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Abstract. We present a decidable and sound criterion for classifying recursive
functions over higher-order data structures into polynomial and superpolynomial
complexity classes generalizing the seminal results by Bellantoni and Cook [1]
and Leivant [4] to complex structural datatypes. The criterion is complete for the
special case of binary strings; whether it is also complete for arbitrary higher-
order data structures remains an open problem. Logic programming serves as the
underlying model of computation and our results apply to the Horn fragment as
well to the fragment of hereditary Harrop formulas.

1 Introduction

Cobham [3] gave the first functional characterization of a complexity class by exhibit-
ing an equational schema that generates precisely the poly-time functions over natural
numbers. Later, in their seminal papers, Bellantoni and Cook [1], and Leivant [2, 4] have
given a recursion-theoretic characterization of polynomial time computable functions.
Based on that work, Bellantoregt al.[5] and Hofmann [6] have developed type systems
where all well-typed functions correspond to polynomial time computable functions.
On the other hand, Ganzinger and McAllester [7], and Givan and McAllester [8] have
given various criteria for identifying polynomial time predicates in bottom-up logic
programs. In this paper, we chose to represent recursive functions as relations between
input and output arguments hereby lifting the underlying model of computation away
from Turing and RAM machines into the world of logic programming and the search for
uniform derivations and Abstract Logic Programming Languages (ALPL) [9, 10]. We
measure the complexity of an algorithm as the size of the resulting derivation (should it
exist), in terms of the size of the input arguments. The main contribution of this paper
is a decidable criterion that decides if a logic program runs in polynomial time. Our
criterion runs in time depending only on the size of the program and is independent of
the inputs to the program.

Interpreting functions as relations and logical programs allows us to reason about
the run-time of an algorithm in terms of the size of a uniform derivation where each in-
ference is counted as one computation step, and not in terms of the number of execution
steps of a RAM or Turing machine. Functions as relations alleviate many restrictions
commonly associated with RAM machines. Arguments that are usually elements of a
freely generated term algebra need not be artificially encoded as data objects in RAM
memory, but can be analyzed and constructed as they are. The technique developed in
this paper has many applications as many logical formalisms possess a uniform deriva-
tions property, for example, the Horn or hereditary Harrop fragment of first-order logic,



and even the logical framework LF. Thus, the complexity of computational counterparts
that are commonly associated with representational particularities, for example, depen-
dently typed, linear, or higher-order encodings, can be easily studied in extensions to
the framework presented here.

The search for uniform derivations is in general parametrized by a unification al-
gorithm. For the purpose of this work, where functions are encoded as logic programs,
all input arguments may be assumed to be ground (i.e. terms that do not contain free
variables). Every subgoal in the logic program will have a logic variable in its out-
put position, to bind (but not match) the result of the subcomputation, which will be a
ground term again. The running time of the unification algorithm is a substantial part of
the overall proof search runtime. Therefore, we require of each function we analyze to
trigger only runs of the unification algorithms whose running time can be bounded by
a polynomial in the size of the pattern.figirent term algebras require domain specific
unification algorithms. For example, in our setting, the runtime of first-order unification
restricted to linear patterns is bounded by a polynomial in the size of the pattern. Higher-
order unification with dependent types is in general not decidable unless it is restricted
to Miller patterns [11] (each existential variable is applied only to pairwise distinct
parameters). In addition, variables must occur linearly, which can only be achieved if
redundant information is removed from the pattern ahead of time.

The central contribution of this paper is a criterion that decides if a logic program
can be executed in polynomial time. Informally, it consists of two parts. The first part
requires that the sum (of the sizes) of all recursive arguments is not larger than the
sum (of the sizes) of all input arguments to the function. In the second part, we require
that all auxiliary (non-recursive) functions that take recursively computed arguments
as inputs are non-size-increasing. If these conditions are satisfied, we show that the
search for uniform derivations will terminate in a number of steps that is bounded by a
polynomial in the size of the input arguments. The technique applies to various logical
formalisms and handles the case of higher-order encodings correctly.

The paper is organized as follows. First, we give a general theorem for computing
complexity of integer-valued recursive functions. The criteria we describe in Section 3
for classifying recursive functions are based on this theorem. We develop these condi-
tions in two stages. In Stage 1 we restrict ourselves to functions where outputs of re-
cursive calls are not provided as input to auxiliary functions used. In Stage 2, we relax
this condition, but now require that these auxiliary functions are non-size-increasing.
Aehlig, et al.[12] and Hofmann [13, 14] have also used the latter condition (originally
proposed by Caseiro [15]) to extend Hofmann'’s polynomial-time type system to in-
clude a larger class of functions. Finally, in Section 4, we argue that our results can be
extended to higher-order hereditary harrop formulas and illustrate the expressiveness of
our results with some examples. The proofs of all theorems in this paper are given in
the Appendix.

2 Functions as logic programs

We are primarily interested in studying general recursive functions and classifying their
running time into complexity classes using syntactic criteria. We shall represent recur-



sive function by predicates where a functien (..,z,) = f(Xs,..., X;Y1,...,Ym) iSde-

noted by the predicat®: (x1,...,X; Y1, ..., Ym: Z, - - ., Zn) Wherex;, y; andz correspond

to recursive input arguments, non-recursive input arguments and output arguments re-
spectively. We represent function computation by restricting ourselves to a particular
subclass of logic programs whose argument positions have a well-defined meaning with
respect to input and output behavior of ground termgré@und termis a term not con-
taining any variables. The value of the function is computed by performing a proof
search where the input arguments are ground and the output arguments are free logic
variables. On successful return, the output arguments are ground. Such logic programs
are considered to have a well-defimaddebehavior. The reader may refigcite]] for

more information on algorithms for identifyingode correctogic programs.

2.1 Logic programming model of computation

We shall present our results in the logic programming language shown below. The goals
G and clause® are represented using Horn clauses and the t&smd; andN; are
simply-typeda-terms in canonical form. Predicates are given by

Pf(Ll,...,L|;N1,...,Nn; Ml,...,Mm)

wherel;, M; andN; are recursive input, non-recursive input and output arguments re-
spectively. These arguments are separated by ;.

Goals G:=T|P

Clauses D:i=GoD|Vx:AD|P

Predicates P::= P¢(L1,...,L;; Ny,...,Ny; My, ..., Mp)
Programs ¥ :=-|%,D

Often we find it convenient to reverse the directiotsab D and usé c G instead.
c is left-associative.

We represent input and output arguments in simply-typedlculus shown below.
Further, we disallow non-canonical terms (terms vgtredexes). Later, in Section 4,
we shall show how to extend our results to programs with non-canonical terms.

Types A =alA— B
Canonical Terms IM,N:=ax: AN|R
Atomic Terms R m=c|Xx| RN

Definition 1 (Predicate symbol).For a clause D or a goal G, we define predicate
symbol of D or G as given below:

symbol(Ps(+;+;-)) = Ps
symbol(¥x : A.D) = symbol(D)
symbol(G > D) = symbol(D)



Definition 2 (Head of a clause)For a clause D, we define head of a clause as given
below:

head(P) = P
head(¥x : A.D) = head(D)
head(G > D) = head(D)

2.2 Function computation through proof search

Goals:

g.True De¥ ¥ —>D>P

—— F 5P g-Atom

Clauses:

FoP>P Cc_Atom

F - [i/X]D>P Exist F—->D>P 7:_)Gclm
F SVYx:AD> P SES8 =T 5o pop  ¢MP

Fig. 1. Proof search semantics for the Horn fragment

We have given the proof search semantics of the Horn fragment in Figure 1. They
are based on the notion ohiformproofs for Abstract Logic Programming Langauges
(ALPLs) [10].

Given a progran¥ and a goas with groundterms in its input positions, the inter-
preter constructs a derivation of the judgmgnt> G. In the ruleg_Atom an appropriate
clauseD corresponding to the go@ is selected. It is possible to construct a derivation
for the judgmentr — D > P if and only if head oD unifies withP.

Whenever a variableis replaced by a logic variable, we denote it:blfor the sake
of our analysis, we assume that the variable is replaced by the actual proof term which
is guessed appropriately. In an actual interpreter, the variable would be replaced by a
logic variable. Since, our logic program has a well-definesebehavior, these logic
variables which appear in the output positions of clauses will be bougidtmdterms
eventually in the rule_Atom.

For example, the logic program corresponding to the Fibonacci function is given by
F = {YN.+(z; N; N), YN N2M.+(Nz; M; N2) D +(sNyg; M; sNp), fib(z; ; s 2), fib(s z; ;s 2),
YMiMoN. + (M1; My; M) o fib(N;; M) o fib(sN;; My) D fib(s sN;; M)}, where the
constantg, s, andfib are appropriately defined. In the rest of this paper, we shall omit
the universal quantifiers whenever there is no confusion.

For a logic progran¥, we denote a proof search derivation for a g@aby D ::
¥ — G and measure the size of this derivation as the number of inference rules in the



derivation. In the next subection, we shall show that every rule can be implemented on
a RAM machine in a constant number of steps.

Definition 3 (Size of proof search derivation).Given a logic progran¥ and a proof
search derivatiorD :: ¥ — G, we define the size @, sz(D), as the number of proof
search inference rules if.

2.3 Translation to a RAM machine

In this section, we shall show that the proof search shown in Figure 1 can be imple-
mented on a RAM machine in time proportional to the number of proof search rules
in a proof search derivation. Thus, a proof search corresponding to a function compu-
tation can be implemented on a RAM machine without any increase in its asymptotic
complexity.

We require that our logic program satisfy the following conditions:

1. Well-defined mode behavidgince, the logic program actually implements a func-
tion, every proof search on a goal with its input argumentgraandterms either
succeeds with its output arguments segitmundterms or fails.

2. Deterministic and non-backtrackin@he proof search is deterministic and has no
backtracking behavior as there is a unique clause corresponding to every function
computation where the inputs are ground terms.

3. Complexity of unificationWe will show that every rule can be implemented on a
RAM machine in a time depending only on the size of the logic program. Since we
are using the logic programming model of computation, we have to account for the
cost of unification of variables witground termsWe will require that unification
corresponding to every rule can be implemented in time depending on the size of
the logic program.

For our logic programming language based on the Horn fragment, the following

two conditions arsyficientto ensure that complexity of unification is independent

of the inputs to the logic program.

(a) No patterns in output positions of subgoals’e do not allow patterns in the
output positions of any subgoals and always store a single copy of a variable in
a clause even when it appears multiple times in a clause. Thus, clauses like
P(x;;y) c Q(x;;c y) are not allowed and in the clau$¥x;;c u; u) cC
Q(X;2 ¢ Ri(z;u1) c Rx(z;up) a single copy of the variable is shared
by R; andRy.[[carsten, why this condition?]]

(b) Linearity: We restrict ourselves to functions where a variable does not appear
more than once in an input position. Thus, clauses su®(’as; ; X) c T are
disallowed. In such cases, the interpreter will have to verify that the two in-
put arguments are identical by unification. This unification process takes time
proportional to the size of thgroundinput terms (see Figure 2 for the for-
mal definition) which may be arbitrarily large. However, we can allow such
functions, if we make this unification explicit by translating a clause such as
P(x,Xx;;X) ¢ T toP(xy;;X) c equal(x;y;) c T whereequal checks thaix
andy are identical.



Theorem 1. Given a logic progran# and a goal G satisfying the conditions given
above. If there exists a derivatidh :: ¥ — G, then

— The goal G can be represented on a RAM machine in size proportiosa)(®).
— The corresponding proof search can be implemented in time proportiosa(19).

3 Conditions for polynomial and superpolynomial complexity
classes

In this section, we shall describe criteria for classifying recursive functions into poly-
nomial and superpolynomial complexity classes. These criteria are decidable and can
be checked in time depending only on the size of the logic program corresponding to
the function. We shall only proveoundnessf our criteria. In the following section,
we shall prove completeness for functions over binary strings; whether these criteria
are also complete for arbitrary higher-order data structures is an open problem. Thus, a
checker implementing these criteria can only have two respgresasiddon’t know
First, we shall present a general theorem on integer valued recursive functions given

by

T =20, T6) + f(x) if x>K

: 1)
TX)=b ifl<x<K

wherex, X, € Z* and there exists functiong(-) (not defined usingr (-)) such that
X =gi(x) foralli =1,...,msuch thatg < x, eachf(x) is an integer valued function
defined orz* (not defined using (+)), bandK are positive integers; andis an positive
integer constant.

Theorem 2 ([16]). Given a recursive function (k) defined in equation 1. If (k) is a
monotonically increasing function such thgf > Oforall 1 < x < K, and x> >, x;,
then there exists a constantcl such that Tx) < cx?f(x) for all x > 1.

For example, iff (x) = f(Lx/3]) + f([x/4]) + x, thenf(x) = O(x3) asx > | x/3] +
x/4]. On the other hand, we know thifx) = f(x— 1)+ f(x—2) + 1 whenx > 2 and
f(0) = f(1) = 1 is not a polynomial. In this casg,? (x— 1) + (x — 2).

In fact, the theorem can be generalized to a set of funciors{T1(:), T2(), ..., Tk(:)}
where eacfT;(-) is defined as

Ti(x) = X0, Ty (%) + fi(x) if x> K

Ti(¥) = by if1<x<K; @

wherem, K; andb; are positive integer constants, eagk {1, ...k}, everyfi(x) is an
integer-valued function defined & (not defined using (-)), X, x; € Z* and there
exists functiongy; (-) (not defined using (-)) such thatxj = g;j(x).

Theorem 3. Given a set of recursive functio’s = {T1(:), T2(}), ..., Tk(-)} such that
each function is given by equation 2. If for akil,.. ., k:

1. fi(-) are monotonically increasing functions such thdk)f> 0 for all 1 < x < K;.
2. x> Z;il Xij



then there exists a constantx 1 and a monotonically increasing function(-fr such
that T;(X) < cxX?F(x) for all x > 1.

For the remainder of the paper, we shall assume ftfigtand f;(x) are polynomi-
als. In this case, the functioigx) andT;(x) are bounded by polynomials as well. In
general,f(x) or fi(X) could be any set of monotonically increasing superpolynomial
functions closed under composition and all the results in this paper still hold.

We present our result in two stages. In Section 3.1 we present the basic criterion
which capture the essence of our solution. The functions identified by this criterion sat-
isfy the following condition: the sum of the sizes of the recursive input arguments to the
recursive calls is less than the original recursive input arguments. Thus, we are merely
generalizing the results of Theorem 2 and 3 to higher-order data structures by defining
an appropriate size function. In Secti@®, we first show that the idea skfe-recursion
developed by Bellantoni and Cook [1] is special case of this criteria. Later in S&&jon
we will also extend our criteria to include functions which perarisaferecursion (re-
cursion over recursively computed values) as long as functions which pevitsafe
recursion are non-size-increasing.

Goals:
szy(T) =0
Clauses:
sz,(G o D) = sz,(D)
sz,(Vx: AD) = sz,(D)
Predicates:
sz (P(Ly,...,L;- 7)) = D #(L)
SZo(P(; s Ng, ..., Np)) = XL, #(M))

Fig. 2. Size function for goal& and clause® (u =i oru = o)

3.1 Basic criteria

We generalize Theorems 2 and 3 to functions on arbitrary simply-tygedms. First,

we shall begin by defining an appropriate size function for terms which ensures that the
terms can be represented on a RAM machine in space proportional to the size of the
terms. (See subsection 2.3). The size function # for simply typtstms counts the
number of variables and constants in the term. Similarly, the size of a LFGjoala
clauseD is defined usingz;(-) andsz,(-) depending on whether we wish to compute
the size ofinput or outputargumentssz;(G) computes the sum of #-sizes of all the
inputarguments in the go& andsz;(D) computes the sum of #-sizes of all timput
arguments in predicate in the clauseD. It is shown in Figure 2.

#x)=#Cc)=1
#RN) = #(R) + #(N)



#(x.N) = #(N)

Definition 4 (goals).Given a clause D, we define the getls(D) as given below.

goals(P) = {}
goals(G o D) = {G} U goals(D)
goals(¥x : A.D) = goals(D)

Definition 5 (Mutually recursive functions). Given a logic programf, a set S of
predicate symbols is said to be mutually recursive if and only if for any predicate
symbols R,Py € S there exists clauses;[D, € F such thatsymbol(D;) = Py,
symbol(D2) = Py and there exist a goals Ge goals(D;) and & € goals(D>) such

that symbol(G1) = Py andsymbol(Gy) = P;.

Programs:
symbol(D) ¢ S +s F poly;
————— pp-empt _clausel
ts - poly; Pp-emply +s , D poly; PP
bol(D) € S -/D pol I
symbol(D) € ks -/D poly; +s ¥ poly: pp_clause2

ts 7, D poly;y
Clauses:

pc_Atom <Z cer  SZ(G) < SZi(P)>

symbol(G)eS

s 4/P poly;

ts 4,G/D poly; symbol(G) € S
ts 4/G D D poly,

pc_Imp1{sz(G) < szj(D))

ts 4,G/D poly; symbol(G) ¢ S +1 F poly,
ks 4/G > D poly;
(wheresymbol(D) € T andfs(:) is a polynomial)

pc-Imp2(sz(G) < fs(szi(D)))

ks 4/D poly,
ks 4/¥x: A.D poly;

pc_Forall

Fig. 3. Basic criteria for identifying for polynomial time functions

Theorem 4 (Basic Criteria). Given a program# and a set S of mutually recursive
predicates fron¥ such that-s ¥ poly;. Given a goal G such thatymbol(G) € S,

if D F — G, then there exists a monotonically increasing polynomigl mot
depending on the ground input terms of G) such #zD) < p(szi(G)).

Example 1 (CombinatorsThe combinators ::= S | K| MP ¢; ¢, that are prevalentin
programming language theory are represented as constructors abtypeWe study
the complexity of the bracket abstraction algorithan which converts a parametric



combinatorM (a representation-level function of typemb — comb) into a combi-
nator with one less parameter (of typemb) to which we refer asvi’. The bracket
abstraction algorithm is expressed by a predicate reldirgnd M’. For anyN, com-
binator, it holds thaMP M’ N corresponds t®[N/x] in combinator logic. LetF be
defined as the following program.

ba (Ax: comb. x; MP (MP S K) K)
ba (Ax: comb. K; MP K K)
ba (Ax: comb.S; MP K S)

ba (Ax: comb.MP (C; X) (C; X); MP (MP S D;) D)
C ba (Ax: comb.C; x; D7)
C ba (Ax: comb.C; x; Dy)

It is easy to see thgf?, #(Ax : comb.C; X) < #(1x : comb.MP (C; X) (C x)), and
hencerp, F poly. O

3.2 Safe recursion

Bellantoni and Cook [1] introduced the conceptsafe recursiorto give a character-
ization of polynomial time recursive functions. They formulated a class of functions
closed under composition with two kinds of inputsafeinputs anchormalinputs. The
functions can perform any (polytime) operation on theirmal inputs, but can only
apply a restricted set of operations to theafeinputs. In particular, it is not possible to
perform recursion ovesafeinputs. They showed that this class of functions is exactly
the class of polynomial-time computable recursive functions.

3.3 Unsafe recursion

Aehlig, et al.[12] and Hofmann [13, 14] have developed

The second stage of our criterion allows us to reason about the complexity of func-
tions, where recursively computed values may be passed to auxiliary functions as well.
We require that such auxiliary functions are non-size-increasing. We say that a predicate
P is non-size-increasing if and only if, the sum of the sizes of the output arguments
is never greater than the sizes of its input arguments (within an additive constant, i.e.
sz,(G) < sz(G) + C, whereC is independent of the input variables @j. The con-
cept of multiplicity defined below will be used in building a formal deductive system to
identify non-size-increasing predicates.

Definition 6 (Multiplicity). Given a clause D, a goal G¢ goals(D) the @ and g
multiplicities of D are defined as follows.

1. a(D) is defined as the maximum number of times any input variabfedad(D)
appears in the output positions leéad(D).

2. Bs(D) is defined as the maximum number of times any output variable in G appears
in the output positions dfead(D).



For example the values af¥N;N>M.+(N1, M; N2) > +(sNz, M; sNy)) andB.(n, m:n,) (VN1 N2 M.+
(N1, M; N2) o +(sNg, M;sNy)) corresponding to the second declaration of addition
+ operation are 0 and 1 respectively. Similarly, for a clause of the fe¢Nt cNN),
a(P(N;cNN)) is given by 2.

The judgment corresponding to the non-size-increasing property is writteg as
¥ nsi and the corresponding deductive system is given in Figure 4. The first three rules
examine the non-size increasing property for every clause defining a functi®n in
and the following four rules for each type constructor. For a clduste contribution
to the size of the outpudz,(D) due to the outputs from the subgoalsf(stored in

A) is given byzsymb%elgG)es Ba(P)szi(G) + Zsymb%?e)es Ba(P)sz,(G) and due to the the

original inputs ofD is a(D)sz;(D). The rulensi_Atom ensures that the sum of these
two contributions is always less than the total original ingri(D). It will be shown in
Theorem 5 that this condition is Sicient to ensure that the predicate corresponding to
the clause is non-size-increasing.

Programs:
. ; symbol(D) ¢ S +s F nsi | . symbol(D) €S +s:/Dnsi tsF nsi | )
P nsi_empty r 7.D nsi nsi_clause r 7.D nsi nsi_clause
Clauses:
nsiJ—\tom< > Be(Psz@)+ Y. Ba(P)sze(G) < (1- a(P))sz‘(P)>
ks A/P nsi

Ged Ged
symbol(G)eS symbol(G)¢£S

ks 4,G/D nsi symbol(G) € S
+s 4/G D D nsi

nsi_Imp1(sz(G) < szj(D))

ts 4,G/Dnsi symbol(G) ¢S 1 F nsi
ts 4/G D D nsi

pc_lmp2

(whereT is a set of mutually recursive predicates such #yatbol(G) € T)

+s 4/D nsi

Fs A/¥x: ADnsi "si-Foral

Fig. 4. Syficientconditions for non-size-increasing predicates

Definition 7. Given a clause D, and goals G and H in the clausen, G iff variables
of G in output positions appear in input positions of H and no variable of G appears
more than m times in H.

Definition 8 (Dependence Path)Given a clause D and goals B Gg,Gy,...,G, =
G € goals(D), a dependence path from G to H lehgth n denoted by Hw~ G is a
sequence of goal and positive integer pai@, mi),..., (G, = G, m,) such that for
each pair of goals GGj,1 fori = 0,...,n -1, G ¢»n,, Giy1. Thewidth of this
dependence path is defined/&s, m.

For example, consider the example of Fibonacci numbers shown below. In this case,
there are two dependence paths each of length 1 fitoiN; X) to +(X,Y;Z) and from



fib(s N; Y) to +(X,Y;2).

fib(z;sz)c T
fib(sz;sz)cT
fib(s (s N); Z) c fib(N;X)
c fib(s N;Y)
C +(X,Y;2)

It is worth noting that dependence paths are structural property of a logic program
F and hence identifying dependence paths is independent of any of the inputs to the
program.

Definition 9 (Set of Dependence Paths)Given a clause D and two goals,8 €
goals(D), H <* G is the set of all dependence paths from G to H

For a clauseD and a goaH, we define a judgments H < D which is provable if
and only if there exists a go&@ € goals(D) such thatsymbol(G) € S and there is a
dependence path frofa to H. Similarly, we define the judgmert H « D. Figure 5
gives the deductive systems corresponding to these judgments.

ts H<D ts H<D

rsHaevx:AD PRl LGS p dPImPLH £ G)

symbol(G) € S

<H<GoD dp_Imp2(H « G)

symbol(G) ¢S rsG<«D

<H<GSD dp_Imp3/1L(H «+ G)

symbol(G) ¢ S +s H<D

cH<GoSD dp_Imp3/2(H « G)

ts H#4 D ts H#4 D

< H avx AD Mdp-Forall —a—s S ndpImpi(H ¢ G)

symbol(G) ¢ S +sG#D rsH#D

<H#GoD ndp_Imp2(H «~ G)

Fig. 5. Proving existence and non-existence of dependence paths

Now we can define an extended version of the conditions given in Figure 3. These
conditions are given in Figure 6 below and they generalize the conditions given earlier.



In this casers F poly1 2 means that eithers ¥ poly; or+s ¥ poly, is true. Accord-

ing to these conditions, if output of a recursive call (output variableS afgoals(D)

such thasymbol(G) € S) appear in input positions of an auxiliary function (input po-
sitions ofH € goals(D) such thatymbol(H) ¢ S) then we require the auxiliary func-

tion to be non-size-increasing. This condition is ensured through thepulep2/1.

As we will show later, these conditions actually ensure that the size of the output of
the logic programs which satisfy these criteria is polynomially bounded in their in-
put. Thus, condition given in the rulgp_Atom is similar to the conditiorpc_Atom

of Figure 3. In the rulgoc_Atom we require that the sum of all the inputs to the re-
cursive calls is not larger than the original input. In this case, we require a similar
condition, except that we count the inputs to those recursive calls whose outputs have
been used either as input to other predicates or in the final output (with appropriate

multiplicities). Thus, the suny, <. Bs(P)szi(G) accounts for the first case and
symbol(G)eS

Z Z B (P)szi(G)width(p) for the second.

Hed Ged
symbol(H)¢S  symbol(G)eS
peH<*G

This ensures that the input arguments to goalre polynomial in the original input
arguments of the claude. Hence, the conditiopc_Imp2 given in Figure 3 (stage 1) is
satisfied.

Programs:

symbol(D) € S +s /D poly, +s ¥ poly, symbol(D) ¢ S +s ¥ poly,
————— pp-empt; _clausel _clause2
ks - poly, pp-empty ts F,c: D poly; PP +s F,c: D poly, PP
Clauses:

ppAt0m< Z Ba(P)sz(G) + Z Z BH(P)SZ‘(G)Width(p)SSZi(P)>

He, Ge/
ks 4/P poly, symboi(G)es SymboH)ES  symboiG)es
peH<"G

+s 4/D poly, ts 4,G/D poly, symbol(G) € S

s 4/VxAD poly, pp-Forall rs 4/G 5 D poly, pp-Imp1({sz(G) < sz(D))

ks 4,G/D poly, symbol(G) ¢S +tsG<D rr F nsi rr F polyjy
+s 4/G > D poly,
(whereT is a set of mutually recursive predicates such $iyatbol(G) € T)

pp_Imp2/1

ks 4,G/D poly, symbol(G) ¢S +sG # D 1 F poly;y
pp-lmp2/2
s 4/G > D poly,
(whereT is a set of mutually recursive predicates such $iyatbol(G) € T)

Fig. 6. Syficientconditions for polynomial time predicate (Stage 2)

Theorem 5 (Non-size-increasing functions)Given a logic program# and a set S
of mutually recursive predicates froffi such thatrs ¥ nsi. If D :: ¥ — G, then
sz,(G) < sz(G) + C where C is a constant depending on the logic progfam



Theorem 6 (Stage 2)Given a progran¥ and a set S of mutually recursive predicates
from¥ such thats ¥ poly,. Given a goal G such thaymbol(G) € S, ifD :: ¥ — G,
then there exists monotonically increasing polynomidisgnd g(-) (not depending on
the ground input terms of G) such the#, (G) < p(szi(G)) andsz(D) < p'(szi(G)).

Example 2 (Merge SortConsider a representation of a list using the constaihésd
cons. The logic progran¥ corresponding to merge sort is given below.

mergesort(nil; nil)
mergesort(cons X Xs w)
c split(cons X XSV, 2)
C mergesort(y; y1)
C mergesort(z; z;)
c merge(y1, z; W)

split(nil; nil, nil)

split(cons X nil; cons X nil, nil)

split(cons x (cons y X9; cons X X, cons Y yi)
c split(Xs X1, Y1)

merge(nil, w; w)

merge(w, nil; w)

merge(cons X XS Ccons y yScons u 2
c compare(X,Y;t)
C merge’(t,cons X X§cons y ys U, v, w)
c merge(V, w; 2)

merge’(true, cons X XS cons y Y§ X, XS cons y y9
merge’(false, cons X X§cons y ysy,cons X XSys)

In the example given abowempare(x, y; t), tis true if x < y andt is false otherwise
(clauses omitted for brevity). It is not hard to see thahpae 7 pOly1

It is also clear thatspi 7 poly; as #ks) < #(cons (cons y x9) for the third decla-
ration ofsplit. The predicatenerge’ is also in polynomial time as it is not recursive. We
can also check thatnerge  nsi. In this case, the side conditionmdi_Atom is satisfied
becauser() = 1 andBg(-) = 0 for both declarations aherge’. In fact, we can show
thatsz,(merge’(G)) = sz;(merge’(G)) — 2 when given some input through a g&H.

We can also show that,ege F poly;. For this we need to show thati( #(w) <
#(cons x X9 + #(cons y y9. It is true becausenerge’ is non-size-increasing and we
know that 1+ #(cons X x9 + #(cons y y9 — 2 = #(u) + #(Vv) + #(w). We can also show
thatmerge is non-size increasing. Hergmerge’(:)) = a(merge(:)) = 1 and we need
to show that #{ons) + #(u) + #(v) + #(w) < #(cons x x9 + #(cons y y9. This follows
from the fact thaterge’ is non-size-increasing.

Finally, it needs to be shown thakergesort & POly2 as the outputy, andz, of
mergesort are given as inputs to the predicaterge. In this casefmergesort(-) = 0 for
both themergesort subgoals anfimere () = 1 for the second declaration ofergesort.

1 This is not shown in the formal system given in Figure 4 for the sake of clarity, but is easy to
incorporate in it.



There are also two dependence pathtenfith = 1 from mergesort to merge. Thus,
this conditions in Figure 6 require thaterge is non-size-increasing andy§(+ #(2) <
#(cons x x9. This follows fromsplit being non-size-increasing.

4 Extending to Hereditary Harrop Formulas

The results presented so far are quite general and even apply to logic programming
languages with dependent types, higher-order terms, and embedded implication. Let us
consider Hereditary Harrop formulas [17, 18] which allow embedded implications by
extending Horn goal§& as shown below.

Goals G:=T|P|¥Yx:AG|D2>G
Clauses D:=Go>D|Vx:AD|P

The proof search semantics are extended as shown in Figure 7. The embedded impli-
cation is operationally interpreted as extending the logic program dynamically during
proof-search.

Goals:
Def ¥—->D>»P
FoT g-True F5P g-Atom
F,D->G Im cnew ¥ — [c/X|G Forall
F>DoG IMP FoVxAG
Clauses:
7P p CAOM
F - [(/{D>P . F>D>»P F-5G
_l
FSUx:AD» P CESS T aopsp P

Fig. 7. Proof search semantics for the Hereditary Harrop formulas

Thus, a logic program with Hereditary Harrop formulas is polynomial time if we
can ensure that all embedded implications satisfy the polynomial time conditions that
we have presented so far.

Example 3 g-redexes)Since the arguments to predicate$ave to be in canonical
form, it is not possible to represent functions suctees which simplify a term in
lambda-calculus to it8-normal form.

eval (lam E) (lam E) c T
eval (app E; E2) V c eval E; (lam EY)
ceval E; V,
ceval (E; Vo) V



However, such predicates can be represented by defining a preslibaté® : (A —
B) - A — B which performs the substitution explicitly and computes the canonical
form. For example, ifA = B = exp thensubst®®**? is given by

subst™PP(Ax x,V;V) c T.
subst™™*®(Ax.app(E1X)(E2X), V; (app(E7)(E})))
C subst®*P(Ax.(E1x); E})
C subst™*®P(Ax.(E2X); E).
subst®PEP(Ax.lam (1y.(E x V))), V;lam (1y.(E’Y)))
c (Yy : exp.subst™PP(axy, V;y)
O subst™PP(Ax.(E x y), V; (E' ¥)))

In this case, we observe that for logic progrémcorresponding t@ubst®®®,
Fsunsteeew F poly; because the first declaration is non-recursEéJ1 #AX(EX) <
#(Ax.app (E1X) (E2X)) in the second declaration, and the embedded implication in the
third declaration in non-recursive.

On the other hand, wheh = exp — exp andB = exp thensubst®P~¢P#X js given
by

subst®P7ERER (1 f V; V)
subst®P~ePEP(Af (app (E:1 f) (E2 f)),V;app E] E))
C subst®PEPER(1f (E1f), V; E))
C subst™P=PEP(Af (Ef), V; E))
subst®P7ERER (1 f lam Ay.(E f y),V;lam Ay.(E’ y))
C (Yy : exp.subst™P7PER (N f y V;y)
O subst®P7EPERAf (E f y),V;(E'Y))
subst®P7eRER (1 f f (ET),V;E”)
Subst®PERER N E f,V; E)
subst®PP(Ax.Vx E’; E”)

In this case, the first three declarations satisfy the polynomial time conditions we
have described so far. In the fourth declaration, output t&trfrom the recursive call
subst™P~®P-SP s provided as input taubst®™™®®, It is easy to see that Stage 1 con-
ditions do not hold for this case because, it is not possible to determine the run time of
subst®®®® as we do not know the size of its inpHt. Stage 2 conditions do not hold
either becauseubst®™®® is a size-increasing function.

Now theeval (app E; E,) V is changed to

eval (app E; E2) V c eval E; (lam E})
ceval E; V,
C subst™®(E;, V,; EY)
c eval (E{ V)

where an appropriaubst*®® is chosen.

Therefore, wherA = exp we know thats-reduction is a polynomial time opera-
tion, but whenA is a higher-order type, our conditions can no longer guarantee that
B-reduction is in polynomial time.



Example 4 (Combinators cont’'dRecall the bracket abstraction algorithm from Ex-
ample 1 that is used in the conversion frarexpressions into combinators. We follow
standard practice and define a new tgsp together with the two constructoagp of
typeexp — exp — exp andlam of type xp — exp) — exp. Using our syntax, extend
the prograny¥ from Example 1 to a programi’ by the following new declarations.

convert(app E; E>; MP C; Cy)
c convert(Ey; Cy)
c convert(Ey; Cy)

convert(lam E); D)
c (¥x: exp.Yy: comb.ba(1z: comb.y, MP K y)
D convert(y; z) O convert (E x;C y))
c ba (ly : comb.C y; D)

We observe that.onert 7' poly, because the first declaration satisfies még #(E) <

#(app E1 E), and each embedded implication in the second is non-recursive. Further-
more #E X) < #(lam E) becauseE is applied to a paramtet (and not an arbitrary
term). In additionyp, ¥ nsi by rulensi_Atom where we choose(-) = 0 andBua(-) = 1

for the two recursive calls, and hence the dynamic extension of the bracket abstraction
algorithmba is non-size increasing

5 Conclusions

The polynomial time criteria that we have developed in this paper while not complete
are able to identify a gficiently large class of functions. Further, we are not limited to
functions on integers or lists but can apply these criteria to functions which range over
first-order, higher-order or even dependently-typed domains.

These criteria are not specific to a particular programming language but can be
extended to any logic or functional programming language as long as unification and
substitution can be implemented in constant time. Currently, we are working on imple-
menting these criteria for Twelf [19].

In our presentation, we distinguish predicates based on whether they do or do not
receive input from a output of a recursive call. By making this distinction at the level
of input arguments instead of predicates, we can further refine our criteria to identify a
larger class of polynomial time functions.
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Appendix

A

Proofs of Recursive Functions

Theorem 7 ([16]).Given a recursive function (K) defined in equation 1. If(K) is a
monotonically increasing function such thafxf > d > Ofor all 1 < x < K, and
x> YT, x;, then there exists a constantcl such that Tx) < cx?f(x) for all x > 1.



Proof:? Choosec = max1, b/d}. We shall prove by inductich
Base caseWhen 1< x < K, T(X) = b = (b/d)d < cf(X) < cX®f(X).
Induction caseWhenx > K,

T = > T+ F(9)
i=1

< > e f(x) + f(X)
i=1

(Using Induction Hypothesis ox C x:

T(x) < ok f(x))
< Zcxff(x) +cf(x)
i=1
(- % < x= f(x) < f(x) andc > 1)

= cf(x)(zm: X2 +1)
i=1

<cf((Y %)
i=1

(DI Xi2 +1< (T %))
< cxXf(x)
(x> X0 %)

Theorem 8. Given a set of recursive functio’s = {T1(:), T2(-), ..., Tk(-)} such that
each function is given by equation 2. If for akil,.. ., k:

1. f(-) are monotonically increasing functions such thgk)f> d, > Oforall 1 < x <
Ki.
2. X ZTll Xij

then there exists a constant> 1 and a monotonically increasing function(-fr such
that T;(X) < cx?F(x) for all x > 1.

Proof: Choosec = max1,by/ds, ..., b/di} andF(x) = maxfi(x),..., fk(X)}. We
shall prove this theorem using the induction hypothesis: 1,...,kyc x = Ti(y) <
cy’F(y)

Base Caseforanyi = 1,...,k: When 1< x < Kj, Ti(X) = bj = (bj/d))di < cfi(X) <
CXF(X).

2 This version of the proof is due to Adam Poswolsky and Valery Trifonov.
3 We shall assume the partial orderings :... c gi(gi(X)) = gi(X) C x and use the principle of
Noetherian Induction [20]



Induction CaseFor anyi = 1,...,k: Whenx > K,
m
Ti() = )" T () + fi(x)
i=1

m
< Zcx—zj F(xj) + fi(x)
=1
(Using Induction Hypothesis oxj; C x:

Tii (%) < e F(i)))

m
< 3 0RF(x) + F(¥)
=1
(-Vi=1,....kF(X) > fi(X)
m
< > o8 F(X) + cF(X)
i=1
(- x <x= F(X) <F(x)andc > 1)
< cF(x)(i xi2j +1)
j=1
Jm
< CF()() x)?
=1
(2N + 1< (B0 %))?)
< CF(x)
ERED I

B Proofs of Stage 1

Lemma 1. Given a logic progran¥ and a set S of mutually recursive predicates from
¥ . Given a predicate P and a clausedF such thatsymbol(P) = symbol(D) € S, if
D1 F — D> P, thensz(D) = ¥ p.ccoaLsw) SZ(Ds) + Cp Where G is a constant
depending only on the structure of D and not its input terms.

Proof: We shall prove by induction on the size of derivation
(Base) Case:When the derivatiotD is given by

7o Psp CAOM

sz(D) = 1 and hence the theorem is true.



Case: When the derivatioD is given by

Dy D,
F—>D>»P F->H

F—>H>D>P c-Imp
By induction hypothesis,
sz(D1) = Z sz(Dg) + Cp.
DseGOALS(D1)
Hence,
sz(D) = sz(Dq) +sz(D2) + 1
sz(D) = Z sz(Dg) +Cp +sz(Dy) +1
DeeGOALS(D,)
sz(D) = Z sz(Dg) + Cu-p
DeeGOALS(D)
(WhereC..bD =Cp+ 1)
Case: When the derivatiorD is given by
F X D>P
X|D >
mdl U2 c_Exists

F —-Vx:AD> P

The proof of this case is also similar to the above cases, if we d€fipgp =
C[z/x]D + 1.

Lemma 2 (Stage 1)Given a logic progran¥ and a set S of mutually recursive pred-
icates from#. Given a predicate P and a clause B # such thatsymbol(P) =
symbol(D) € S and§ ::+s 4/D poly, if D :: F —» D > P, then

1. Forall Dg :: F — G € GOALS(D), if symbol(G) € S thensz;(G) < sz;(P) and if
symbol(G) € T # S, thent ¥ poly; andsz(G) < fg(szi(P)).
2. ZDG::TﬁGeGOALS(D) SZi(G) + ZGeA SZi(G) < SZi(P)-
symbol(G)eS

Proof:
Since& ::+s 4/D polyy, it is easy to show by induction that

— For allG € goals(D), if symbol(G) € S thensz(G) < sz;(D) and if symbol(G) €
T # S, thenrt F poly; andsz(G) < fg(szi(D)).

— Y ogiroeeconso) SZi(G) + Ygey SZi(G) < szi(D)
symbol(G)eS



These properties are mathematical side conditions that are proved using additional
properties of the predicates, if necessary. Thus, if a Goal goals(D) or the clause
D contain any free variables then, the mathematical side conditions are true for any
substitution of variables by ground terms for the variablgs emdD. We only need to
ensure that this substitution is generated by a successful proof skarch.

Lemma 3. Given a logic progran¥ and a set S of mutually recursive predicates from
F such that-s F poly;. Given a predicate P and a goal G 49 :: ¥ — G, then there
exists a clause 3= F such thatsymbol(D) = symbol(P) € S and a sub-derivation
D' i F — D > P such thasz(D) = sz(9’) + Cs where G is a constant depending
only on the structure of G and not on its input terms. Ats(P) = sz;(G) andsz,(P) =
sz,(G).

Proof: (Sketch) Given a goalG, identifying the right claus® corresponding to
that goalis independent of the input arguments to the goals. The proof follows from the
proof search semantics of Figurelll.

Theorem 9 (Stage 1)Given a progran¥ and a set S of mutually recursive predicates
from ¥ such thats ¥ poly;. Given a goal G such thaymbol(G) € S, ifD :: ¥ — G,
then there exists a monotonically increasing polynomi@) fnot depending on the
ground input terms of G) such thet(D) < p(szi(G)).

Proof: Using Lemma 9, we know that there exists a derivatign: ¥ - D > P
such that
sz(D) = sz(D') + Cg.

Using Lemma 7, we know that

sz(D') = Z sz(Dg) + Cp.
DeeGOALS(D)

Hence,

sz(D) = Z sz(Dy) +Cp + Cg
Dy F —»HeGOALS(D')
= Z sz(Dy) + Cp + Co

Dy :F »HEGOALS(D’)
symbol(H)eS

+ Z sz(Dy)
Dy :F >HeGOALS(D’)
symbol(H)¢S

By Lemma 8, for goaldd such thatsymbol(H) € Ty # S, +r,, ¥ poly;. Hence, by
induction,

sz(D) < Z sz(Dy) + Cp + Co

Dy F —~HeGOALS(D’)
symbol(H)eS



+ ), fr(sa(H)
Dy :F —>HeGOALS(D’)
symbol(H)¢S

Z sz(Dy) +Cp + Co

Dy = F >HeGOALS(D’)
symbol(H)eS

) (fuzG)
Dy :F —>HeGOALS(D’)
symbol(H)¢S

(Using Lemma 8sz;(H) < fy(szi(P))
< fu(szi(G)) whensymbol(H) ¢ S))

IN

Let us define

F(szi(H)) = E fTH (fu(szi(H))) + Cs + Cgax
Dy F —~HeGOALS(D')
symbol(H)¢S

whereC1®* = maxCp|D € 7.
We shall prove by induction osz;(G) that the polynomialp(x) = x?F(x). The
theorem follows by applying TheoremslB.

C Proofs of Stage 2

Lemma 4. Given a progran’¥ and a set S of mutually recursive predicates fidm
Given a predicate P and a clause ® ¥ such thatsymbol(P) = symbol(D) € S. If
D F - D> P, then

s2,(P) < a(D)sz(P) + > Ba(D)szo(H) + C
Dy F —>HeGOALS(D)

where C is a constant depending only on the structure of D and not its ground input
terms.

Proof: (Sketch) The size of output of a claude given bysz,(D) consists of three
kinds of terms: a fixed number of term constants, the input variablBsaoid the output
variables of the subgoa@ of D (G € goals(D)). By taking into account the andBg
multiplicities of the variables and the fact that the output ternB afe unified with the
output variables ob the theorem followdl

Lemma5 (Stage 2)Given a logic progran¥ and a set S of mutually recursive pred-
icates from#. Given a predicate P and a clause B # such thatsymbol(P) =
symbol(D) € S andrs 4/D poly,.

IfD:F — D> P, then

— Forall Dg :: F —» G € GOALS(D), if symbol(G) € S, thersz(G) < sz;(P).



— Forall Dg :: F — G € GOALS(D), if symbol(G) e T # S and€ i+ G« D, then
there exists a polynomiak-) such that

szi(G) < fs(szi(P)) + Z sz(H)width(p)

Dy ::F —~HeGOALS(D)
symbol(H)eS
peG<*H

andrt F nsi.
— Forall Dg :: F — G € GOALS(D), if symbol(G) e T # S and& ::+ G # D, then
there exists a polynomiak-) such thatszi(G) < fs(szj(D)) andrs ¥ poly,.

- Z Z Bu(D)szi(G)width(p) | + Z Ba(D)szi(G) | < szi(P) where

s, m’l;‘;l?k’l)es mEEIA((’E)eS ST
4 Sypeﬁq* A symbol(G)eS
A =AU{G|Ds : F — G € GOALS(D)}.

Proof: (Sketch)

LetA” = {(G|Dg :: F — G € GOALS(D)).

ForG € 4”, if symbol(G) € T and& ::+s G 4 D, then all terms that appear in input
positions inG are either the terms from input positions®for from output positions
of goalsH such that&’ ::irs H 4 D. We can show by induction that for such goals
szo(H) < p(szi(D)) for some polynomiap(-). Hence there exists a polynomi&d(-)
such thasz;(G) < fg(szi(D)).

ForG € 4”, if symbol(G) € T and& ::+s G < D, then all terms that appear in input
positions inG are either from input positions @, output positions of goalkl such
that& ::+s H # D or form output positions of goald such tha€’ :rs H <« D.

For the first two cases, we have already shown that there exists a polyrigi@al
that bounds the total contribution $z;(G) due to the terms that satisfy the conditions
of these two cases. Thus,

sz(G) < f4(sz(D) + Y mszo(H).
A=
GewmH
We shall bound the contribution due to the third case using induction on the length of
dependence paths ending in a gbalich thasymbol(l) € S. For the base case (length

of dependence paths is 1), we have,

sz(G) < f4(sz(D)) + | msze(H)
A
GermH

< f§(szi(D)) + Z msz,(H) +

symbol(H)eS
FsH<DAGewmH

D mszo(H)
Heda””

symbol(H)gS
+gH<DAG&-mH



< f§(szi(D)) + Z msz,(H) + 0

Hea
symbol(H)eS
FgHaDAG«vmH

(As all dependence paths have length 1)
< fyszD)+ | width(p)sze(H)

Hea’
symbol(H)eS
peG<*H

In this casefg(-) = f4().
For the induction case,
sz(G) < f4(sz(D)) + | msz(H)

Hea’”
rgH<D

>, m(szi(H) +C)

< fg(szi(D)) +
Hea””
symbol(H)eS
+gHIDAGmH

+ Z msz,(H)

symbol(H)eS

rgHaDAGewmH
(Forsymbol(H) € U and+rs H <« D, -y F nsi

and using Theorem 10.)

led’”
symbol(l)eS
geH<*1

By induction hypothesis,
szi(H) < fi(sz(D) + > szo(l)width(q)

wheref/,(-) is a polynomial.
By substituting right side of equation 4 fer;(H) in equation 3 we get,

sz(G) < fo(sz(D) + )| msze(H)

symbol(H)eS

+gH<DAG-mH
+ Z Z mwidth(g)sz,(l)
Heda”” lea”
symbol(H)¢S symbol(l)eS
rgH<DAGewmH  geH<*I
<fo(szD)+ ), mszo(H)
Hea’”
symbol(H)eS
+gHIDAGmH

+ Z width(r)sz, (1)

led’”
symbol(l)eS

reG<* | Alength(r)>1
< f5(sz(D)) + Z width(r)sz, (1)

| e
symbol(l)eS
reGa*|

®3)

(4)



wherefs(szi(D)) is a polynomial and is given by

fesz@)+ > m(f(sz(D)+C).
sym'gglz%;)es
rgH<DAGemH
The remaining cases of the proof is by induction on the size of the derivatisn
quite similar to the proof of Lemma &.

Lemma 6. Given a logic progran¥ and a set S of mutually recursive predicates from
¥ . Given a predicate P and a clause ®% such thatsymbol(P) = symbol(D) € S
andrs A4/D nsi. If D :: ¥ — D > P, then

— For all Dg € GOALS(D), if symbol(D) € S thensz;i(G) < sz;(P).
— For all Dg € GOALS(D), if symbol(D) ¢ S then-t F nsi.
=2 cr Pe(D)sziG)+E e PBe(D)szo(G) < (1-a(D))szi(P) whered’ =
symbol(G)eS symbol(G)¢S
A U{G|Dg € GOALS(D)}.
Proof: The proof is by induction on the size of the derivati®nand is similar to
the proof of Lemma di

Theorem 10 (Non-size-increasing functions)Given a logic program¥ and a set S
of mutually recursive predicates froffi such thatrs ¥ nsi. If D :: ¥ — G, then
sz,(G) < szj(G) + C where C is a constant depending on the logic progfam

Proof: (Sketch) We shall prove by induction on the size of the derivation.

Using Lemma 9, we know that there exists a derivatioh:: ¥ — D > P such
thatsz;(G) = szj(P) andsz,(G) = sz,(P).

From Lemma 10, we know that,(G) < a(D)szi(G)+3 p,,.7 —HecoaLs@) BH(D)szo(H)+
C.

Whensymbol(H) € S, sz,(H) < sz;j(H) by induction hypothesis. Hence,

s2(G) <a(D)sz(@) + >, Bu(D)sz(H)
=

D, BuD)szo(H)+C

Dy :F —HeGOALS(D)

symbol(H)¢S
<szi(G)+C
Thisisbecause, > Bu(D)sz(H)+ ). Bn(D)szo(H) < (1-a(D))sz(G)
Dy :F —HeGOALS(D) Dy :F »HEGOALS(D)
symbol(H)eS symbol(H)eS

is implied byrs ¥ nsi andsz;(G) = sz;(P).
|

Theorem 11 (Stage 2)Given a progran’ and a set S of mutually recursive pred-
icates from# such thatrs ¥ poly,. Given a goal G such thatymbol(G) € S, if
D F — G, then there exists monotonically increasing polynomiéfsand g(-)(not
depending on the ground input terms of G) such #@(G) < p(sz(G)) andsz(D) <

P'(szi(G)).



Proof: Let the derivatiorD be given by

Py
De¥ F—>D>P
F—->P

and
A = {H|Dy = F - H € GOALS(D)}

By Lemma 9 and Lemma 10, we know that,

520(G) < a(D)sz(G) + ) Bu(D)szo(H) +C

Hea

< a(D)sz(G) + Z Br(D)sz,(H)
symgoglﬂil)ss

+ Z BHSZo(H) +C

Hed!
symbol(H)¢S

<a(D)sz(D)+ Y. Br(D)szo(H)

symbol(H)eS

+ > BuD)sze(H)+ > Bu(D)szo(H)

Hed’ Hed’
symbol(H)¢S symbol(H)¢S
I"rgH<D I’"+gH#D
+Cm

In this caseC is the total size of the term constants appearing in output positioDs of
Clearly, it is a constant (depending only #1). LetCr,, be the maximum among all such
constants.

By Lemma 11, for goal$l € A’ such thatsymbol(H) € T, +r F nsiif trs H< D
andrt F poly; if s H # D.

By theorem 10sz,(H) < sz;j(H) in the former case. In the latter case, we can show
by induction on the call graph of rooted atS thatsz,(H) < pr(szi(H)) wherepr(})
is a polynomial. Hence,

520(G) < a(D)szi(P) + > Bu(D)szo(H)
sym’t—)'oglflzi)es

+ > BuDsz(H)+ . Bu(D)pr(szi(H)

He/ He/
symbol(H)¢S symbol(H)¢S
rgH<D rgH#D
+Cm

< a(D)sz(G) + Z Br(D)szo(H)
sym’t’)‘(fl?};)es

+ Z Br(D)szi(H)

Heg’
symbol(H)¢S
rgH<D



+ >0 BaD)pr(fu(sz(G)) + Cm

Hed’
symbol(H)¢S
rgH#D

(By Lemma 115zi(H) < fu(szi(P)) < fu(szi(G)))
<Fi(sz(G)+ Y. Bu(D)szi(H)

Hey!
symbol(H)gS
+gH<D

+ > Bu(D)szo(H) (5)

Heda’
symbol(H)eS

(whereF(szi(G)) = @(D)szi(G) + Cp,
+2 Br(D)pr(fu(szi(G))))

Hes!
symbol(H)¢S
rgH#D

By Lemma 11, we have

szi(H) < fi(szi(P) + > szo(l)width(p)

led!
symbol(l)eS
peH<*1

wheref/,(-) is a polynomial.
Substituting in equation 5, we get,

s2,(G) < Fi(sz(G) + Y pn(D)szo(H)

Hea’

symbol(H)eS
+ . Bu(D)f(sz(D))
Hes!
symbol(H)¢S
FgH<D

+ > BuD)| > szo(1width(p)

Hed’ lea’
symbol(H)¢S symbol(l)eS
+gH<D peH<*I

< F(sz(G)) + Z Br(D)szo(H)
smhates

" Z Z Bu(D)szo(1width(p)

Hea’ led’
symbol(H)¢S  symbol(l)eS
+gH<D peH<*1

(whereF(szi(D)) = Fi(szi(D)
+2 BH(D)f/(sz(D)))

Hes’
symbol(H)¢S
rgH<D

Now, by Lemma 11, we know that,

Z aszi(G) [+ Z Z anszi(G)width(p) |<szi(P)

Ged Bies  symooiG)es
symbol symbol(G)e:
symbol(G)eS peHarG



The polynomialp(x) = xF(x) and the remainder of the proof follows by induction
onsz,(G). It is similar to the proofs of Theorem 7 and 8.

To prove thatsz(D) < p'(sz(G)), we shall first need to show that for &l € 4’
such thasymbol(H) ¢ S, szij(H) < fy(sz(P)) for some polynomiafy(-). All terms that
appear in input positions ¢f are either sub-terms of the terms in input position® afr
from output positions of other goal$. Whensymbol(H) € S, we have already proved
thatsz,(H) < p1(szi(G)) and whersymbol(H) € T # S, we know that+ # poly, and
hencesz,(H) < p2(szi(G)) for some monotonically increasing polynomigdg-) and
p2(-). Henceszi(H) < fy(szi(P)) for some polynomiafy(-). Now it is possible to show
that the conditions given in Figure 3 are satisfied. The condigAtom is always true
if pp_Atom is true and the conditiopc_Imp2 is true assz;(H) < f4(szi(P)).

D Proof of RAM Machine Translation

Theorem 12. Given a logic prograniF satisfying the conditions given above and a
goal G. If there exists a derivatiaP :: ¥ — G, then

— The goal G can be represented on a RAM machine in size proportiosa)(®).
— The corresponding proof search can be implemented in time proportiosa(19).

Proof: The goalG can be represented on RAM machine by simply storing the
ground terms in the input positions of the g@lThe total size of this input is bound
by sz(G).

We shall now show that every rule in Figure 1 can be implemented in a constant
number of steps.

For the rulesg_True andc_Imp, it is clear that the implementation can be done in
constant number of steps. Implementimgitom involves selecting the correct clause
based on the inputs to the gdal This selection is done by matching the inputs of
the goalG with the input patterns in the clauses%n Since the progranf is fixed,
the maximal depth of the patterns is known and it is possible to design a hash func-
tion which maps every unique pattern to a hash Valtreus providing a constant time
implementation for pattern matching.

During the implementation af Exists, we substitute the universally quantified vari-
ables by a logic variables which are unified with the ground terms in thecratem.

Since, the logic program is mode correct, all logic variables are guaranteed to be ground
when the proof search completes. Unification is guaranteed to be decidable since we
only allow higher order patternsMoreover, since the program is mode correct and no
variable appears more than once in an input position, unification is simply a series of
pattern matching operations and hence it runs in time polynomial in the size of the pat-
tern (a constant). The number of such operations per inference rule is bounded by the
total number of input positions which is a constant depending only on the logic program
7.1

4 A simple implementation would assign a unique prime number to every type family. In this
case, the hash value of the pattern would be product of the prime numbers corresponding to
the constituent type familes in the pattern.



