� where

� !�� � � � � � ��� �� � � � � � �
� �
� �!� � �� � � � � � � � � �� ����� �

� � � #
All the five solutions for

� � are real and distinct, using
� �� � � � � . Further, the terms on the Newton

polygon of � � are as follows (see also Figure 10):

� � !$� � � � � / � � � �	� � � � !$� � �� ��� � �
� � � " ��� � � � � � � �� ��� � �

� � � " ���� � � � �� ��� � �
� ��� � �� � � ! � �

� � � " � �"!,� � � � � �� ��� � �
� � � �� � � ��� �

� � � " "
� !,� � � �� ��� � �

� � � � � � � � � �� � �
� � ��� ��

� � " 
 � !,� � � � �
� � �� ��� � �

� � � �� � ��� �
� " /#/

All of these terms will be present for all cusps of Gauss on a generic surface, since the latter are
isolated and we cannot generically impose an additional condition on the surface at such a point. As
in the parabolic case the distinctness of the six branches guarantees that they are all real.

It is interesting to note that individual terms can (non-generically) vanish for special values of� �� � � � , namely
� / �"  � � �  �  � � � � � . The effect of the vanishing of these coefficients appears,
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Figure 11: Left: a surface with boundary: the horizontal sections will be curves which split apart
as the section moves upwards. Right: the global sections of this surface will change their number
of components. The evolution of the symmetry sets in each of these cases could be attacked by the
methods of this paper.

however, to be merely to change the contact of the branches of � � � � with the
"

-axis and not to
affect their number. We do not know the geometrical interpretation of these values of

� �� � � � . They will
become relevant when we want to consider the corresponding problem for families of surfaces.

Note. For full rigour we should establish that the functions given can be reduced to polynomials,
that is are finitely � -determined. This is undoubtedly true but has not been formally checked.

8 Conclusion

There are a number of related situations where it is of interest to determine the evolution of the sym-
metry sets and medial axes of a family of curves where the transition occurs for a singular curve. For
example, we might consider the plane sections of a surface with boundary, such as that in Figure 11,
left. This would simulate the opening or closing of a gap in a curve. On a more global level, we can
consider the sections of a surface such as that in Figure 11, right, which simulates the addition of a
component to a curve whose symmetry set is being constructed. It is also possible to consider sections
of singular surfaces, which can model other changes on the symmetry set which can be expected to
occur in applicaions. These and other questions have to be left for another occasion.
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Note about part (ii) of this deliverable

During the past 12 months Prof Giblin from Liverpool has been engaged on the work for Deliv-
erable 4 and its extension, as above, in Part (i) of the current deliverable, and also on the remaining
work, Part (ii), for Deliverable 11. Some of the latter was done in collaboration with Prof. B.B.Kimia
from Brown University, and a joint paper (completed September 2003) containing the very full results
of this work is attached, with Prof. Kimia’s permission. This paper is mainly concerned, as the title
implies, with medial axes of families of surfaces, but it also contains information on the data struc-
tures in 3D medial axes, namely the network of . � / sheets, . � / curves, . � curves, . / . � points and
. � / points. The problem of associating with this a simple graph structure, preferably a tree structure,
with the 3D medial axis, was discussed during the DSSCV meeting on the Isle of Skye in June 2003,
and is acknowledged to be a very difficult one. In fact there may be no natural tree structure in 3D
which one can use. (On the other hand, in 2D, the Liverpool group have had useful discussions with
with Copenhagen group on data structures for the much more complex symmetry set in 2D.) Alterna-
tive structures in 3D are under active consideration but there is nothing as yet of substance to report.
In a personal communication to Prof. Giblin, Prof. J.Damon of the University of North Carolina at
Chapel Hill, a world expert on singularity theory who also works extensively in the area of computer
vision, has suggested that a modified tree structure might be appropriate for the 3D medial axis of a
contractible object. It is hoped that this topic can be expanded at a later date.

Dr Diatta, the postdoctoral RA employed at Liverpool on the DSSCV grant, has worked entirely
on Part (i) of the current deliverable, namely the update of Deliverable 4, since this work has turned
out to be much more difficult—and even more interesting!—than was anticipated.
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