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Abstract

In this thesis three general problems concerning construction of evolutionary

trees are considered. Algorithms for the problems are presented and the com-

plexity of the problems is investigated.

The thesis consists of three corresponding parts. The �rst part is devoted

to the problem of constructing evolutionary trees in the experiment model. Dif-

ferent algorithms for the problem are given, including an optimal algorithm for

constructing evolutionary trees and an optimal algorithm for merging two evo-

lutionary trees. Matching lower bounds are also provided.

The second part of the thesis presents results related to the inferred con-

sensus tree problem. The optimization version of the problem is shown to be

NP-complete and two heuristic algorithms are presented. Further, the ordered

version of the problem is studied.

In the last part of the thesis the complexity of the maximum homeomorphic

subtree problem is examined. The problem is shown to be hard to approximate,

unless P=NP, even for trees of constant height, whereas a constant approxima-

tion ratio is obtained in case of a constant number of trees of constant height.
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Chapter 1

Introduction

The title of this thesis, Constructing Evolutionary Trees : Algorithms and Com-

plexity, suggests that this is a thesis concerned both with theoretical computer

science issues as well as biological issues. Computational biology is the �eld

of research where computational problems arising in biology are solved using

methods from mathematical and computer sciences. The problems studied in

this thesis are related to construction of evolutionary trees, and hence the mo-

tivation comes from biology. However, this is a computer science thesis and the

problems are formulated and treated as computational ones. Since the thesis is

concerned mainly with computational aspects of evolutionary tree construction,

we start by giving a short introduction to computational biology and evolution-

ary trees. This is followed by an overview of di�erent methods for constructing

evolutionary trees and a summary of the results presented in the thesis.

1.1 Computational Biology

Computational biology is still a young research area. Even though algorithms for

combinatorial, data structuring, and string problems, with application in biology,

have been around for quite some time, the �eld did not really expand until the

nineties and the development in the last ten years has been extensive. Large

investments have been done in bioinformatics, and the genome research is hot.

There are many problems to study and many algorithms to develop in connection

with this. What is really exciting is that computational problems motivated by

molecular biology result in interesting problems in theoretical computer science

at the same time as eÆcient solutions to the problems may result in interesting

and even life saving progress in biology and medicine.

To give an idea of what computational biology is all about, we present a

1



2 Introduction

few examples of some basic problems in the �eld. DNA, RNA, and proteins are

chains of nucleotides (A, C, G, T), ribonucleotides (A, C, G, U), and amino acids

(20 di�erent), respectively. They are very important in molecular biology and

give rise to a variety of problems on strings and sequences. Better and faster

methods for sequencing (to determine the sequence, e.g. for a piece of DNA) are

developed. The amount of sequence information available is huge and the rate of

determining new sequences is constantly increasing. The sequences themselves

are not that interesting, thus the information has to be processed in di�erent

ways. Due to the large data sets to process there is a great need for eÆcient

algorithms and data structures in the data bases. This is one of the classical areas

in computational biology. The study of algorithms and data structures for strings

and sequences is also a classical area of research in computer science. Known

results in this area have been proved useful in solving biological problems, at the

same as biological applications have resulted in new computational problems to

study related to strings and sequences. Among the things one wants to do with

sequences is to compute how similar they are, �nd similar parts, and to align

them.

Proteins are not only one dimensional sequences, they also fold into a three

dimensional structure. The 3D shape of a protein is crucial for its function. To

be able to determine the 3D shape given a sequence is therefore very useful.

Even more interesting would be to determine what the sequence should look like

in order to achieve a given 3D shape. The related computational problem is of

combinatorial nature and far from being solved. Even very simpli�ed versions

of the problem result in NP-hard problems.

Physical maps show the distance between speci�c locations in a DNA se-

quence. At these locations the exact sequence for a small piece of the larger

DNA sequence is known. A physical map can, for example, be used to locate

the position of short DNA sequence in a larger one, for which the map is known.

EÆcient construction of physical maps is a challenging computational problem

and can be viewed as a graph problem.

Construction of evolutionary trees is also a classical problem in computational

biology that give rise to interesting computational problems. We discuss it in

more detail in the following sections.

For those interested to know more about computational biology there are

several introductory and overview books published recently. To mention a few

of them (the ones in my bookshelf): Introduction to Computational Molecular

Biology by Setubal and Meidanis [47] gives a quite basic introduction, Introduc-

tion to Computational Biology : Maps, sequences and genomes by Waterman [53]

is oriented towards statistics and probability, Algorithms on Strings, Trees, and

Sequences : Computer Science and Computational Biology by Gus�eld [25] has



1.2 Evolutionary Trees 3

White-cheeked gibbon Siamang

Mountain gorilla

Human Chimpanzee

Figure 1.1: Example of a rooted evolutionary tree for �ve species.

a strong orientation towards string algorithms, and Computational Molecular

Biology : An algorithmic Approach by Pevzner [45] covers some di�erent areas,

not including molecular evolution, which is most interesting for this thesis. The

book Molecular Evolution by Li [39] gives the biological background needed for

understanding molecular evolution, in a way accessible even to non-biologists,

and it also includes a chapter on computational methods for tree reconstruction.

1.2 Evolutionary Trees

An evolutionary tree is a tree that models evolution for some set of objects.

The objects can be biological entities such as species, proteins, genes, DNA,

populations and individuals, but it can also be other things that evolve, like

languages. Here we will refer to the objects as species, even though it can be

any of the above mentioned types of objects.

Evolutionary trees are often also called phylogenetic trees, or simply phylo-

genies, when biological evolution is considered. Other names are also frequently

used: species trees, when the objects are species, gene trees, when the underlying

data comes from just one single gene from each species, etc.

Evolutionary trees are important in genetics and molecular biology, and have

been studied since Darwin's days. All living organisms are related to each other

by common ancestors and they all undergo a slow process of transformation,

called evolution. Evolutionary trees describe this process back in time and show

the relationship between present day species in terms of descent and ancestry.

The true evolutionary tree that describes what actually happened in the past
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is unique. An inferred evolutionary tree is a tree computed by using a cer-

tain method and certain data when reconstructing the evolutionary tree. By

an evolutionary tree we shall mean an inferred evolutionary tree, unless stated

otherwise.

Let S be a set of n species. An evolutionary tree for S is a tree T with n

leaves, where each leaf is uniquely labeled by a species in S. The tree can be

rooted or unrooted depending on if enough information to decide the orientation

of the evolution is available. Internal nodes are common ancestors to the species

at the leaves. If the tree is rooted then the root is a common ancestor for all

species in the tree. An evolutionary tree is unordered, i.e. for rooted trees we

do not distinguish between di�erent orderings of the children of a node and for

unrooted trees we do not distinguish between di�erent orderings of the neighbors.

The tree can be weighted or unweighted depending on if the edges in the tree

have weights or not. For weighted trees the weight of an edge can be interpreted

as proportional to the evolutionary time past along that edge, and the distance

in the tree between two species can be seen as a measure of how similar two

species are, the distance is smaller if they are more closely related.

When evolutionary trees are studied two di�erent aspects are interesting.

First, the topology of the tree, that is how the nodes in the tree are connected

to each other and second, the distances in the tree, i.e. an estimation on how

long it took for the species to evolve. In this thesis we are interested in the �rst

aspect, to reconstruct the topology of evolutionary trees.

Two evolutionary trees T1 = (V1; E1) and T2 = (V2; E2) for the same set of

species are (topologically) equal, or isomorphic, if there exists a bijective map-

ping, � : V1 ! V2, of the vertices in the trees, where leaves labeled by the same

species are pairwise mapped to each other, such that if v; w 2 V1, then there

exists an edge (v; w) 2 E1 if and only if there exists an edge (�(v); �(w)) 2 E2.

Given two evolutionary trees T1 = (V1; E1) for a set S1 of species and T2 =

(V2; E2) for a set S2 of species, where S1 � S2, T1 is a topological subtree of

T2, if there exists a injective mapping � : V1 ! V2, where leaves labeled by

the same species are pairwise mapped to each other, such that for each pair of

edges in T1, (v1; v2); (w1; w2) 2 E1, the two paths from �(v1) to �(v2) and from

�(w1) to �(w2) in T2 are edge disjoint. In the thesis we will also use the term

homeomorphic subtree to mean the same thing as topological subtree.

An evolutionary tree T , leaf labeled by a set S of species, restricted to a set

S0 � S is the tree T 0 = (V;E), where V consists of all leaves in T labeled by a

species in S0 and all internal nodes v in T for which there exists a pair of leaves

labeled by a; b 2 S0 such that v is the lowest common ancestor of a and b in T ,

and E consists of those edges (u; v) for which there is a path from u to v in T ,

such that none of the vertices on the path, except u and v, are in V .
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The degree of a rooted tree is the maximum number of children for any

internal node in the tree. The degree of a unrooted tree is the maximum number

of neighbors for any node in the tree. The true evolutionary tree is believed to

be binary, but inferred trees may have large degrees.

1.3 Evolutionary Tree Reconstruction Methods

There are several methods for tree reconstruction, due to both biological and

computational reasons. In the biological society there are di�erent views and

beliefs of how the classi�cation should be done. Gus�eld express this as follows

[25]: Although the technical side of tree building may appear to be a matter of

pure graph theory and combinatorial optimization, the fundamental issue that

determine the validity of these methods are sometimes discussed in terms more

suited for religion. This, of course, makes it hard as a computer scientist to

decide which problems are most important to solve and the result is that several

methods are investigated at the same time.

The most common algorithms used to build evolutionary trees can be classi-

�ed into the following categories:

� Distance based methods

� Maximum parsimony methods

� Maximum likelihood methods,

and at a higher level

� Consensus methods

Distance based methods. In distance based methods distances between each

pair of species are �rst computed, e.g. by using sequences where the distances

depend on the number of substitutions or edits necessary to get one sequence

from another one. A tree is then computed using the resulting distance matrix.

In a tree that exactly �ts the data, the distances in the edge weighted tree

between each pair of species equal the corresponding distance in the matrix. A

tree (or a distance matrix) is called additive in this case. If it also is possible to

place a root in the tree such that all distances from the root to the leaves are

equal then the tree is called ultrametric.

A tree can be computed in polynomial time from an additive or ultrametric

distance matrix and the tree is unique. If the distance data for pairs of species

is proportional to the time since they evolved into two di�erent species then

the matrix is ultrametric. However, there are several reasons why data (almost)
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never is ultrametric or even additive. Two of them are that the data comes from

experiments and experiments are not perfect and that the molecular clock as-

sumption does not hold, at least not always, the rates of evolution along di�erent

branches in the tree are not the same.

Since the data hardly ever is additive or ultrametric, optimization versions

of the problem of constructing evolutionary trees from distance matrices are

considered. These most often give rise to NP-hard problems. Some of the

optimization criteria used are to minimize
P

i;j jd(i; j) �M [i; j]jk, for di�erent
values of k, where d(i; j) is the distance between species i and j in the tree and

M [i; j] is the corresponding value in the matrix, or to minimize the maximum

of jd(i; j)�M [i; j]j over all pairs of species.

Maximum parsimony methods. Maximum parsimony methods are charac-

ter based, which means that the data from which the tree should be constructed

are discrete characters. For example the characters can come from aligned molec-

ular sequences, such as DNA. In this case the characters are A, C, G, T, one at

each position in the aligned sequences. The characters can also be properties for

the species, like presence or absence of certain restriction sites or morphological

features. In any case each character is an element from a �nite set of possible

discrete values, called states. The input is a n�m matrix, where n is the num-

ber of species and m is the number of characters (e.g. positions in the aligned

sequences).

The idea behind maximum parsimony methods is that the tree that requires

the minimum total number of changes, from one state to another state, for a

character during the evolution, is the tree wanted. One can think of it as if

the internal nodes in the tree also were assigned characters, i.e. a row in the

matrix. For each position we want as few changes as possible, from one state to

another, for adjacent vertices in the tree. In the perfect phylogeny problem the

question is whether a character matrix has a perfect tree, T , in the sense that

for each character, c, and each state, s, all nodes (including internal nodes) with

character c in state s form one connected subtree of T . In other words, is there

a labeling of the internal nodes so that this requirement is ful�lled?

Maximum likelihood methods. Maximum likelihood methods are similar

to maximum parsimony methods in the sense that both methods start with

aligned sequences and search for the most likely tree, among all possible topolo-

gies, by imagining a labeling of the internal nodes in the tree. A di�erence is

that in maximum likelihood methods a probabilistic model for the evolution is

used to compute how likely a certain tree is. The probabilistic model is a model

describing the probability that a certain nucleotide (in case aligned DNA se-
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quences are used), during some time interval, changes into another nucleotide.

Given a �xed tree topology, for a set of species, and a �xed labeling of all nodes

in the tree for a speci�c position in the sequence, a probability for the tree can

be computed. The likelihood function for a �xed tree topology, for a set of

species, is the probability for the tree over all possible labelings of the internal

nodes. The most likely tree topology is the topology for which the product of

the likelihood function, for all positions in the sequence, is maximized, and this

is the tree we are searching for.

Consensus methods. In consensus methods the molecular data is not used

directly, as in maximum parsimony or maximum likelihood methods. Instead

the input is in the form of a set of trees, leaf labeled by species, and possibly

also a weight for each tree telling us how con�dent we are in the evolutionary

relationships described by the trees. One can therefore say that consensus meth-

ods operate on a higher level, because they require some kind of preprocessing

producing trees.

Consensus methods can both be seen as a way to become more con�dent in

the evolutionary relationships described by the tree, since information in di�erent

trees are used when deciding the tree, and as a way to combine information

from partly disjoint trees. Two methods that increase the con�dence in the

tree is to compute a maximum homeomorphic subtree or a strict consensus

tree. A homeomorphic subtree for a set of leaf labeled trees, all on the same

set of species, is a tree for a subset of the species such that the evolutionary

relationships described by the tree also can be found in all of the input trees. In

the maximum homeomorphic subtree problem we want to �nd a homeomorphic

subtree for a subset of the species of maximum cardinality. A strict consensus

tree for a set of leaf labeled trees only contains information common to all input

trees, where information means an edge dividing the species into two subsets,

i.e. a strict consensus tree may have few edges if the trees are not very similar.

To compute trees by using maximum likelihood methods is very time con-

suming, but on the other hand the quality of the trees produced is often high.

Maximum likelihood trees for small sets of species, for example for four species,

can be computed fast, but we are most often interested in trees for more than

four species. Consensus methods can be used to combine the trees for the small

subsets of species into a tree for all species we want a tree for. The consensus

tree problem, or local consensus tree problem if all input trees have constant

size, asks for a tree, T , such that each input tree is a topological subtree in T .
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1.4 Thesis Outline

The thesis consists of three parts. Each part considers one general problem,

all of them fall in the consensus method category. The parts begin with an

introduction including problem motivation, its de�nition, overview of previous

results related to the problem, and a description of the new results obtained in

the thesis. The three problems and the corresponding new results presented in

the thesis are brie
y described below.

Experiment model. In Part I the problem of constructing evolutionary trees

in the experiment model is considered. For three species a; b, and c, an ex-

periment is de�ned as the topological subtree for those three species in the

evolutionary tree. The experiment outcome denoted by ((a; b); c) means that

the lowest common ancestor of a and b is below both the lowest common an-

cestor of a and c and the lowest common ancestor of b and c. When the lowest

common ancestors of all pairs of species in the experiment are the same the

outcome is denoted (a; b; c). There are four possible outcomes of an experiment,

see Figure 1.2.

The problem of constructing an evolutionary tree, for a set S of species, in the

experiment model is de�ned as constructing a tree T , where leaves are labeled

by the species in S, and the topology of T is consistent with all experiments for

triplets of species in S. The standard computational model is augmented by an

oracle which, for any three species, returns the outcome of an experiment for

those three species within one step.

The main result in this part is a tight bound for the number of experiments

necessary to construct trees in the experiment model. An algorithm for the

problem running in time O(nd logd n) and using ndd=2e(logd�1 n+O(1)) exper-

iments for d > 2, and at most n(logn + O(1)) experiments for d = 2, where

d is the degree of the tree, is presented. A lower bound of 
(nd logd n) on the

number of experiments needed is also shown.

Two other algorithms for the problem are also presented. First a randomized

a b c

(a; b; c)

a b

c

((a; b); c)

a c

b

((a; c); b)

b c

a

((b; c); a)

Figure 1.2: The four possible outcomes of an experiment for three species a, b and c.
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a b

c

(fa; bg; c)
a b

d

(fa; bg; d)
a c

d

(fa; cg; d)

a e

c

(fa; eg; c)
c d

e

(fa; dg; e)
b c

e

(fb; cg; e)

a b c d

e

Figure 1.3: The consensus tree (right) is consistent with four out of six constraints

(left).

algorithm for constructing trees in expected time O(nd logn log logn) is given.

Even though this algorithm is less eÆcient than the aforementioned one, the

technique used by the algorithm is of general interest.

The third algorithm is an algorithm for merging two leaf disjoint trees. Two

trees can be merged in the experiment model in time O(nd) using as many

experiments. A matching lower bound is also shown.

Local consensus trees. In the consensus tree problem the input is in the

form of a set of trees, each leaf labeled by a subset of the species in a set S,

and the objective is to construct, if possible, a tree T , for the species in S, such

that each input tree is a topological subtree in T . In Part II we look at some

problems related to the consensus tree problem.

In the inferred consensus tree problem instead of trees the input is in the

form of constraints on the lowest common ancestors for species in a set S. A

constraint, denoted fi; jg < fk; lg, where i; j; k; l 2 S, means that the lowest

common ancestor for i and j is a proper descendant of the lowest common an-

cestor of k and l. Given a set of constraints on the lowest common ancestors,

the inferred consensus tree problem asks for a tree consistent with all input con-

straints. We study the optimization version of this problem, called maximum

inferred consensus tree problem, where a tree, for which the number of con-

straints consistent with the tree is maximized, is sought. Also a special case of

the problem, called maximum inferred local consensus tree problem, is consid-

ered, where all constraints includes only three species, i.e. fi; jg < fi; kg, also
denoted (fi; jg; k) (cf. experiment outcomes). See Figure 1.3 for an example.
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a

b

c

d e f

a b

c d e f

a b c

d e

f

a b

c

e f

Figure 1.4: A maximum homeomorphic subtree (bottom) for three trees (top).

We show that the maximum inferred consensus tree problem is NP-complete

and give a heuristic yielding solutions within one third of the optimum. For

the maximum inferred local consensus tree problem a second heuristic is also

presented. Both heuristics work also in case of weighted constraints.

Another special case of the inferred consensus tree problem is studied in

Chapter 6, where a frontier of the leaves, i.e. a left-to-right ordering of the leaves

in the tree, is given. For the ordered version of the inferred local consensus tree

problem we give an O((m + n) logn)-time algorithm, where n is the number of

species andm is the number of constraints. The ordered version of the maximum

inferred local consensus tree problem can, in contrast to the unordered version,

be solved in polynomial time. We show this by giving an O(n3) time algorithm.

Maximum homeomorphic subtree. Given a set of rooted trees, T1; : : : ; Tk,

each leaf labeled by a set S, the homeomorphic subtree problem asks for a set

S0 � S, such that for i = 1; : : : ; k, the restrictions of the Ti's to S0 are all

equal. When the cardinality of S0 is maximized the tree Ti restricted to S0 is

called a maximum homeomorphic subtree. The problem is often also called the

maximum agreement subtree problem. See Figure 1.4 for an example.

Two results for the maximum homeomorphic subtree problem are presented

in Part III. First we show that the problem is hard to approximate. Unless
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P=NP, the maximum homeomorphic subtree problem can not be approximated

within a factor N �, for any 0 � � < 1=9, where N denotes the total size of all

input trees. The second result shows that for a constant number of trees of con-

stant height the maximum homeomorphic subtree problem can be approximated

within a constant factor, and we give an algorithm achieving this approximation

factor running in time O(n log n), where n is the number of species in S.
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Experiment Model

13
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Experiment model

Consider the problem of constructing an unknown tree using some partial infor-

mation on the tree topology available at some cost. More precisely, the partial

information is in the form of the topological subtree induced by a subset of the

leaves and the cost corresponds to the time it takes to construct the subtree

in a given model. This is the problem considered in this part of the thesis. In

particular we are going to look at the problem of constructing evolutionary trees

in the experiment model.

An evolutionary tree for a set S of species is a rooted tree with no unary

nodes and n leaves labeled uniquely by the species in S. An experiment for

three species a; b, and c is de�ned as the topological subtree in the evolutionary

tree T for those three species. We denote by ((a; b); c) the experiment outcome

where the lowest common ancestor of a and b is below both the lowest common

ancestor of a and c and the lowest common ancestor of b and c. When the

lowest common ancestors of all pairs of species in the experiment are the same

we denote the outcome (a; b; c). The possible outcomes of an experiment are

shown in Figure 1.5.

The problem of constructing an evolutionary tree, for a set S of species,

in the experiment model is de�ned as constructing a tree T where all internal

nodes have at least two children, and leaves are labeled by the species in S.

Furthermore, the topology of T should be consistent with all experiments for

triplets of species in S. The standard computational model is augmented by an

oracle which, for any three species, returns the outcome of an experiment for

those three species within one step. Figure 1.6 shows an example of a tree and

the outcome of experiments. This model was suggested by Kannan, Lawler, and

Warnow [31]. Let n denote the number of species in the tree, i.e. jSj = n, and

de�ne the degree d of T as the maximum degree of the nodes in T , where the

degree of a node is the number of children.

The motivation for studying this model is twofold. First, biological experi-

mental techniques, called DNA-DNA-hybridization, that yield a rooted tree for

a b c

(a; b; c)

a b

c

((a; b); c)

a c

b

((a; c); b)

b c

a

((b; c); a)

Figure 1.5: The four possible outcomes of an experiment for three species a, b and c.
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a b d d c a a d f e g h

fe h e h b e f c f g h a b c d e f g h

Figure 1.6: An example of experiment results and the corresponding evolutionary tree.

three species have been studied by Sibley and Ahlquist [48]. In these experi-

ments one measures the temperature at which single stranded DNA from two

di�erent species bind together, the two species for which the DNA strands bind

together at the highest temperature are likely to be close to each other in the

tree.

The second motivation comes from the concept of noisy-ultrametric distance

matrices. A distance matrix M for a set S of species is an n� n matrix where

entry Mij represents the evolutionary distance between species i and j. A dis-

tance matrix is additive if there exists an evolutionary tree for S such that we

can assign weights to the edges in such a way that the distances between every

pair of species in the tree equals the corresponding entries in the matrix. A

matrix is ultrametric if it is additive and the tree can be rooted in such a way

that the distances from the root to all species (leaves) are the same. Distances

can for example be computed from alignments of molecular sequences, i.e. it is a

measure of sequence similarity. The distance matrices we get are seldom ultra-

metric, but they may be almost ultrametric. The concept of noisy-ultrametric

distance matrices, de�ned by Kannan et al. [31], is based on this. A matrix M

is noisy ultrametric if there exists a rooted evolutionary tree such that for all

triplets of species a; b; c 2 S it holds that Mab < minfMac;Mbcg if and only if

the lowest common ancestor of a and b is below the lowest common ancestor of

a and c (which is also the lowest common ancestor of b and c) in the tree. An

experiment can thus be seen as looking at three entries in a noisy-ultrametric

distance matrix.

In the literature, another variant of the experiment model based on quartets

of species is often considered, cf. [10]. In this variant, the input to the experiment

consists of four di�erent species, say a; b; c, and d, and the output is an unrooted

tree on four leaves labeled with a; b; c, and d respectively, revealing the topology

of the subtree of the evolutionary tree induced by the quartet. Note that if we

�x some species as the root of the evolutionary tree then all the experiments on

quartets including this particular species are equivalent to triple experiments for

the other three species. By this simple observation, all upper bounds established



17

in the triple variant of the experiment model immediately carry over to the

quartet variant. As for lower bounds, note that the output of an experiment on

a; b; c, and d returning a rooted tree on four leaves labeled with a; b; c; d can

easily be deduced from the output of O(1) experiments on triples in fa; b; c; dg:
Since such a rooted tree on a; b; c; d immediately yields the topology of an

unrooted one on a; b; c; d; also the lower bounds valid in the triple variant

of the experiment model carry over up to constants to the (unrooted) quartet

variant.

Interestingly, the problem of sorting n distinct numbers in the comparison-

based model can be modeled as a special case of the problem of constructing an

evolutionary tree from experiments as follows. The binary tree to construct is

like a caterpillar. It is composed of a single rooted path on n nodes and a set

of n leaves, each pending from a unique node of the path and labeled uniquely

by one of the input numbers, so the labels of the leaves along the path form,

say, an decreasing sequence. The outcome of the experiment for a triple gives

the maximum of the numbers in the triple. Thus, it can be obtained by two

comparisons.

The problem of constructing evolutionary trees in the experiment model was

�rst studied by Kannan, Lawler, and Warnow [31]. In their paper, they pre-

sented di�erent algorithms for this problem. For binary trees they gave three

algorithms, the fastest with running time O(n logn) using 4n logn experiments

(all logarithms are base two unless stated otherwise). Experiments are expensive

and hence it is important to minimize their number. The other two algorithms

use less experiments, they have running time O(n2) and O(n log2 n) respectively,

and use n logn and n log3=2 n experiments respectively. For trees of degree d an

O(n2) time algorithm using O(dn logn) experiments was presented, and for the

general case an algorithm using O(n2) experiments and O(n2) time together

with a matching lower bound were given.

In this part three di�erent algorithms for constructing trees in the experiment

model are presented. They show the development of more eÆcient algorithms

for the problem, ending with the asymptotically optimal algorithm in Chapter

4. Even though the algorithms presented in Chapter 2 and 3 are less eÆcient

they contain interesting results and techniques.

By using our technique of balanced randomized tree splitting, presented in

Chapter 2, an evolutionary tree for n species can be determined, using experi-

ments, in expected time O(nd logn log logn), where d is the degree of the tree.

Given a tree T and a random sample of species in T , then removing the

edges connecting the species in the sample will split the tree into disconnected

components for the species not in the sample. We show that none of these

components are large, with high probability. This fact can be used to achieve
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the above mentioned result. The idea is that to decide which component the

species belong to can be done faster then constructing the tree. The trees for

the small components can then be computed fast. The result on randomized

splitting is a general technique and could be applied to other problems involving

tree construction.

The main result in Chapter 3 is an algorithm for merging two leaf-disjoint

evolutionary trees, using additional experiments, running in time O(dn); where

n is the number of leaves in the resulting tree and d is its degree. Our merging

algorithm yields a deterministic algorithm for constructing an evolutionary tree

for n species from experiments running in time O(dn logn). A matching lower

bound on the number of experiments needed for merging two trees is also shown.

In Chapter 4 we describe an algorithm which constructs an evolutionary

tree of n species in time O(nd logd n) using at most ndd=2e(logd�1 n + O(1))

experiments for d > 2, and at most n(logn+O(1)) experiments for d = 2, where

d is the degree of the tree. This improves the previous best upper bound, shown

in Chapter 3 by a factor �(log d). In this chapter we also show, by an explicit

adversary argument, a matching lower bound, improving the previous best lower

bound by a factor logd n.



Chapter 2

Tree Construction Using

Randomized Splitting

Several of the known eÆcient algorithms for trees rely on their excellent separator

properties. It is well known that each tree contains a vertex whose removal splits

the tree into components of balanced size. Finding such a vertex usually requires

the knowledge of the tree. In this paper, we consider a more general situation

when the tree is unknown and we can obtain some partial information on its

topology at some cost. More precisely, the partial information is in the form of

the topological subtree induced by a subset of the leaves and the cost corresponds

to the time taken by the construction of the subtree in a given model. We

introduce an eÆcient randomized technique of balanced splitting of an unknown

tree termed balanced randomized tree splitting. It can be used to construct an

unknown tree recursively. To demonstrate the usefulness of our technique, we

show an examples of its application to construction of evolutionary trees.

By using our new technique of balanced randomized tree splitting, we show

that an evolutionary tree for n species can be determined, using experiments, in

expected time O(nd log n log logn), where d is the maximum degree in the tree.

The technique of balanced randomized tree splitting presented in this chap-

ter should be useful in �nding eÆcient algorithms for several other problems

involving construction of unknown trees (both within computational biology as

well as outside it).

Section 2.1 presents some general results on balanced randomized tree split-

ting and in Section 2.2 the algorithm for constructing a tree from experiments

is shown.

19
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2.1 Balanced Randomized Splitting of an Un-

known Tree

To �nd a balanced splitting of the unknown tree T , we randomly pick a sample

of its leaves and build the topological subtree T 0 induced by the sample. The

removal of the vertices of T 0 from T splits T into components of balanced number

of leaves with high probability.

Given a tree T and a subset S of leaves of T , the topological subtree T 0 of T

induced by S, denoted by T k S, is the minimum size tree that has S as the set

of its leaves and is homeomorphic to the subtree of T composed of paths in T

joining each pair of leaves in S.

For an edge (u;w) of T , let Tu;w denote the subtree of T rooted at u and

composed of all nodes reachable from w via u.

For a pair of vertices w1; w2 of T , let T (w1; w2) denote the forest composed

of all distinct subtrees Tu;w where w is an internal vertex on the path joining w1

with w2 in T and u is a vertex of T adjacent to w and outside this path.

u

w 2w● ●●

●

1w

Figure 2.1: Example of Tu;w and T (w1; w2). Left: The subtree Tu;w is shaded. Right:

The three subtrees of the forest T (w1; w2) are shaded.

A component of T � T 0 is either (1) a subtree Tu;w where w 2 V (T 0) and u

does not belong to any path in T joining w with an adjacent vertex in T 0 or (2)

a forest T (w1; w2) where (w1; w2) is an edge of T 0.

Theorem 2.1 Let T be a tree on n leaves. Let 2 � n0 < n and k � 2. For

any sample S of at least 2k n
n0

logn leaves chosen uniformly at random among

the n leaves of T , and the topological subtree T 0 of T induced by S, each of

the components of T � T 0 contains less than n0 leaves with probability at least

1� n�k.

Proof: Note that T has at least three edges, since n > 2. For a pair of vertices

w1; w2 of T , suppose that T (w1; w2) has at least n0 leaves of T . The probability

that none of the leaves is chosen in S is not greater than (1 � n0
n
)
2k n

n0
logn

, i.e.

it is not greater than 1
n2k

. Since T has at most n vertices, there are less than
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Figure 2.2: Example of the components in T � T 0. Thick lines correspond to the tree

T 0. The content of the components are shaded. There are six di�erent components,

marked with dashed lines, two of type Tu;w and four of type T (w1; w2).

n2 forests T (w1; w2). Consequently, the probability that there is such a forest

T (w1; w2) with at least n0 leaves of T none of which is chosen to S is less than
1

n2k�2
which is less than 1

nk
, since k � 2. Each of the components of T � T 0 is

included in a forest of the form T (w1; w2), therefore we conclude that each of

them contains less than n0 leaves with probability greater than 1� n�k. 2

Note that Theorem 2.1 implies the existence of a single vertex in T 0 whose

removal from T partitions the leaves of T into balanced size components with

high probability.

Corollary 2.2 Let T be a tree on n leaves. Let 2 � n0 � n=2 and k � 2. For

any sample S of at least 2k n
n0

logn leaves chosen uniformly at random among

the n leaves of T , the topological subtree T 0 of T induced by S contains a vertex

of T whose removal disconnects T into subtrees none of which contains more

than n=2+n0 leaves with probability at least 1� n�k. Given T 0 and the size of

the components of T � T 0, such a vertex can be found in time O((n=n0) logn).

Proof: Transform T 0 to an auxiliary tree T �, by breaking each edge e = (w1; w2)

into two edges (w1; we), (we; w2), where we is a new vertex uniquely associated

with e, and adding for each component C of T � T 0 a unique leaf lC . If C is of

the form Tu;w then lC is adjacent to the vertex w in T 0. Otherwise, if C is of the

form T (w1; w2) then lC is adjacent to we where e = (w1; w2). For each leaf lC of

T �, set its weight to the number of leaves of T in C. For each of the remaining

vertices w of T �, set the weight w to zero.

To prove the thesis, it is suÆcient to �nd a vertex of T 0 whose removal

disconnects T � into subtrees none of which contains vertices of total weight

greater than n=2 + n0.
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By Theorem 2.1, each vertex of T � has weight not exceeding n0, which does

not exceed n=2 by our assumptions, with probability at least 1� n�k.

Root T � at a vertex of T 0. If for each child of the root the total weight

of descendant vertices is not greater than n=2 then we are done. Otherwise,

walk down the tree always in direction of the child for which the total weight of

descendant vertices is larger than n=2. If there is no such child, stop. Note that

since each leaf of T � has weight not larger than n=2, the above procedure stops

at an internal vertex v of T �. Also, by the de�nition of v, its removal disconnects

T � into subtrees each containing vertices of total weight not greater than n=2.

If v is a vertex of T 0, we are done. Otherwise, we choose the parent w of v in

the rooted T �. Since v in this case has only two children, one of which is a leaf

of weight less than n0, it follows that w satis�es the thesis in this case.

Given T 0 and the size of the components of T �T 0, the above procedure can
be easily implemented in time linear in the size of T 0. 2

Corollary 2.2 is mostly interesting in the situation when the number of leaves

in the components of T induced by the removal of the vertices in T 0 can be

determined faster than it takes to build the whole T .

2.2 Building Trees from Experiments

We will use the result from Section 2.1 to derive a new upper time-bound on

the construction of an evolutionary tree from experiments, depending on the

maximum degree of the constructed tree. The following procedure will yield our

upper bound.

Algorithm BuildTree(L)

Input: A set L of species for which experiments can be made.

Output: An evolutionary tree for L.

1. Pick a random sample S of species from L of size 8dlog jLje;

2. Build an evolutionary tree T 0 for S by using the quadratic-time algorithm

from [31];

3. Determine the components C1; : : : ; Cj of T�T 0 where T is the evolutionary

tree to construct;

4. Augment each of the components of T �T 0 of the form T (x; y) by a single

species labeling a leaf of T 0 lying below both x and y in T 0;
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5. Augment each of the components of T � T 0 of the form Tx;y, where y is

the root of T 0, by a single species labeling a leaf of T 0;

6. For each component Ci (possibly augmented) do

if Ci contains at most logn species then construct the evolutionary tree

for Ci by using the quadratic-time algorithm

else BuildTree(Ci)

7. Connect the evolutionary trees recursively computed for the components

Ci with T 0 as follows:

if Ci is of the form Tx;y and y is not the root of T 0 then link the root of

the evolutionary tree for Ci to y;

if Ci is of the form Tx;y and y is the root of T 0 then identify the root of

T 0 with the father of the leaf labeled by the additional species in Ci;

if Ci has been originally of the form T (x; y) then identify the root of the

evolutionary tree for the augmented Ci with the lowest common ancestor

of x; y, and identify its leaf labeled by the additional species with the

other vertex in fx; yg.

The next fact is useful for analyzing the time complexity of BuildTree(L).

Fact 2.3 [see [31]] Let v be an internal node of the evolutionary tree for a set U

of species. LetW � U , and letW1; : : : ;Wq be the splitting ofW into non-empty

components induced by v. For any u 2 U �W , we can determine whether u

belongs to any of the components of U induced by v that is a superset of one of

the components W1; : : : ;Wq , and if so, also the index of the component, in time

O(q) by performing d q
2
e experiments.

Theorem 2.4 An evolutionary tree for n species can be determined in expected

O(nd log n log logn) time, where d is the maximum degree in the tree.

Proof: Let L be the set of n species. We use BuildTree(L) to prove the theorem.

The correctness of this procedure follows from the correctness of combining the

evolutionary trees recursively computed for the augmented components in step

6.

As for the expected running time of BuildTree(L), it is easily seen to be

dominated by steps 2, 3 and the \if" part of step 6.

To estimate the total work (including recursive calls) required in step 2 and

the \if" part of step 6 note that each internal node of T can appear in at most

one of the evolutionary trees T 0 built for the samples. Let n1; : : : ; nq be the sizes

of the samples drawn by the algorithm. We have
Pq

i=1 ni � n, and ni � 8dlogne
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for i = 1; : : : ; q. Hence, the total work for constructing the evolutionary trees T 0

for the samples (step 2) does not exceed

O

�
maxP

i
ni�n;ni�8dlog ne

(
X

n2i )

�
= O

�
n

logn
log2 n

�
= O (n logn)

Analogously, the total time taken by the construction of the evolutionary trees

for the components of size not greater than logn (the \if" part of step 6) is

O((n= log n) log2 n) = O(n log n).

In order to derive our upper bound on the expected time required by step 3,

we consider the following method of determining the components of T � T 0.

First, we �nd a (separator) vertex v of T 0 whose removal disconnects T 0 into

subtrees T 0i , i = 1; : : : ; q, none of which has more than 2
3
of the vertices of T 0.

Now, we can determine the leaf sets of the subtrees of the form Tu;v, where

(u; v) is an edge of T , by performing at most dd=2en experiments in time O(dn)

by Fact 2.3. In this way, in particular we can determine the components of

T � T 0 of the form Tu;v. Let u1 through ul be the neighbors of v in T 0, and L1

through Ll be the leaf sets assigned to the branches (v; u1) through (v; ul) by

the aforementioned experiments. Note that for i = 1; : : : ; l, Li is just the leaf

set of a subtree Tu;v where u is the second vertex on the path from v to ui in T .

Let T 0i be the subtree of T
0 corresponding to the branch (v; ui), i.e. the maximal

subtree of T 0 including ui and excluding v. For i = 1; : : : ; l, we analogously

�nd a vertex separator vi of T
0
i and perform at most dd=2ejLij experiments in

order to split Li into the subsets of leaf sets of the subtrees of the form Tu;vi .

Importantly, note that if u = v then the subset of Li assigned to the branch

(vi; v) yields the component T (v; vi). By proceeding in this way recursively, we

can determine all the components of T � T 0.

A recursive separator partition of T 0 in the form of a tree of vertex separators

of T 0 can be found in time linear in the size of T 0, i.e. in time O(logn). Hence,

the total time taken by �nding such separator partitions including the recursive

calls of the BuildTree procedure is easily seen to be O(n).

In order to estimate the expected total work taken by determining the com-

ponents of the tree T restricted to the current component with respect to the

evolutionary tree T 0 for the sample for the current component let us make the

following observation.

Since the recursive separator partition of T 0 has depth logarithmic in the size

of T 0, each species labeling a leaf of T takes part in O(log logn) leaf sets that are

partitioned by the experiments in order to determine the components of T �T 0.
For a species s, let n1; : : : ; nh be the sizes of the components that s belongs

to during the performance of the algorithm, where n1 = n, ni > logn for

i = 1; : : : ; h� 1, and nh � logn. Let h(n) = logn� log logn.
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By Theorem 2.1 it follows that the probability that ni+1 � ni=2, for i =

1; : : : ;min(h(n); h)� 1, is at least Qmin(h(n);h)�1
i=1 (1� 1

ni
) �Qh(n)�1

i=1 (1� 1
logn

) �
e�1. Consequently, Prob(h � h(n)) � e�1 holds. Hence, by Markov inequality

the expected value of h is at most eh(n).

Thus, the expected number of leaf sets s belongs to during our algorithm is

O(log n log logn). For each leaf set species s belongs to, s has to participate in

O(nd) experiments (determining the components of the tree T restricted to the

current component with respect to the splitting trees). The expected total work

and the expected total number of experiments are therefore O(nd logn log logn).

2





Chapter 3

Merging Trees

In this chapter, we present a new technique of eÆciently merging partial evolu-

tionary trees in the experiment model. We are not aware of any prior methods

for the important issue of eÆciently merging trees.

The problem of merging two partial, leaf-disjoint evolutionary trees consists

of constructing the partial evolutionary tree induced by the species, represented

by the leaves of the two trees, by using both trees and access to an experiment

oracle for triples of the aforementioned species.

We give an algorithm for this tree merging problem running in time O(dn);

where n is the number of leaves in the resulting tree and d is its maximum

degree. Our merging algorithm yields a deterministic algorithm for constructing

an evolutionary tree for n species from experiments running in time O(dn logn).

Section 3.1 describes our eÆcient method of merging partial evolutionary

trees with disjoint sets of leaves. The merging is done in a top-down fashion,

where we start at the roots of both trees. By making a few experiments the

shape of the merged tree at the top level can be decided and the merging at

lower levels of the tree can be done recursively. In section 3.2 a lower bound on

the number of experiments necessary for merging two evolutionary trees is given.

It asymptotically matches the upper time provided by our merging algorithm

proving its asymptotic optimality.

3.1 Merging Partial Evolutionary Trees

Throughout the chapter, we shall denote by T an arbitrary �xed rooted evolu-

tionary tree for a set of n species. We shall identify any leaf of T with the unique

species labeling it. By the degree of a node v in a rooted tree, deg(v) for short,

we shall mean the number of children of v in the tree.

27
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Given a subset S of leaves of T , the partial evolutionary tree induced by S,

denoted by T k S, is de�ned as the tree obtained by taking the minimum subtree

of T connecting the species in S, and then contracting any degree 1 nodes in

this subtree. The root of T k S is the node in the subtree closest to the root of

T . For a partial evolutionary tree U; the set of its leaves will be denoted by SU :

The problem of merging two partial evolutionary trees L and R, where SL \
SR = ;, consists of constructing the partial evolutionary tree T k (SL [ SR);
denoted by L [ R; using L, R, and access to an experiment oracle for triples in

(SL [ SR)3:

Theorem 3.1 Let L and R be two partial evolutionary trees with disjoint

sets of leaves. The merging of L and R into L [ R can be done in time

O(
P

v2L[R deg
2(v)) using at most

P
v2L[R deg

2(v) experiments.

Proof: Let L1; : : : ; Lk denote the maximal subtrees of L respectively rooted at

the children of the root of L; and let the subtrees R1; : : : ; Rm of R be de�ned

symmetrically.

.   .   .

L

L L L1 2 k

.   .   .

R R Rm21

R

Figure 3.1: The trees L and R.

Six di�erent types of the tree L [R can be distinguished, see Figure 3.2.

1. The roots of L and R are exactly the children of the root of L [ R:

2. The roots of L1; : : : ; Lk and R are exactly the children of the root of L[R:

3. The roots of L and R1; : : : ; Rm are exactly the children of the root of L[R:

4. The sequence of the maximal subtrees rooted at the children of the root

of L[R has the form L1; : : : ; Li�1; Li [R;Li+1; : : : ; Lk; where 1 � i � k:

5. The sequence of the maximal subtrees rooted at the children of the root of

L [ R has the form R1; : : : ; Ri�1; Ri [ L;Ri+1; : : : ; Rm; where 1 � i � m:

6. The sequence of the maximal subtrees rooted at the children of the root

of L [ R has the form Li1 [ Rj1 ; Li2 [ Rj2 ; : : : ; Lip [ Rjp ; Lip+1 ; : : : ; Lik ;

Rjp+1 ; : : : ; Rjm :
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RL i Ri

.   .   . .   .   .

L 1 L i-1 L i+1 L kU

Type 4

.   .   .

L 1 L 2 L k R

Type 2

.   .   ..   .   .

L 1 L 2 L k R1 R2 Rm

Type 1

.   .   . .   .   .

R1 Ri-1 Ri+1 RmUL

Type 5

.   .   . .   .   . .   .   .

U UL i 1
Rj 1

L i p
Rj p

L i p+1
L i k

Rj p+1
Rj m

Type 6

.   .   .

L R1 R2 Rm

Type 3

Figure 3.2: The six di�erent types of the tree L [R.

Note that that the types 1, 2 and 3 are identical except for the placement of

the root.

To see that L[R is always of one of the six types observe that otherwise one

of the maximal subtrees rooted at the children of the root of L[R would exactly

include some proper and non-empty subset of SLi or SRj
for some 1 � i � k or

some 1 � j � m: Then, the root of Li or Rj would overlap with that of L [ R
which would contradict the topology of L or R:

For i = 1; : : : ; k; let li be a �xed leaf in SLi : Similarly, for j = 1; : : : ;m; let

rj be a �xed leaf in SRj
:

The time complexity of the following multi-case merging method will depend

only on the squares of the degrees of the nodes in L [ R. The method �rst

performs an experiment on the triple l1; l2; r1, and then branches depending

on the outcome of this experiment. In describing the possible outcomes we will
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write ((a; b); c) to denote the fact that the lowest common ancestor of leaves a

and b lies below the lowest common ancestor of leaves a and c in T . If the lowest

common ancestors for all pairs from fa; b; cg are the same node, we just write
(a; b; c):

Case ((l1; r1); l2). It is easy to verify that L [ R cannot be of type 1, 2 or 3.

If it is of type 4 then one of the maximal subtrees rooted at the children

of the root of L [ R is L1 [ R: If it is of type 5 then one of the maximal

subtrees rooted at the children of the root of L[R is L[R1: Finally, if it

is of type 6 then one of the maximal subtrees rooted at the children of the

root of L [ R is L1 [ R1:

To determine L[R, perform the experiment on the triple l1; l2; r2: There

are four possible outcomes:

((l1; r2); l2): L [ R is of type 4 and it remains to construct L1 [ R in

order to determine L [ R:
((l1; l2); r2): L[R is of type 5 and symmetrically it remains to construct

L [R1 in order to determine L [ R:
((l2; r2); l1): L [ R is of type 6 and two of the maximal subtrees rooted

at the children of the root of L[R are L1 [R1 and L2 [R2; respec-

tively. To determine the remaining subtrees Liq [ Rjq perform the

experiments on the triples l1; li; rj for all i; j satisfying 2 < i � k

and 2 < j � m: Whenever the outcome is ((li; rj); l1); Li [ Rj must

be one of the maximal subtrees rooted at the children of the root of

L [R:
(l1; l2; r2): L [ R is again of type 6, but L2 [ R2 is not a child of the

root, and similarly it is suÆcient to perform the experiments on all

the triples l1; li; rj where 2 � i � k and 2 � j � m:

Case ((l2; r1); l1): This case reduces to the previous one by swapping L1 and

L2:

Case (l1; l2; r1). It is easy to verify by case analysis that L [ R cannot be of

type 1 or 3 and if it is of type 5 then one of the maximal subtrees rooted

at the children of the root of L [ R is L [ R1:

To determine L [ R, perform the experiment on the triple l1; r1; r2:

((r1; r2); l1): L [ R is of type 2 or 4. In this subcase if there is an index

i such that Li [R is one of the maximal subtrees rooted at a child of

the root of L[R then L[R is of type 4. We can easily verify whether
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or not such an index exists, and if so, �nd it, e.g. by performing the

experiments on the triples li; li+1; r1 for all i satisfying 1 � i < k:

((l1; r1); r2): L[R is of type 5 and L[R1 is one of the maximal subtrees

rooted at the children of the root of L [ R:
(l1; r1; r2) or ((l1; r2); r1): L[R is of type 6. By performing the experi-

ments on all the triples li; rj ; rj+1 where 1 � i � k and 1 � j � m�1;
we can easily determine all the subtrees Liq [ Rjq ; where 1 � q � k:

Case ((l1; l2); r1). L [ R can be only of type 1, 3 or 5. To determine L [ R;
perform the experiment on the triple l1; r1; r2.

((r1; r2); l1): We are done since L [R is simply of type 1.

(l1; r1; r2): L [ R is of type 3 or 5. In this subcase, if there is an index

j such that L [ Rj is one of the maximal subtrees rooted at a child

of the root of L[R then L[R is of type 5, otherwise it is of type 3.

We can easily verify whether or not such an index exists, and if so,

�nd it, by performing the experiments on all the triples l1; rj ; rj+1;

where 1 � j � m� 1:

((l1; r1); r2): ( or ((l1; r2); r1) respectively): L [ R is of type 5 and

L[R1 (or L[R2; respectively) is one of the maximal subtrees rooted

at the children of the root of L [ R:

Complexity analysis. Let w be the root of L [ R: Observe that if L [ R is

respectively of type 1, 2, 3, 4, 5, or 6 then deg(w) = 2; deg(w) = k+1, deg(w) =

m+ 1; deg(w) = k; deg(w) = m, or deg(w) � maxfk;mg respectively. Also, we
have k; m � 2: Hence, by straightforward examination of all the cases, we infer

that for any type of the resulting L [ R, we use at most deg(w)2 experiments

apart from the experiments used to merge respective subtrees on subsequent

recursion levels. The upper bound on the number of experiments easily follows

by induction. To complete the proof it is suÆcient to observe that our method

requires a number of steps proportional to the number of experiments. 2

Corollary 3.2 Two evolutionary trees with disjoint sets of leaves can be merged

in time O(dn) using at most 2dn experiments, where n is the number of leaves

in the resulting tree and d is its maximum degree.

Proof: Let L and R be the two input trees. The maximum degree d of

the resulting tree is not less than the maximum degrees of L and R: Hence,

by Theorem 3.1, L and R can be merged in time O(d
P

v2L[R deg(v)) us-

ing at most d
P

v2L[R deg(v) experiments. Now, it is suÆcient to note that
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P
v2L[R deg(v) � 2n since each non-leaf vertex of L or R has at least two

children. 2

Theorem 3.3 An evolutionary tree, of maximum degree d, for n species can be

constructed using experiments in time O(dn logn):

Proof: Split the set of species (i.e. leaves) into two parts, of size dn
2
e and

bn
2
c; respectively. Next, we recursively construct the partial evolutionary tree

for each of the parts, and merge the two resulting trees. Now, Corollary 3.2

together with the logarithmic recursion depth yield the theorem thesis. 2

If the maximum degree d in the tree is known in advance it is possible to

improve the upper time bound in Theorem 3.3. Simply, we can limit the recur-

sion depth to dlog2(n=d)e, and use the quadratic time algorithm by Kannan et

al. [31] for the O(n=d) subtrees for at most d species to reduce the upper bound

to O(dn+ dn log(n=d)).

3.2 The Lower Bound on Merging Trees

To prove that 
(dn) experiments are needed to merge two trees into one tree

with n leaves and maximum degree d, we consider �rst the case of merging two

d-stars. A d-star is a rooted tree with d leaves, which are the only children of

the root.

Lemma 3.4 Merging two evolutionary d-stars into one tree with 2d leaves re-

quires, in the worst case, 
(d2) experiments.

Proof: Consider two d-stars L and R. Next, consider an algorithm, say A;

for merging evolutionary trees. We give an adversary argument showing that A

must perform 
(d2) experiments to construct L [R.
Let l1; : : : ; ld and r1; : : : ; rd denote the leaves of L and R respectively. The

subtrees rooted at the children of the root of L [ R will have two leaves, one

from L and one from R, see Figure 3.3. We claim that in order to determine the

pairs (li1 ; rj1); : : : ; (lid ; rjd) forming the aforementioned subtrees, the algorithm

A may have to perform enough experiments on triples li; rj ; x, where li is any

leaf in L and ri is any leaf in R, so that the number of di�erent pairs of leaves

(li; rj) induced by the triples is at least
�
d
2

�
:

To prove the claim we play the following game with A as long as the following

condition holds: There are still at least two perfect pairings (matchings) of the

li's with rj 's so that the respective pairs could be merged without contradicting

experiments performed so far. To model the game we use an originally complete,

bipartite graph G on fl1; : : : ; ldg [ fr1; : : : ; rdg:
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l1 l2 l3 l4 l5 r r2 r3 r4 r51

U RL

l l l l l1 r4 2 r2 3 r5 4 r1 5 r3

L R

Figure 3.3: An example of two merged 5-stars.

Whenever A performs an experiment on a triple li; rj ; x, where x is any leaf,

we set the outcome of the experiment to be (li; rj ; x). Note that such an

outcome excludes the possibility that the pairs of subtrees corresponding to the

pairs of leaves in the experiment performed are subject of merging. Therefore, we

remove the edge (if not already removed) connecting li with ri from the bipartite

graph G: Also, depending on whether x is a leaf li0 or some rj0 ; we remove the

edge connecting li0 with rj or li with rj0 ; respectively. The minimum number of

experiments necessary to �nish the game is clearly at least the minimum number

of edges necessary to delete from G, originally isomorphic to Kd;d; so there is left

a unique perfect matching. The latter number is in turn at least the number of

pairs of edges in the perfect matching, i.e.
�
d
2

�
, since for each pair, say (li1 ; rj1);

(li2 ; rj2 ); at least one of the two cross edges (li1 ; rj2); (li2 ; rj1 ) has to be deleted.

Each experiment triple induces at most two di�erent pairs. We conclude that

the algorithm A has to perform at least
�
d
2

�
=2 = 
(d2) experiments to merge the

two trees. 2

Theorem 3.5 Merging two evolutionary trees with disjoint sets of leaves re-

quires in the worst case 
(dn) experiments where n is the number of leaves in

the resulting tree and d is its maximum degree.

Proof: Let l be the maximum integer such that n = 2ld+ x, for some integer

x < 2d. Consider an arbitrary tree L with maximum degree d; dl leaves and

exactly l parents of the leaves. Observe that each of the l parents of the leaves

is the root of a d-star shaped subtree of L: Let R be another tree whose root has

two children, one is the root of any subtree with x leaves and maximum degree
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L R

Figure 3.4: The input trees L and R.

d and the other is the root of a subtree that is isomorphic to L after neglecting

leaf labels. See Figure 3.4 for an example.

As an adversary we can force an algorithm for merging L with R to pairwise

merge the l d-star shaped subtrees of L with the subtrees of R of the same form.

The algorithm then has to solve the problem of merging two d-stars l times. Note

that experiments performed when merging one pair of d-stars cannot give any

information useful when merging another pair of d-stars, since an experiment

only includes three leaves, i.e. at most one pair of d-stars has at least two leaves

in the experiment. From Lemma 3.4 it follows that any algorithm merging two

d-stars into one tree with 2d leaves and maximum degree d, has to perform

in the worst case 
(d2) experiments. Since this has to be done l times and

l � 
(d2) = 
(dn); the theorem holds. 2



Chapter 4

Tight Bound for

Constructing Trees

In this chapter we present the �rst tight upper and lower bounds for the problem

of constructing evolutionary trees in the experiment model. We present an algo-

rithm which constructs an evolutionary tree for n species in time O(nd logd n)

using at most ndd=2e(log2dd=2e�1 n+ O(1)) experiments for d > 2, and at most

n(log n+O(1)) experiments for d = 2, where d is the degree of the constructed

tree. The algorithm is a further development of the dynamic algorithm in [40].

Our construction improves the previous best upper bound by a factor �(log d).

By an explicit adversary argument, we show a matching lower bound, improving

the previous best lower bound by a factor �(logd n).

Our algorithm can also be used as a dynamic algorithm supporting insertion

of new species, in which case it runs in time O(md logd(n +m)) using at most

mdd=2e(log2dd=2e�1(n+m)+O(1)) experiments for d > 2, and at mostm(log(n+

m)+O(1)) experiments for d = 2, where n is the number of species in the tree to

begin with, m is the number of insertions, and d is the maximum degree of the

tree during the sequence of insertions. Central to our algorithm is the concept of

separator trees of small height. In Section 4.1 we develop eÆcient algorithms for

constructing and maintaining separator trees during the insertion of new nodes.

These constructions may be of independent interest.

The chapter is organized as follows. In Section 4.1 we de�ne the concept of

separator trees and describe how to construct and eÆciently maintain separator

trees of small height. In Section 4.2 we present our algorithm for constructing

and maintaining evolutionary trees. In Section 4.3 and 4.4 the lower bound

is proved using an explicit adversary argument. The adversary strategy used

is an extension of an adversary used by Borodin, Guibas, Lynch, and Yao [7]

35



36 Tight Bound for Constructing Trees

for proving a trade-o� between the preprocessing time of a set of elements and

membership queries, and Brodal, Chaudhuri, and Radhakrishnan [8] for proving

a trade-o� between the update time of a set of elements and the time for reporting

the minimum of the set.

4.1 Separator Trees

In this section we de�ne separator trees and present eÆcient algorithms for their

constructing and maintenance.

De�nition 4.1 Let T be an unrooted tree with n nodes. A separator tree ST
for T is a rooted tree on the same set of nodes, de�ned recursively as follows:

The root of ST is a node u in T , called the separator node. The removal of u

from T disconnects T into disjoint trees T1; : : : ; Tk, where k is the number of

edges incident to u in T . The children of u in ST are the roots of separator trees

for T1; : : : ; Tk.

Clearly, there are many possible separator trees ST for a given tree T . An

example is shown in Figure 4.1.
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Figure 4.1: A tree T (left) and a separator tree ST for T (right).

For later use, we note the following facts for separator trees:

Fact 4.2 Let ST be a separator tree for T , and let r be a node in T . If S0

denotes the subtree of ST rooted at r, then:

1. The subgraph T 0 induced by the nodes in S0 is a tree, and S0 is a separator

tree for T 0.

2. For any edge from T with exactly one endpoint in T 0, the other endpoint

is an ancestor of r in ST , and each ancestor of r can be the endpoint of at

most one such edge.

The main point of a separator tree ST is that it may be balanced, even

when the underlying tree T is not balanced for any choice of root. The notion



4.1 Separator Trees 37

of balanced separator trees is contained in the following de�nition, where the

size jT j of a tree T denotes the number of nodes in T , and where Ti refers to the

trees T1; : : : ; Tk from De�nition 4.1.

De�nition 4.3 A separator tree is a t-separator tree, for a threshold t 2 [1=2; 1],
if jTij � tjT j for each Ti and the separator tree for each Ti is also a t-separator

tree.

In Section 4.1.1 we �rst show how to construct 1/2-separator trees in linear

time. We then in Section 4.1.2 consider dynamic separator trees and show how to

maintain separators trees with small height in logarithmic time per insertion. A

simple algorithm yields height O(logn) and a more involved algorithm improves

the height bound to logn + O(1). Finally, we in Section 4.1.3 show how to

extend the algorithms with a speci�c ordering of the children facilitating the use

in Section 4.2 of separator trees for the eÆcient construction and maintenance

of evolutionary trees in the experiment model.

4.1.1 Constructing Separator Trees

In Lemma 4.4 below we �rst give a simple algorithm for constructing 1/2-

separator trees in time O(n logn). In Lemma 4.5 we then improve the running

time of the algorithm to O(n) by adopting additional data structures.

We need the following de�nitions for our algorithms. For a node v in a rooted

tree T , we de�ne the size of v, denoted jvj, to be the number of nodes in the

subtree rooted at v. We let the heavy-child of a node be a child of maximum

size, where ties are broken arbitrarily. The edges to the heavy-children de�ne a

decomposition of T into disjoint heavy-paths. All nodes on a heavy-path, except

the �rst node, are heavy-children, and the last node is a leaf.

Lemma 4.4 Given a tree T with n nodes, a 1/2-separator tree for T can be

constructed in time O(n log n).

Proof: We �rst make T a rooted tree by letting an arbitrary node of T be the

root. For all nodes v in T we compute jvj and identify the heavy-paths in T

in one traversal of T in time O(n). We identify the root of the 1/2-separator

tree ST as follows: We start at the root r of T and follow the heavy-path from r

to the lowest node u where juj � n=2 (possibly u = r), i.e. jvj < n=2 for all

children v of u. The node u becomes the root of ST . By removing u from T , the

tree T splits into disjoint trees T1; : : : ; Tk, where each tree Ti has size ni � n=2,

since the tree Tj containing the parent of u has size at most n� juj � n=2. We

recursively compute 1/2-separator trees for each Ti. The root of each recursively

constructed 1/2-separator tree becomes a child of u in ST .
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Locating u takes time O(n) since the heavy-path starting at the root of T

contains at most n nodes. This implies that the construction time is bounded

by T (n), where T (n) is given by the recurrence

T (n) � cn+

kX
i=1

T (ni) ;

for some positive constant c, where
Pk

i=1 ni = n � 1 and ni � n=2 for all

i = 1; : : : ; k. By induction it follows that T (n) � cn(logn+ 1). 2

The algorithm of Lemma 4.4 recomputes the sizes of all nodes and the heavy-

paths for each recursive call. Furthermore it does not exploit that the sizes along

a heavy-path is monotonically decreasing when searching for the root of the

separator tree. The following lemma shows how to exploit these two observations

to reduce the construction time to O(n).

Lemma 4.5 Given a tree T with n nodes, a 1/2-separator tree for T can be

constructed in time O(n).

Proof: The basic algorithm is identical to the algorithm described in the proof

of Lemma 4.4. To improve the search for separator nodes we keep track of the

heavy-paths as balanced search trees. Each heavy-path is stored in a search tree

where the elements are the nodes on the heavy-path and the keys are the sizes of

the nodes. The search trees should support the operations: join, split, successor,

and addpathcost. Join concatenates two search trees provided that the keys in

one search tree are all smaller than the keys in the other search tree, and split

splits a search tree at a particular element. Addpathcost adds the same value

to all keys in a search trees. Given a key, successor �nds the element with the

smallest key larger than, or equal to, the given key. As described by Tarjan [51,

Chapter 5], all these operations can be supported in time O(logn), where n is

the number of elements in the search tree. Given a sorted list, the corresponding

search tree can be constructed in linear time.

Initially, we make T rooted, compute jvj for all nodes v in T , identify heavy-
paths in T , and construct a search tree for each heavy path. In total this takes

time O(n). At each node which is the head of a heavy-path, we store a link

to the search tree storing the heavy-path starting at that node. For each node

we store a link to a priority queue which stores the children of the node, except

the heavy-child, with priorities equal to their sizes. The priority queues should

support the insertion of an element with arbitrary priority and the deletion of

the element with maximum priority in logarithmic time, and construction in

linear time, e.g. binary heaps [20, 54]. The total time for constructing the initial

priority queues at the nodes is O(n).
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Figure 4.2: The separator node u on the heavy-path R = Rtop [ fug [ Rbot , and the

nodes w1; : : : ; w` where to update the left-to-right order of the children.

We �nd the root of the 1=2-separator tree ST using the search tree R storing

the heavy-path starting at the root r of T . We �rst observe that jrj is the

maximal key in R, which can be computed in time O(logn). To �nd the root

of ST we perform the query successor(jrj=2) on R, which by construction locates
a node u in T where juj � jrj=2 and all children v of u have jvj < jrj=2, i.e.
u is a valid node for the root of ST . Removing u from T splits T into disjoint

trees T1; : : : ; Tk, where each subtree Ti has size ni � n=2. See Figure 4.2.

We recursively compute a 1/2-separator tree for each Ti. The root of each

constructed 1/2-separator tree becomes a child of u in the separator tree ST .

To avoid recomputing the heavy-paths for each of the recursive calls we

update the already computed heavy-paths, and corresponding search trees, as

described below in time O(log2 n). This implies that the total construction time

is bounded by O(n+ T (n)), where

T (n) � c(1 + blognc2) +
kX
i=1

T (ni) ;

for some positive constant c, where
Pk

i=1 ni = n � 1 and ni � n=2 for all

i = 1; : : : ; k. By induction it follows that T (n) � cn + cn
Pblog nc

i=0 i2=2i � 7cn,

since
P1

i=0 i
2=2i = 6. We conclude that the total construction time is O(n).

To update the heavy-paths, we start by splitting the search tree R contain-

ing u into three parts, Rtop , u, and Rbot , where Rtop stores the part of the

heavy-path above u, and Rbot stores the part of the heavy-path below u. See

Figure 4.2. This can be done in time O(logn) by applying the split operation
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twice. By adding a link from the heavy child of u in T , i.e. the node in Rbot with

maximum key, to the search tree Rbot , it follows that for all the Ti trees that

were rooted at the children of u the heavy-paths are correctly stored as search

trees.

What remains is to update the search trees storing the heavy-paths in the

tree Tj that contains the parent of u from T , i.e. the part of T above u. First

we update the keys (i.e. sizes) of all nodes in Rtop by subtracting the size of the

subtree of T that was rooted at u, i.e. the key of u. This takes time O(logn) by

the addpathcost operation, and ensures that the keys of all nodes in Tj equals

their new sizes. What remains is to reorder the search trees for the paths in Tj

such that they represent the heavy-paths in Tj , i.e. to identify the new heavy-

children of the nodes in Rtop .

We de�ne nodes w1; w2; : : : ; w` as follows. Let w1 be the parent of u in T ,

and wi+1 the ancestor of wi in Rtop determined by successor(2 jwij). See Fig-

ure 4.2. Since jwi+1j � 2 jwij and jTj j � n=2, it follows that jwij � 2i�1 and

` � logn. We now argue that w1; : : : ; w` are the only nodes in Rtop where

the child also in Rtop is no longer a heavy-child. Consider a node z in Rtop

between wi and wi+1. Since jwij < jzj < 2 jwij, it follows that the child of z

in Rtop is still the heavy child of z in Tj since it has at least size jwij > jzj=2,
i.e. the children of z are correctly placed.

Now consider wi. Let x be the heaviest child of wi in T and let Q be the

priority queue storing the remaining children of wi. If Q is empty no updates

are necessary at wi. Otherwise let y be the child of wi with maximum key in Q,

i.e. the second heaviest child of wi in T . If i = 1, then x = u and y becomes the

new heavy child of w1. We delete the maximum element y from Q; join Rtop

with the search tree storing the heavy-path starting in y; and let Rtop be the

resulting search tree. We continue recursively updating Rtop at wi+1.

Otherwise i � 2. If jxj � jyj in Tj , i.e. if jxj is larger than or equal to the

key of y in Q, then x is also the heavy-child of wi in Tj . Otherwise, x is not the

heavy-child of wi in Tj , and we must update the heavy-paths accordingly. First,

we split Rtop between x and wi, this results in two search trees R
0
top , storing the

nodes on the path from the root to wi, and R00
top , storing the heavy-path which

starts at x. We then delete the maximum element y from Q; insert x into Q;

and let x have a pointer to R00
top . The node y is the new heavy-child of wi. We

join R0
top with the search tree storing the heavy-path starting at y, and let Rtop

be the resulting search tree. We continue recursively updating Rtop at wi+1.

It takes time O(log n) to �nd each wi, and at each wi we use time O(logn)

to update the heavy child information. Since ` � logn, the total time for

reestablishing the heavy-paths is O(log2 n), which concludes the proof. 2
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4.1.2 Maintaining Separator Trees

In this section, we �rst discuss how to insert new nodes into a tree T and

its corresponding separator tree ST , and then present methods for maintaining

balance and height in a separator tree ST during such insertions.

We allow two types of node insertions in T : Type 1, which is the addition of

a new leaf node connected to an existing node in T by a new edge, and Type 2,

which is the addition of a new node by breaking an existing edge into two edges.

Figure 4.3 shows a tree before and after one addition of each type, with new

nodes in bold.
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Figure 4.3: Insertions into a tree T .

In the separator tree ST for T , we for a Type 1 insertion insert the new node

as a child of the single node in T to which it is connected, and for a Type 2

insertion insert the new node as a child of the deepest node in ST among the

two nodes in T to which it is connected. The resulting tree is easily seen to be

a separator tree for the updated tree T . Figure 4.4 shows the insertions into ST
corresponding to the insertions into T shown in Figure 4.3.
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Figure 4.4: Insertions into ST corresponding to Figure 4.3.

The methods we now present for maintaining balance and height in separator

trees during insertions of new nodes are based on rebuilding of subtrees, and are

inspired by methods described in [4, 5] for maintaining small height in binary

search trees. We �rst show how the linear time construction algorithm for 1=2-

separator trees from Lemma 4.5 leads to a simple algorithm for keeping separator

trees well balanced. The height bound achieved by this algorithm is O(logn),

using O(log n) amortized time per update. We then use a two-layered structure
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to improve the height bound to logn+O(1) without sacri�cing the time bound.

The improved constant factor in the height bound is signi�cant for our use of

separator trees for maintaining evolutionary trees in the experiment model, since

the number of experiments for an insertion of a new species will turn out to be

proportional to the height of the separator tree, and experiments are likely to be

expensive in practice [31]. Furthermore, this height bound is within an additive

constant of the best bound possible, as trees exist where any separator tree must

have height at least blognc (e.g. a tree which is a single path).

Lemma 4.6 For any 0 < " < 1=4, a (1=2+ ")-separator tree can be maintained

in O((log n)=") amortized time per insertion.

Proof: We let each node v in the separator tree store the size jvj of its subtree
(its number of descendants in the separator tree, including v itself), as well as

its depth (the number of edges on the path to the root in the separator tree).

During insertions, we update this information along the path to the root,

and check for violations of the threshold. If any violating nodes are found on the

path, we rebuild the subtree rooted at the highest of these, using Lemma 4.5,

and then restore the size and depth information by a traversal of the rebuilt

subtree. Let v denote this node, and let u denote its largest child just before the

rebuild. Immediately after the last time we did a rebuild involving v, either u

was not present, or we had jujthen � jvjthen= 2 � jvjnow= 2. As jujnow > (1=2 +

")jvjnow, at least "jvjnow insertions have taken place below v since then. Charging

these insertions �(1=") each will cover the �(jvjnow) cost for rebuilding the

subtree of v and restoring the information at the nodes. Thus, if an insertion

is charged �(1=") for each node on the path from the new node to the root,

the cost of all rebuildings are covered. Since the height of the separator tree is

O(log1=(1=2+") n), which is O(logn) by " < 1=4, the stated time bound follows.

2

Lemma 4.7 A (1=2 + o(1))-separator tree can be maintained with a height

bound of log(n) + 1 in O(log2 n) amortized time per insertion.

Proof: In the method of Lemma 4.6, we maintain " < c=logn for a constant

c > 0, changing " by a global rebuild of the entire separator tree whenever n has

doubled.

The height h of a separator tree with threshold t satis�es thn � 1, imply-

ing h � log(n)= log(1=t). For x ! 0, we have the �rst order approximations

log(1 + x) = �(x) and 1=(1 � x) = 1 + �(x). Using these for t = 1=2 + " we

get 1= log(1=t) = �1= log(t) = �1= log(1=2 + ") = �1=(�1 + log(1 + 2")) =

�1=(�1 + �(")) = 1 +�(").
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Choosing c small enough, we get a height bound of log(n)(1 + 1= log(n)) =

log(n) + 1, and an amortized time for insertions of O(log(n)=") = O(log2 n), as

the amortized cost of the global rebuildings is O(1) per insertion by Lemma 4.5.

Speci�cally, the value c = 1=6 will do for n � 2, as can be veri�ed by considering

tangents to the graphs of log x and 1=(1� x). 2

In the next theorem, we reduce the amortized time bound to O(logn). State-

ments about amortized complexity for data structures normally assume an ini-

tially empty structure|this is a special case of the statement below.

Theorem 4.8 Let T be an unrooted tree initially containing n nodes. After

O(n) time preprocessing, a separator tree for T with a height bound of log(n+

m) + 5 can be maintained during m insertions in time O(m log(n+m)).

Proof: We use a two-layered rebalancing mechanism to reduce the time bound

from Lemma 4.7 by a factor of �(logn). The top rebalancing scheme will work

on a sample U of the nodes of the underlying tree T . If the nodes in U and all

the edges with which they are incident are removed from T , it will break into a

set of connected components. We denote these the components induced by U .

We maintain the following invariants on U , where � is a power of two between

(log n)=2 and 2 logn.

1. Each component induced by U contains less than � nodes.

2. Each component induced by U is connected to at most two nodes from U .

We view U as a graph by letting two nodes in U be connected by an edge if

they in T are connected to the same induced component, or if they are already

neighbors in T . By Invariant 2, each component is connected to either one or

two nodes in U (unless U is empty, in which case T itself is a single component).

The components connected to only one node in U we denote leaf components.

The components connected to two nodes in U may be associated with the corre-

sponding edge in U , and we denote these edge components. Assigning an empty

edge component to edges in T which connect two nodes in U , we obtain a one-

to-one correspondence between the edges of U and the edge components. Using

this, it is easy to see that since T is a tree, U is also a tree.

The separator tree for T will be a separator tree for U where separator trees

for the induced components are attached as extra children of the nodes. The

separator tree for a leaf component is attached as a child of the single node in

U to which it is connected in T . The separator tree for an edge component

is attached as a child of the node of largest depth in the separator tree for U ,

among the two nodes in U to which it is connected in T .
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We remark that this combined structure really does constitute a separator

tree for T : removing the root r of the structure (i.e. the root of the separator

tree for U) from T breaks T into pieces, of which the pieces containing no nodes

from U exactly are the leaf components attached as children of r, and the pieces

containing nodes from U are in one-to-one correspondence with the pieces of U

left when removing r from U . Continuing recursively proves the remark true.

We now discuss how to update the separator tree for T after an insertion into

T . For a Type 1 insertion, the existing node to which the new node is connected

may belong to U . In this case, the new node will form a new component of size

one, which is added to the structure. For all other insertions, an existing (but

possibly empty) component C will grow by exactly one node. After inserting into

C, the component is rebuilt to threshold 1/2 by the algorithm from Lemma 4.5.

If the number of nodes in C has reached � due to the insertion, it is now split

into components of size at most �=2 by adding the root v of the separator tree

for C to the sample U . For edge components, one of the new components formed

by the split may be connected to three nodes in U . Speci�cally, this happens

if and only if v is not located on the unique path in T between the two nodes

u1; u2 2 U to which C is connected. To maintain Invariant 2, we also add to

U the node w located where the paths from v to u1 and from v to u2 separate.

This splits the violating new component, reestablishing the invariant.

We build a 1=2-separator tree for each of the components which arise by the

inclusion of w in U , let these components be children of w, and let w be the

single child of v in the separator tree for U .

The addition of v and w into U constitutes two insertions into the separator

tree for U , below the node of which C was a child. To maintain balance in the

separator tree for U after these insertions, we use the rebalancing scheme from

Lemma 4.7.

After a rebuild of a subtree S in the separator tree for U during such re-

balancing, the depth of each node in S may have changed. As said, an edge

component in the separator tree for T should be a child of the node of largest

depth in the separator tree for U , among the two nodes in U to which it is

connected (these nodes are ancestors of each other in the separator tree for U ,

as follows from Fact 4.2). Therefore, for edge components connected to at least

one node in S we must after the rebuild check the updated depth information

of these nodes, and change parent of the component if necessary. This is easily

done by a traversal of S during which we inspect all edge components connected

to nodes in it. By the one-to-one correspondence between edge components and

edges of U , the number of components to inspect is equal to the number of edges

in U with at least one endpoint in S. By Lemma 4.2, this number is bounded

by jSj � 1 plus the depth of the root of S in the separator tree for U . Thus, by
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the height bound in Lemma 4.7, inspection of edge components will only add

an additive logarithmic term to the amortized rebalancing cost for the separator

tree for U , which therefore remains O(log2 jU j).
To maintain the value of �, we rebuild the entire structure whenever n has

doubled, adjusting � if it will go out of bounds before the next doubling of n.

We now discuss how to perform such a global rebuilding in O(n) time. The same

algorithm is also used as preprocessing to construct the separator tree for the

initial tree T . Thus, preprocessing takes O(n) time.

To construct the separator tree for some existing tree � , we �rst generate

the sample U and its induced components. We then use the algorithm from

Lemma 4.5 to construct a separator tree for U and for each component. Finally,

we attach each leaf component to the single node from U to which it is connected,

and attach each edge component as a child of the lowest of the two nodes in U

to which it is connected. In the case of the preprocessing, we will need the

generated U to ful�ll Invariant 1 with a value of �=2 instead of � in order to

obtain the stated time bound for the �rst n insertions. This value is used below.

The sample U is generated by a traversal of � using e.g. a depth �rst search,

during which we maintain a sample and its induced components for the part

of � traversed so far. The algorithm for this is similar to the insertion procedure

described above, except that no separator trees are maintained. Speci�cally,

when a new node v is encountered during the traversal, we consider the node w

from which it was reached. If w is in U , we start a new component. If not,

v is added to the component of w. If the number of nodes in a component

reaches �=2, we split it into components containing at most �=4 nodes each by

adding one of its nodes to U . To locate this node, we use the method described

in the �rst lines of the proof of Lemma 4.4. If necessary, we also split one of the

new components to maintain Invariant 2.

When a component over
ows, at least �=4 nodes have been inserted into it

since it was created by a component split or by the start of a new component.

Hence, at most 4n=� over
ows can occur during the generation of U . As each

over
ow can be handled in O(�=4) time, the generation of U can be performed

in O(n) time. By the time bound from Lemma 4.5, the entire separator tree

for � can be constructed in O(n) time.

We now analyze the time for m insertions in the separator tree. Clearly, we

only need to consider the case m < n, as the rebalancing scheme is reset by

a global rebuild each time n has doubled, and as each such rebuild except the

initial construction amounts to O(1) amortized work per insertion. The insertion

into an induced component and the rebuilding of its separator tree by Lemma 4.5

takes O(�) = O(log n) time, including any splitting of the component due to

over
ow. Each over
owing component gives rise to at most two insertions into
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the separator tree for U . When a component is created by a component split or

by the start of a new component, it contains at most �=2 nodes. The size of the

components after the construction of the initial separator tree is also bounded

by �=2. Hence, after m insertions, at most 2m=� over
ows of components

can have occurred. Each over
ow gives rise to at most two insertions into the

separator tree for U , each of which costs O(log2 jU j) = O(log2 n). The total

cost of these insertions is then O((m log2 n)=�) = O(m logn). The stated time

bound follows.

To prove the stated height bound, note that in the initial tree, U contains at

most 8n=� nodes. At most 2m=� over
ows of components have occurred during

insertions, each of which inserts at most two more nodes into U . Hence, the size

of U is bounded by 8(n+m)=�. By Lemma 4.7, the height of the separator tree

for U is most log(8(n+m)=�) + 1 = log(n+m) + 4� log(�). By Invariant 1,

the height of the separator trees for the induced components is at most log�,

as these are 1=2-separator trees. Adding one to the height to account for the

edges connecting the root of the separator trees for components to nodes in the

separator tree for U gives the stated height bound. 2

4.1.3 Ordered Separator Trees

Lemma 4.9 A separator tree of size n can be processed in time O(n) such that

children of nodes are sorted in decreasing size-order.

Proof: We �rst traverse the separator tree in linear time and compute the size

of all nodes. Since the sizes are bounded by n, a list of all nodes can be sorted in

decreasing size order in linear time using bucket-sort [36]. By scanning through

the sorted list of nodes in increasing size order making the nodes visited the �rst

child of their respective parents, we in linear time update the order of children at

each node in the separator tree such that they are sorted in decreasing size-order.

2

We now extend the separator trees maintained by the algorithm from Theo-

rem 4.8 with a speci�c ordering of the children, facilitating our use of separator

trees in section 4.2 for �nding insertion points for new species in evolutionary

trees.

The basic idea is to speed up the search in the separator tree by considering

the children of the nodes in decreasing size-order. This ensures a larger reduction

of subtree size in the case that many children have to be considered before the

subtree to proceed the search in is found.

Theorem 4.10 Let T be an unrooted tree initially containing n nodes. After

O(n) time preprocessing, an ordered separator tree for T can in time O(m log(n+



4.1 Separator Trees 47

m)) be maintained during m insertions in a way such that the height is bounded

by log(n+m) + 5 and such that for any path (v1; v2; : : : ; v`) from the root v1 to

a node v` in the separator tree, the followings holdsY
di�2

2 �
Y
di>2

di < 9d(n+m) ;

where di is the number which vi+1 has in the ordering of the children of vi,

for 1 � i < `, and d = maxfd1; : : : ; d`�1g.

Proof: The proof is by an extension of the construction from Theorem 4.8, and

familiarity with the proof of this theorem is assumed here.

We extend the construction by an ordering of the children of the nodes of the

separator tree as follows. For a node v in U , the children which belong to U will

come �rst in the ordering, followed by the the children not in U . Furthermore,

the children belonging to U will be in decreasing order in terms of the size of

their subtrees in the separator tree for U (which is not the same as the size of

their subtrees in the entire separator tree for T ). For a node v in U , we do not

de�ne any particular order for the children not in U . For a node v not in U , the

children (none of which can be in U), will be in decreasing order in terms of the

size of their subtree in the separator tree for the induced component in which

they are contained.

This ordering must be maintained during insertions and rebalancing of the

structure. Whenever an insertion occurs in an induced component, it is com-

pletely rebuilt by the algorithm from Lemma 4.5. This algorithm is also used as

the fundamental operation in the rebalancing of the separator tree for U . Af-

ter an invocation of this algorithm, the order can be restored without a�ecting

the time bound, by Lemma 4.9. When an insertion into U occurs due to the

splitting of a component, the ordering may have to change among children of

nodes on the path from the insertion point to the root in the separator tree for

U . With a proper linked list representation of the children of a node, this can

be done in constant time per node on the path, as the size of only one child per

node changes, and only by one. Thus, this takes time proportional to the height

of the separator tree of U . All in all, the ordering can be maintained without

a�ecting the time bound from Theorem 4.8. The height bound also follows from

Theorem 4.8.

To prove the last claim of the lemma, note that the path will �rst pass

through nodes from U , then through nodes from a single induced component.

Let vj be the last node from U on the path.

We �rst consider the part (v1; v2; : : : ; vj) of the path lying within the separa-

tor tree for U . This separator tree has a threshold of 1=2+ ", where " originates

from the proof of Lemma 4.7, and has a value bounded by c=log jU j for some
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constant c � 1=6. For di � 2, a descent into the di'th child must reduce by a

factor of at least di the number of nodes in the current subtree of the separator

tree for U . For di = 1, we can only claim a factor given by the threshold of the

separator tree. Since this part of the path ends at the latest when there is a

single node left in the subtree of the separator tree for U , we have the following

for this part of the path:

1 � jU j � (1=2 + ")k �
Y
di�2

i<j

1

di
;

where k = jfi < j j di = 1gj. The height of the separator tree for U is bounded

by log jU j+ 1. Using this and the standard inequality (1 + x=y)y � ex, we get

(1 + 2")k � (1 + 2c=log jU j)log jUj+1 � (1 + 2c)e2c ;

since jU j � 2 when this part of the path exists. For c = 1=6, this value is below

1:861, and choosing e.g. c = 1=40 gives a value below 1 + 1=8. We assume the

latter choice of c here. Recalling that jU j � 8(n+m)=�, we get

1 < 9(n+m)=� � (1=2)k �
Y
di�2

i<j

1

di
:

The part (vj+1; : : : ; v`) of the path lies within a separator tree for an induced

component, which has a threshold of exactly 1=2. By a similar but simpler

argument, we get

1 � � � (1=2)k0 �
Y
di�2

i>j

1

di
;

where k0 = jfi > j j di = 1gj.
At vj , the ordering of the children not in U is arbitrary, and the measure of

size in the above argument changes, hence the above argument is not valid. By

de�nition we have the inequality

dj � d :

Multiplying left sides and right sides in the last three inequalities and rearranging

the result proves the last statement of the lemma (since d � 2). 2
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4.2 Algorithm for Constructing and Maintain-

ing Evolutionary Trees

In this section we describe an algorithm for constructing an evolutionary tree T

in the experiment model for a set of n species in time O(nd logd n), where d is

the degree of the tree. Note that d is not known by the algorithm in advance.

The construction algorithm is a further development of the dynamic algorithm

by Lingas et al. in [40]. Our algorithm also yields a faster dynamic algorithm

supporting online insertion of new species with running time O(md logd(n+m))

using at most mdd=2e(log2dd=2e�1(n + m) + O(1)) experiments for d > 2, and

at most m(log(n + m) + O(1)) experiments for d = 2, where n is the number

of species in the tree to begin with, m is the number of insertions, and d is the

maximum degree of the tree during the sequence of insertions.

The construction algorithm inserts one species at the time into the tree in

time O(d logd n) until all n species have been inserted. The insertion of a new

species a is guided by a separator tree ST for the internal nodes of the evolu-

tionary tree T for the species inserted so far. The insertion of the new species

starts at the root of ST . We decide by experiments which subtree, rooted at a

child of the root in ST , the species a should be inserted into. This is repeated

recursively until the correct position in T for a is found. We keep links between

corresponding nodes in ST and T for switching between the two trees. Further-

more we for each internal node in T maintain a pointer to an arbitrary leaf in

its subtree. When inserting a new internal node in T this pointer is set to point

to the new leaf which caused the insertion of the node.

The invariant for the search is the following. Assume we have reached node v

in the separator tree for the internal nodes in T , and let Sv be the internal nodes

of T which are contained in the subtree of ST rooted at v (including v). Then

the new species a should be inserted directly below one of the nodes in Sv or

should split an edge which is incident to a node in Sv, by creating a new internal

node on the edge and make a a leaf below the new node. To decide this using

experiments we proceed as described below.

Let v be the node in ST for which we want to decide if the new species a

should be inserted in the subtree above v in T , directly below v in T as a new

child of v, or in a subtree rooted at a child u1; : : : ; uk of v in T . The order of

the children u1; : : : ; uk is such that u1; : : : ; uk0 correspond to nodes in distinct

subtrees T1; : : : ; Tk0 below v in ST , whereas uk0+1; : : : ; uk are leaves in T or

correspond to nodes above v in ST . The order of the subtrees T1; : : : ; Tk0 below

v in ST is given by the ordered separator tree ST and determines the order

of u1; : : : ; uk0 . The remaining children uk0+1; : : : ; uk of v may appear in any

arbitrary order.
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We perform at most dk=2e experiments at v. The i'th experiment is on the

species a, b and c, where b and c are leaves in T below u2i�1 and u2i respectively.

The leaves b and c can be located using the pointers stored at u2i�1 and u2i.

Note that the least common ancestor of b and c in T is v. If k is odd then the

species b and c in the dk=2e'th experiment is chosen as leaves in T below uk

and u1 respectively. There are four possible outcomes of the i'th experiment

corresponding to Figure 1.5:

1. (a; b; c) implies that a should be inserted below a uj where a and b are not

descendents of uj , or a is a new leaf below v.

2. ((a; b); c) implies that a should be inserted below u2i�1, since the least

common ancestor of a and b is below v in T .

3. ((a; c); b) is symmetric to the above case and a should be inserted into u2i
(u1 for the dk=2e'th experiment if k odd).

4. ((b; c); a) implies that a should be inserted into the subtree above v, since

the least common ancestor of a and b is above v.

We perform experiments for increasing i until we get an outcome di�erent

from Case 1, or until we have performed all dk=2e experiments all with outcome

as in Case 1. In the latter case species a should be inserted directly below v in T

as a new child. In the former case, when the outcome of an experiment is di�erent

from Case 1, we know in which subtree adjacent to v in T the species a should

be inserted into. If there is no corresponding subtree below v in ST , then we

have identi�ed the edge incident to v in T which the insertion of species a splits.

Otherwise we continue recursively by inserting a at the child of v in ST which

roots the separator tree for the subtree adjacent to v which has been identi�ed

to be the one which species a should be inserted into. When the correct location

of species a is found, the trees T and ST are updated accordingly, as given by

Theorem 4.10.

Lemma 4.11 Given an evolutionary tree T for n species with degree d, and

a separator tree ST for T according to Theorem 4.10, then a new species a

can be inserted into T and ST in amortized time O(d logd n) using at most

dd=2e(log2dd=2e�1 n + O(1)) experiments for d > 2, and at most logn + O(1)

experiments for d = 2.

Proof: Let v1; : : : ; v` be the nodes in ST (and T ) visited by the algorithm while

inserting species a, where v1 is the root of ST and vj+1 is a child of vj in ST .

De�ne di by vi+1 being the di'th child of vi in ST , for 1 � i < `.
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For d = 2 we perform exactly one experiment at each vi. The total number

of experiments is thus bounded by the height of the separator tree. By Theo-

rem 4.10 it follows that the number of experiments is bounded by logn+O(1).

In the following we consider the case where d � 3.

For i < `, we at node vi perform xi experiments where xi � dd=2e and
di � 2xi � 1, since each experiment considers two children of vi in T and the

�rst experiment also identi�es if a should be inserted into the subtree above vi.

At v` we perform at most dd=2e experiments.
For d1; : : : ; d`�1 we from Theorem 4.10 have the constraint

Q
di�2

2�Qdi>2 di �
9dn. To prove the stated bound on the worst case number of experiments we

must maximize
P`

i=0 xi under the above constraints.

log(9dn) �
X
di�2

1 +
X
di>2

log di

�
X
xi=1

1 +
X
xi>1

log di

�
X
xi=1

1 +
X
xi>1

xi
1

xi
log(2xi � 1)

� 1

dd=2e log(2dd=2e � 1)

`�1X
i=1

xi ;

since xi > 1 implies di � 3, and for f(x) = 1
x
log(2x�1) it holds that 1 > f(2) >

f(3) and f(x) is decreasing for x � 3.

We conclude that
P`�1

i=1 xi � dd=2e log2dd=2e�1(9dn), i.e. for the total number
of experiments we have

P`
i=1 xi � dd=2e(log2dd=2e�1(9dn) + 1).

The time needed for the insertion is proportional to the number of experi-

ments performed plus the time to update ST . By Theorem 4.10 the total time

is thus O(d logd n). 2

From Lemma 4.11 and Theorem 4.10 we get the following bounds for con-

structing and maintaining an evolutionary tree under the insertion of new species

in the experiment model.

Theorem 4.12 After O(n) preprocessing time an evolutionary tree T for n

species can be maintained under m insertions in time O(dm logd(n+m)) using

at most mdd=2e(log2dd=2e�1(n+m) +O(1)) experiments for d > 2, and at most

m(log(n+m)+O(1)) experiments for d = 2, where d is the maximum degree of

the tree during the sequence of insertions.
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4.3 Adversary for Constructing Evolutionary

Trees

To prove a lower bound on the number of experiments required for constructing

an evolutionary tree of n species, we describe an adversary strategy for deciding

the outcome of experiments. The adversary is required to give consistent an-

swers, i.e. the reported outcome of an experiment is not allowed to contradict

the outcome of previously performed experiments. A construction algorithm is

able to construct an unambiguous evolutionary tree based on the performed ex-

periments when the adversary is not able to answer any additional experiments

in such a way that it contradicts the constructed evolutionary tree. The role of

the adversary is to force any construction algorithm to perform provably many

experiments in order to construct an unambiguous evolutionary tree.

To implement the adversary strategy for deciding the outcome of experiments

in a consistent way, the adversary maintains a rooted in�nite d-ary tree,D, where

each of the n species are stored at one of the nodes, allowing nodes to store sev-

eral species. Initially all n species are stored at the root. For each experiment

performed, the adversary can move the species downwards by performing a se-

quence of moves, where each move shifts a species from the node it is currently

stored at to a child of the node.

By deciding the outcome of experiments, the adversary reveals information

about the evolutionary relationships between the species to the construction al-

gorithm performing the experiments. The distribution of the n species on D

(partially) represents the information revealed by the adversary. The evolution-

ary tree T to be established by the construction algorithm will be a connected

subset of nodes of D including the root. Initially, when all species are stored

at the root, the construction algorithm has no information about the evolution-

ary relationships. The evolutionary relationships revealed to the construction

algorithm by the current distribution of the species on D, corresponds to the

tree formed by the paths from the root of D to the nodes storing at least one

species. More precisely, the correspondence between the evolutionary tree T and

the current distribution of the species on D is that if v is a leaf of T labeled a

then species a is stored at some node on the path in D from the root to the

node v.

Our objective is to prove that if an algorithm computes T , then the n species

on average must have been moved 
(logd n) levels down by the adversary, and

that the number of moves by the adversary is a fraction O(1=d) of the number

of experiments performed. These two facts imply the 
(nd logd n) lower bound

on the number of experiments required.

To control its strategy for moving species on D, the adversary maintains
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for each species a, a forbidden list F(a) of nodes, and a con
icting list C(a) of

species. If a is stored at node v, then F(a) is a subset of the children c1; : : : ; cd

of v, and C(a) is a subset of the other species stored at v. If ci 2 F(a), then a is
not allowed to be moved to child ci, and if b 2 C(a) then a and b must be moved
to two distinct children of v. It will be an invariant that b 2 C(a) if and only if

a 2 C(b). Initially all forbidden and con
icting lists are empty. The adversary

maintains the forbidden and con
icting lists such that the size of the forbidden

and con
icting lists of a species a is bounded by the invariant

jF(a)j+ jC(a)j � d� 2 : (4.1)

The adversary uses the sum jF(a)j+jC(a)j to decide when to move a species a
one level down in D. Whenever the invariant (4.1) becomes violated because

jF(a)j+ jC(a)j = d� 1, for a species a stored at a node v, the adversary moves a
to a child ci =2 F(a) of v. Since jF(a)j � d � 1, such a ci =2 F(a) is guaranteed

to exist. When moving a from v to ci, the adversary updates the forbidden and

con
icting lists such that ci is added to the forbidden lists of all nodes in C(a).

For all b 2 C(a), a is deleted from C(b) and ci is inserted into F(b). If ci was

already in F(b), the sum jF(b)j + jC(b)j decreases by one, if ci was not in F(b)

the sum remains unchanged. Finally, F(a) and C(a) are assigned the empty set.

For two species a and b, we de�ne their least common ancestor, LCA(a; b),

to be the least common ancestor of the two nodes storing a and b in D. We

denote LCA(a; b) as �xed if it cannot be changed by future moves of a and b

by the adversary. If LCA(a; b) is �xed then the least common ancestor of the

two species a and b in T is the node LCA(a; b). If a is stored at node va and b

is stored at node vb, it follows that LCA(a; b) is �xed if and only if one of the

following four conditions is satis�ed.

1. va = LCA(a; b) = vb and a 2 C(b).

2. va 6= LCA(a; b) = vb and ci 2 F(b), where ci is the child of vb such that

the subtree rooted at ci contains va.

3. va = LCA(a; b) 6= vb and ci 2 F(a), where ci is the child of va such that

the subtree rooted at ci contains vb.

4. va 6= LCA(a; b) 6= vb.

In Case 1, species a and b are stored at the same node and cannot be moved

to the same child because a 2 C(b), i.e. LCA(a; b) is �xed as the node which

currently stores a and b. Cases 2 and 3 are symmetric. In Case 2, species a is

stored at a descendant of a child ci of the node storing b, and b cannot be moved

to ci because ci 2 F(b), i.e. LCA(a; b) is �xed as the node which currently stores b.
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Finally, in Case 4, species a and b are stored at nodes in disjoint subtrees, i.e.

LCA(a; b) is already �xed.

When the construction algorithm performs an experiment on three species

a, b and c, the adversary decides the outcome of the experiment based on the

current distribution of the species on D and the content of the con
icting and

forbidden lists. To ensure the consistency of future answers, the adversary �rst

�x the least common ancestors of a, b and c by applying the operation Fix three

times: Fix(a; b), Fix(a; c) and Fix(b; c). The operation Fix(a; b) ensures that

LCA(a; b) is �xed by performing at most one of the following three updates.

1. If va = LCA(a; b) = vb and a =2 C(b) then insert a into C(b) and insert b

into C(a).

2. If va 6= LCA(a; b) = vb and ci =2 F(b), where ci is the child of vb such that

the subtree rooted at ci contains va, then insert ci into F(b).

3. If va = LCA(a; b) 6= vb and ci =2 F(a), where ci is the child of va such that

the subtree rooted at ci contains vb, then insert ci into F(a).

If performing Fix(a; b) increases jF(a)j such that jF(a)j+jC(a)j = d�1, then a
is moved one level down as described above. Similarly, if jF(b)j+ jC(b)j = d� 1

then b is moved one level down. After performing Fix(a; b) we thus have that

jF(a)j + jC(a)j � d � 2 and jF(b)j + jC(b)j � d � 2, which ensures that the

invariant (4.1) is reestablished. After having �xed LCA(a; b), LCA(a; c), and

LCA(b; c), the adversary decides the outcome of the experiment by examining

LCA(a; b), LCA(a; c), and LCA(b; c) in D as described below. The four cases

correspond to the four possible outcomes of an experiment cf. Figure 1.5.

1. If LCA(a; b) = LCA(b; c) = LCA(a; c) then return (a; b; c).

2. If LCA(a; b) 6= LCA(b; c) = LCA(a; c) then return ((a; b); c).

3. If LCA(a; c) 6= LCA(a; b) = LCA(b; c) then return ((a; c); b).

4. If LCA(b; c) 6= LCA(a; b) = LCA(a; c) then return ((b; c); a).

4.4 Lower Bound Analysis

We will argue that the above adversary strategy forces any construction algo-

rithm to perform at least 
(nd logd n) experiments before being able to conclude

unambiguously the evolutionary relationships between the n species.

Theorem 4.13 Constructing an evolutionary tree for n species requires


(nd logd n) experiments, where d is the degree of the constructed tree.
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Proof: We �rst observe that an application of Fix(a; b) at most increases the

size of the two con
icting lists, C(a) and C(b), by one, or the size of one of the

forbidden list, F(a) or F(b), by one. If performing Fix(a; b) increases the sum

jF(a)j + jC(a)j to d � 1, then species a is moved one level down in D and F(a)

and C(a) are emptied, which causes the overall sum of the sizes of forbidden and

con
icting lists to decrease by d�1. This implies that a total of k Fix operations,
starting with the initial con�guration where all con
icting and forbidden lists are

empty, can cause at most 2k=(d� 1) moves. Since an experiment involves three

Fix operations, we can bound the total number of moves during m experiments

by 6m=(d� 1).

Now consider the con�guration, i.e. the distribution of species and the content

of con
icting and forbidden lists, when the construction algorithm computing

the evolutionary tree terminates. Some species may have nonempty forbidden

lists or con
icting lists. By forcing one additional move on each of these species

as described in Section 4.3, we can guarantee that all forbidden and con
icting

lists are empty. At most n additional moves must be performed.

Let T 0 be the tree formed by the paths in D from the root to the nodes

storing at least one species. We �rst argue that all internal nodes of T 0 have at

least two children. If a species has been moved to a child of a node, then the

forbidden list or con
icting list of the species was nonempty. If the forbidden list

was nonempty, then each of the forbidden subtrees already contained at least one

species, and if the con
icting list was nonempty there was at least one species

on the same node that was required to be moved to another subtree. After the n

additional moves, it follows that if a species has been moved to a child of a node

then at least one species has been moved to another child of the node, implying

that T 0 has no node with only one child.

We next argue that all n species are stored at the leaves of T 0 and that each

leaf of T 0 stores either one or two species. If there is a non-leaf node in T 0

that still contains a species, then this species can be moved to at least two

children already storing one species in the respective subtrees, implying that the

adversary can force at least two distinct evolutionary trees which are consistent

with the answers returned. This is a contradiction. It follows that all species

are stored at leaves of T 0. If a leaf of T 0 stores three or more species, then an

experiment on three of these species can generate di�erent evolutionary trees,

which again is a contradiction. We conclude that each leaf of T 0 stores exactly

one or two species, and all internal nodes of T 0 store no species. It follows that T 0

has at least n=2 leaves.

For a tree with k leaves and degree d, the sum of the depths of the leaves is at

least k logd k. Since each leaf of T 0 stores at most two species, the n species can

be partitioned into two disjoint sets of size dn=2e and bn=2c such that in each
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set all species are on distinct leaves of T 0. The sum of the depths of all species is

thus at least dn=2e logddn=2e+ bn=2c logdbn=2c � n logd(n=2). Since the depth

of a species in D is equal to the number of times the species has been moved one

level down in D, and since m experiments generate at most 6m=(d � 1) moves

and we perform at most n additional moves, we get the inequality

n logd(n=2) � 6m=(d� 1) + n ;

from which the lower bound m � (d� 1)n(logd(n=2)� 1)=6 follows. 2
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Local Consensus Trees

Di�erent evolutionary trees for the same set of species or overlapping sets of

species are considered for several reasons. For example di�erent kinds of data

gives us di�erent trees, as in the case of gene trees where di�erent genes give

di�erent trees that do not match the species tree exactly. Another reason we

get di�erent trees is that it often is NP-hard to �nd the optimal tree by using

a certain method and thus we get approximate trees instead of an optimal one.

It may also be hard to know what to optimize to �nd the true evolutionary

tree. Therefore the optimal tree is not necessarily the tree we are looking for.

These reasons, and others, like the fact that the data comes from biological

experiments, which are not exact, result in that we end up having several trees,

all saying something about the evolutionary tree we are looking for, but they

may be inconsistent, include just subsets of the species, or not be as resolved as

we would like. This is the motivation for consensus methods.

There are two basic consensus methods used. The �rst one is to �nd a max-

imum homeomorphic subtree (also called maximum agreement subtree), where

a maximum size subset of the species is sought, such that all the available trees

agree on the evolutionary relationship on this subset of species. The maximum

homeomorphic subtree problem is considered in Part III. In the second approach

the goal is to represent all input trees as a single tree for all available species.

There are a number of methods of the second type, for example the tree compati-

bility problem [24, 52], strict consensus [13], median tree [6], asymmetric median

tree [46], and consensus tree problem [28]. The objectives for these methods are

described below.

A tree T is called the compatibility tree for a set fT1; : : : ; Tkg of trees, labeled
by the species in a set S, if it holds that C(T ) =

Sk
i=1 C(Ti), where C(T ) =

fce : e 2 E(T )g and ce is de�ned as the bipartition of S caused by removing

edge e from T . The tree compatibility problem, sometimes also called cladistic

character problem, is to �nd T , if it exists.

The compatibility tree combines all information in the input trees, while

the strict consensus tree only contains the information common to all input

trees. In the strict consensus tree problem a tree ful�lling the condition C(T ) =Tk
i=1 C(Ti) is sought. The strict consensus tree can be computed in time O(kn),

which was shown by Day [13]. Contrary to the compatibility tree, the strict

consensus tree always exists, but it may be very low resolved, i.e. have few

edges.

The median tree is a tree T that minimizes the sum of symmetric di�erences

between T and the input trees, denoted d(T; Ti), i.e.
Pk

i=1 d(T; Ti) is minimized,

where d(T; Ti) = jC(T )�C(Ti)j+ jC(Ti)�C(T )j. Since the median tree includes
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bipartitions included in at least half of the input trees it is also called themajority

tree. The median tree always exists and is, in general, more resolved than the

strict consensus tree, but on the other hand it is still not as resolved as we would

like. This is due to the fact that information not in at least half of the trees will

not be included in the median tree. This was the motivation for Phillips and

Warnow to suggest the asymmetric median tree [46].

In the asymmetric median tree problem each bipartition c of S is given a

weight, w(c), equal to the number of input trees c is included in, i.e. w(c) = jfi :
c 2 Tigj. The asymmetric median tree is the tree T such that

P
c2C(T )w(c) is

maximized, under the condition that for every c 2 C(T ) there is at least one tree
Ti where c 2 C(Ti) and if c 2 C(Ti) for all i = 1; : : : ; k then c 2 C(T ). Phillips
and Warnow [46] showed the problem to be NP-hard for three or more trees,

but for two trees they gave a polynomial time algorithm. They also provided an

approximation algorithm when the number of input trees is three or more.

Let T be a tree leaf labeled by a set S = fs1; : : : ; sng of species. Let T jL
denote the topological subtree of T for the species in L � S. For a set of

binary rooted trees fT1; : : : ; Tkg, each one leaf-labeled by a subset L(Ti) of S,

the consensus tree problem asks whether or not there is a tree T such that for

i = 1; : : : ; k, Ti is homeomorphic to the subtree of T jL(Ti). If all the input trees
are of constant size it is termed the local consensus tree problem.

Mountain
gorilla

White-cheeked
gibbon

Mountain
gorilla

HumanSiamangHuman SiamangChimpanzee HumanChimpanzee

Figure 4.5: Is there a consensus tree for these trees? (The answer is yes!)

A related problem, studied by Aho et al., is to construct trees from con-

straints on the lowest common ancestors of the leaves in the tree [1]. Let fx; yg
denote the lowest common ancestor of two leaves x and y in a rooted tree T ,

with leaves labeled uniquely by the numbers 1; : : : ; n. The problem studied by

Aho et al. was the following. Given a set of constraint of the form fi; jg < fk; lg,
where i 6= j and k 6= l, meaning that fi; jg is a proper descendant of fk; lg in T ,
reconstruct T or determine that no such tree exists. The motivation for studying

this problem, mentioned in [1], came from an application to relational algebras

used in data base theory. In the paper by Aho et al. they gave an algorithm for

the problem running in time O(mn logn), where m is the number of constraints.
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In the special case where all constraints are of the form fi; jg < fi; kg they gave
an algorithm running in time O(mn). We will denote constraints only involving

three distinct leaves, i.e. fi; jg < fi; kg, by (fi; jg; k).
A constraint of the form (fi; jg; k) is easily seen to be equivalent to the

constraint imposed by a full binary tree on the leaves i; j; and k in the local

consensus tree problem. For this reason, we shall call the tree inferring problem

posed in [1] the inferred consensus tree problem.

A local consensus rule determines for three species in S the rooted topology

for the three species based on a set of rooted trees. Suppose we de�ne the local

consensus rule, for each triple i; j; k, as the topological subtree for i, j, and k

in each of the the input trees, T1; : : : ; Tk, if it is the same in all of them and is

fully resolved, i.e. binary. Since the binary rooted topology for a triple of species

is equal to a constraint of the form (fi; jg; k) the consensus tree problem can

be formulated as the problem of �rst applying this local consensus rule to each

triple of species in S using the input trees T1; : : : ; Tk and then constructing a tree

from constraints on the lowest common ancestors of the form (fi; jg; k), where
i; j; k are species in the set S. This was the approach suggested by Henzinger et

al. [28]. Using new dynamic data structures for graph connectivity, Henzinger

et al. presented an O(m
p
n)-time deterministic algorithm and an O(m log3 n)

expected-time randomized algorithm to test if a set of trees has a consensus tree,

and if so construct it.

Unfortunately, it is often impossible to construct an exact consensus tree,

since the trees often are inconsistent. This creates a need for an optimization

version of the inferred consensus tree problem whose objective is to �nd a con-

sensus tree for an as large as possible subset of the input set of constraints of the

form fi; jg < fk; lg. For brevity, we term this optimization problem the maxi-

mum inferred consensus tree problem (MICT for short). We also distinguish the

restricted case of MICT where all constraints are of the form (fi; jg; k) and call

it the maximum inferred local consensus tree problem (MILCT).

In Chapter 5 we study the two problems MICT and MILCT. First, we provide

an NP-completeness proof for MICT. Since the problem is NP-complete we also

suggest a simple heuristic for MICT yielding solutions within one third of the

optimum and running in time O((n+m) logn). For MILCT we present a more

involved polynomial-time heuristic. Both heuristics work equally well for the

weighted versions of MICT and/or MILCT where the constraints have weights

and the objective is to �nd a consensus tree for a subset of the input constraints

of maximum total weight.

Recently Jansson showed that the decision version of MILCT is NP-complete

[30]. This was shown by a reduction from the NP-complete problem called cyclic

ordering.
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In Chapter 6 we focus on a special case of the local consensus tree problem

for rooted, unweighted evolutionary trees in which a speci�ed left-right ordering

is imposed upon the species. Scanning the labels of the leaves of an ordered tree

from left to right yields its frontier. The motivations for the ordered versions

of the consensus tree problem come from tree drawing and from the desire to

somehow order the leaves for ease of presentation, for example by the age of the

species involved, or just alphabetically.

Another interesting motivation might come from the original local consensus

tree problem under the condition that �nding a possible frontier of the consensus

tree to construct can be done eÆciently. In fact, such a two phase approach,

consisting of �rst �nding the frontier and then the topology of the tree, has been

successfully applied in the construction of evolutionary trees in the experiment

model (studied in Part I), see [31]. One has to remember however that in

the experiment model, one has the freedom of choosing triples of leaves for

experiments revealing their topology, whereas in the local consensus tree problem

the local tree constraints are given a priori.

If T , in addition to being in compliance with the given constraints, is required

to be constructed in such a way that its frontier equals a certain ordering of the

species, then we term the resulting problems the ordered consensus tree problem

and the ordered local consensus tree problem, respectively. Figure 4.6 shows an

ordered consensus tree for the species in Figure 4.5.

White-cheeked
gibbon

Siamang HumanChimpanzee Mountain gorilla

Figure 4.6: An ordered consensus tree for the trees depicted in Figure 4.5. Here, the

species are ordered by size.

Our key observation is that the basic dynamic graph used by Henzinger et al.

in their fast algorithms for the local consensus tree problem becomes an interval

graph if the tree under construction is required to be ordered.

Using our decremental interval union algorithm, we show that the ordered

local consensus tree problem can be deterministically solved in time O((m +
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n) logn). We also show that the related optimization problem of constructing

an ordered local consensus tree, for the maximum number of given 3-leaf binary

trees, is solvable in cubic time.





Chapter 5

Maximum Inferred

Consensus Tree

In this chapter two closely related problems, called maximum inferred consensus

problem, MICT for short, and maximum inferred local consensus tree, MILCT

for short, are studied.

Given a rooted tree T , leaf labeled by a set S of species, denote by fi; jg
the lowest common ancestor of the leaves labeled i and j in T . A constraint on

the lowest common ancestor, denoted fi; jg < fk; lg, where i 6= j and k 6= l,

means that fi; jg is a proper descendant of fk; lg in T . If only three distinct

leaves are involved in the constraint, it is called a 3-leaf constraint. A constraint

fi; jg < fi; kg is also denoted (fi; jg; k).

Maximum inferred consensus tree problem

Input: A set C = fc1; : : : ; cmg of constraints on the lowest common ancestors

of species from a set S = fs1; : : : ; sng.

Output: A tree T , leaf labeled by S, such that the number of constraints in

C, consistent with T , is maximized.

Maximum inferred local consensus tree problem

Input: A set C = fc1; : : : ; cmg of 3-leaf constraints on the lowest common

ancestors of species from a set S = fs1; : : : ; sng.

Output: A tree T , leaf labeled by S, such that the number of constraints in

C, consistent with T , is maximized.

65
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For both MICT and MILCT we can de�ne weighted versions of the problems.

Then each constraint ci has an associated weight w(ci) and and the objective

is to construct a tree T consistent with a set CT � C of constraints such thatP
c2CT

w(c) is maximized over all possible trees T .

The decision version of MICT is NP-complete, which is shown in Section

5.1. The proof is by a reduction from 3-partite perfect matching. In Section

5.2 a simple heuristic for MICT and MILCT is provided, which produces a tree

consistent with constraints of weight at least one third of the total weight of the

input constraints. In the special case of MICT, where all constraints involves

four di�erent species, the tree produced will ful�ll constraints of weight at least

one half of the total weight of the input constraints. Finally, in Section 5.3

another heuristic is presented, only applicable to MILCT. Here we use the idea

from the algorithm by Aho et al. [1], as well as the implementation presented by

Henzinger et al. [28] to construct a tree consistent with constraints of weight at

least w�nt, where w is the total weight of all input constraints and t is the total

weight of the constraints not consistent with an optimal tree, i.e. the weight of

the constraints necessary to remove to obtain an optimal tree.

5.1 MICT is NP-Complete

The problem of deciding whether or not a 3-partite hypergraph (V;E) has a

perfect matching (3PM), i.e. if V is covered by a subset of pairwise disjoint

edges in E, is known to be NP-complete [44]. To show the NP-completeness of

MICT, we provide a reduction of 3PM to MICT.

Let H = (V;E) be a 3-partite hypergraph and k a parameter that will be

speci�ed later on. We let each vertex in V label one leaf. Also, for each edge

e 2 E, we introduce k+2 leaves labeled ei, where i = 0; : : : ; k+1. Let C be the

minimal set of constraints satisfying:

1. for each e; f 2 E with e 6= f : the constraints (fei; elg; fj) 2 C, where

i = 0; 1; l = 2; : : : ; k + 1, and j = 2; : : : ; k + 1.

2. for each e = (a; b; c) 2 E : the three constraints fa; bg < fe0; e1g; fa; cg <
fe0; e1g; and fb; cg < fe0; e1g 2 C.

Thus, C consists of 2k2(jEj2 � jEj) constraints of the �rst type and 3jEj
constraints of the second type.

To characterize consensus trees for large subsets of C, we need the following

de�nitions.

De�nition 5.1 In a rooted tree T; the lowest common ancestor of a sequence of

nodes v1; : : : ; vm will be denoted by lca(v1; : : : ; vm): Furthermore, the path from
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a node v to the root of T will be denoted by R(v): The subtree of T induced by

a sequence of nodes v1; : : : ; vm is the smallest subtree of T including the paths

R(vi); i = 1; : : : ;m:

De�nition 5.2 The full binary tree on four leaves a; b; c; d; where lca(a; b)

and lca(c; d) form the intermediate level, will be denoted by B4(a; b; c; d).

Lemma 5.3 If T is a consensus tree for at least jCj � k2 + 1 constraints in C,

then for each e; f 2 E with e 6= f; the subtree of T induced by fe0; e1; f0; f1g is
homeomorphic to B4(e0; e1; f0; f1).

Proof: By the assumption on the number of constraints satis�ed by T; for

each e; f 2 E with e 6= f; there are indices l; j 2 f2; : : : ; k + 1g such that for

i = 0; 1; the constraints (fei; elg; fj); (ffi; fjg; el) are satis�ed by T . Because

of (fe0; elg; fj) and (fe1; elg; fj), the path R(lca(e0; e1; el)) cannot be included

in the path R(fj). Thus, R(lca(e0; e1; el)) 6� R(lca(f0; f1; fj)). Similarly, by

(ff0; fjg; el) and (ff1; fjg; el), we have R(lca(f0; f1; fj)) 6� R(lca(e0; e1; el)).

This means that the paths from lca(e0; e1; el) to lca(e0; e1; el; f0; f1; fj) and from

lca(f0; f1; fj) to lca(e0; e1; el; f0; f1; fj) must be edge-disjoint. 2

Corollary 5.4 Let T be a consensus tree for at least jCj � k2 + 1 constraints

in C. For each node a 2 V and two di�erent edges e; f 2 E, if T satis�es a

constraint of the form fa; � g < fe0; e1g then T cannot satisfy any constraints of

the form fa; � g < ff0; f1g.

Lemma 5.5 Let k >
p
3jEj � jV j. The hypergraph H has a perfect matching

if and only if there is a consensus tree for a subset of 2k2(jEj2 � jEj) + jV j
constraints in C.

Proof: Suppose �rst that H has a perfect matching M . We can construct a

consensus tree T satisfying at least 2k2(jEj2�jEj)+jV j of the constraints in C as

follows. The root of T has jEj children which are in one-to-one correspondence

with the edges in E. For every e 2 E, a subtree rooted in the corresponding

child has as children the leaves e0; e1; : : : ; ek+1. Furthermore, if e = fa; b; cg is in
M , then the subtree has another child which in turn is the parent of the leaves

labeled a; b; c.

Suppose in turn that there is a consensus tree T satisfying 2k2(jEj2�jEj)+jV j
constraints in C. The total number of constraints in C is 2k2(jEj2�jEj)+3jEj.
It follows by k >

p
3jEj � jV j that T satis�es at least jCj � k2 + 1 constraints.

Thus, by Corollary 5.4, for each node a 2 V , there is at most one edge e 2 E

such that some constraint of the form fa; � g < fe0; e1g is satis�ed by T . On

the other hand, for a given node a and a given edge e, at most two constraints
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of the form fa; � g < fe0; e1g can be satis�ed by T by the construction of C.

Consequently, V can be partitioned into three disjoint subsets Vr , r = 0; 1; 2,

respectively consisting of nodes a 2 V for which T satis�es r constraints of the

form fa; � g < f� ; �g. The number of constraints of the form f� ; �g < f� ; �g satis�ed
by T is hence jV2j + jV1j

2
, since each constraint involves two nodes. There are

only 2k2(jEj2�jEj) constraints of the form (f� ; �g; �) in C, therefore we conclude
that V2 has to be as large as possible, i.e. V2 = V . It follows that for each edge

e 2 E, if a constraint of the form f� ; �g < fe0; e1g is satis�ed by T , then all

the three constraints of this form are satis�ed by T . Hence, H has a perfect

matching. 2

The construction of C for k equal, say, to jEj can easily be done in polynomial
time. Hence, MICT is NP-hard by the NP-completeness of 3PM and Lemma 5.5.

The membership of MICT in NP is obvious.

Theorem 5.6 MICT is NP-complete.

5.2 A Simple Approximation Heuristics for

MICT

For a constraint fi; jg < fk; lg; where all the leaves are di�erent, k and l are

said to have an upper occurrence in the constraint, and i and j are said to have a

lower occurrence in the constraint. For a constraint fi; jg < fi; kg; where i; j; k
are di�erent, i and j are said to have a lower occurrence in the constraint and

k is said to have an upper occurrence in the constraint. The total weight of

upper (or lower) occurrences for a leaf l is equal to the sum of the weights of all

constraints in which l has upper (or lower) occurrences.

Lemma 5.7 For any instance of MICT, the sum of all leaves' total weights

of upper occurrences is at least one third (one half if all constraints contain

four di�erent leaves) of the sum of all leaves' total weight of upper and lower

occurrences.

Heuristic 1

input: a set C of m weighted constraints on leaves 1 through n;

output: a consensus tree T for a subset of C whose weight is at least one third

(one half if all constraints contain four di�erent leaves) of the total weight of the

constraints in C;

1. LEFT  C;

LEAV ES  f1; : : : ; ng;
T  fvg;
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2. if LEFT = ; then extend T by adding jLEAV ESj children to v; label

them uniquely with elements in LEAV ES; and return T ;

3. pick a leaf y in LEAV ES which achieves the maximum ratio between the

total weight of y's upper occurrences and the total weight of y's lower

occurrences in the constraints in LEFT ;

4. set Y to the set of constraints in LEFT which contains y;

5. LEFT  LEFT n Y ;

6. LEAV ES  LEAV ES n fyg;

7. extend T by adding two children to v; label the �rst child by y; set v to

the second child;

8. go to 2

Theorem 5.8 Heuristic 1 constructs a consensus tree for a subset of the input

constraints C whose total weight is at least one third (one half if all constraints

contain four di�erent leaves) of the total weight of C; in time O((m + n) logn):

Proof: By Lemma 5.7 and the choice of y; the ratio between the total weight

of upper occurrences and lower occurrences of y in the constraints in LEFT is

at least one third (one half if all constraints contain four di�erent leaves). All

the constraints in Y in which y has an upper occurrence are satis�ed by T by

the construction of T:

To implement Steps 3 and 6 eÆciently, we arrange LEAV ES in a priority

queue partially ordered by the ratio between the total weight of their upper and

lower occurrences in constraints in LEFT: All the priority queue operations, i.e.

creating the priority queue, picking the y's, updating the priority queue after

Step 5, take a total of O((m+ n) logn) time.

To implement Steps 4 and 5, we lexicographically sort C four times according

to four cyclic permutations of the four leaves in each constraint. For i = 1; : : : ; 4;

the i-th permutation puts the i-th leaf as the �rst, the (i + 1)-st (in the cyclic

order) as the second, etc. Next, four search trees are built on the basis of the

sorted lists. Using the search trees, we can �nd Y in LEFT and remove it from

LEFT in time O(jY j logn): We conclude that Steps 4 and 5 totally take time

O((m + n) logn) (including the preprocessing). 2

The absolute factors of one third and one half, respectively provided by

Heuristic 1, are worst-case optimal. For example, any consensus tree can satisfy

at most one constraint from each consecutive triple of constraints in a sequence
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(fai; big; ci); (fbi; cig; ai); (fci; aig; bi); i = 1; : : : ; k. In case all constraints

contain four di�erent leaves, the sequence fai; big < fci; dig; fci; dig < fai; big,
i = 1; : : : ; k; causes the lower bound 1

2
.

The consensus tree produced by Heuristic 1 has the form of a linear chain

with singular leaves pending, where only the last chain node can have larger

degree. It is easy to slightly modify Heuristic 1 to output the subset of the input

constraints satis�ed by the tree produced by Heuristic 1. A minimum height

consensus tree for at least one third of the input constraints is then obtained

in time O(mn log n) by running the algorithm of Aho et al. [1] for the inferred

consensus tree problem on this set.

5.3 Heuristic for MILCT

In case the minimum number of constraints necessary to delete in order to build

a consensus tree for the remaining part is very small, and the number m of

constraints relative to the number of leaves is high (it is always O(n4)), our

second approach might be more useful than Heuristic 1.

Heuristic 2 for MILCT simply mimics the algorithm of Aho et al. [1] for the

inferred consensus tree problem restricted to constraints of the form (fi; jg; k).
Their basic idea is simple. The input set of leaves 1; 2; : : : ; n is partitioned into

a minimal set of blocks satisfying the following requirement:

(*) If (fi; jg; k) is a constraint then i and j are in the same block.

Now, if the number of blocks in the minimal set is at least two, the algorithm

of Aho et al. creates the consensus tree by connecting the roots of the consensus

trees recursively computed for the respective blocks with a common parent root

node. Otherwise, the number is one, and it returns a null consensus tree.

For a subset S of leaves, let G(S) denote the auxiliary graph on S where

the edges are induced by the requirement (*), and their weights are equal to the

total weight of the constraints inducing them.

Whenever the algorithm of Aho et al. is stuck at a non-divisible subset S

of the set of leaves and has to return a null tree, Heuristic 2 simply �nds a

minimum weight edge cut of the auxiliary graph G(S) (with respect to the

current set of constraints). Next, the edges of the min-cut are deleted from

G(S) and the connected components of G(S) are computed. Consequently, the

constraints corresponding to the edges of the min-cut are also deleted. Finally,

the approximate consensus trees for the connected components are recursively

computed and connected by a common parent node.

By using recent dynamic data structures for graph connectivity, Henzinger

et al. gave eÆcient implementations of the algorithm of Aho et al. restricted to
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constraints of the form (fi; jg; k) [28]. Their randomized implementation takes

O(m log3 n) expected time. They use an undirected graph U and a directed

graph D de�ned as follows.

� U = (V;E) with V equal to the set of leaves f1; 2; : : : ; ng, and where for

each constraint (fa; bg; c) in C, edges fa; bg and fb; cg are in E.

� D = (V 0; A), where for each constraint (fa; bg; c) in C, nodes fa; bg and
fb; cg are in V 0, and the directed edge fa; bg ! fb; cg is in A.

At the beginning, the graph U is colored yellow. U is used for �nding yellow

components. The consensus tree returned is found by combining the trees con-

structed for the yellow components. The graph D is used for �nding edges in U

that can be colored red; these edges correspond to the so-called maximal nodes

in D.

A maximal node in D is a node with no outgoing edges, and a red edge whose

endpoints are in di�erent yellow components is called a separable red edge.

By slightly modifying the algorithm of Henzinger et al. and combining it with

an algorithm for minimum weight edge cut [35], we can implement Heuristic 2

as follows.

Heuristic 2

1. Construct U and D. Add weights to the edges in U . The weight of an

edge fa; bg in U is equal to the sum of the weights of constraints of the

form (fa; bg; �). In particular, if for an edge in U no constraint of this form

occurs, the weight of fa; bg is zero. Color all nodes in D and edges in U

yellow.

2. Identify maximal nodes in D. Recolor these nodes and the corresponding

edges of U red.

3. If U has no edges, then return the consensus tree T with a root and all

nodes in U children of the root. Otherwise, compute yellow components of

U . If there is only one yellow component then �nd a minimum weight edge

cut, delete the edges in the cut from U and the corresponding nodes from

D; and recompute the yellow components. Let C1; : : : ; Ck be the current

yellow components. Form a tree T by creating the root of T and connecting

the root of the consensus trees recursively computed for the components

C1; : : : ; Ck to it. For each current yellow component, identify the set Esep

of separable red edges incident to that new component. Delete these edges

from U and the corresponding nodes from D. Go to Step 2.
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Lemma 5.9 Heuristic 2 can be implemented to run in O(n3 logn + m log3 n)

expected time.

Proof: A minimum weight edge cut can be computed with high probability in

time O(n2 logn) [35]. In the worst case it has to be done n times; hence, the calls

to minimum weight edge cut take a total of O(n3 logn) expected time. All other

operations can be performed in expected time O(m log3 n) like in the algorithm

of Henzinger et al. Thus, the total expected time is O(n3 logn+m log3 n). 2

Lemma 5.10 Let I be an instance of MICT, and let T be the tree produced

by Heuristic 2 for I: The total weight of constraints in I not satis�ed by T is at

most height(T ) times the minimum.

Proof: Let J be a subset of I of minimum total weight such that I n J has a

consensus tree. Next, let D be the set of connected components in the auxiliary

graph where edges corresponding to the constraints in J are deleted. Suppose

that Heuristic 2 at some stage �nds a min-cut in a currently connected frag-

ment C. Note that, C cannot be a subset of a simple component in D since then

there wouldn't exist a consensus tree for I n J: Hence, there is a subset JC of

J such that the set of edges corresponding to the constraints in JC disconnects

G(C) into disjoint components. Clearly, the total weight of JC is not smaller

than the weight of a min-cut of G(C): Now, it is suÆcient to observe that the

subsets JC for distinct C's on the same recursion level of Heuristic 2 are pairwise

disjoint. 2

Theorem 5.11 Let n; w; t be respectively the number of leaves, the total

weight of constraints, and the minimum total weight of the constraints to remove

in an instance I of MILCT. Heuristic 2 constructs a consensus tree for a subset

of the constraints in I whose total weight is not smaller than w � nt:

Note that the number of constraints in I might be cubic in n and that

Heuristic 2 yields a better approximation factor than Heuristic 1 for MILCT

whenever t < 2w
3n
:



Chapter 6

Ordered Consensus Trees

In this chapter we study a special case of the local consensus tree problem, called

the ordered local consensus tree problem.

Given a rooted tree T , leaf labeled by a set S of species. A 3-leaf constraint

on the lowest common ancestors of three species i; j; k 2 S, denoted (fi; jg; k),
means that the lowest common ancestor of i and j in T is a proper descendant

of the lowest common ancestor of i and k in T (and consequently also a proper

descendant of the lowest common ancestor of j and k in T ).

Ordered local consensus tree problem (OLCT)

Input: A set C = fc1; : : : ; cmg of 3-leaf constraints on the lowest common

ancestors of species from a set S = fs1; : : : ; sng and an ordering O of the

elements in S.

Output: A tree T , leaf labeled by S, such that all constraints in C are consis-

tent with T and the left-to-right ordering of the leaves in T equals O.

Also an optimization version of the problem, called maximum ordered local

consensus tree problem (MOLCT), is studied. Here, instead of a tree consistent

with all input constraints, we want to �nd a tree consistent with a subset of the

constraints of maximum cardinality, or if the constraints are weighted, with a

subset of the constraints of maximum total weight.

For the unordered version of the local consensus tree problem Henzinger et

al. gave an algorithm running in time O(m
p
n) and an O(m log3 n) expected-

time randomized algorithm [28]. In this chapter we give an O((m + n) logn)

time algorithm for OLCT. The idea for the implementation comes from the

observation that the basic dynamic graph used by Henzinger et al. becomes an

interval graph if the tree under construction is required to have a special ordering

73
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of the leaves. For interval graphs with known interval representation, eÆcient

dynamic connectivity algorithms are easily implemented by the known eÆcient

dynamic interval union algorithms [11]. As we need only a decremental interval

union algorithm, and the known eÆcient fully dynamic interval union algorithms

are rather complicated, we provide a very simple and practical, decremental

interval union algorithm matching the time performance of that from [11] in

the decremental case. The decremental interval union algorithm is described in

Section 6.2 and the algorithm for OLCT, using the results from Section 6.2, can

be found in Section 6.3.

In Section 6.4 we show that the optimization version, MOLCT, is solvable

in cubic time, in contrast to the unordered version of the problem, which is

NP-hard [30].

6.1 Preliminaries

Segment trees, interval trees and interval tries will be used in our algorithms.

The following facts about segment trees and interval trees are shown in [42].

A segment tree is a useful data structure for storing a set S of intervals

on the real line R together with some additional information. The leaves in

a segment tree are (�1; x1), [x1; x1], (x1; x2), [x2; x2], ..., (xN ;1), where xi,

i = 1; 2; :::; N , are the legal endpoints for the segments and xi < xi+1 for all

i = 1; :::; N � 1.

Each node u of a segment tree is augmented by a node list, denoted NL(u):

To describe NL we will use xrange(u), de�ned as follows. First, xrange(root) =

(�1;+1]. Let r be the right child and l the left child of node u. The split value

at node u, denoted split(u), is any value that is at least as large as the values at

the leaves in the left subtree of u and smaller than the values at the leaves in the

right subtree of u. Next, we de�ne xrange(r) = xrange(u)\ (split(u);+1] and

xrange(l) = xrange(u)\(�1; split(u)]. We set NL(u) to fI 2 S j xrange(u) �
I & xrange(parent(u)) 6� Ig. Each interval can be stored in the nodelist in at

most O(logN) nodes.

Fact 6.1 [42] A segment tree for a set of n intervals with both endpoints in a

universe U � R of size N can be constructed in time O(n logN). The depth of

the tree is O(logN) and its size is O(N): An interval with both endpoints in U
can be inserted or deleted from the segment tree in time O(g(n) logN), where

g(n) is the time required to insert or delete an interval from a node list of size

n.

In our application g(n) = O(1), since we shall use a node counter instead of

a node list. The value NC(u) of the node counter for a node u is just the cardi-
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nality of NL(u), i.e. deletion or insertion corresponds to decreasing or increasing

NC(u) by one.

An interval tree is a leaf-oriented binary search tree that supports intersection

queries for a set S of closed intervals on the real line in logarithmic time.

Fact 6.2 [42] Suppose that the left endpoints of the intervals in S belong to a

subset of R of size N and jSj = n: An interval tree T of depth O(logN) for S can

be constructed in time O(N + n logNn) using space O(n + N): The insertion

into T or deletion from T of an interval with left endpoint in U takes time

O(log n+logN). The intersection query is supported by T in time O(logN+r);

where r is the number of the reported intervals.

The interval trie is another data structure for maintaining a set S of intervals,

eÆciently supporting stabbing queries. The result of a stabbing query is a list

of all intervals containing the query point. The next fact, following from [43],

characterizes interval tries.

Fact 6.3 [43] Let S be a set of n intervals with endpoints in f1; :::; Ng and let

f be a function mapping natural numbers into natural numbers greater than 1:

The interval trie data structure performs insertions and deletions of intervals in

S in time O(f(N) + log logN). The stabbing query can be answered in time

O( logN
log f(N)

+r) where r is the number of reported component intervals. The total

space required is O(N logN
log f(N)

+ nf(N)):

6.2 A Simple Decremental Interval Union Algo-

rithm

Here we consider the problem of maintaining the union of the set S of intervals

under a sequence of interval deletions. Denote by n the number of intervals in

S to start with and let s1; : : : ; sm be the sequence of intervals to delete from S.

We assume that at the beginning all intervals s1; : : : ; sm are in S.

The �rst crucial step of our method consists of the construction of a special

balanced segment tree T for S. Let e1; :::; el be the consecutive endpoints of

the intervals in S: The consecutive leaves in T are (�1; e1), [e1; e1], (e1; e2),

[e2; e2], ..., (el;1). To each node u of T we associate the node counter, NC(u),

instead of the standard node list, NL(u). Recall that the value of NC(u) is just

the cardinality of NL(u): Note that l � 2n: Hence, the segment tree T can be

constructed in time O(n log n) by Fact 6.1.

Additionally, for each node u of T; we set a special bit r(u) to 1 if and only

if the node counters along the path from u to the root of T , including u and the
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root of T , are all set to zero. Clearly, we can determine r(u) for all nodes of T

by traversing T in a top-down fashion in time proportional to the size of T; i.e.

O(n) time.

Remark 6.4 There exist leaves l1; l2 and l3, ordered from left to right in T ,

such that r(l1) = 0; r(l2) = 1, and r(l3) = 0 if and only if the union of S is

disconnected.

Finally, we form a linear array A, to store the consecutive leaves of T , in

linear time.

Besides the segment tree T; we initialize an interval tree P in order to main-

tain the component intervals in the union of the current set S: We can �nd the

component intervals of the initial S; e.g. by using a standard sweep-line tech-

nique, in time O(n log n): Next, we can construct P on O(n) leaves determined

by the endpoints of the intervals in S and insert the initial component intervals

in time O(n log n) by Fact 6.2.

To �nd the component intervals of the set resulting from the deletion of the

interval s1 from S, we proceed as follows.

To begin with, we �nd the component interval ci1 that s1 belongs to in time

O(log n) by querying P with s1:

Next, we �nd the O(log n) nodes u of T whose node lists would contain s1;

if we were keeping them, and decrease NC(u) by one. This can be done in time

O(log n) by Fact 6.1. If NC(u) drops to 0 and r(parent(u)) = 1 then we set r(u)

to 1 and update r(w) for the descendants w of u in a top-down and left-right

fashion. We also produce the list LL(u) of consecutive leaf-descendants w of u

for which r(w) become 1 due to the updating (LL(u) can be empty). Further, we

concatenate the lists LL(u) in the order of the ranges of nodes u: Let L1 denote

the resulting list. Note that the updating of r(w)'s as well as the construction

of the list L1 takes time proportional to the number r1 of nodes w that got r(w)

set to 1 for the �rst time.

Now the following observation is crucial: For any pair of consecutive leaves

a; b in L1 that are not neighbors in the array A of consecutive leaves of T , the

right neighbor of a in A, denoted rn(a), and the left neighbor of b in A, denoted

ln(b), yield the new component interval. Also, if the left endpoint of the old

component interval ci1, that s1 belonged to, is not on L1, then it together with

the left neighbor ln(a) of the �rst leaf on L1 yields another new component

interval. Analogously, the right neighbor rn(z) of the last leaf on L1 together

with the right endpoint of ic1 might yield yet another new component interval.

Hence, we need to insert the new component intervals into P and delete ci1 from

P: Any of the aforementioned insertions and deletions take O(logn) time.
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We conclude that we can update T and P in order to maintain the union

of the set of intervals resulting from the deletion of s1 from S in time O((k +

1) logn+ r1), where k is the number of the new component intervals.

The next deletions di; i = 2; :::;m; are handled similarly. We de�ne ri for

i = 2; :::;m in the same way as we de�ned r1 above. It follows that the sumPm
i=1 ri is bounded from above by the size of T , i.e. O(n):

Summarizing, we obtain our main result in this section.

Theorem 6.5 Let S be a set consisting of n closed intervals on the real line.

After O(n log n) time preprocessing, the union of S can be maintained under

a sequence of m interval deletions in time O(m logn + n + k logn); where k is

the �nal number of component intervals. After each deletion the newly created

component intervals can be listed without increasing the asymptotic complexity.

The intersection query can be answered in time O(logn + r), where r is the

number of component intervals to report.

If we need only a stabbing query and the endpoints of the intervals belong to

f1; :::; Ng for a small N; we can improve our result using an interval trie instead
of the interval tree P . By Fact 6.3, we obtain the following variant of the result.

Theorem 6.6 Let S be a set of n closed intervals with endpoints in f1; :::; Ng
and let f(N) be an integer greater than 1: After O(n logn+N logN

log f(N)
+nf(N))-

time preprocessing the union of S can be maintained under a sequence of m

interval deletions in time O(m logn + n + k(f(N) + log logN)); where k is the

�nal number of component intervals. After each deletion the newly created

component intervals can be listed without increasing the asymptotic complexity.

The stabbing query can be answered in time O( logN
log f(N)

+r) where r is the

number of reported intervals. The total space required is O(N logN
log f(N)

+nf(N)):

Our simple algorithm for maintaining the union of a set S of intervals under

a sequence of interval deletions can also be interpreted (and will be used in the

next section) as an algorithm for the connected components of the interval graph

induced by S under a sequence of vertex deletions.

If we have an interval graph G and do not have its interval representation S,

we can form it in time proportional to the size of G, e.g. by ordering the maximal

cliques of G so that for each vertex v of G the maximal cliques containing v are

consecutive [23, 37].
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6.3 EÆcient Construction of an Ordered Con-

sensus Tree

A binary rooted tree Ti on O(1) leaves in the local consensus tree problem

corresponds to O(1) 3-leaf constraints of the form (fi; jg; k) on the consensus

tree T , where (fi; jg; k) implies that the lowest common ancestor of the leaves i

and j has to be a proper descendant of the lowest common ancestor of the leaves

i and k [49]. For this reason, we can consider the problem of inferring a local

consensus tree from a set of 3-leaf constraints, instead of the local consensus tree

problem.

By using recent dynamic data structures for graph connectivity, Henzinger

et al. provide eÆcient algorithms for the aforementioned problem of inferring a

local consensus tree. Their deterministic algorithm takes O(m
p
n) time whereas

their randomized algorithm takes O(m log3 n) expected-time, where m is the

number of 3-leaf constraints on leaf-labels in f1; 2; :::; ng: In both cases, they

use an undirected graph U and a directed graph D de�ned as follows.

� U = (V;E) with V equal to the set of leaves f1; 2; :::; ng, and where for

each constraint (fa; bg; c) in C, edges fa; bg and fb; cg are in E.

� D = (V 0; A), where for each constraint (fa; bg; c) in C, nodes fa; bg and
fb; cg are in V 0, and the directed edge fa; bg ! fb; cg is in A.

The graph U is used for �nding current (yellow in [28]) connected compo-

nents. The consensus tree returned is found by combining the trees constructed

for the current connected components. The graph D is used for �nding edges

in U that can be removed (colored red in [28]), these edges correspond to the

so-called maximal nodes in D. A maximal node in D is a node with no outgoing

edges.

Remark 6.7 Whenever two leaves a and b are in the same current component

of U , then not only a and b, but also all other leaves in [a; b] have to be in the

same subtree of the ordered consensus tree representing this component.

By Remark 6.7, the vertices of U can be interpreted as segments inducing

an interval graph. Hence, instead of computing the current components of U we

can compute the corresponding components of the interval graph utilizing our

eÆcient decremental interval union algorithm.

By combining this idea with that of the algorithm of Henzinger et al., we can

build an ordered consensus tree as follows.
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Algorithm 1

1. S  f[a; b]j(a; b) 2 Eg:
2. Construct D and initialize the interval trie Q on the universe f1; 2; :::; ng:
3. Identify maximal vertices in D. Move the corresponding intervals from S

to Q.

4. If S is empty, then return the consensus tree O with a root and all nodes in

U children of the root. Otherwise, compute the new component intervals of

the union of S by using the decremental algorithm of Section 6.2. If there

is no new component interval then return \no ordered consensus tree" and

stop. Let c1; c2; :::; ck be the new component intervals in the order of their

endpoints. For i = 1; :::; k � 1; create the root of the ordered consensus

tree to be computed for the component interval ci and link it with that

of the previous interval component including ci, if such one exists. For

i = 1; :::; k � 1; if ci and ci+1 are included in the same old component

interval, then query Q with the median mi of the right endpoint of ci and

the left endpoint ci+1: Remove all reported (i.e. containing mi) intervals

from Q and the corresponding vertices from D: Go to Step 3.

Theorem 6.8 For a set of m 3-leaf constraints on leaf-labels in f1; 2; :::; ng, we
can decide whether there exists an ordered consensus tree, and if so, construct

it, in time O((m + n) logn):

Proof: If Algorithm 1 produces an ordered consensus tree then it is equivalent

to the minimal tree produced by Aho et al. algorithm or the tree produced by

the faster algorithm of Henzinger et al. (Algorithm 1 in [28]). To see this, note

that the current component intervals of S correspond to the yellow components

of the graph U in [28] and the intervals stored in Q correspond to the current red

edges of U . Furthermore, an interval stored in Q corresponds to a red separable

edge in [28] if and only if it overlaps with at least two new component intervals,

i.e. if it is intersected by at least one of the medians mi; i = 1; :::; k � 1: If

Algorithm 1 fails to produce an ordered consensus tree then there is no such a

tree by Remark 6.4 and the correctness of the algorithms of Henzinger et al.

Analogously as in the algorithm of Henzinger et al., the construction of the

graphD takes time O(m) and the overall time taken by determining the maximal

vertices is proportional to the size of D; i.e. O(m): The total time-cost of recom-

puting the component intervals including the preprocessing is O((m + n) logn)

by Theorem 1. The total cost of the O(m) insertions from and deletions into

Q; and the O(n) stabbing queries for Q is O((m + n) log n
log logn

) by Fact 6.3 for

f(n) = �( log n
log logn

): 2
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6.4 A Cubic-Time Algorithm for the Optimiza-

tion Problem

Unfortunately, it is often impossible to construct an exact consensus tree. There-

fore, the optimization version of the problem of inferring a local consensus tree

in which the objective is to �nd a consensus tree for an as large as possible sub-

set of an input set of 3-leaf constraints was considered in [22]. Approximation

algorithms for this optimization problem were provided in Chapter 5, and the

problem was recently shown to be NP-hard [30]. Here we show that the prob-

lem of �nding an ordered consensus tree for a subset of the input constraints of

maximum cardinality, is solvable, by dynamic programming, in cubic time.

Theorem 6.9 For a set of m 3-leaf constraints on leaf-labels in f1; 2; :::; ng; we
can �nd an ordered consensus tree for the maximum number of the constraints

in time O(n3):

Proof: For each pair of i; j in f1; 2; :::; ng, we recursively construct the ordered
consensus tree Ti;j for the maximum number mi;j of the input constraints on

leaf-labels in fi; i+1; :::; jg. For i = 1; 2; :::; n, the tree Ti;i simply consists of the

leaf labeled with i and its parent which is the root of the tree. To determine a tree

Ti;j where i < j; we compute, for k = i; :::; j � 1; the number wi;k;j of the input

constraints (fl1; l2g; l3) where fl1; l2; l3g � fi; :::; jg and either fl1; l2g � fi; :::; kg
& l3 2 fk + 1; :::; jg or l3 2 fi; :::; kg & fl1; l2g � fk + 1; :::; jg: Next, we �nd a

k 2 fi; :::; jg which maximizes the sum mi;k +mk+1;j +wi;k;j and form the tree

Ti;j by creating its root and making the roots of Ti;k and Tk;j its children. It

follows by induction on jj � ij that mi;j = mi;k +mk+1;j + wi;k;j , which proves

the correctness of the construction of Ti;j : Assuming that the numbers wi;k;j are

precomputed and the trees Ti0;j0 where j
0 � i0 < j � i are already determined,

the determination of Ti;j takes O(j� i+1) time. The precomputation of all the

numbers wi;k;j ; i � k � j; can be done by a single scan of the input constraint

sequence in time O(m+n3), i.e. O(n3). The cubic upper time-bound follows. 2
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Maximum Homeomorphic Subtree Problem

The maximum agreement subtree problem (MHT) can be considered to be a

consensus method as described in Part II. Like in consensus methods, we are

given a set of alternative evolutionary trees describing possible evolutions for

sets of species, and the goal is to determine a single tree based on all the input

trees. More exactly, we are given a set of leaf labeled tree, all for the same set of

labels (species), and we want to identify a subtree contained within every given

tree such that the number of leaves labeled by species is maximized.

There is no method for constructing evolutionary trees that is believed to be

the correct one or the optimal one. Di�erent methods with di�erent optimization

criteria are used, which result in di�erent trees. Also di�erent data sets give

di�erent trees. There is thus a need for a way to resolve di�erences and to

compare di�erent methods. MHT can be seen as way to compare methods of

tree construction. Depending on if the trees computed using di�erent methods

give large or small MHT we may be able draw conclusions about the methods,

like how similar the methods are and how reliable trees they produce. MHT can

also be seen as a way to increase the con�dence for the result. The intersection

of the trees should have a larger probability to be true then each of the input

trees by themselves. In [12] also an application to automatic translation between

languages is mentioned.

The maximum homeomorphic subtree problem is de�ned as follows. Given

a set of k rooted trees T1; T2; : : : ; Tk, each with n leaves labeled distinctly

with elements chosen from a set A of cardinality n, �nd a maximum cardinality

subset B of A such that the minimal homeomorphic subtrees of T1; T2; : : : ; Tk
restricted to B are all isomorphic. See Figure 6.1 for an example.

This problem is frequently also called maximum agreement subtree problem,

especially when the number of trees is equal to 2. This special case is studied

c d e f a b e f c a d b a b e f c d

cfeba

Figure 6.1: Three binary input trees with six species yield a maximum agreement

subtree with �ve species.
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more than the general problem since it is solvable in polynomial time, in contrast

to the former problem, which is known to be NP-hard.

The �rst algorithm for MHT for two binary trees was a heuristic algorithm

with running time O(n5) invented by Gordon and Finden [19]. Kubicka et

al. gave an superpolynomial algorithm for the same problem, running in time

O(n1=2+� log n) [38]. The �rst polynomial time algorithms are due to Steel and

Warnow [50]. Their algorithm for two trees with arbitrary degree runs in time

O(n4:5 logn), and for two trees of maximum degree d they gave algorithms with

running time O(d!n2) and O(d2:5n2 logn). Their algorithms work equally well

for rooted as unrooted trees. After this several papers have presented improved

algorithms for MHT for two trees. Farach and Thorup �rst gave an algorithm

running in time O(n2+o(1)) for unrooted trees and in time O(n2) for rooted

trees of arbitrary degree [17]. They soon after improved this result by giving

an O(n1:5 logn) algorithm for general degree trees and an O(n1+o(1)) algorithm

for trees with bounded degree [18]. An O(n
p
d log3 n) algorithm was presented

by Farach et al., in particular running in time O(n log3 n) time for binary trees

[15]. The same technique was used by Cole et al. in their O(n logn) time

algorithm for two rooted binary trees [12]. In between this two results Kao

presented an O(n log2 n) algorithm for two trees of constant degree, running in

time min(O(nd2 log d log2 n); O(nd
p
d log3 n)) for trees of degree d [32]. Kao et

al. showed that also for two unrooted trees of constant degree MHT can be

computed in O(n log n) time [33].

The known results for MHT for k trees begun with the paper by Amir and

Keselman [3]. They showed that MHT is NP-complete for three trees of un-

bounded degree. They also gave an algorithm running in time O(knd+1n2d)

for the problem and an approximation algorithm which returns a tree with the

number of removed species at most 4 times the minimum number of species nec-

essary to remove. Farach et al. improved the running time of the construction

algorithm to O(kn3 + nd) [16]. Hein et al. showed that MHT can not be ap-

proximated within a factor 2log
Æ n for any Æ < 1 unless NP�DTIME[2polylog(n)],

even for k = 3 [27].

Hein et al. also looked at a related problem, which they called MAST-

EC, maximum agreement subtree with edge contractions. In this problem an

agreement subtree with the maximum number of edges is sought, while all species

are still in the tree, but edge contractions are made. They showed that this

problem is also NP-complete [27].

Another related problem is the largest common subtree problem, LCST,

where a common connected vertex induced subtree, of maximum size, for a set

of vertex labeled trees is sought. The complexity of this problem is similar to

that for MHT. LCST is solvable in polynomial time for two trees and for a �xed
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number of trees of bounded degree, while it is NP-hard for three trees in general

and it is also hard to approximate, see e.g. [2].

In Chapter 7 we present two new result for MHT. The �rst is an inapprox-

imability result that says that MHT can not be approximated within a factor

N � for any 0 � � < 1
9
in polynomial time, unless P=NP. Here N is the total size

of all input trees. This result is valid even if all input trees are of height two.

The second result is an approximation algorithm and we show that MHT for

instances with O(1) trees of height O(1) can be approximated within a constant

factor in time O(n log n).





Chapter 7

Complexity of Maximum

Homeomorphic Subtree

Problem

Given a set of k rooted trees T1; T2; : : : ; Tk, each with n leaves labeled distinctly

with elements chosen from a set A of cardinality n, the maximum homeomorphic

subtree problem (MHT) asks for a maximum cardinality subset B of A such that

the minimal homeomorphic subtrees of T1; T2; : : : ; Tk restricted to B are all

isomorphic.

In this chapter we study the approximability of this problem. In Section 7.1

we show that MHT is hard to approximate even if the trees are restricted to have

height three. Let N denote the total total size of all input trees, i.e. N = �(nk),

then MHT can not be approximated within a factor N � for any 0 � � < 1
9
, unless

P=NP. This is shown by making a reduction from maximum independent set,

which has been shown by H�astad to be hard to approximate within a factor l1=3�Æ

for any Æ > 0, where l is the number of vertices in the graph [26]. The recent

result, by Engebretsen and Holmerin, that max clique, and hence also maximum

independent set, cannot be approximated in polynomial time within a factor

n1�O(1=
p
log logn), unless NP�ZPTIME(2O(logn(logn log logn)3=2)) [14], can be used

to improve our result accordingly. The second result, presented in Section 7.2,

shows that although it is hard to approximate MHT for trees of constant height,

and also for a constant number of trees [27], it can be approximated within a

constant factor in polynomial time, when we have a constant number of trees of

constant height. Let h denote the maximum height in the given trees, then the

approximation factor is kh and the algorithm runs in time O(n logn).

87



88 Complexity of Maximum Homeomorphic Subtree Problem

7.1 MHT is Hard to Approximate

Our main result in this section is the following theorem.

Theorem 7.1 For any 0 � � < 1
9
, MHT, even if restricted to trees of height 2,

cannot be approximated within a factor of N � in polynomial time, unless P=NP.

Proof: First, we describe a reduction from the maximum independent set prob-

lem to MHT. Next, we show that if MHT can be approximated within a factor

of N � in polynomial time then the problem of �nding a maximum independent

set in a graph with l nodes can be approximated within a factor of l3�+o(1).

Finally, we apply known results about the inapproximability of the maximum

independent set problem to get our result. In part, our reduction can be seen as

a generalization of the reduction of three-dimensional perfect matching to MHT

restricted to instances with three trees used in [3].

v
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Figure 7.1: An instance of the maximum independent set problem with l = 7 and

k = 8.

Let G = (V;E) be a graph where V = fv1; : : : ; vlg and E = fe1; : : : ; ekg
with k > 1. Construct k rooted trees T1; : : : ; Tk on l + q labeled leaves that

contain all the adjacency information about the nodes of G as follows. For each

edge ei = (va; vb) 2 E, build a rooted tree Ti on the set of leaves labeled by

w1; : : : ; wl; wl+1; : : : ; wl+q . Let the root ri of Ti be the parent of (l � 1) + q

children, where the �rst child (\the non-leaf child") is a node with two children

leaves labeled wa and wb, and the remaining children of ri are leaves labeled by

the elements in fwj j 1 � j � l + q and j 62 fa; bgg. Thus, ri has exactly one

pair of grandchildren, and we write GC(Ti) = fwa; wbg.
Now, let T be a maximum homeomorphic agreement subtree of T1; : : : ; Tk.

We choose q large enough to guarantee that each of the roots r1; : : : ; rk will

correspond to the root r of T . Actually, q = 2 is suÆcient. (To see this, assume

that the non-leaf child of ri turned out to be the root for some i. By the

construction above, all non-leaf children have two leaf children, so the number
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of leaves in this agreement subtree can be no larger than two. But we can always

�nd an agreement subtree with three leaves by selecting ri as root and including

wl+1 and wl+2 in addition to the path from the root to a �xed leaf wj , where

1 � j � l.)

T has no non-leaf children because if it did, then there would exist some x

and y such that for each i, where 1 � i � k, GC(Ti) would be equal to fwx; wyg.
Consequently, G would only have one edge, which contradicts k > 1. T 's children

arem+q (= m+2) leaves labeled w�1 ; w�2 ; : : : ; w�m ; wl+1; wl+2. If va is adjacent

to vb in G then at most one of wa and wb can be a child of T . Otherwise, GC(Ti)

wouldn't be equal to fwa; wbg for any Ti, and ei 6= (va; vb) would hold for all i,

contradicting the adjacency of va and vb in G. Thus, the nodes v�1 ; v�2 ; : : : ; v�m
form an independent set in G: Conversely, given an independent set I of nodes

in G; we can easily construct an agreement subtree TI in the form of a rooted

tree with jI j+2 leaves uniquely labeled with wj ; where vj 2 I; and wl+1; wl+2.

By the maximality of T , m equals the cardinality of the maximum independent

set of G. Thus, an algorithm for MHT would immediately imply an algorithm

for the maximum independent set problem. See Figures 7.1{7.3 for an example

of the reduction.

The total size N of the trees T1; : : : ; Tk is k �O(l) = O(l3) = l3+o(1). Clearly,

they can be constructed from G in polynomial time. Also, note that they are

of height 2. Below, we only consider approximations that can be carried out in

polynomial time. If MHT could be approximated within a factor of N �, then
OPT+2
s+2

� N �, where OPT + 2 refers to the number of leaves in an optimal

solution for a given instance of MHT and s + 2 is the number of leaves in

its corresponding, approximative solution. For s � 1, it follows that OPT
s
�

3 � OPT+2
s+2

� 3N � = l3�+o(1), which would imply that the problem of �nding a

maximum independent set in a graph could be approximated within a factor of

l3�+o(1). However, H�astad proved in [26] that this problem is not approximable

within l1=3�Æ for any Æ > 0, unless P=NP. Hence, if P 6=NP, MHT cannot be

approximated within a factor of N � for any 0 � � � 1
9
� o(1). Finally, since

1
9
� o(1) can be made arbitrarily close to 1

9
by choosing N large enough, there

exist instances of MHT which cannot be approximated within a factor of N � for

any constant 0 � � < 1
9
in polynomial time (unless P=NP). 2

7.2 Approximations of MHT with O(1) Trees of

Height O(1)

We know that MHT is hard to approximate, both for instances with three

trees [27] and for instances with an arbitrary number of trees of height 2 or
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Figure 7.2: The trees Ti corresponding to the graph in Figure 7.1.
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2w w 7ww3 4
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Figure 7.3: The maximum homeomorphic agreement subtree of T1; : : : ; T8 tells us that

fv2; v3; v4; v7g is a maximum independent set of the graph in Figure 7.1.

more by Theorem 7.1. The natural question arises whether or not MHT for

instances with a bounded number of trees, each one of bounded height, can be

tightly approximated in polynomial time. The following result, together with

Theorem 7.1, yields a characterization of the approximability of MHT restricted

to instances with trees of O(1) height.

Theorem 7.2 MHT restricted to instances with k trees of height not exceed-

ing h can be approximated within a factor of kh in time O(n logn):

To begin the proof of Theorem 7.2, we need to introduce the following no-

tation. For a tree T; V (T ) stands for the set of nodes of T: Let v be a node of

a rooted tree T: The minimal subtree of T rooted at v, including v and all its

descendants is denoted by Tv: L(Tv) stands for the set of labels of the leaves in

Tv: The set of children of v in T is denoted by C(v): Furthermore, by a k-partite

hypergraph H we shall mean a pair (V1 [ � � � [ Vk; E), where V1 through Vk

are pairwise disjoint sets and E is a subset of V1 � � � � � Vk: The elements of

V1 [ � � � [ Vk are called the nodes of H whereas the elements of E are called the

edges of H: A matching of H is a subset of E in which no pair of edges includes

a common node.

Let T1; : : : ; Tk be the input trees. For (v1; : : : ; vk); where vi 2 V (Ti) for

i = 1; : : : ; k; let Mht(v1; : : : ; vk) denote the maximum size of an agreement

subtree of the trees T1; : : : ; Tk restricted to B = L((T1)v1)\ � � � \L((Tk)vk ): We

can view Mht(v1; : : : ; vk) as the solution of MHT for (T1)v1 ; : : : ; (Tk)vk : Next,

let H(v1; : : : ; vk) denote the k-partite hypergraph (C(v1) [ � � � [ C(vk); C(v1)�
� � � � C(vk)) whose edges (w1; : : : ; wk) have weight Mht(w1; : : : ; wk): Finally,

let Match(v1; : : : ; vk) be the maximum weight of a matching in the hypergraph

H(v1; : : : ; vk) and let Diag(v1; : : : ; vk) = maxfMht(w1; : : : ; wk) j (w1; : : : ; wk) 2
(fv1g [ C(v1))� � � � � (fvkg [ C(vk))� f(v1; : : : ; vk)g.

Intuitively, in the �nal agreement subtree of (T1)v1 ; : : : ; (Tk)vk either the

roots of the trees, i.e., v1 through vk ; are matched together which forces their

children to be optimally matched together (Match), or only some of the roots
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are matched together with some children of the remaining roots (Diag). This

yields the following lemma which is a straightforward generalization of the basic

lemma in the dynamic programming approach to MAST in [50].

Lemma 7.3 For any (v1; : : : ; vk); where vi 2 V (Ti) for i = 1; : : : ; k; if at least

one of the vi's is a leaf then Mht(v1; : : : ; vk) = jL((T1)v1)\ � � � \L((Tk)vk )j, else
Mht(v1; : : : ; vk) = maxfMatch(v1; : : : ; vk); Diag(v1; : : : ; vk)g.

The recursive computation of Mht(v1; : : : ; vk) for (v1; : : : ; vk) 2 V (T1) �
� � � � V (Tk) in the lemma above can be bottom-up ordered by Hs(v1; : : : ; vk) =
kP
i=1

height((Ti)vi): Hence, we have the following algorithm for MHT.

Algorithm 1

1. input T1; : : : ; Tk

2. for each (v1; : : : ; vk) 2 V (T1)� � � � � V (Tk), in increasing order of

Hs(v1; : : : ; vk)

do compute Mht(v1; : : : ; vk) by using the expression in Lemma 7.3.

3. output Mht(r1; : : : ; rk), where ri is the root of Ti for i = 1; : : : ; k:

It is hard to compute the exact value of Match(v1; : : : ; vk) in the expres-

sion of Lemma 7.3 since the problem of computing maximum matching in a

3-partite hypergraph is NP-complete [44]. For this reason, we shall rely on a

greedy method for approximating Match(v1; : : : ; vk) yielding an approximation

of Mht(v1; : : : ; vk): The greedy method consists of repeatedly picking the heav-

iest edge e and removing all edges overlapping e: It can be implemented easily

using a priority queue. The edge e can overlap with at most k edges in an

optimum solution, and since their total weight � k � weight(e); we obtain:

Lemma 7.4 Let H = (V;E) be a k-partite hypergraph on m edges with posi-

tive integer weights. A matching in H of total weight within a factor k of the

maximum can be constructed in a greedy fashion in time O(kjEj+jV j+m logm):

Interestingly, in the unweighted case there are known (much slower, but still)

polynomial-time heuristics yielding solutions within almost k
2
of the optimum

[29].

Combining Algorithm 1 with the greedy method for approximating the value

of Match(v1; : : : ; vk), we obtain the following lemma, yielding Theorem 7.2.

Lemma 7.5 For all (v1; : : : ; vk) 2 V (T1) � � � � � V (Tk), we can approximate

Mht(v1; : : : ; vk) within a factor of kh, where h = maxfheight((Ti)vi) j 1 � i �
kg, in O(n log n) time.
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Proof: For (v1; : : : ; vk) 2 V (T1)�� � ��V (Tk); let s(v1; : : : ; vk) denote the size of
the intersections L((T1)v1)\ � � � \L((Tk)vk ): Clearly, we have Mht(v1; : : : ; vk) �
s(v1; : : : ; vk), and in particular if one of the vi's is a leaf then Mht(v1; : : : ; vk) =

s(v1; : : : ; vk): For a leaf label j; we determine all k-tuples (v1; : : : ; vk) for which

j 2 L((T1)v1) \ � � � \ L((Tk)vk ) by �nding, in each Ti; i = 1; : : : ; k; the nodes on

the path of length � h from the leaf labeled j to the root. It follows that the

number of these tuples is (h+1)k: Consequently, the set L of all k-tuples for which

s(v1; : : : ; vk) > 0 has size not exceeding n(h+1)k: To list L eÆciently, we sort the

pointers to leaves in T1 through Tk by the leaf labels. Such a sorted list of pointers

can be produced in time O(jV (T1)j+ � � �+ jV (Tk)j): Using it, we can generate L

by �nding appropriate tree paths in time O(jV (T1)j+ � � �+ jV (Tk)j+ (h+1)k):

For the k-tuples (v1; : : : ; vk) in the set L that include at least one leaf,

we have s(v1; : : : ; vk) = 1 and Mht(v1; : : : ; vk) = 1: To compute approxima-

tions of Mht(v1; : : : ; vk) for the remaining k-tuples in L; we build a balanced

search tree SL for L, with respect to the lexicographic order of k-tuples in

V (T1) � � � � � V (Tk); in time O(jLj log jLj): Next, we follow the scheme of Al-

gorithm 1 using the greedy method to approximate Match(v1; : : : ; vk) in the

hypergraph HL(v1; : : : ; vk) which is the hypergraph H(v1; : : : ; vk) de�ned in

Lemma 7.3 restricted to edges in L:

Each k-tuple (w1; : : : ; wk) 2 L occurs at most once as an edge in the hy-

pergraphs HL(v1; : : : ; vk) for (v1; : : : ; vk) 2 L (only when wi 2 C(vi) for i =

1; : : : ; k). Hence, the hypergraphs HL(v1; : : : ; vk) for (w1; : : : ; wk) 2 L; have no
more than jLj edges totally and can be constructed (without weights) by scanning
L and using SL in total time O(jLj log jLj): Clearly, each HL(v1; : : : ; vk) has at

most s(v1; : : : ; vk) edges with positive weights. For each of its edges (w1; : : : ; wk),

we have Hs(w1; : : : ; wk) = Hs(v1; : : : ; vk)�k and maxfheight(wi)j1 � i � kg =
h� 1: Hence, we may inductively assume that we have already kh�1 approxima-
tions of Mht(w1; : : : ; wk); i.e., of the weights of (w1; : : : ; wk) in the hypergraph.

Consequently, we obtain an approximation of Match(v1; : : : ; vk) within a factor

of kh by applying the greedy method. Due to Lemma 7.4, the total time complex-

ity of the greedy method is bounded byO(kjLj+(P(v1;:::;vk)2L
s(v1; : : : ; vk)) logn).

By induction on Hs(v1; : : : ; vk); we obtain an approximation of Diag(v1; : : : ; vk)

within a factor of kh by considering solely k-tuples (w1; : : : ; wk) in L \ ((fv1g [
C(v1))� � � � � (fvkg [C(vk))� f(v1; : : : ; vk)g). Each (w1; : : : ; wk) 2 L can con-

tribute to the value of Diag(v1; : : : ; vk) for at most 2
k�1 k-tuples (v1; : : : ; vk) 2

L: Hence, the total size of the subsets of L contributing to Diag(v1; : : : ; vk)

over all (v1; : : : ; vk) 2 L; and consequently the total cost of �nding maxima of

Mht-approximations over these subsets, is O(2k jLj):We can build these subsets,

again by scanning L and using SL; in total time O(2k jLj log jLj):
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Each of the trees T1 through Tk has size not exceeding 2n by its binarity.

Hence, by jLj � (h + 1)kn;
P

(v1;:::;vk)2L
s(v1; : : : ; vk) � (h + 1)kn, h = O(1),

k = O(1), and straightforward calculations, we obtain the O(n logn) bound. 2
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