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Abstract— The combinational logic-level equivalence problem is to de-
termine whether two given combinational circuits implement the same
Booleanfunction. This problem arisesin a number of CAD applications,
for examplewhen checking the correctnessof incremental designchanges
(performed either manually or by a designautomation tool).

This paper intr oducesa data structur e called Boolean ExpressionDia-
grams (BEDs) and two algorithms for transforming a BED into a Reduced
Ordered Binary Decision Diagram (OBDD). BEDs are capable of repre-
sentingany Booleancircuit in linear spaceand can exploit structural simi-
larities betweenthe two circuits that are compared. Thesepropertiesmake
BEDssuitablefor verifying the equivalenceof combinational circuits. BEDs
can be seenas an intermediate representationbetweencircuits (which are
compact)and OBDDs (which are canonical).

Basedon a large number of combinational circuits, we demonstrate
that BEDs either outperform or achieve resultscomparable to both stan-
dard OBDD approachesand the techniquesspecificallydevelopedto exploit
structural similarities for efficiently solving the equivalenceproblem.

Due to the simplicity and generality of BEDs, it is to be expectedthat
combining them with other approachego equivalencecheckingwill be both
straightforward and beneficial.

Keywords— Tautology checking, combinational logic-level verification,
equivalencechecking,Booleancircuits.

|. INTRODUCTION

HIS paperpresentsa techniquefor formally proving that

two combinationalcircuits implementthe sameBoolean
function. This verification problem, referredto asthe combi-
nationallogic-level equivalenceroblem arisesin a numberof
CAD applicationsrelatedto validatingthe correctnessf a cir-
cuit design:
« Dueto theincreasen the compleity of designautomation
toolsandthecircuitsthey manipulate suchtools cannotin gen-
eralbeassumedo be correct.Insteadof attemptingto formally
verify thedesignautomatiortools,a morepracticalapproachs
to formally checkthatacircuit generatethy adesignautomation
tool functionally correspondso the original input (the specifi-
cation). Sucha checkis aninstanceof the combinationalogic-
level equivalenceproblemwhenthedesignautomatiortool only
manipulateshe combinationaportion of thecircuit.
« Thelogic-level equivalenceproblemalsoarisesvhenacircuit
is manuallymodifiedin orderto accommodatspecialrequire-
mentswhich cannotbe handledby the designautomationtool
(so-calledengineeringchanges).The designercan ensurethat
no functionalerrorshave beenintroducedby verifying thatthe
originalandmodifieddesignsarefunctionallyidentical.
« Finally, the combinationallogic-level equivalenceproblem
arisesasasub-problemnin other(higherlevel) verificationprob-
lems. For example whenverifying arithmeticcircuitsby check-
ing thatthey satisfyagivenrecurrencequation1] or whenver-
ifying theequialenceof two statemachinesvithoutperforming
a statetraversal[2].
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The straightforward approachto solving the combinational
logic-level equivalenceproblemis to useReducedOrderedBi-
nary DecisionDiagramg[3] (OBDDs). To verify thattwo com-
binational circuits with outputs F and G are equivalent, the
OBDD for f < g is constructedwhere f andg representhe
Booleanfunctionfor F andG, respectiely. Dueto the canon-
icity of OBDDs, the two circuits implementthe sameBoolean
functionif andonly if the resultingOBDD is identicalto the
terminall. This approachis simpleandworks well for mary
circuits,but it hastwo inherentimitations:

« Thefirst problemis thatthe sizeof the OBDD representation
for f andg maybe exponentialin the sizeof the combinational
circuit, no matterwhatvariableorderingis used.A well-known
example of this problemis the multiplication function which
Bryant[3] shoved doesnot have ary sub-eponentialOBDD
representatiofor ary variableordering.

« Thesecondproblemis that OBDDs cannotexploit structural
similarities of the two circuits that are verified. Considerver-
ifying thattwo identical circuits implementthe sameBoolean
function. In this case the full OBDD for both f andg is con-
structedbeforethe identity of the circuitsis verified. In typical
applicationsthe circuitsto be verified areof coursenotidenti-
cal, but in all threeapplicationareadisted above, thetwo com-
binationalcircuits are structurallysimilar. To efficiently verify
thecircuits, it is essentiato be ableto exploit thesesimilarities.

We suggesta newly developed data structure [4] called
BooleanExpressionDiagrams(BEDs) for solving the combi-
nationallogic-level equivalenceproblem. BEDs are an exten-
sionof OBDDsthatallow any Booleancircuit to berepresented
in linear space. Furthermore BEDs can recognizeand share
identical sub-expressions. Thesepropertieseliminate the two
problemswith the OBDD approacHisted above andthusmalke
BEDs a promising data structurefor solving the equivalence
problem.

Thepriceonepaysfor thecompactnessf BEDsis thatBEDs
arenot canonical. Our approachto shaving that the BED for
f & gisatautologyis to transformit into anequivalentOBDD.
A key obsenationisthatit is possibleto constructhe OBDD for
f & g without constructinghe OBDD for f andg. For exam-
ple,theverificationmaysucceeavenif f andg eachrepresena
multiplicationfunctionfor which no smallOBDD exists. Thus,
using BEDs, one can potentially avoid an exponentialblowup
whencomputingtheintermediateesults.

The BED datastructureis obtainedby extendingthe OBDD
representatiowith operatorvertices

Definition 1 (BooleanExpressiorDiagram) A Boolean Ex-
pressiorDiagram(BED) is adirectedagyclic graphG = (V, E)
with vertex setV andedgeset E. The vertex setV contains
threetypesof vertices:terminal,variable, andoperatowertices.
« A terminalvertex v hasasattributeavaluewval(v) € {0, 1}.



« A variablevertex v hasasattributesa variable var(v), and
two childrenlow(v), high(v) € V.

« An operatoivertex v hasasattributesa binary Booleanoper
ator op(v), andtwo childrenlow(v), high(v) € V.
TheedgesetE containsheedgesv, low(v)) and(v, high(v))
for eachw € V wherev is notaterminalvertex.

We use0 and1 to denotethe two terminalvertices. There-
lation betweera BED andthe Booleanfunctionit representss
straightforvard. Variableverticescorrespondo the if-then-else
operatorr — f1, fo definedby

= fi,fo=(xAfi)V(=zA fo).

Operatorverticescorrespondo their respectie Booleancon-
nectves, leading to the following correspondencéetween
BEDsandBooleanfunctions:

Definition2: A vertexv in aBED denotesaBooleanfunction
f? definedrecursvely as:
o If visaterminalvertex, thenf¥ = val(v).
o If v isavariablevertex, then f* is thefunction

fv — U(LT‘(’U) N fhigh('u)’flow(v) .
« If visanoperatowverte, then f is thefunction

fv — flow(v) op(v) fhigh(v) .

Clearly, BEDs are closelyrelatedto combinationalcircuits.
Any Booleancircuit [5] canbe transformednto a BED by re-
placing eachinput z with the BED representinge (a variable
vertex v with var(v) = =z, low(v) = 0, andhigh(v) = 1) and
replaceeachk-input gateby a tree of £ — 1 operatorvertices
encodingthe Booleanfunction of the gate. This translationis
clearlylinearin size. Similarly, any BED canbe corvertedto a
circuit. Eachvariableoccurringin theBED is aninputto thecir-
cuit. An operatorvertex is replacedby the correspondingyate,
anda variablevertex v with the sub-circuit(—z A1) V (z A h),
wherex = var(v),l = low(v), h = high(v). Thistranslation
is alsolinear Thus,in termsof succinctnes8EDs and com-
binationalcircuits are equally expressie. For instance,since
therearecombinationatircuitsimplementingmultiplicationus-
ing only a quadratimmumberof gateg6], therealsoexistsBEDs
of this sizerepresentinghem.

To illustratehow BEDs areusedto checkthe equivalenceof
two combinationalcircuits, considerthe circuitsin Fig. 1. To
verify the equivalenceof thetwo circuits,the BED for eachcir-
cuit is constructedandthe correspondingutputsareconnected
with biimplications,seeFig. 2 (the low-edgesaredravn using
dashedines). We show thatbothrootsof this BED aretautolo-
gieswithout constructingOBDDs for the two circuits by per
forming a case-splibbn the variableis. (Thesestepsarean ap-
proximationof how the algorithm up_oNE works; the details
follow in Sectionlll-B.) Whenis is false,a simple evaluation
of the BED accordingto Definition 2 yieldsthatboth outputsof
the circuits have thevalue1 andthusthe biimplicationreduces
to 1. In the othercase ,whenis is true, the BED is simplified
but doesnot immediatelyreduceto the terminal1. The BED
from Fig. 2 afterthe case-splibnvariableis is shovnin Fig. 3.
Thus,by moving i3 to thetop, we have shavn thatthe outputs
of thetwo circuitsareidenticalfor all input combinationswith
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Fig. 1. Two combinationakircuitsimplementingthe sameBooleanfunction.
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Fig. 2. TheBED usedin checkingthe equivalenceof thetwo circuitsin Fig. 1.

i3 = 0 (noticethatthe low-edgeof the variablevertex with i3
pointsto 1). The casewhereiz = 1 is provedby applyinglo-
cal reductionrules(thesereductionrulesaredescribedn more
detailin Sectionll-C) andidentifying equivalentvertices(ver
ticeswith sameoperatoy low- and high-child). This is shavn
in Fig. 4 and5. Notice thatthe final OBDDs (the terminal 1)
for bothrootsare constructedvithout building the OBDDs for
outputso} andof (i = 1, 2).

The efficiency of this way of transforminga BED into an
OBDD is illustrated when verifying that two combinational
16-bit multipliers (c6288 andc6288nr from the ISCAS 85
benchmark)mplementthe samefunction. Using BEDs, the 32
outputsareshavn to beidenticalin lessthantwo secondsUs-
ing OBDDs, this verification problemis infeasibledue to the
blowup of the OBDD representationvhosesizeis exponential
in the numberof operandits.

Similar to OBDDs, the efficiency of the BED approachre-
lies on a good variable ordering. We describetwo ordering
heuristicswhich seemto work well with BEDs. Using these
heuristicswe reporton the verificationresultsfor a large num-
berof circuits (morethan250circuits) from the ISCAS 85 and
LGSynth 91 benchmarks.The resultsshav thatthe BED ap-



Fig. 4. Stepsusedto shaw thatroot 1 from Fig. 3 is a tautology a) to b) Usetheidentity —(—x A —y) = (
Identify thetwo A vertices.d) to e): Usetheidentity (z < z) = 1. e)tof): Usetheidentity (¢33 — 1,1)

root2

() (b)

rootl
(c) (d) (e) ®

z V y). b) to c): Identify thetwo V vertices.c) to d):
=1.

root2

Fig.5. Stepsusedto shaw thatroot2 from Fig. 3 is atautology a)to b): Usetheidentity =(y A (z V y)) = —y. b) toc): Identify thetwo — vertices.c) to d): Use

theidentity (z < z) = 1. d) to e): Usetheidentity (i3 — 1,1) = 1.

proachperformsextremelywell for circuitsthatarestructurally
similar (sometimesseveral ordersof magnitudefasterthanex-
isting techniquesandis capableof verifying very large circuits
(upto 104,000gateswhich have beendrasticallymodified (us-
ing SIS[7] to reducearea).

A. RelatedWork

Current approachedor equialencechecking of combina-
tional circuits canbe classifiedinto two categories: functional
andstructural.

The functional methodsconsistof representing circuit as
a canonicaldecisiondiagram. Two circuits are equialent if
andonly if their decisiondiagramsare equal(isomorphic). To

overcomethe problemswith OBDDs mentionedabove, a num-

ber of more expressve, yet still canonical,decisiondiagrams
have beenproposed. One can useother typesof decomposi-
tion rules[8], [9], relax the variableorderingrestriction[10],

[11], [12], [13], or extendthe domainsand/orcodomaingo in-

tegersinsteadof Booleang[14], [15], [16]. Theseextensions
aretypically targetedto solving a particularclassof problems,
e.g.,beingableto representhe multiplication function. These
canonicalrepresentationall have worst caseexponentialsize,
thusthey areall exponentiallylesscompacthanBEDs.

The structuralmethodsexploit similarities betweenthe two
circuits that are comparedby identifying relatednodesin the
circuits and using this informationto simplify the verification



Fig.3. TheBED from Fig. 2 wherevariableiz hasbeenmovedup.

problem. Thesetechniquegely on the obsenationthatif two

circuits are structurallysimilar, they will have a large number
of internalnodesthat arefunctionally equivalent(typically, for

morethan80%of thenodesn onecircuit, thereexistsanodein

theothercircuit whichis functionallyequialent[17]). This ob-

senationis usedin severalways.Brand[18] usesatestgenera-
tor for determiningvhetheronenodecanbereplacedy another
in a given context (the nodesneednot necessarilypbe function-
ally equivalentaslong asthe differencecannotbe obsered at
the primaryoutput). If so,thereplacemenis carriedout. In this

way, onecircuitis graduallytransformednto the other Thekey

problemis to find a sufficiently large numberof pairs,yetavoid

having to spendtiime testingall possiblepairsof nodes.Several
heuristicsare usedto selectcandidatepairs of nodesto check,
e.g.,thelabelingof nodesandtheresultsof simulation.

Test generationtechniquesare also the basisfor the recur
sive learningtechniquéor finding logical implicationsbetween
nodesn thecircuitsby Kunzetal. [19], [20]. To enablethever
ification of largercircuits,therecursve learningtechniquegan
be combinedwith OBDDs [21], [22]. The learningtechnique
is further extendedby Jainet al. [23] andby Matsunagd?24],
introducingmore generallearning methodsbasedon OBDDs
and betterheuristicsfor finding cutsin the circuits to split the
verificationprobleminto moremanageablsizes.

Eijk andJansselfi25], [26] usethe canonicityof OBDDsto
determinewhetherone nodeis functionally equivalentto an-
other If two nodesarefoundto beidentical,they arereplaced
with anew freevariable.Heuristicsareusedto selectcandidate
pairsof nodesto checkfor equivalence. The mainproblemwith
this techniqueis to managehe OBDD sizeswheneliminating
falsenegatives(whenre-substitutingDBDDsfor theintroduced
freevariables).

Cerry andMaurag27] presentinotheitechniquefor compar
ing two circuits without representingheir full functionality. A
relationthat representshe possiblecombinationsof logic val-

uesat a givencutis propagatedhroughthetwo circuits. A key

problemwith this andthe othercut-basedechnique$21], [22],

[23], [24], [25], [26] is that the performancds very sensitve

to how the cutsarechoserandthereis no generallyapplicable
methodto chooseappropriatecuts.

Thetechniqueby KuehimanrandKrohm [17] representshe
mostrecentdevelopmentof the structuralmethods,combining
severalof theabove techniquesinddevelopingbetterheuristics
for determiningcuts. KuehimanrandKrohmrepresenthecom-
binationalcircuitsusinga non-canonicatlatastructurewhich is
similar to BEDs exceptthat only conjunctionand negationop-
eratorsare used. This datastructureis only usedto identify
isomorphicsub-circuitssince no operatorreductionsare per
formed. We believe thatthe structuraltechniqueby Kuehlmann
andKrohm would benefitsignificantlyfrom replacingthe used
circuit representationvith BEDs sincethe continuousapplica-
tion of the reductionruleswould reducethe circuit representa-
tion andhelpin identifying equivalentsub-circuitsvhichin turn
wouldimprove the performancef their technique.

BEDscanbe seenasanintermediateaepresentatiobetween
the compactcircuits and the canonicalOBDDs. Comparedo
thefunctionaltechniquesBEDsarecapableof exploiting equiv-
alencesf the two circuits andthe performancas provably no
worse than when using OBDDs. Comparedto the structural
techniquesBEDs only have a limited capabilityto find equiva-
lencesbetweenpairsof nodes(sinceonly local operatoreduc-
tion rulesareincluded). CombiningBEDswith structuraltech-
nigueswould be beneficialsinceinformation aboutequivalent
nodesimmediatelyreducethe size of the BED andmake even
furtheridentificationsof nodespossible.

During the lastthreedecadeshe Al communityhasworked
on developing efficient satisfiability checlers. They couldin
principle be usedto solve the equivalenceproblemfor combi-
national circuits. However, comparisonsetweenalgorithms
basedon the prominentDavis-Putnamalgorithm and OBDDs
shaw that althoughefficient for typical Al problems,they are
quiteinferior to OBDDson circuits[28].

Hachteland Jacoby[29] describean algorithm for solving
the equivalenceproblemby searchindor a countergampleus-
ing a treeformedby casesplitting (co-factoring)the combined
circuitsonthevariablesof theprimaryinputs. If duringthegen-
erationof the co-factortreea subcircuitstructurallyequivalent
to a previously visited subcircuitis found,the previousresultis
used.Equivalenceis determinedoy matchingthe stringsrepre-
sentingthe formula of the two subcircuits. On smallercircuits
(up to 100 gates)this approachs demonstratedo work well.
To someextent one of the algorithmsof synthesizingOBDDs
from BEDs(UP_ONE) canbeseerasanimprovedversionof the
Hachtel-Jacobylgorithmin which the identificationof equiv-
alentsubcircuitsis improvedboth by the useof reductionrules
andthroughthe sharingof nodes.

The BED data structure is inspired by the MORE ap-
proach[30], [31] to synthesizingDBDDs. MORE is basedon
the obsenationthatthe OBDD for f Vv g canbe constructedy
introducinga new variablexz andimplicitly existentially quan-
tify  sincedz.z — f,g9 = f vV g. MORE constructtheOBDD
by moving x towardsthe terminal verticesusing the level ex-
changeoperation[32]. The BEDs differ from the MORE ap-



proachby their useof operatorreductionsandthenew synthesis
algorithms(which work on arbitraryBEDswhereoperatorsand
variablesarefreely mixed).

Priorto thework onMORE, Plessieetal. [33], [34] proposed
avariantof OBDDs calledExtendedBDDs (XBDDs) obtained
by addingstructural variablesvhich canbebothuniversallyand
existentially quantified. Quantificationsare describecasanno-
tationson pointersleadingto nodeswith structuralvariables.

The quantificationsallow Booleanoperationgo be expressed.

During constructiorof an XBDD from a circuit, atrade-of can
be madebetweenremoving a structuralvariable and perform
OBDD synthesisor keepingthe structuralvariable. Two algo-
rithmsfor checkingsatisfiabilityof XBDDs weregiven(onere-
quiring up to exponentialspacethe otherrequiringlinearspace
but exponentialtime). No algorithmsfor cornvertingan XBDD
into a OBDD weregiven. Usingthe satisfiabilityalgorithmsthe
authorsshovedthatalthoughthegrowth is still exponential the
equivalencebetweerthe medianbit of two structurallydifferent
multiplier circuits could be provenfor two 16 bit multipliers.

BEDsextendtheideasof XBDDs andMORE to includearbi-
trary binary operatorsaandallowing theseoperatorgo remainin
the graphwhile transformingit. (In XBDDs andin the MORE
approachtwo nodesareneededo represenanexclusive-oror a
biimplication.) Thismalesit possibleto includeoperatoreduc-
tion rules and develop new OBDD synthesisalgorithms(e.g.,
UP_ONE) which are essentialfor obtainingthe runtimespre-
sentedn this paper

B. Overviav

The paperis organizedasfollows. The constructiorof BEDs
is presentedn Sectionll. In Sectionlll we describedhe algo-
rithmsfor transforminga BED into an equivalentOBDD. Sec-
tion IV describeswo heuristicsfor choosingavariableordering
basedon thetopologyof thecircuit. SectionV presentghe ex-
perimentalresults,verifying a large numberof combinational
circuits from the ISCAS 85 and LGSynth 91 benchmarks Fi-
nally, SectionVl summarizeshe contributionsof this paper

Il. CONSTRUCTION OF BEDS

BED verticesareconstructedisingasingleconstant-timep-
erationcalled makenode. This operationensureghatthe BED
is reducedand also performsseveral optimizationsof the rep-
resentation. Contraryto OBDDs, reducednessvill not make
BEDscanonicalnotevenwhencombinedwith afixedvariable
ordering.)

A. ReducedBEDs

We shall forbid the existenceof redundantertices,i.e., two
verticesrepresentingsomorphicsub-BEDsandverticesthatare
unnecessarfor obviousreasons.For readability we usea(v)
to denotethe“tag” op(v) or var(v) onnon-terminalertices.

Definition3: A BED is reducedf it containsat mosttwo dif-
ferentterminalverticesandfor all non-terminalertices,u and

v:
(@) low(u) = low(v), high(u) = high(v),and
a(u) = a(v) impliesu = v,
(#) low(u) # high(u),and
(7i1) for all operatoverticesu,
low(v) andhigh(v) arenon-terminals.

We shallassuméhatBEDsarealwaysreduced.The BEDsin
Fig. 2 and3 arereducedput someof theintermediateBEDsin
Fig. 4 and5 violate conditions(i) and(i:) of reduceness.

Thefirst conditionof Definition 3 is fulfilled by properreuse
of vertices.This is corvenientlytaken careof during construc-
tion of aBED by testingwhene/eranew vertex is to becreated,
whetheranothervertex with the samevariable/operatqgriow-
and high-child exists. If this is the case that vertex is reused,
otherwisea new vertex is created. Similarly, the secondand
third conditionsarefulfilled by never constructingverticesthat
violatethem.For variableverticesit is clearthatif thelow- and
high-child coincide, eitherone of them canbe usedinsteadof
creatinganew variablevertex. For operatowertices oneshould
obsene thatif the two argumentsareidentical,or one of them
is aterminalvertex, all the sixteenBooleanconnectvesreduce
to oneof thefollowing six: K0, K1 (constan®/1), mry, w2 (pro-
jection onto first or secondargument),©;, 72 (the negation of
thefirst or secondargument). In thefirst two casespneof the
terminal verticesis used. The projectionsare avoided by us-
ing the properlow- or high-childinstead.The negationsrequire
creationof a negatingvertex, i.e., an operatorvertex with the
operatorm;. Sucha vertex caneasily be constructedso thatit
fulfills (i7) and (éi7) by taking the redundansecondargument
to beary non-terminalertex differentfrom thefirst.

We shallassuméhe presencef afunction

makenode(a, I, h)

that performsall the checksabore and returnsthe identity of
the resultingvertex, equivalentto a vertex u with a(u) = «a,
low(u) = 1, high(u) = h. Usingmakenode astheonly means
for constructinga BED ensureghatit is reduced.

B. OrderedandFreeBEDs

Inspiredby OBDDs,we definecertainrestrictionsonthevari-
ablesof BEDs:

Definition4: A BED is freeif onall pathsthroughthe graph
eachvariableoccursat mostonce;it is orderedif on all paths
thevariablesrespech giventotal order<.

We referto a free BED asFBED andto anorderedBED as
OBED. Obsenrethatan (O)BDD is simply an(O)BED without
operators. From thesedefinitionswe get the following inclu-
sionsamongsub-classesf BEDs:

OBDD C DAG of OBDDs C OBED C FBED C BED.

Theclass"DAG of OBDDs" represent8EDs that consistof a
layerof operatorson top of alayerof OBDDs. Booleancircuits
thataretransformednto BEDsbelongto this class(in this case,
theOBDDsareinitially very simple,eachconsistingof asingle
variable). Furthermorethis classoccursin the traditionalsyn-
thesisof OBDDs, wherethe operatorsrepresentappLy -calls.



SinceBooleancircuits canbetransformednto a “DAG of OB-

DDs” in linear time (and space)and a (general)BED canbe
transformednto a Booleancircuit in linear time (and space),
thelastfour classesreequallyexpressve. This is quite unlike

for OBDDswherethereis anexponentialgapbetweenOBDDs
andfree BDDs, andbetweerfreeBDDs andBDDs.

C. Opentor reductions

For operatorverticesone can add more checksin orderto
reusevertices,therebyreducingthe size of the BED. An im-
mediateoptimizationis to extend makenode to look for oper
ator verticesthat differ from the onewantedonly by exchang-
ing low andhigh, by a negation,or by a combinationof both.
Going a step further, consideringtwo verticesat a time, we
can eliminate all negationsbelow binary operatorssince for
all binary operatorsop thereexists anotheroperatorop’ with
op'(z,y) = op(—z,y). Finally, taking the identity of vertices
into accountallows usto exploit equivalencedik e the absorp-
tionlaws e.g.,z V (z A y) = z. Thereare16™ combinationof
n binary Booleanoperatorsthusit is feasibleto tabulatethem
all for n upto threeor four.

Choosingn = 3 allowsusto determineoperator2-cuts Con-
sidera BED with the structureshavn in Fig. 6 (a), thatis, for
somevertex u, all pathsfrom v to the terminalsgo throughei-
thervertex wy or we. Theset{w,,w-} is a2-cutandsuchacut
canbeusedto reducehesizeof theBED asshovnin Fig. 6 (b).
Thatis, all verticesfrom u to the operator2-cutcanbereplaced

Only operator
vertices

» ’
Te w0 D
y y y
(@) (b)

Fig. 6. A BED with anoperator2-cut{wi,ws}.

v

with a singleoperatorvertex v with a(v) = op, low(v) = wy,
andhigh(v) = wg. Noticethat{wy, w2} with var(w;) = is
andvar(wg) = i, is the operator2-cut for the reductionsin
Fig. 4 (a)andFig. 5 (a).

By usingareductiontable,the BED canbe constructeduch
that the only operator2-cut for a vertex u is the trivial cut
{low(w), high(w)}. Thiscanbedoneby makenode in constant
time sincea new operatorvertex will only have non-trivial 2-
cutsamongits children and grand-childrenand thesecuts are
includedin areductiontable.

We have systematicallyimplementedreductionrules for all
possiblecombinationsof three(n = 3) operatorsorganizedas
atree,seeFig. 7. For example,thereductiontableincludesthe
distributive law, seeFig. 8. For eachcombinationof the possi-
ble operatorqop, op,, andop,) andthe possibleequivalences
betweerthenodequ, u;, up, v, v;, andv,) we have determined
(by exhaustve search)whetherthe samesub-functioncan be

Fig. 8. A reductiontablefor n = 3 includesinformationon how eachcombina-
tion of upto threeBED operatowerticescanbereduced Herethereduction
rule for oneof thedistributive laws is usedto eliminateoneof the operator
vertices.

representedby fewer nodes.If thisis possible the reductionis

includedin thereductiontable. Thus,giventhreeoperatomodes
andthe equivalencef the nodesandtheir children,it is pos-
sible by a simpletable lookup (performedin constanttime) to

determinghe optimalrepresentation.

Fig. 9 shaws the algorithmsfor constructingBED vertices
usingthe reductionrules. Verticesare createdusing mk which
callsthealgorithmred to applythereductionrules.Notice how
thereductionrulesareappliedrepeatedlyuntil no morereduc-
tionsarepossible.

red(op, u,v) =

1: if (op,u,v) isin reductiontablethen
2: return red(lookup(op, u, v))
3: elsereturn (op,u,v)

mk(a,l,h) =

1: if ais operatothen

2: return makenode(red(a, !, h))
3: else return makenode(a, 1, h)

Fig.9. Thered andmk algorithms.

We applythereductionrulesevery time we createa new ver-
tex; both whenbuilding the initial BED, and during the trans-
formationof the BED into anOBDD. We have choserto apply
the samesetof rulesin both cases.Our rulesarefastto apply
becausef their simple structure,yet powerful enoughto cap-
ture laws suchasthe distributive laws andto ensurethat only
trivial operator2-cutsexist. It would be possibleto use dif-
ferentsetsof rulesfor building andtransformingthe BED. For
example,one setof rulescould bring the BED to a form such
thatfinding a goodvariableorderingwas easier while another
setof rulescould aim at minimizing the datastructureduring
the transformation.Nikolskaiaet al. [35] usea setof rulesto
rewrite Booleanexpressiondor fault treesbeforeconstructing
the OBDD. Therewriting rulesandstratgiesaim at structuring
theformulasuchthatthe variableorderingheuristicswork bet-
ter. In the subsequenDBDD constructionthey do not useary
reductionrules.



It is well known that not all 16 binary Booleanconnectves
areneetledo representiry Booleanexpression.For example,
the sets{nand; and{or, not} arefunctionally complete. It is
thereforepossibleto limit the differentoperatorsn the BED to
thoseof any completeset. Choosinga small set,e.g.,{ nand},
the depthof the BED increasesas several nand operatorsare
needto represenbther operatorsike exclusive-or To effec-
tively handlesuchcasesthereductionruleswould needto look
to agreaterdepthto achiese equallypowerful reductions.This,
however, greatlyincreaseshe numberof casego considerand
thus complicatesthe reduction-step. Keepinga depth of two
(i.e.,n = 3) with a minimal operatorsetlike { nand;, overall
performancalecreasesincelessreductionsareperformed.On
theotherhand,usinga smalloperatorsethasthe advantagethat
chancedor identifying verticesincreasesinceall operatorsare
expressedn termsof asmallsetof operatorsWe havefoundthe
following setof operatordo beagoodtrade-of betweerasmall
andlarge operatorset: { nand,or, right implication,leftimplica-
tion, biimplication}. This setof operatordhasthe propertythat
all ten non-trivial binary Booleanoperatorscan be expressed
from it usingexactly one operatoror the negationof anopera-
tor which canbe absorbedy anoperatoimmediatelyaboveit.
Thus,no moreoperatorverticesareneededo represena given
Booleanexpressiorthanusingthefull setof all 16 operators.

I11. COMBINATIONAL VERIFICATION USING BEDsS

Theprocedure/ERIFY, shavnin Fig. 10,determinesvhether
two combinationalkircuits implementthe sameBooleanfunc-
tion. Theinputto VERIFY consistsof the two combinational

VERIFY(circuit Cq, circuit Ca) =

1: root-list«+ BUILD_BED(C1,C2)

2: for eachrootu in root-listdo

3: Constructavariableorderfor thevariablesin support(u).

4 Transformu to anequivalentOBDD v usinguP_ONE Or UP_ALL.
5: if v # 1 then

6 Reporterror ANYNONSAT(v) is acountergample.

7: enddo

Fig. 10. Algorithm for solvingthe combinationalogic-level verificationprob-
lemusingBEDs.

circuits C; and C> to be compared. The first stepis to con-
structthe BED for C; andC, andconnectcorrespondingut-
puts with biimplications. The resultingroots are returnedin

root-list (line 1). For eachpair of primary outputs(line 2), we
constructavariableorder(line 3) usingoneof the heuristicsde-
scribedin the next section. The supportof a vertex u is the set
of variablesreachabldrom u:

support(u) = {war(v) : visavariablevertex andu ~ v } ,

whereu ~» v denoteghatthereis a pathfrom v tov in theBED.
To prove that a Booleanfunction representedy a BED w is a
tautology wetransformthe BED into anequivalentOBDD (line
4) usingone of the two algorithmsdescribedn the following.
If theresulting(canonical)lOBDD is nottheterminall, we can
reportthatthegivenpairsof primaryoutputsarenotfunctionally
equivalentandthe input assignmenbbtainedfrom the OBDD
procedureANY NONSAT is acountergample.

In this section,we describetwo algorithmsfor transforming
aBED into anequivalentOBDD. It shouldbeobsenedthatary
transformatioralgorithmfrom BEDsto OBDDswill necessarily
have exponentialworst-caseuntime (assumingd® # NP). This
follows since determiningSATISFIABILITY of a BED is NP-
completeanddeterminingrAUTOLOGY is co-NP-complet¢36]
andtheseproblemsareeasyfor OBDDs.

It is easilyseenthatan (O)BDD is simply an (O)BED with-
outoperatorsThissuggests stratey for corvertingBEDsinto
OBDDs: graduallyeliminatethe operatorskeepingall the in-
termediateBEDs functionally equivalent. We have developed
two very differentwaysof operatoreliminationcalledur_ONE
andup_ALL. In thefollowing, it is assumedhatthe BEDs are
ordered(andthusalsofree). This assumptiorsimplifiesthe al-
gorithmsand doesnot limit the expressvenessof BEDs (see
Sectionll). It is straightforwardto extendthealgorithmsto work
for thegeneraklassof (non-orderednon-free)BEDs andthese
algorithmshave the sameasymptoticruntime asthe onespre-
sentechere. The moregeneralalgorithmscanbe used,e.g.,for
makinga free BDD ordered(i.e., transformingit to an OBDD)
or for reorderingan OBDD.

A. TheUp-Step

A key operationon BEDsis the up-stepwhich movesa vari-
ablevertex up above an operatorvertex. Let op beanarbitrary
binary Booleanoperatorlet 2 be a Booleanvariable,andlet f;
and f! (: = 0,1) bearbitraryBooleanexpressionslt is simple
to verify that

(iL’ - flafo) op (a’n _)fllaf[,)) =T = (f1 op f_{):(fU op fl;)

This identity, illustratedin Fig. 11 (a), is usedto move the
variablez above the operatorop andis the basisfor the up-
ste@. In caseswhereone of the children« doesnot contain
the variablez, a new variablevertex v, with var(v) = z and
low(v) = high(v) = w, is insertedbelow the operatorvertex
beforeperformingthe up-step,seeFig. 11 (b). In fact, this is
the only way the size of the BED canincreasevhenmoving a
variabletowardstheroot.

The up-stepmovesoperatorscloserto the terminalvertices.
Whenan operatorreachesa terminal, it disappear®y require-
ment(7i7) of reducednes®r it reducego aunaryoperatori.e.,
aprojectionor a negation). By repeatedlymoving variablever
ticesabove operatowertices all operatowerticesareeliminated
andthe BED is turnedinto anOBDD.

Fig. 12 shawvs how root, from Fig. 2 is shown to be a tau-
tology by moving the variableis to the top using a seriesof
up-steps.This exampleillustratesthatit may not be necessary
to move all variableverticesto the root in orderto obtainan
OBDD. Theremainingthreevariablescouldhave beenreplaced
with arbitrarylarge BEDs, andthe tautologywould have been
provedwith exactly the samesteps.

The exampleillustrates one way to corvert a BED to an
OBDD, moving the variablesto thetop oneatatime. This ap-
proachis called up_oNE andits main advantageis thatit can

1Theequatioralsoholdsif the operatovertex opis avariablevertex. In that
case,the up-stepis identicalto the level exchangeoperationtypically usedin
OBDDsto dynamicallychangethevariableordering[37].



Fig. 12. Proving thatroots is a tautology (a) The BED for roots from Fig. 2.
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(b) 73 is moved above the threeconjunctions(one being negated)usingthree

up-stepsNoticethat,atthis point, variableandoperatoerticesarenolongerseparateth two distinctlayers.(c) Conjunctionswith childrenthatareconstant
verticesareeliminated.(d) <3 is movedabove thedisjunction.(e) Thedisjunctionwith bothchildrenequalto 0 is removed. (f) i3 is moved above the negated
conjunction.(g) The conjunctionwith a 0 child is eliminated. The absorptionaw yA(z Vv y) = —y is applied. (h) The negationverticesareidentified. (i)

Identifying the two verticeswith 3. At this point the two childrenof the biimplication operatorareidenticaland (j) the BED is reducedto 1, proving the

tautology

exploit structuralinformationin the expressionaswasthe case
in theexample).

B. Constructionof OBDDswith UP_ONE

The first elimination algorithm is basedon the algorithm
UP_ONE shownn in Fig. 13. UP_oONE pulls a singlevariableup
to theroot by performinga recursve depth-firsttraversalof the
BED andaftertherecursve callsonthelow- andhigh-childof a
verte, it makesanup-step.Repeatedallsto up_oONE for each
variablemovesall variablesup pastthe operatorswhich makes
the operatorsdisappearby requirement(si7) of reducedness).
The table M is usedto memoizepreviously computedresults
andensures linearexpectedruntime.

The example in Fig. 12 shows the stepsof performing
UP_ONE(is, rootz). As the exampleillustrates,in fortunate
casesa BED is corvertedinto an OBDD after moving just a
few variablesup (in the example,one variablewas sufiicient).
In this processjdenticalsub-BEDs,potentially containingop-
eratorvertices,are identified. This is quite unlike traditional
OBDD constructionwhereall operatorsarecorvertedin depth-

first orderinto OBDDs. In particulay an OBDD is constructed
for eadh sub-expression If theresultis smallandtheintermedi-
ateOBDDsarelarge,UP_ONE is anattractve alternatie.

Thenumberof verticesin the BED reachabldérom avertex u
is denotedu| = |{v : u ~ v}|. Thefollowing propertieshold
for up_ONE whenv = UP_ONE(z, u):

@) fr=1r"
(i) |v] < 2Ju| - 1.
(#4i) Therunningtime of uP_ONE is O(Jul).

To useuP_ONE to transforma BED u into anOBDD v with the
variableorderingz; < --- < x,, UP_ONE is calledoncefor
eachvariablein theordering:

v < UP_ONE(Zp, UP_ONE(Zp—_1,... UP_ONE(z1,u)--")).

Even thoughupP_oONE haslinear runtime andit is called only
n times, the runtime of this computationis exponentialin the
worstcasedueto the potentialincreasen sizeof theintermedi-
ateresults.
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Fig. 11. lllustration of the up-step(a) for the casewherevariablez existsin
bothchildrenof therootand(b) for thecasewherex only occursin theleft
child.

UP_ONE(z,u) =
1: if (z,u) in M then return M(x, u)
. else if uisaterminalthen return u
. else if a(u) isvariablez then return u
else
(I, h) < (UP_ONE(x, low(u)), UP_ONE(z, high(u)))
if a(u) is avariablewith var(u) < = then
r < mk(var(u),l,h)
else if a(l) anda(h) arebothvariablez then
r « mk(z, mk(a(u), low(l), low(h)),
mk(a(u), high(l), high(h)))
10: else if a(l) is variablez then
11: r + mk(z, mk(a(u), low(l), h),
mk(a(u), high(l), h))
12:  else if a(h) is variablex then
13: r < mk(z, mk(a(u), I, low(h)),
mk(a(u), I, high(h)))
14:  else

15: r < mk(a(u),l, h)
16: insert((z,u),r)in M
17: returnr

CcoNoaR®N

Fig. 13. Theup_oNE-operation.Up_ONE takesanorderedBED u asagument

andreturnsanequialentBED with z pulled up asfar aspossiblewithout
violating the ordering. The imposedtotal orderon the variableverticesis
denoted<. Thememoizatiortable M mustbeinitialized to emptyprior to
thefirst call.

C. Constructionof OBDDswith UP_ALL

An alternative way to constructan OBDD is to move all vari-
ablesup simultaneouslycalledupP_ALL. UP_ALL is a gener
alization of Bryant’s APPLY-operatoy shovn in Fig. 14. Con-
structionof OBDDsfrom a Booleanexpressiorusingrecursve
calls of APPLY suggestsa bottomup corversionof BEDs into
OBDDs. Theur_aLL algorithmdoesthatby moving all vari-
ablesup asablock pasttheoperatowertices.UpP_ALL is shavn
in Fig. 15.

Let u beavertex in aBED andlet v = UP_ALL(u). Then

APPLY(0p,l,h) =
if ({,h) in M then return M(1,h)
else if [ and h are terminals then
7 < op(value(l), value(h))
else if var(l) = var(h) then
r < mk(var(l), APPLY(op, low(l), low(h)),
APPLY(op, high(l), high(h)))
else if var(l) < var(h) then
r < mk(var(l), APPLY(0p, low(l), h),
APPLY(op, high(l), h))
else var(l) > var(h) :
r < mk(var(h), APPLY(o0p, I, low(h)),
APPLY(0p, L, high(h)))
insert ((1,h),r) in M
returnr

Fig. 14. The AppLY-operation.Assumed andh are OBDDs. The imposed
total orderon the variableverticesis denoted<. In thecodeit is assumed
thatterminalverticesareincludedat the endof this orderwhencomparing
var(l) andvar(h). Thememoizatiortable M mustbeinitialized to empty
prior to thefirst call.

UP_ALL(u) =
1: if win M then return M(u)
2: else if uisaterminalthen return u
3: else
4: (I, h) < (UP_ALL(low(w)), UP_ALL(high(u)))
I/« 1 andh areOBDDs /
if [ andh areterminalverticesthen
r < mk(a(u),l, h)
else if a(u) isavariabler then
r < mk(z,l,h)
else if var(l) = var(h) then
0: r « mk(var(l), UP_ALL(mk(a(u), low(l
UP_ALL(mk(a(u), high(
11:  else if var(l) < var(h) then
12: r + mk(var(l), UP_ALL(mk(a(u), low(
UP_ALL(mk(a(u), high
13:  else var(l) > var(h) :
14: r < mk(var(h),uP_ALL(mk(c(u), {, low(h))
UupP_ALL(mk(a(u), I, high(h)

BooNoOg

~~

)
_ )
15:  insert (u,r)in M

16: returnr

Fig. 15. The up_ALL-operationon OBEDs. The total order < is definedas
for APPLY (seeFig. 14). The memoizationtable M mustbe initialized to
emptyprior to thefirst call.

UP_ALL hasthefollowing key properties:

@) fU=r
(#4) wvisanOBDD.
(#91) If I andh are OBDDs, thenAPPLY (op,l,h) =

UP_ALL(makenode(op,l, h)).
If [ and h are OBDDs, the running time of
UP_ALL(op, !, h) is O(|l]|h|).

Properties (i7¢) and (iv) make clear the relation between
UP_ALL andAPPLY. Thetimeto build anOBDD bottomup us-
ing APPLY (thestandardvay) andbuilding it from aBED using
UP_ALL is within a constantfactor Experimentshave shovn
that the time to constructan OBDD usingUP_ALL is compa-
rableto thatof state-of-the-arOBDD packagesnddueto the
operatorreductionsjt canbe significantlyfaster However, the
worst-caseuntimeof UP_ALL is exponentialin |u|, but for the
samereasorasuUP_ONE, thisis optimal.



IV. VARIABLE ORDERING

The efficiency of up_oNE andupP_ALL depend®n the vari-
ableorder Althoughtheinitial andfinal size of the BEDs are
independenbn the variableorderwhenthe two circuitsimple-
mentthesamedunctionandthustheresultis thetautology1, the
sizeof theintermediateBEDsdepencdon the ordering.

A large numberof variableorderingheuristicshave beende-
velopedor OBDDsbasednthetopologyof acircuit[33], [38],
[39], [40], [41], [42], [43]. The heuristicsattemptto statically
determinea variableorder suchthat the OBDD representation
of thecircuit is small. Typically, theseheuristicsconsistof two
stepsto obtaina single global variableorder: first, an order of
the primary outputsis constructedthenfor eachof the primary
outputsin this order, the variablesin the supportof the output
areordered We only considethesecondstep(findingavariable
orderfor agivenprimaryoutput),sincedifferentvariableorders
canbe usedfor differentrootsof a BED (seeFig. 10). This al-
lows a greaterflexibility to find goodvariableorderssincethe
ordersof the primary outputsare independent. However, the
costis thatthereis only limited reusebetweenverifying differ-
entprimaryoutputs.

Since UP_ALL essentiallyworks as an improved APPLY
(property (iii)), the variable ordersthat are good for OBDDs
will alsobegoodordersto usewith up_ALL. Thus,whenusing
UP_ALL we canimmediatelyusethe variableorderingheuris-
tics developedfor OBDDs.

Sinceup_oNE worksquitedifferentlythanup_ALL, thevari-
able orderingheuristicsdevelopedfor OBDDs may not be ef-
fective whenusinguP_ONE. However, our experimentsshav
that this is not so; a good OBDD variable order also keeps
theintermediateBEDs smallwhenconstructingan OBDD with
UP_ONE. Thereasonfor this is thata goodvariableorderfor
OBDDshasdependentariablesclosein the order This allows
UP_ONE to collapsesub-circuitsearly in the verification pro-
cess.Also, agoodvariableorderhasthevariableghataffectthe
outputthe mostearlyin theorder Up_oNE will thenpull these
variablesto theroot first which allows the mostreductions.An
exampleof thiswasthe useof i3 in theintroductoryexamplein
Fig. 3.

In the following we presentwo variableorderingheuristics,
originally developedfor OBDDs, which have provento be ef-
fectivefor BEDs.

A numberof variableorderingheuristicaarebasednadepth-
first traversalof thecircuit [39], [41], [42]. A depth-firsttraver
salis a simpleandfastheuristicthathasshavn to be practical
for mostcombinationakircuits [33], [39] sinceinputsthatare
closetogetheiin thecircuit arealsoplacedtogethelin theorder
ing. Thedepth-firstoasecheuristicdiffer in how they decidein
whatorderthe inputsof a gatearevisited. The FANIN heuris-
tic by Malik etal. [42] usesthe depthof the inputsto a gateto
determinen whatorderto considerthe inputs. The depthof a
terminalor variablevertex is 0 andthe depthof anoperatowver
tex u is max(depth(low(u)), depth(high(u))) + 1. Thetotal
runtimeof FANIN to determinethe variableorderof m rootsis
O(mn) [42] wheren is the total numberof reachablevertices
from them roots.

The FANIN heuristicdoesnot capturethatvariablesaffecting
the output the most should be orderedfirst, somethingwhich

is particularly importantfor up_ONE. The DEPTH_FANOUT
heuristic[43] attemptsto determinethe variablesthataffect an
outputthe mostby propagatinga value from the outputback-
wards towards the primary inputs. The value is distributed
evenly amongthe input signalsto a gate: if a valueof ¢ is as-
signedto the outputof a gatewith n inputsignalsthevalueas-
signedto eachof then faninsignalsis incrementedy ¢/n (the
signalmay be input to several gatesandthus obtainsa contri-
bution from eachgate). After propagatinghe valuethroughout
the circuit to the primary inputs,the DEPTH_FANOUT heuristic
addsthe primaryinputwith the highestvalueto thevariableor-
der. Thisinputis thenremovedfrom thecircuit andthe process
is repeatedintil all variablesin the supporthave beenincluded
in the variableorder The runtime of DEPTH_FANOUT(u) is
O(kmn) wheren is thetotal numberof reachableverticesfrom
them rootsandk is the numberof variables(inputsto the cir-
cuit). Thus,this heuristictakesslightly longerto computethan
FANIN.

V. EXPERIMENTAL RESULTS

In this section,we reportthe resultsfrom verifying anumber
of multi-level combinationalcircuits from the ISCAS 85 and
LGSynth91 benchmarks

ThelSCAS85benchmarlconsistof elevenmulti-level com-
binationalcircuits, nine of which exist bothin aredundanand
anon-redundantersion. Furthermorethe benchmarlcontains
five circuits that originally were believed to be non-redundant
versionsbut it turnedout thatthey containedcerrorsandwerent
functionally equivalentto the original circuits[20].

The circuits in the ISCAS 85 benchmarkare by somere-
searchergonsideredoo simple to use as benchmarkcircuits
with todaystechnology This may betrue for someapplication
areashut thesecircuits have several propertiesthat make them
suitableasbenchmarlcircuitsfor evaluatingtechniquegor per
forming a combinationalogic-level verification. First, the cir-
cuits, althoughquite small, are not easyto verify both dueto
their functionality (for example,one of the circuits is a multi-
plier for which OBDD techniquesgail) anddueto aratherlarge
logic-depth(up to 125logic levels). Evenwith recentstructural
techniquessomeof thesecircuitstake morethananhourto ver
ify [21]. Secondlythe circuitsin theISCAS 85 benchmarlare
ideally suitedfor testinglogic-level verificationtechniquesince
they comein two functionallyequivalentversions.

To evaluatethe BED techniqueon a broaderand more re-
alistic classof circuits, we also considerthe 77 multi-level
combinationalcircuits and the 40 sequentiakircuits from the
LGSynth91 benchmarkThesecircuitsdo not comein two ver-
sions, so insteadwe map eachof the circuits to a gatelibrary
usingSIS[7] andthenoptimizethe circuitswith respecto area.
We then verify that 1) the mappedcircuit correspondgo the
original description,and 2) thatthe mappedandthe optimized
circuitsimplementthe samefunctionality. Dueto the natureof
the mappingandoptimizationstepsthe circuits differ in struc-
ture considerablynorethanthe|ISCAS 85 circuits.

All experimentsarecarriedout on a300MHz Pentiumil PC
runningLinux. Verificationapproachesasedon decisiondia-

2Thesebenchmarksireavailablefrom The Collaboratie Benchmarkind_ab-
oratory(ht t p: / / www. cbl . ncsu. edu/ )



gramstypically run out of memorybeforerunningout of time.
Thus, to demonstratehe effectivenessof BEDs, in all experi-
mentswe limit the memoryconsumptiorto 32 MB divided be-
tween28 MB of memoryto the nodetable (thatis 1.46million

nodescorrespondingo 20 bytespernode)and4 MB to caches.

The runtimesto determinethe variable ordersare insignifi-
cant(atmosttwo secondgor ary of thecircuits)whenusingthe
FANIN heuristic. Usingthe DEPTH_FANOUT heuristicit takes
lessthenthreesecondgor the ISCAS 85 circuits, lessthanfive
secondsfor the combinationalLGSynth 91 circuits, and less
thanten seconddor the sequentiaLGSynth91 circuits except
for the circuits s15850. 1, s38417, ands38584. 1 which
take 33.7,111.8,and94.1 secondsrespectiely. Thetimesto
determinevariableordersarenotincludedin the CPUtimesre-
portedin thefollowing, makingadirectcomparisorbetweerthe
differentverificationapproachegpossible.

A. ThelSCASS85 circuits

Table | shaws the size of the ISCAS 85 circuits and Ta-
blell shavstheruntimeso performtheequivalencecheckusing
BEDs. WhenusinguP_ONE, the DEPTH_FANOUT heuristic

TABLE |
SIZE OF THE ISCAS 85 BENCHMARK CIRCUITS.

Circuit Inputs Outputs Gates
c432/nr 36 7 433
c499/nr 41 32 516
c499/c1355 41 32 868
c1355/nr 41 32 1204
€1908/nr 33 25 2134
c2670/nr 157 63 2603
¢3540/nr 50 22 3901
¢5315/nr 178 123 6018
c6288/nr 32 32 4847
c7552/nr 207 107 8067
TABLE I

RUNTIMES (IN CPU SECONDS) FOR VERIFYING EQUIVALENCE OF THE
REDUNDANT AND NON-REDUNDANT CIRCUITSIN THE ISCAS 85
BENCHMARK. FOR EACH PAIR OF CIRCUITS, THE TIME IS GIVEN WHEN
USING THE TWO DIFFERENT VARIABLE ORDERING HEURISTICSFANIN AND
DEPTH_FANOUT (ABBREVIATED D._F.) AND USING THE TWO DIFFERENT
ALGORITHMS FOR TRANSFORMING A BED INTO AN OBDD, UP_ONE AND
UP_ALL. THE BEST RUNTIMES ARE HIGHLIGHTED USING BOLDFACE. A
‘ —’ REPRESENTS THAT THE VERIFICATION FAILED DUE TO LACK OF

MEMORY.
UP_ONE UP_ALL

Circuit FANIN | D._F. | FANIN | D._F.
c432/nr 25 2.2 2.1 2.2
c499/nr 5.2 2.6 2.4 2.6
c499/c1355 1.6 1.6 1.6 1.6
c1355/nr 5.3 2.6 2.6 2.6
c1908/nr 1.0 1.0 1.0 1.0
c2670/nr 14 1.2 1.0 1.0
c3540/nr 169 | 21.8 17.0 | 337
c5315/nr 17.8 3.1 3.1 3.1
c6288/nr 2.0 - — -
c7552/nr 4.6 3.7 2.6 2.6

generallycomputesa bettervariable orderthan FANIN, while

thereis little differencebetweenthe two ordering heuristics
whenusingupP_ALL.

The performanceof uP_ONE andUP_ALL is comparablex-
ceptfor the circuit c6288 whereonly up_ONE succeedsThis
circuitimplementsa 16-bit multiplier for whichit is known that
the OBDD representatiogrows exponentially[3]. The OBDD
representatiolf a 16-bit multiplier usesmorethan40 million
vertices[44] andthis numberis approximately2.7 timeslarger
for eachadditionalbit in the operands Thus,up_ALL will fail
onthis circuit no matterwhatvariableorderingis used.In con-
trast,uP_ONE neverbuildstheOBDD representatioof themul-
tiplication functionandthusthecircuitscanbeverifiedin justa
few seconds.

A.1 Proving Non-Equialence

Table lll shows the runtimesto determinenon-equvalence
of the erroneoudSCAS 85 circuits. The reportedCPU times
arefor finding all errors. Althoughit doestake longerto prove
non-equvalence as expectedsincelessequivalencesxist, the
increasan theruntimesis insignificant.

TABLE Il
RUNTIMES (IN CPU SECONDS) FOR SHOWING NON-EQUIVALENCE OF THE
REDUNDANT AND NON-REDUNDANT CIRCUITSIN THE ISCAS 85

BENCHMARK.
UP_ONE UP_ALL

Circuit #errs. | FANIN | D._F. | FANIN | D._F.
c1908/nr _ol d 1 1.0 1.0 1.0 1.0
¢c2670/nr _ol d 6 6.5 - 1.3 -
¢3540/nr _ol d 5 26.6 23.3 17.3 27.9
¢5315/nr _ol d 33 29.1 4.3 3.6 35
c7552/nr _ol d 28 7.0 8.7 2.9 3.6

A.2 Effectof OperatorReductions

To illustrate the effect of operatorreductionswe repeatthe
experimentsin Tablell andlll but without performingary of
the operatorreductionsdescribedn Sectionll-C. The only re-
ductionsperformedarethoserequiredto maintainreducedness,
seeDefinition 1. The operationof up_ALL thenreducego that
of APPLY, thatis, theperformancef UP_ALL correspondsery
closelyto thatof APPLY in a reasonablémplementatiorof an
OBDD packageTheresultsareshovn in TablelV. Clearly, the
efficiency of uP_ONE reliesheavily on the operatorreductions
toidentifyidenticalnodesn theBED andthusavoidingto trans-
forming theminto OBDDs. Withoutreductionsalargenumber
of the circuits cannotbe verified (with 32 MB of memory)and
the runtimesfor thosethat do succeedare up to several orders
of magnituddonger

Whenusingup_ALL thesituationis quitedifferent.In build-
inganOBDD usinguP_ALL, ary vertex thatis constructediur-
ing the transformationwill have non-operatowerticesas the
children.l.e.,whenerer makenode(a, 1, h) is calledin thebody
of UP_ALL, bothl andh arevariableor terminalvertices.Thus,
the operatorreductionsonly affect the performanceof uP_ALL
by reducingtheinitial sizeof the BED. For somecircuits (e.g.,
¢3540) thisinitial reductionhasa largeimpacton the runtime



TABLE IV
RUNTIMES (IN CPU SECONDS) FOR VERIFYING EQUIVALENCE OF THE
REDUNDANT AND NON-REDUNDANT CIRCUITSIN THE | SCAS 85
BENCHMARK WITHOUT PERFORMING OPERATOR REDUCTIONS.

UP_ONE UP_ALL
Circuit FANIN | D._F. | FANIN | D._F.
c432/nr 2.9 2.6 25 2.3
c499/nr 166.1 - 25 4.1
c499/c1355 532.5 - 3.9 438
¢1355/nr 743.5 — 4.1 4.8
¢1908/nr - 15.3 1.0 1.0
€2670/nr - 29.0 14 1.9
¢3540/nr 111.7 - 56.9 | 145.4
¢5315/nr - 4.8 35 3.3
€6288/nr — — — —
c7552/nr 7.4 7.2 3.1 3.7
c1908/nr _ol d — 14.9 1.0 1.0
c2670/nr _ol d - - 15 -
¢3540/nr _ol d 116.4 - 60.4 | 126.4
c5315/nr_ol d — 6.0 4.0 3.7
c7552/nr _ol d 100 | 15.2 3.1 4.1

of UP_ALL. This experimentindicatesthat performingan ini-
tial operatoreductionstep,asdiscussedh theintroduction,can
improvethetime to construcan OBDD.

B. TheLGSynth91 Bendhimarks

By construction,the redundantand non-redundantersions
of the ISCAS 85 benchmarlcircuits have mary structuralsim-

ilarities and are thus ideally suited for the BED approach.

To test the verification stratgy on a broaderrange of cir-
cuits with fewer structural similarities, we considerthe cir-
cuits from the LGSynth 91 benchmark. This benchmarkin-

cludes 77 multi-level combinationalcircuits and 40 sequen-

tial circuits. These circuits are mappedto a gate library
(msu. genl i b) usingSISandthenoptimizedfor areausingthe
SISscriptscri pt. al gebr ai c. As mentionedabove, there
aretwo verificationproblems:oneis to verify thatthe original
circuits correspondo the mappedversionsandoneis to verify
the mappedversionsagainsthe optimizedversions.Dueto the
natureof the mappingandoptimizationstepsthe circuits differ
in structureconsiderablymorethanthe ISCAS 85 circuits. The
resultsfor the 77 combinationakircuits are shavn graphically
in Fig. 16. The eleven ISCAS 85 circuits are includedin the
LGSynth91 benchmarkandalthoughsomeof the LGSynth91
circuits are considerablyjlargerthanthe ISCAS 85 circuits, the
ISCAS circuits are the most difficult onesto verify using the
BED approach.The mappingof eachcircuit is verifiedin less
thanthreeminutes. The resultsfor the verificationof the opti-
mizationsteparesimilar, exceptthattheverificationof the opti-
mizationstepof C6288 failedusingbothup_ONE andupP_ALL.
The resultsfor the verificationof (the combinationalportion
of) the 40 sequentiatircuitsin the LGSynth91 benchmarlare
shavn in Fig. 17. The mappingof the traditionally difficult cir-
cuit s38417 takes20 minutesto verify andthe verificationof
nmBb failsfor bothvariableorderingheuristics Themappingof
theremaining38circuitsis verifiedin lessthanoneminute. The
optimizationof eachcircuit, exceptfor nmBb ands38417, is
alsoverifiedin lessthanoneminute. The verificationof rmBb

ands38417 both fail whenusing32 MB of memory Using
64 MB of memory s38417 is verified in an hour using the
FANIN orderingheuristic.Thecircuit b is aninstancewvhere
the two orderingheuristicsfail to constructa goodvariableor-
der, thusthe verificationof boththe mappingandthe optimiza-
tion stepsfail, evenwhenusing64 MB of memory Usingthe
orderin whichthevariablesappeain the specificationthemap-
pingof nmBb is verifiedusing64 MB of memoryin 207seconds
and270secondsisinguP_ONE anduP_ALL, respectrely. Sim-
ilarly, the optimizationof nmBb is verified in 69 secondsand
115secondsisinguP_ONE anduP_ALL, respectely.

C. Comparison®f Results

The ISCAS 85 benchmarkhasbeenusedextensively by re-
searchergo testtechniquedor solving the equivalenceprob-
lem. Sinceall researcherbave solved the exact sameverifica-
tion problemsthereis a goodbasisfor comparingthe different
approachesTableV showvstheruntimesto verify theISCAS85
circuitsusingrecentmethods.

Theexperimentsarecarriedoutondifferentmachinesandare
thereforenot directly comparable.However, the efficiency of
themachine®nly differ by asmallconstanandnotby ordersof
magnitudeandthereforethe comparisonstill give a goodindi-
cationof therelative virtuesof thedifferentapproachesTheex-
perimentof Brand[18] is anexceptionsincehedoesnotreport
runtimesfor comparingthe redundantand the non-redundant
versions. Insteadthe circuits are synthesizedand optimized,
muchin the sameway aswe have donefor the LGSynth91 cir-
cuits. This might well be a moredifficult verificationproblem.
FromTableV it is clearthatthelearning-basedpproachef21],

TABLE V
RUNTIMES (IN CPU SECONDS) OF OTHER APPROACHES FOR VERIFYING
THE ISCAS 85 BENCHMARKS. NOTICE THAT THE RESULTS OF
BRAND [18] ARE NOT DIRECTLY COMPARABLE SINCE A DIFFERENT
VERIFICATION PROBLEM IS SOLVED. “N/A” DENOTES THAT THE RUNTIME
HAS NOT BEEN REPORTED.

Circuit BED [18] [21] [22] | [24] | [26] | [45]
c432/nr 2.1 4.0 1.0 2.0 0.8 0.2 0.4
c499/nr 2.4 38.0 1.9 5.0 1.2 0.2 0.4
c1355/nr 2.5 9.0 6.6 20.0 3.4 0.5 1.0
c1908/nr 1.0 22.0 11.2 22.0 6.2 1.6 2.1
c2670/nr 1.0 58.0 159.3 61.0 3.9 0.8 3.4
c3540/nr 16.9 39.0 67.6 | 281.0| 17.4 3.0 | 12.7
c5315/nr 3.1 29.0 372.8 | 190.0 | 14.0 2.7 8.3
c6288/nr 2.0 | 193.0 215 40.0 9.1 4.3 7.2
c7552/nr 2.6 | 136.0 | 5583.3| 412.0 | 20.6 | 34.6 | 20.8
c1908/ol d 1.0 n/a n/a n/a n/a 2.5 n/a
c2670/ol d 1.3 n/a n/a n/a n/a | 54.6 n/a
c3540/ol d 17.3 n/a n/a n/a n/a 2.9 n/a
c5315/ol d 3.5 n/a n/a n/a n/a 8.3 n/a
c7552/ol d 2.9 n/a n/a n/a nfa | 26.2 n/a

[22] areinefficientfor largercircuits. The runtimesof the BED
approachs generallycomparabléo (andsometime®etterthan)
theotherthreeapproachef4], [26], [45]. Moreover, theserun-
timesshouldbe seenin thelight of thefactthatthe BED exper
imentsonly use32 MB of memory

Only van Eijk [26] hasreportedruntimesfor the erroneous
ISCASB85circuits. For thesecircuitsit is obsenedthatthe BED
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approaclonly hasa slight degradationin performancevhereas
the runtime of van Eijks methodsometimesncreasesiramati-
cally.

A directcomparisorof differenttechniquedor largercircuits
thanthe ISCAS 85 circuitsiis difficult; differenttechniquege-
portruntimesfor differentcircuits,mary of which areindustrial
circuitsthatarenot publicly available. Severalresearcherbave
reportedhatthey have successfullgomparedircuitswith upto
100k gates[24], [45] andeven beyond (verificationof a circuit
with morethana million gatesis reportedin [17]). However,
asshowvn above, BEDs combinedwith very simple algorithms
are effective for verifying a large numberof realistically sized
circuits (with up to 100k gates). Of course,therewill be cir-
cuitsfor which the BED approacHails, eitherbecause¢he vari-
able ordering heuristicsare not effective or becausehe strat-
egy basedon usingeitherup_oONE or up_ALL for all outputsis
too simple. In theseinstancespne canmix theuseof UP_ONE
andupP_ALL whencheckingthe equivalenceof a particularpair
of outputs(e.qg., pulling a few variablesup usingup_oNE and

thenuseupP_ALL for the remainingvariables). Alternatively,
onecancombinethe BED basedechniquewith morepowerful
approachessthe cut-basedapproachdescribedn [17] or the
filter techniquedescribedn [45].

VI. CONCLUSION

We have presentedhe BED datastructurefor representing
Booleanfunctionsandtwo algorithms,up_ONE anduP_ALL,
for transforminga BED into an equivalentOBDD. UP_ALL is
a generalizationof Bryant's APPLY-operationwhile UP_ONE
is a new way to constructan OBDD. The key feature of
UP_ONE is thatit canexploit structurakimilaritiesbetweersub-
expressionsFor someapplicationsuP_ONE is highly efficient,
for example as demonstratedy proving the identity of two
16-bitsmultipliers (c6288 andc6288nr from the ISCAS 85
benchmark)n lessthantwo seconds.

Runtimesfor alargenumberof publicly availablebenchmark
circuitswith up to morethan100,000gatess reported.Almost
all circuitsareverifiedin lessthana few minuteson a standard



PCusingonly 32 MB of memory Evenknown difficult circuits
(likes38417) areverifiedusingmodestresourcegin lessthan
anhourwith 64 MB of memory).This demonstratethatBEDs
combinedwith very simplealgorithmsareeffective for solving
thecombinationalogic-level equivalenceproblem.

BEDscanbe seemasanintermediatdorm betweerthe com-
pactcircuits andthe canonicalOBDDs, andthuscombinesthe
functional and the structuralverification techniques.All stan-
dard OBDD operationscan be performedon BEDs as well.
Some operations,like existential quantificationand substitu-
tion, canbe performeddirectly on the datastructureby using
UP_ONE [4], makingthe runtime of theseoperationdinearin
the size of the BED. Other operations like satisfiability and
tautology canbe performedby transformingthe BED into an
equivalentOBDD.

Dueto the simplicity andgeneralityof BEDs, it is to be ex-
pectedthat combiningthemwith otherapproachego equiva-
lencecheckingwill bebothstraightforvardandbeneficial. The
benefitscouldbein two directions.Firstly, BEDs couldbe used
eitherasa “filter” in the filter-basedapproache§45] or asthe
basicdatastructurefor representingircuitsin ary of the other
approachesllowing, for instance a gradualandsmoothtransi-
tion from circuitsto BDDs. SecondlyBEDs couldbenefitfrom
otherequialencecheclers. Wheneer two subcircuitsby some
meanscan be determinedequivalent, the correspondinghodes
of the BED could be memgedinto one,resultingin animmedi-
atereductionin size. Moreover, thisimmediatereductioncould
resultin furtherreductionseingpossibleby thereductionrules
andimprove on the efficiency on laterBDD-corversions.

BEDs are particularly usefulin applicationswherethe end-
resultasan OBDD is small, for example,for tautologycheck-
ing. Anotherareathat may benefitfrom using the BED rep-
resentationis symbolic model checking. Several researchers
have obsened that when performingfixed-pointiterationsus-
ing OBDDs, theintermediataesultsareoftenmuchlargerthan
thefinal result. Clearly, the succinctnessf BEDs comparedo
OBDDs canalleviate this problem. In fact, mary of the tricks
researcherbave usedto make OBDDs more efficient areem-
bodiedin BEDs. For example,Burch, Clarke, and Long [46]
demonstratethatthe complexity of BDD-basedsymbolicver
ification is drasticallyreducedby usinga partitionedtransition
relationwherethe transitionrelation is representedis an im-
plicit conjunctionof OBDDs. This correspondso representing
thetransitionrelationasa BED with conjunctionverticesatthe
top level and only lifting the variablesup to just underthese
vertices.
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