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Abstract
We present a pair of reasoning principles,definition and proof
by rigid induction, which can be seen as proper generalizations
of lazy-datatype induction to monadic effects other than partial-
ity. We further show how these principles can be integrated into
logical-relations arguments, and obtain as a particular instance a
general and principled proof that the success-stream and failure-
continuation models of backtracking are equivalent. As another ap-
plication, we present a monadic model of general search trees, not
necessarily traversed depth-first. The results are applicable to both
lazy and eager languages, and we emphasize this by presenting
most examples in both Haskell and SML.

Categories and Subject DescriptorsD.1.1 [Programming Tech-
niques]: Applicative (functional) programming; F.3.2 [Semantics
of Programming Languages]: Denotational semantics

General Terms Languages, Theory

Keywords monads, recursive types, equational reasoning, logical
relations, abstract effects, streams, backtracking

1. Introduction
Consider the SML type of lists:

datatype ’a list = Nil | Cons of ’a * ’a list

Although this is an instance of a general recursive data type, we
frequently think of it as an inductive, set-theoretic definition. We
can then define functions on lists by structural induction:

fun append Nil l = l
| append (Cons (h,t)) l = Cons h (append t l)

fun rev Nil l = l
| rev (Cons (h,t)) l = rev t (Cons (h,l))

fun reverse l = rev l Nil

We can also reason about such functions by structural induction on
their arguments. For example, to verify thatappend is associative,
i.e., that for all list-typed valuesl1, l2, andl3,

append (append l1 l2) l3 = append l1 (append l2 l3) ,

we use the clauses of the function definition as valid equational
axioms, and proceed by induction overl1, checking the equation

[Copyright notice will appear here once ’preprint’ option is removed.]

for l1 = Nil andl1 = Cons (h,t) with the induction hypothesis
that the equation holds fort.

Similarly, we can prove thatreverse is an involution. We start
by proving, by induction onl1, that

reverse (rev l1 l2) = rev l2 l1 (1)

from whichreverse (reverse l) = reverse (rev l Nil) =
rev Nil l = l.

Consider now the analogous definitions in Haskell, where lists
can be partial and/or infinite. The principle of “lazy-list induction”
(Reade 1989, Section 8.5) says that that when reasoning about lazy
lists, one must consider, in addition to the proper constructors, the
case of an undefined value, usually writtenΩ or⊥.

For associativity of append, the extra casel1 = ⊥ goes through
easily, with both sides equal to⊥; but for Equation (1) withl1 = ⊥
andl2 = Cons 0 Nil, we get

reverse (rev ⊥ (Cons 0 Nil)) = reverse ⊥ = ⊥
6= Cons 0 ⊥ = rev (Cons 0 Nil) ⊥

which is just as well, sincereverse is evidently not an involution
on infinite lists.

The problem with infinite lists is actually a bit subtler than just
checking the⊥-case: For example, the predicate

P (l) ⇔ ∃n :: Int. take n l = l

holds for all finite (even⊥-terminated) lists, but still not for infinite
ones. Domain-theoretically, the problem is that this predicate is
not chain-complete: knowing that it holds for all elements in an
ascending chain does not guarantee that it holds of the supremum
of the chain. We say that a predicateP is admissibleif P (⊥) and
P is chain-complete. We then have

Theorem 1.1 (informal). LetP be an admissible predicate on the
typeList τ . If P (Nil), and∀h, t. P (t) ⇒ P (Cons h t), then
∀l. P (l).

(Note that the conditionP (⊥) is part of the definition of admis-
sibility, rather than another pseudo-constructor case; this view will
prove useful later, when we consider effects other than divergence.)

Fortunately, we rarely need to verify admissibility by explicit
appeal to its definition. It is fairly easy to see that if termse1 ande2
with free variablesx, y1, . . . , yn are strict inx, then the predicate

P (x) ⇔ ∀y1, . . . , yn. e1 = e2

is admissible. This codifies three important properties of admissi-
ble predicates: (1) equality (i.e., the diagonal predicate onτ × τ )
is admissible; (2) inverse images by strict functions of admissible
predicates are admissible; and (3) arbitrary intersections (conjunc-
tions) of admissible predicates are admissible.

Further, an easy way to see that a function is strict in an argu-
ment is when it induces on that argument. Indeed, the problem with
(1) was that the induction on the right-hand side was not onl1.
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Consider finally the generalization to streams, where produc-
ing the next stream element (Cons or Nil) may involve arbitrary
computation, including but not limited to I/O. We can still easily
define anappend function for such streams, but can we be sure it
remains associative, even in the presence of effects embedded in the
streams? Equally importantly, can we (once the proper framework
is in place) show it with effort comparable to proving the original
append associative, i.e., merely verify the two constructor cases,
and check that the associativity equation is built up in a way that
admits the induction principle?

In the remainder of the paper we present such a framework,
based on a category-theoretical generalization of strictness: the
notion ofmonad-algebra morphisms, which we callrigid functions.
Strict functions are then precisely those that are rigid with respect to
the lifting monad. We show how an associated induction principle
allows us to bothdefinerigid functions on streams and similar
data types, andprove properties about them. We consider both
the domain-theoretic foundations, and how they are reflected in
reasoning about ML and Haskell programs.

As an application of the setup, we show how to relate several
models of backtracking search, based on solution streams, suc-
cess/failure continuations, and decision trees. In particular, we gen-
eralize the main result of Wand and Vaillancourt (2004), which re-
lates the former two models in the special case where the underly-
ing effect is just partiality.

2. Equational reasoning
2.1 Domain-theoretic foundations

We develop the basic results in the setting of the categoryCpo of
ω-cpos and (total) continuous functions. Let us briefly recall some
standard definitions:

Definition 2.1. A monadis a tripleT̄ = (T, η, ?), whereT maps
cpos to cpos, andη : A→ TA and? : TA × (A→ TB)→ TB
are function families satisfying

η a ? f = f a (2)

t ? η = t (3)

(t ? f) ? g = t ? (λf.f a ? g) . (4)

An alternative presentation defines a monad as a triple(T, η, µ)
whereT is an endofunctor, andη andµ are natural transformations
satisfying a few additional equations. The two formulations are
equivalent:T (f) = λt.t ? (η ◦ f), µ = λt.t ? id; and conversely,
t?f = µ◦T (f). Thelifting monadtakesT⊥A = A⊥, η⊥ a = bac,
⊥ ?⊥ f = ⊥, andbac ?⊥ f = f(a).

Definition 2.2. A monad morphismfrom (T, η, ?) to (T ′, η′, ?′)
is a family of functionsι : TA→ T ′A, satisfying

ι (η a) = η′a (5)

ι (t ? f) = ι t ?′ (ι ◦ f) . (6)

Monad morphisms can be used to modelinclusionor lifting of
behaviors from one monad to a more general one.

Definition 2.3. An algebrafor a functorF is a pair(X, γ), where
γ : FX →X is called thestructureof the algebra. An algebra for
a monad(T, η, ?) must also satisfy a few equations, relatingγ to
η and?. For readability, it is often convenient to say instead that
a monad algebra is a pair̃D = (D,�?), where the function family
�? : TA× (A→D)→D satisfies equations similar to those for?:

η a�? f = f a (7)

(t ? f)�? g = t�? (λa.f a�? g) . (8)

Again the formulations are equivalent: we can takeγ(t) =
t�? idD, and converselyt�? f = γ(t?(λa.η(f a))) = γ(T (f)(t)).

A cpoD is pointed(i.e., has a least element⊥D) precisely when
it can be extended to an algebra for the lifting monad, by a structure
γ : D⊥→D. One easily sees that thisγ must be unique if it exists at
all. In the alternative formulation,�? determines thestrict extension
of a functionf : A→D to λl. l �? f : A⊥→D.

Proposition 2.4. There are canonical ways to construct algebras
for a monad(T, η, ?):

• For any cpo A,(TA, ?) is thefree algebraonA.
• For algebrasD̃1 = (D1,�?1) andD̃2 = (D2,�?2) we form the

product algebrãD1 ×̃ D̃2 = (D1 ×D2,�?×) wheret�?× f =
(t�?1 (π1 ◦ f), t�?2 (π2 ◦ f)).

• For any cpoB and algebraD̃ = (D,�?), we form thefunc-
tion algebraB →̃ D̃ = ([B → D],�?→), wheret �?→ f =
λb.t�? (λa.f a b).

Definition 2.5. An algebra morphismor rigid function between
T̄ -algebras(D,�?) and(D′,�? ′) is a functionh : D→D′ satisfying
that, for all cposA, t ∈ TA, andf : A→D,

h (t�? f) = t�? ′ (h ◦ f) . (9)

We writeh : (D,�?) ( (D′,�? ′) when this is the case.

WhenT̄ is lifting, a rigid function is precisely one that is strict,
i.e. satisfies thath(⊥D) = ⊥D′ . Such functions may be moved in-
side an evaluation-forcing construct. In general, rigid functions can
be thought of as those that perform their arguments’ computations
before any other.

Proposition 2.6. The following are valid principles for construct-
ing rigid functions:

1. id : D̃ ( D̃; and if f : D̃1 ( D̃2 andg : D̃2 ( D̃3, then
g ◦ f : D̃1 ( D̃3.

2. For any(D,�?) andf : A→D,λt.t�? f : (TA, ?) ( (D,�?).
3. πi : D̃1 ×̃ D̃2 ( D̃i; and if eachfi : D̃ ( D̃i, then
λd.(f1(d), f2(d)) : D̃ ( D̃1 ×̃ D̃2.

4. For eachb ∈ B, λg.g b : (B →̃ D̃) ( D̃; and if f : D′ →
(B→D) satisfies that for eachb ∈ B, λd′.f(d′) b : D̃′ ( D̃,
thenf : D̃′ ( (B →̃ D̃).

We also say that a function of multiple arguments is rigid in one
of them, when it is rigid (in the original sense) for all values of the
other arguments. (A function can be rigid in more than one of its
arguments, ifT̄ is a commutative monad, such as lifting, read-only
state, or complexity.) By Prop. 2.6(4), this is equivalent to requiring
that the corresponding curried function into the function algebra is
rigid.

Depending on the specific monad̄T , there may be additional
principles for constructing rigid functions. For example, in a monad
modeling idempotent effects (such as divergence,TA = A⊥),
the computation-duplicating functionλt.t ? λa.t ? λa′.η(a, a′) :
TA → T (A × A) is rigid; and in one modeling discardable ef-
fects (such as read-only state,TA = S → A), the function
λt.t ? λa.η() : TA → T1 is rigid. The more functions that are
rigid, the stronger the equational reasoning principles we shall ob-
tain in the following.

Finally, there is a close relationship between monad algebras
and monad morphisms:

Proposition 2.7. Let T̄ = (T, η, ?) and T̄ ′ = (T ′, η′, ?′) be
monads. If for everyA, (TA,�? ′A) is a T̄ ′-algebra, and for every
f : A → TB, λt.t ? f : (TA,�? ′A) ( (TB,�? ′B), then ι =
λt′. t′ �? ′A η : T ′A→ TA is a monad morphism. In this situation,
we say that the monad̄T is layered over̄T ′.

Proof. Straightforward calculation, using the monad-morphism
and monad-algebra laws.
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2.2 Reasoning about programs

2.2.1 Metalanguage

To get a coherent account of reasoning about both SML and Haskell
programs with computational effects, it is convenient to concep-
tually express both languages in terms of a common computa-
tional metalanguage. In this way, we abstract from concrete syn-
tax, as well as from the differences between lazy/strict evaluation,
classes/modules, and monad-parameterization/effect-refinement.

Our metalanguage, a slightly simplified variant of the Multi-
Monadic MetaLanguage M3L (Filinski 2007), is essentially the
monadic metalanguage of Moggi (1991), extended with the FPC-
style general recursive types (Fiore and Plotkin 1994), and a little
syntactic support for talking about algebras for a collection of mon-
ads. Its types are parameterized over a set ofeffect namese:

τ ::= 1 | τ1 × τ2 | τ1 + τ2 | µα.τ | α | σ
σ ::= Teτ | τ → σ | σ1 × σ2

σ-types are calledcomputational, and will denote monad algebras.
Note that most conventional base types are definable in the meta-
language, e.g.,Nat ≡ µα.1 + α.

The terms are parameterized over a set of potentially polymor-
phic constantsc~α, which must be type-instantiated at each use:

M ::= x | c~τ | () | (M1,M2) | fst(M) | snd(M) | inl(M)

| inr(M) | case(M,x1.M1, x2.M2) | inµα.τ M
| outµα.τ M | λxτ .M |M1M2 | µxσ.M | valeM
| lete x⇐M1.M2

The typing relation,Γ ` M : τ , is defined in the obvious way.
Note that term-level recursion,µxσ.M , is only allowed atσ-types.
We will occasionally omit the type tags, and use a straightforward
pattern-matching notation forfst andsnd.

We write e � σ when σ is a product or function space
of Te-types, in which case we can define ageneralized let,
gleteσ x⇐M1.M2, allowingM2 : σ, by induction onσ:

gleteTeτ x⇐M1.M2 = lete x⇐M1.M2

gleteτ→σ x⇐M1.M2 = λaτ .gleteσ x⇐M1.M2 a

gleteσ1×σ2
x⇐M1.M2 =

(gleteσ1
x⇐M1. fst(M2),gleteσ2

x⇐M1. snd(M2))

This corresponds to the�?-formulation of a monad algebra; equiva-
lently, we can define a term familyglueeσ : Teσ→σ corresponding
to theγ. As noted in Def. 2.3, they are interdefinable:

gleteσ x⇐M1.M2 = glueeσ (lete x⇐M1.val
eM2)

glueeσ = λtT
eσ.gleteσ x⇐ t. x

For the denotational semantics of types, letθ map type variables
in ∆ = {α1, ..., αn} to cpos, and for every effect namee, let
T̄ e = (T e, ηe, ?e) be a monad layered over lifting. Then to everyτ
with free type variables in∆, we associate a cpo[[τ ]]θ; and to every
σ with e � σ, a T̄ e-algebra[[σ]]aθ:

[[α]]θ = θ(α)

[[1]]θ = 1 = {()}
[[τ1 × τ2]]θ = [[τ1]]θ × [[τ2]]θ

[[τ1 + τ2]]θ = [[τ1]]θ + [[τ2]]θ

[[σ]]θ = D where(D,�?) = [[σ]]aθ

[[µα.τ ]]θ = µX.[[τ ]]θ[α 7→X] = {φα.τ m | m ∈ [[τ [µα.τ/α]]]θ}

[[Teτ ]]aθ = (T e[[τ ]]θ, ?
e)

[[σ1 × σ2]]
a
θ = [[σ1]]

a
θ ×̃ [[σ2]]

a
θ

[[τ → σ]]aθ = [[τ ]]θ →̃ [[σ]]aθ

To properly give the semantics ofµ-types, we actually need
functorial actionsof all type constructors, which forTe-types
can be derived fromηe and?e. Once this scaffolding is removed,
however, the above set of equations remains.

We also take[[Γ]] =
Q
x∈dom Γ[[Γ(x)]]; then forΓ ` M : τ ,

we define[[M ]] : [[Γ]]→ [[τ ]] as usual. We take complete programs
to be closed terms ofobservabletype, typically excluding function
spaces and some effect types. When the set ofbaseeffects only
contains partiality, the proof of computational adequacy, i.e., that
the denotation of a complete program agrees with that program’s
observable operational behavior, is also standard (Fiore and Plotkin
1994); the extensions to most other common base effects are also
straightforward. (We will coverprogrammer-definedeffects in Sec-
tion 3.) As a standard consequence of adequacy and composition-
ality of the semantics, we have that[[M ]] = [[M ′]] guarantees that
M andM ′ are observationally indistinguishable.

2.2.2 Embedding functional programming languages

A substantial fragment of core SML can be straightforwardly em-
bedded in the metalanguage. However, to obtain stronger reasoning
principles, the conceptual embedding〈| − |〉 of types and terms is
expressed for an effect-annotated source language, where a func-
tion type written asτ1 ->(*e*) τ2 in the code is translated as
〈|τ1|〉 → Te〈|τ2|〉. Unannotated function arrowsτ1->τ2 (only al-
lowed whenτ2 is itself a well-formed function type, or a product
of such types) are translated as simply〈|τ1|〉→〈|τ2|〉. Terms of such
type must bemanifestly purefunctions.

The embedding of Haskell is a bit more problematical. The
translation of any Haskell type should be aσ-type over the partiality
effect (i.e., a pointed type), which for sum types is ensured by
adding an extra liftingT⊥ around their translations. However, to
ensure that, e.g., the syntactic state monad does indeed denote a
proper monad, we require theη-conversion law to be valid; and this
is not the case for full Haskell, when observations of termination at
functional types are allowed (at the top level, or usingseq). We
shall disallow such observations, allowing us to consider a slightly
“stricter”, PCF-like semantics of the resulting Haskell fragment,
where meanings of function types are not further lifted.

For expressing monads and algebras in Haskell and ML, we de-
fine some basic infrastructure in Figures 1–2. The Haskell class def-
initions of monads, algebras, and layering are straightforward tran-
scriptions of the mathematical/metalanguage constructions. Note,
however, that we cannot add the free algebra as a class instance;
instead, we will need to add it explicitly for every type isomorphic
(by newtype) to the free algebra.

In ML, monad layering is expressed somewhat differently. First,
lacking the overloading notation, it is more convenient to work
with theglue- rather than theglet-formulation of algebras. Also,
monad-transformer definitions are not explicitly parameterized
over the base effect; rather, all effects are considered as subeffects
of the language’s native notion of effects. This is particularly use-
ful when the native effect isuniversal, as in the SML/NJ dialect,
whose first-class continuations allow any syntactically definable
monadic effect to be so embedded. Such an imperative realization
of monadic effects in shown in Figure 3, adapted from Filinski
(1999) for the case of a single layer of defined effects. Briefly,
reflect converts atransparent, monadic-type representation of
an effect into itsopaque, imperative counterpart, whilereify con-
verts an imperative computation back to a pure data type. We use
this implementation for concrete programming examples, but we
stress that it is not essential: absent a native-embedding facility,
one can also write client programs explicitly in monadic style, like
in Haskell.
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--class Monad m where
-- return :: a -> m a
-- (>>=) :: m a -> (a -> m b) -> m b

class (Monad m) => MonAlg m b where
(>>>=) :: m a -> (a -> b) -> b

--overlaps with others
--instance (Monad m) => MonAlg m (m a) where
-- (>>>=) = (>>=)

instance (Monad m, MonAlg m d) => MonAlg m (z -> d) where
t >>>= f = \z -> t >>>= \a -> f a z

instance (Monad m, MonAlg m d1, MonAlg m d2) =>
MonAlg m (d1,d2) where

t >>>= f = (t >>>= (fst . f), t >>>= (snd . f))

class (Monad m, Monad (t m)) => MonadT m t where
lift :: m a -> t m a

Figure 1. Monads and algebras in Haskell

type ’d glue = (unit ->(*m*) ’d) -> ’d

signature MONAD = sig
type ’a t
val unit : ’a -> ’a t
val bind : ’a t * (’a -> ’b t) -> ’b t
val glue : ’a t glue

end;

fun glue_m t = fn () => t () ()

fun glue_f (g: ’t glue): (’a -> ’t) glue =
fn t => fn a => g (fn () => t () a)

fun glue_p (g1:’t1 glue, g2:’t2 glue): (’t1 * ’t2) glue =
fn t => (g1 (#1 o t), g2 (#2 o t))

Figure 2. Monads and algebras in SML

2.3 Minimal invariance

Consider an SML data type of effectful streams:

datatype ’a stream_ =
Nil

| Cons of ’a * ’a stream
withtype ’a stream = unit ->(*e*) ’a stream_

Streams of type’a stream are effectful since functions of type
unit -> ’a stream can perform computational effects, includ-
ing divergence, when called. Suppose that these underlying effects
are modeled by a monad̄T = (T, η, ?). Then, in order to give a
domain-theoretic model of the type’a stream, we need for each
cpoA, a cpoStr (A) such that

Str (A) ∼= T (1 +A× Str (A)) .

In other words, we need to solve a (covariant) domain equation. A
solution is given by the interpretation of the open metalanguage
type Te(µα.1 + α0 ×Teα) when Te is interpreted asT̄ and
α0 is interpreted asA. But in order to prove properties about
elements ofStr (A) by induction, it is not enough to know that
Str (A) is anysolution to the domain equation above. The standard
methods for solving domain equations, including the one used to
interpret our metalanguage, produce solutions that also satisfy a so-
calledminimal invariancecondition, and this condition gives rise
to general induction and co-induction principles (Pitts 1996). In
this article we investigate consequences of minimal invariance for
solutions of covariant domain equations involving monads, such as
the one for effectful streams above.

signature RMONAD = sig
include MONAD
val reflect : ’a t ->(*t*) ’a
val reify : (unit ->(*t*) ’a) -> ’a t

end;

functor Represent (M : MONAD) : RMONAD =
struct

open M SMLofNJ.Cont
val mk : exn M.t cont option ref = ref NONE

fun abort x = let val SOME k = !mk in throw k x end

fun reset t =
let val m = !mk

val r = callcc (fn k =>
(mk := SOME k; abort (t ())))

in mk := m; r end

fun shift h =
callcc (fn k =>

abort (h (fn v => reset (fn () => throw k v))))

fun reflect m =
shift (fn k =>

M.bind (m, fn a => M.glue (fn () => k a)))

fun reify t =
let exception D of ’a
in M.glue (fn () =>

M.bind (reset (fn () => M.unit (D (t ()))),
fn (D d) => M.unit d))

end
end;

Figure 3. Monadic reflection in SML/NJ (condensed)

Definition 2.8. Let T̄ = (T, η, ?) be a monad layered over the
lifting monad, and letF : Cpo → Cpo be a locally continuous
functor. AminimalT -invariant forF is a cpoTC together with an
isomorphismi : F (TC)→ C satisfying that

fix(λgTC→TC .T (i ◦ F (g) ◦ i−1)) = idTC . (10)

(The least fixed-point is well-defined sinceTC is pointed whenever
T̄ is layered over the lifting monad.)

In the example with effectful streams, takeFX = 1 +A×X.
If (TC, i) is a minimalT -invariant forF , thenC ∼= F (TC) =
1+A×TC and henceTC ∼= T (1+A×TC). ThereforeTC satis-
fies the domain equation for effectful streams above. Furthermore,
the minimal invariance condition (10) is that the SML functionf
given by

fun f s ()
= (case s ()

of Nil => (fn () => Nil)
| Cons (a, s’)

=> (fn () => Cons (a, f s’))) ()

denotes the domain-theoretic identity function on streams. Intu-
itively, this is an extensionality property: an effectful stream is com-
pletely characterized by what happens if you try to access its ele-
ments number1, 2, . . . . That is why effectful streams are amenable
to a variant of structural induction.

One can show that for all̄T and F as in Definition 2.8, a
minimalT -invariant forF exists. We do not need that general fact.
In the next section we will, however, see that interpretations of
certain metalanguage types are minimalT -invariants for suitable
functors.

Remark.In categorical terms, Definition 2.8 is equivalent to saying
thatTC is an initial “F -and-T̄ ”-algebra inCpo (see Section 2.6).
Based on that observation, a categorical formulation of the induc-
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tion principle shown in Section 2.5 can be developed and proved
in a relatively straightforward way. Indeed, the induction principle
is a variant of the one presented by Lehmann and Smyth (1981,
Section 5.2) and by Crole and Pitts (1992): instead of considering
F -algebras we considerF -and-T̄ -algebras.

2.4 Effectful data types

Theeffectful data typesconsist of the following subset of metalan-
guage types:

δ ::= 1 | δ1 × δ2 | δ1 + δ2 | Teδ | µα.δ | α
Notice that such types contain no function arrows. Consequently,
all occurrences of type variables are strictly positive.

We aim towards deriving induction principles for data types of
the formTe(µα.δ[Teα/α]). As an example, the type

Str (α0) ≡ Te(µα.1 + α0 ×Teα)

of effectful streams has that form, takingδ = 1 + α0 × α.
For the purpose of deriving induction principles for effectful

data types, an important fact is that each effectful data type gives
rise to a functor. For example, consider the typeδ = 1×α. For any
cpoA, letF (A) = [[δ]][α 7→A] = 1 × A. If now f : A1 → A2 is a
continuous function, then we can in a natural way define a function
F (f) = [[δ]]d([α 7→ f ]) : F (A1) → F (A2) by F (f)(u, a1) =
(u, f(a1)).

More generally, forδ containingn free type variables we define
a functor[[δ]]d of n arguments. First, a few definitions. For a finite
set of type variables∆, let [[∆]] be the set of maps from variables in
∆ to cpos. Furthermore, forθ, θ′ ∈ [[∆]], the notationϕ : θ → θ′

means thatϕ is a map from variables in∆ to continuous functions
such thatϕ(α) : θ(α) → θ′(α) for all α in ∆. The identity map
idθ : θ → θ hasidθ(α) = idθ(α) for all α, and forϕ1 : θ → θ′

andϕ2 : θ′ → θ′′, the compositionϕ2 ◦ ϕ1 : θ → θ′′ is defined
pointwise.

Proposition 2.9. Let θ, θ′ ∈ [[∆]] and ϕ : θ → θ′. For every
effectful data typeδ with free type variables in∆, there exists a
functor[[δ]]d : Cpo∆ → Cpo with [[δ]]d(θ) = [[δ]]θ and such that

[[α]]d(ϕ) = ϕ(α)

[[1]]d(ϕ) = id1

[[δ1 × δ2]]
d(ϕ) = λ(d1, d2). ([[δ1]]

d(ϕ) d1, [[δ2]]
d(ϕ) d2)

[[δ1 + δ2]]
d(ϕ) = λd. case d of

�
inl (d1). inl ([[δ1]]

d(ϕ) d1)
inr (d2). inr ([[δ2]]

d(ϕ) d2)

�

[[Teδ]]d(ϕ) = T e([[δ]]d(ϕ)) = λtT
e[[δ]]θ . t?eλd. ηe([[δ]]d(ϕ) d)

[[µα.δ′]]d(ϕ) = h whereh is the unique function satisfying
h = φα.δ′ ◦ [[δ′]]d(ϕ[α 7→ h]) ◦ φ−1

α.δ′ .

Furthermore,[[δ]]d is compositional in the following sense:

[[δ1[δ2/α]]]dθ = [[δ1]]
d
θ[α 7→[[δ2]]θ ]

[[δ1[δ2/α]]]d(ϕ) = [[δ1]]
d(ϕ[α 7→ [[δ2]]

d(ϕ)]) .

Proof sketch.Notice that[[δ]]d(ϕ) cannot be defined by a simple
induction onδ, since it is not clear that there exists a (unique)
function satisfying the requirement on[[µα.δ′]]d(ϕ) above. Instead,
the existence of[[δ]]d must be argued directly from properties of
the functors[[τ ]]f in Filinski (2007, Fig. 6) used to construct the
interpretations of types in the first place.

Some notation: LetpCpo be the Kleisli category ofCpo with
respect to the lifting monad (equivalently, the category of cpos and
partial continuous functions). For a total functionf : A→ B, let
f = η⊥ ◦ f : A→B⊥ be its inclusion inpCpo.

Since all type variable occurrences inδ are strictly positive, one
can show that the functor[[δ]]f is essentially acovariant functor

from pCpo∆ to pCpo. The functorial action of[[µα.δ′]]f is then
the least fixed-pointq of a certain operator on partial functions;
we need the fact thatq is actually the unique fixed-point of that
operator. This can be shown using the minimal-invariant property
of the domain[[µα.δ′]]θ and the associated isomorphism.

One then shows that the result of applying[[δ]]f to total func-
tionsϕ is itself a total function:[[δ]]f(ϕ) = f for some (unique)
function f . Now define[[δ]]d(ϕ) as the unique functionf such
that [[δ]]f(ϕ) = f . The desired equations for[[δ]]d(ϕ) then fol-
low directly from the definition of[[δ]]f and from the uniqueness
property for [[µα.δ′]]f mentioned above. Similarly, functoriality
and compositionality of[[δ]]d follow from the analogous properties
of [[δ]]f .

Spelling out the fact that[[δ]]d is a functor, we have

[[δ]]d(idθ) = id [[δ]]θ

[[δ]]d(ϕ1 ◦ ϕ2) = [[δ]]d(ϕ1) ◦ [[δ]]d(ϕ2) .

Recall that we aim towards deriving induction principles for data
types of the formTe(µα.δ[Teα/α]). To that end we need to know
that the interpretation of such a type is a minimalT e-invariant for
a certain functorFθ derived from the typeδ.

Let in the followingδ be a data type with free type variables in
∆∪{α}. For eachθ ∈ [[∆]] we define a (one-argument) functorFθ
by “partially applying[[δ]]d to θ” such that onlyα varies:

Lemma 2.10. Letθ ∈ [[∆]]. ThenFθ : Cpo → Cpo defined by

Fθ(X) = [[δ]]θ[α 7→X]

Fθ(f) = [[δ]]d(idθ[α 7→ f ])

is a functor.

Proof. Immediate from the fact that[[δ]]d is a functor.
For example, in the case for streams we have thatδ = 1+α0×α

and hence∆ = {α0}. For every fixed cpoA, the lemma above
gives a functorF str

A = F str
[α0 7→A] such thatF str

A (X) = 1 +A×X,
and forf : X→Y , the functionF str

A (f) : 1+A×X→1+A×Y
is given by

F str
A (f) (m) = casem of

�
inl (). inl()
inr (a, x). inr (a, f(x))

�
. (11)

The interpretation of the typeTe(µα.δ[Teα/α]) with respect
to θ is a minimalT e-invariant forFθ:

Lemma 2.11. Let δ0 = µα.δ[Teα/α], let C = [[δ0]]θ, and
let i : [[δ[Teδ0/α]]]θ → [[δ0]]θ be the associated isomorphism.
Furthermore, letFθ be as in Lemma 2.10. Then(T eC, i) is a
minimalT e-invariant forFθ.

Proof. Let g be any fixed-point of the function

λgT
eC→TeC .T e(i ◦ Fθ(g) ◦ i−1) .

We show thatg = idTeC . Defineh = i ◦ Fθ(g) ◦ i−1. Then
T e(h) = g by the fixed-point property ofg. Now observe that

Fθ(g) = [[δ]]d(idθ[α 7→ g]) = [[δ]]d(idθ[α 7→ T e(h)])

= [[δ[Teα/α]]]d(idθ[α 7→ h])

by compositionality of[[δ]]d. But then

h = i ◦ [[δ[Teα/α]]]d(idθ[α 7→ h]) ◦ i−1

satisfies the defining property of[[µα.δ[Teα/α]]]d(idθ). Hence by
uniqueness, and by the fact that[[µα.δ[Teα/α]]]d is a functor,
h = [[µα.δ[Teα/α]]]d(idθ) = idC . Finally, sinceT e is a functor,
g = T e(h) = T e(idC) = idTeC .

Returning to the example with effectful streams, letCA =
[[µα.1 + α0 ×Teα]][α0 7→A], and leti : 1 + A × T eCA → CA
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be the associated isomorphism. Then define

Str (A) = [[Str (α0)]][α0 7→A] = T eCA .

The lemma above gives that(Str (A), i) is a minimalT e-invariant
for F str

A . In the metalanguage, we can define termsvnil : Str (α0)
andvcons : α0 × Str (α0)→ Str (α0) by

vnil ≡ vale inµα.1+α0×Teα(inl(()))

vcons ≡ λp.vale inµα.1+α0×Teα(inr(p)) .

Takingvnil = [[vnil]][α0 7→A] andvcons = [[vcons]][α0 7→A], we get
vnil ∈ Str (A) andvcons ∈ A× Str (A)→ Str (A) such that

vnil = ηe(i(inl()))

vcons(a, s) = ηe(i(inr(a, s)) .

2.5 Proof by rigid induction

We now develop a principle for carrying out general proofs on in-
duction on effectful data types, with the explicit goal that the re-
sulting proofs are almost identical to textbook structural induction
proofs. The key is to factor out the treatment of effects into an
effect-specific notion of admissibility, which leaves the main proof
obligations essentially unmodified from the pure case.

2.5.1 T -admissibility

We start by defining a notion of a well-behaved subsetP of a
generalT̄ -algebra(D,�?). This amounts to requiring not only that
thatP ⊆ D is a sub-cpo (i.e., that the order relation onD is also
a completepartial order onP ) but also a sub-algebra (i.e., that the
inclusion function is also āT -algebra morphism):

Definition 2.12. Let (D,�?) be a T̄ -algebra, A subsetP of D
is T -admissible(with respect to�?) if it is chain-complete and
satisfies the following condition:

For every cpoE, continuous functiong : E → D whose
range is a subset ofP , and elementt of TE, the element
t�? g belongs toP .

We will not mention�? explicitly when it is clear from the context.

In particular, when̄T is lifting, the only elements ofTE = E⊥
are⊥ and bec. Since⊥ �? g = ⊥D, and bec �? g = g(e), a
predicate on a pointed cpoD is lift-admissible precisely when it
is chain-complete and pointed, i.e., admissible in the sense of the
Introduction.

The standard principles for constructing admissible predicates
generalize naturally toT -admissible ones:

Proposition 2.13.

1. The equality relation,P = {(d1, d2) ∈ D ×D | d1 = d2} on
(D,�?) ×̃ (D,�?) is T -admissible.

2. IfP ′ is aT -admissible predicate on(D′,�? ′) andh : (D,�?)→
(D′,�? ′) is a rigid continuous function, then the predicateP =
{d ∈ D | h(d) ∈ P ′} is T -admissible on(D,�?).

3. If (Pj)j∈J is an arbitrary family ofT -admissible predicates on
(D,�?), thenP =

T
j∈J Pj is alsoT -admissible on(D,�?).

Proof. Straightforward calculations.
In particular, any predicate of the formP = {x | ∀y.f1(x, y) =

f2(x, y)}, wheref1 andf2 are continuous and rigid in their first
arguments, isT -admissible.

2.5.2 F -closure

Next, we define a criterion generalizing that a subset of a data type
is closed under constructor applications:

Definition 2.14. Let (TC, i) be a minimalT -invariant for F .
Notice that thenη ◦ i is a function fromF (TC) to TC. A subset
P of TC isF -closedif it satisfies the following condition:

For every cpoE, continuous functiong : E → TC whose
range is a subset ofP , and elementm of FE, the element
(η ◦ i)(F (g)m)) belongs toP .

In the case whereF is derived from a simple sum-of-products
typeδ, the closure condition can be expressed in terms of the data
type constructors. For example, let us consider streams (recalling
thatF str

A (X) = 1 +A×X):

Proposition 2.15. A subsetP ⊆ Str (A) is F str
A -closed precisely

when it satisfies:

1. The elementvnil belongs toP .
2. For everya in A ands in P , the elementvcons (a, s) belongs

toP .

Proof. First, letg : E → Str (A) be such that∀e ∈ E. g(e) ∈ P ,
and letm ∈ F str

A E = 1 +A× E; we must then show that

(ηe ◦ i) (F str
A (g)m) ∈ P .

For m = inl (), ηe (i (F str
A (g) (inl ()))) = ηe (i (inl ())) =

vnil ∈ P by condition (1); and form = inr (a, e), we have

ηe (i (F str
A (g) (inr (a, e)))) = ηe (i (inr(a, g(e))))

= vcons (a, g(e)) ∈ P
by condition (2) and the assumption ong.

Conversely, assume thatP isF str
A -closed. TakeE = P (viewed

as a discrete cpo), andg as the (trivially continuous) inclusion
function. Then we getvnil ∈ P by consideringm = inl(), and
vcons (a, s) ∈ P usingm = inr(a, s).

The generalization to other sum-of-products data type construc-
torsF is evident. WhenF involves effects and/or recursion, how-
ever, we will need the formulation in terms of the functorial action
on generatorsg. We will see an example in Section 2.8.

2.5.3 Proof principle

We can now prove the main theorem, an abstract proof principle:

Theorem 2.16 (Proof by rigid induction). Let (TC, i) be a min-
imal T -invariant for F . Assume thatP is a subset ofTC that is
bothT -admissible andF -closed. ThenP is the entire setTC.

Proof. First we show that⊥TC ∈ P . For this, apply the condition
in Definition 2.12 withE = ∅ and g = ∅ (the empty function
from ∅ to TC): for everyt ∈ T∅ we havet ? g ∈ P . In particular
⊥T∅ ? g ∈ P . But since the monad̄T = (T, η, ?) is layered over
lifting, ? is strict in its first argument, so⊥T∅ ? g = ⊥TC .

We now aim to show by fixed-point induction and the minimal-
invariance condition (10) thatidTC belongs to the set

Q = {e : TC → TC | ∀t ∈ TC. e(t) ∈ P} .
This implies thatP = TC, which ends the proof.

First,Q is chain-complete sinceP is. Also, by the argument
in the beginning of the proof,λt.⊥TC ∈ Q. Finally, assume
that e ∈ Q: we now show that thenT (i ◦ F (e) ◦ i−1) ∈ Q. Let
t ∈ TC; we must show that the elementT (i ◦ F (e) ◦ i−1)(t) =
t ? (η ◦ i ◦ F (e) ◦ i−1) belongs toP . SinceP is T -admissible, it
suffices to show that the range of the functionη ◦ i ◦ F (e) ◦ i−1

is a subset ofP . But this follows from the fact thatP is F -closed,
takingg = e in the condition in Definition 2.14. In conclusion, by
fixed-point induction and minimal invariance (10),idTC ∈ Q.

Together with Lemma 2.11, Theorem 2.16 immediately gives an
induction principle for data types of the formTe(µα.δ[Teα/α]).
In particular, for effectful streams, the rigid-induction princi-
ple, together with the observation after Def. 2.12 (instantiating
T -admissibility for lifting) and Prop. 2.15 (characterizingF str-
closure in terms of the stream constructors), properly generalizes
Theorem 1.1 from the Introduction to arbitrary effects.
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As an example of reasoning by rigid induction, suppose that
append : Str (A)→ Str (A)→ Str (A) is a function that is rigid in
its first argument and satisfies

append vnil s = s (12)

append (vcons (a, s1)) s2 = vcons (a, append s1 s2) . (13)

(We will see in the next section that there in fact exists exactly one
such function.) We want to show that for alls ∈ Str (A), including
effectful and/or infinite streams,

append s vnil = s . (14)

Let P ⊆ Str (A) be the set of streamss for which (14) does hold.
By the remark after Prop. 2.13 and the assumption thatappend is
rigid,P isT e-admissible; and by equations (12) and (13), it clearly
containss = vnil and s = vcons (a, s′) when s′ ∈ P , so P
is F str

A -closed by Prop. 2.15. Thus, by Theorem 2.16,P is all of
Str (A), i.e., equation (14) holds universally.

2.6 Definition by rigid induction

As a consequence of proof by rigid induction, we also obtain a
convenient principle for defining rigid functions by induction.

Theorem 2.17 (Definition by rigid induction). Let (TC, i) be a
minimalT -invariant forF . For everyT̄ -algebra(D,�?) and every
k : FD→D, the functionfoldF�? (k) : TC→D defined by

foldF�? (k) = fix(λf.λt. t�? (k ◦ F (f) ◦ i−1))

is the unique rigid functionf from (TC, ?) to (D,�?) such that

∀m ∈ F (TC). f(η(i(m))) = k(F (f)(m)) . (15)

Proof. By the fixed-point equation,f = foldF�? (k) evidently satis-
fies that

f(t) = t�? (k ◦ F (f) ◦ i−1) .

Prop. 2.6(2) then immediately tells us thatf is rigid; and

f(η(i(m))) = η(i(m))�? (k ◦ F (f) ◦ i−1)
= k(F (f)(i−1(i(m)))) = k(F (f)(m))

as required. Moreover, supposef ′ is another rigid function satis-
fying (15). Let P = {t ∈ TC | f(t) = f ′(t)}; we want to
show thatP is all of TC. By Prop. 2.13,P is T -admissible, so
by Theorem 2.16, it suffices to show thatP is F -closed. So sup-
poseg : E→ TC satisfies∀e ∈ E.g(e) ∈ P , i.e.,f ◦ g = f ′ ◦ g.
Then

f ◦ (η ◦ i) ◦ F (g) = k ◦ F (f) ◦ F (g) = k ◦ F (f ◦ g)
= k ◦ F (f ′ ◦ g) = · · · = f ′ ◦ (η ◦ i) ◦ F (g) .

So for allm ∈ FE, (η ◦ i)(F (g)m) ∈ P , as required.
Again, for streams, the definition can be expressed more read-

ably in terms of the constructors:

Corollary 2.18. Let (D,�?) be a T̄ e-algebra, b ∈ D, and g :
A ×D→D. Then the functionsfold�? b g : Str (A)→D defined
by

sfold�? b g

= fix

�
λf.λt. t�? λc.case i−1(c) of

�
inl (). b
inr (a, s). g(a, f s)

��

is the uniquef : (Str (A), ?e) ( (D,�?) such that

f(vnil) = b (16)

f(vcons(a, s)) = g(a, f(s)) . (17)

Proof. Follows from Theorem 2.17, by takingk : (1+A×D)→D
as

k(m) = casem of

�
inl (). b
inr (a, d). g(a, d)

�

and recalling the definition ofF str
A (f) from (11).

Note how we are specifyingf on (top-level) pure elements only;
rigidity determines its value on all other ones. However,b andg are
allowed to contain arbitrarȳT e-effects; and there is no requirement
thatg be rigid, or even strict, in its second argument.

The functionsfold�? can be straightforwardly defined in the
metalanguage: fore � σ, take

sfoldσ b
σ gα0×σ→σ ≡

µf Str (α0)→σ.λs.gleteσ c⇐ s. case(outµα.1+α0×Teα(c),
(). b,
(a, s). g (a, f s))

Then[[sfoldσ]]∅ = sfold�? where(D,�?) = [[σ]]a[α0 7→A].
As an example, we can define the stream-concatenatingappend

function from the previous section. Taking

append s1 s2 ≡ sfoldStr (α) s2 vcons s1

we get

append = [[append]]∅ = λs1. λs2. sfold?e s2 vcons s1.

It then follows directly from (16) and (17) thatappend satis-
fies (12) and (13), respectively. Also, by Corollary 2.18, the func-
tion λs1. sfold?e s2 vcons s1 is rigid for each fixeds2. Thus, by
Prop. 2.6(4),append : (Str (A), ?e) ( Str (A) →̃ (Str (A), ?e).

(In the following, we shall generally omit the obvious metalan-
guage termxyz whose denotation is the semantic objectxyz.)

Uniqueness primarily allows us to talk aboutthe rigid function
satisfying equations (16) and (17), instead of merelythe leastone.
However, we can also use it to reason about general equivalence.
For example, to show that

append s1 (append s2 s3) = append (append s1 s2) s3 , (18)

let s2 ands3 be given, and takeb = append s2 s3 andg = vcons.
Then there can be at most one rigid functionf satisfying

f(vnil) = append s2 s3
f(vcons (a, s)) = vcons (a, f(s)) .

But it follows directly from theappend equations that bothfl =
λs.append s (append s2 s3) andfr =λs.append (append s s2) s3
satisfy the conditions. Since both are rigid, they must be the same
function, sofl(s1) = fr(s1), i.e., (18) holds.

We could of course also have definedappend using higher-order
iteration: taking(D,�?) = Str (A) →̃ (Str (A), ?e),

append ′ = sfold�? (λs2.s2) (λ(a, h).λs2.vcons (a, h s2)) .

Sinceappend ′ is also rigid and evidently satisfies Equations (12-
13), it must be equal to the previously definedappend .

Note, however, that the uniqueness isonly among rigid func-
tions. For example, consider the rigid functionf : Str (A)→Str (A)
determined by

f(vnil) = f(vcons (a, s)) = ⊥Str (A) .

Can we show thatf(s) = ⊥Str (A) for all s ∈ Str (A)? Clearly
f ′(s) = ⊥Str (A) also satisfies the equations. WhenT̄ e models a
non-control effect, such as state (TX = S → (X × S)⊥), f ′ is
easily seen to be rigid, and hence indeed equal tof . But for other
effects, such as exceptions (TX = (X+E)⊥), f ′ is not rigid; and
indeed, a stream starting with an exception-raising computation is
mapped to itself byf , but to⊥ by f ′.

Finally, it is not important that definitions by rigid induction
be expressed explicitly throughsfold . For example, we can use
a more general primitive-recursion schema: forb ∈ D andh :
A×D × Str (A)→D, we recursively definer : Str (A)→D by:

r(s) = s�? λc.case i−1(c) of

�
inl (). b
inr (a, s′). h(a, r(s′), s′)

�
.

(In particular, we get a constant-time tail-function by lettingh sim-
ply return its last argument.) By uniqueness,r must be equivalent
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to (but more efficient than) the directlysfold-definable function that
returns a copy of its argument together with the result, allowing the
combining functiong access to both.

2.7 The stream monad transformer

Using the functionappend defined in the previous section, we can
define a monad structure on effectful streams. First, the unit of the
stream monad:

ηStr a = vcons(a, vnil) . (19)

The bind function of the stream monad is defined by rigid induc-
tion, similarly to the definition ofappend :

s ?Str h = sfold?e vnil (λ(a, d).append (h a) d) s .

Then?Str is rigid in its left argument, and satisfies

vnil ?Str h = vnil (20)

(vcons(a, s)) ?Str h = append (h a) (s ?Str h) . (21)

Now we aim towards showing that(Str, ηStr , ?Str) is actually a
monad, i.e., thatηStr and ?Str satisfy the three monad laws. The
proof is virtually identical to the finite-list case, since the relevant
functions are all rigid by construction.

We have already established that(Str (A), append , vnil) form a
monoid (12, 14, 18). We will also need that, fors1, s2 ∈ Str (A)
andf : A→ Str (B),

(append s1 s2) ?Str f = append (s1 ?
Str f) (s2 ?

Str f) . (22)

The proof is again by rigid induction ons1, using (18).

Proposition 2.19. The families of continuous functionsηStr and
?Str satisfy the three monad laws from Definition 2.1. Hence
(Str, ηStr , ?Str) is a monad.

Proof. Equation (2) follows directly from (14). Equations (3)
and (4) are shown by rigid induction ont, using Equation (22). The
relevant subsets ofStr (A) areT e-admissible by construction.

Finally, Proposition 2.7 implies that the resulting stream monad
is layered overT̄ e. In Haskell terminology, we have defined a
stream monad transformer.

The ML and Haskell counterparts of the definitions above can
be seen in Figures 4–5.

2.8 Streams as a data type constructor

Recall thatStr (A) = [[Str (α0)]][α0 7→A]. By Proposition 2.9, the
stream cpo constructorStr can therefore be extended to a functor
by takingStr (f) = [[Str (α0)]]

d([α0 7→ f ]). As could be expected,
Str (f) is the function that “mapsf ” over its input stream:

Proposition 2.20. Let f : A1 → A2. The functionStr (f) is the
unique rigid functiong : (Str (A1), ?

e)→ (Str (A2), ?
e) satisfying

g(vnil) = vnil andg(vcons(a, s)) = vcons(f(a), g(s)).

Proof. It follows directly from the definition ofStr (f) thatStr (f)
is rigid (by Proposition 2.6(2)) and that it satisfies the requirements
on g above. Therefore Corollary 2.18 implies thatStr (f) is the
unique rigid function satisfying these requirements.
Remark. In the previous section we extendedStr to a monad
(Str, ηStr , ?Str). Since every monad is also a functor, we have an
alternative extension ofStr to a functor, namelyStr ′(f) = λs.s?Str

(ηStr ◦ f). But the proposition above implies that the two resulting
functors are identical:Str(f) = Str ′(f).

Let map f = Str (f) = [[Str (α0)]]
d([α0 7→ f ]). The fact that

[[δ]]d is a functor for allδ immediately gives a “map fusion” law for
effectful streams:map (f ◦ g) = (map f) ◦ (map g). As another
example of proof by rigid induction, we show that, additionally, the
following “map-fold fusion” law holds:

data Stream_ m a = Nil
| Cons a (StreamT m a)

newtype StreamT m a = ST { rST :: m (Stream_ m a) }

instance Monad m => MonAlg m (StreamT m b) where
t >>>= f = ST (t >>= \a -> rST (f a))

instance Monad m => MonadT m StreamT where
lift m = m >>>= return

vnil :: Monad m => StreamT m a
vnil = ST (return Nil)

vcons :: Monad m => a -> StreamT m a -> StreamT m a
vcons a s = ST (return (Cons a s))

sfold :: (Monad m, MonAlg m b) =>
b -> (a -> b -> b) -> StreamT m a -> b

sfold n c s =
rST s >>>= \s -> case s of

Nil -> n
Cons a s -> c a (sfold n c s)

append :: Monad m =>
StreamT m a -> StreamT m a -> StreamT m a

append s1 s2 = sfold s2 vcons s1
append’ :: Monad m =>

StreamT m a -> StreamT m a -> StreamT m a
append’ =

sfold (\s2 -> s2) (\a -> \h -> \s2 -> vcons a (h s2))

instance Monad m => Monad (StreamT m) where
return a = vcons a vnil
t >>= f = sfold vnil (\a -> \d -> append (f a) d) t

Figure 4. Streams in Haskell

datatype ’a stream_ =
Nil

| Cons of ’a * ’a stream
withtype ’a stream = unit ->(*m*) ’a stream_

val glue_stream : ’a stream glue = glue_m

val vnil = fn () => Nil
fun vcons (a,s) = fn () => Cons (a,s)

fun sfold gl n c s = gl (fn () =>
case s () of Nil => n

| Cons (h,s) => c (h, sfold gl n c s))

fun append s1 s2 = sfold glue_stream s2 vcons s1
val append’ = (* ignoring value restriction *)

sfold (glue_f glue_stream)
(fn s2 => s2)
(fn (a,h) => fn s2 => vcons (a, h s2))

structure StreamM : MONAD = struct
type ’a t = ’a stream
fun unit a = vcons (a, vnil)
val glue = glue_stream
fun bind (t,f) =

sfold glue vnil (fn (a,d) => append (f a) d) t
end

Figure 5. Streams in SML

Proposition 2.21. Let (D,�?) be a T̄ -algebra, and letb ∈ D,
f : A1 →A2, g : A2 ×D→D, ands ∈ Str (A1). Then

sfold�? b g (map f s) = sfold�? b (λ(a1, d). g(f(a1), d)) s .

Proof. By rigid induction ons. The relevant predicate ons is
T e-admissible since the functionsmap f and sfold�? b g and
sfold�? b (λ(a1, d). g(f(a1), d)) are rigid.

These fusion laws will be used in Section 4.4.
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3. Relational reasoning
Equational reasoning suffices for many purposes, but when prov-
ing properties of higher-order functions, one must usually gener-
alize to logical relations, because the relationships are no longer
expressible as simple equations. When the programs also involve
recursive, and especially reflexive types, however, the natural spec-
ification of the relation family also becomes circular, and one must
carefully exploit how the recursive domains were constructed in
the first place to make sure that the desired relations even exist
(Reynolds 1974; Pitts 1996; Filinski 2007). We will not go into
the technical details here, concentrating instead on demonstrating
how the equational results from the previous section can be applied
in such a relational setting.

The setup is that we want to treat an effect as anabstract
data type, with a monad and its proper operations seen as a mod-
ule implementing an interface. We can then talk about contextual
equivalence of two such modules as substitutability in all pro-
grams respecting the abstraction boundary, i.e., not manipulating
the monadic values directly, but always going through the inter-
face. The monad-representation operators of Figure 3 are one par-
ticular instance of this: here the operationsreflect andreify
actually fully expose the monad type up to (observational) isomor-
phism; nevertheless, this still leaves room for radically different im-
plementations. In this section, we will show two further instances
of showing different implementations of an effect-ADT equivalent.

To formalize implementations of effects, it is convenient to talk
of a signatureΣ of effect names and constants. The semantics of
our metalanguage is given with respect to a base signatureΣ0, rep-
resenting a fixed programming language. If a program is written
over a larger signature thanΣ0, it also needs arealizationΦ of the
extensions, i.e., definitions of the additional effects and constants,
so that the expanded programM [Φ] can be executed; this corre-
sponds to simple module linking, or instantiation of overloaded
constants. We useΦ.c ≡M to define constants in realizations. (We
sometimes writec x ≡ M for c ≡ λx.M , but never recursively.)
For defining new effects, we introduce the following:

Definition 3.1. A formal monadover an effecte0 consists of a
type constructorσT (·) such thate0 � σT (α), and closed terms
Mη : α→ σT (α) andM? : σT (α)× (α→ σT (α′))→ σT (α′).

Semantically, we say that such a formal monad denotes a
(proper) monad if the denotations of the terms (with type vari-
ables interpreted as arbitrary cpos) satisfy the monad laws and the
layering condition from Prop. 2.7.

Syntactically, a realization containing an effect definitionΦ.e ≡
(σT ,Mη,M?) can be used to eliminate types and terms associated
with the effect:

(Teτ)[Φ] = σT (τ [Φ])

(valeM)[Φ] = Mη (M [Φ])

(lete x⇐M1.M2)[Φ] = M? (M1[Φ], λx.M2[Φ])

One can check that the meaning of a program linked with
a formal monad agrees with the meaning of the program in an
interpretation extended with that monad’s denotation. For relating
two different monadic implementations of an effect, we introduce:

Definition 3.2. An admissible relationR between two cposA and
A′ is a chain-complete subset ofA × A′, i.e., satisfying that if for
all i ∈ ω, (ai, a

′
i) ∈ R, then also(

F
i ai,

F
i a
′
i) ∈ R. We write

ARel(A,A′) for the set of all such relations.

Definition 3.3. A relational action R for a pair of monads
(T1, η1, ?1) and(T2, η2, ?2) maps relationsR ∈ ARel(A1, A2)
toR(R) ∈ ARel(T1A1, T2A2), satisfying that

1. (⊥T1A1 ,⊥T2A2) ∈ R(R).

2. If (a, a′) ∈ R then(η1 a, η2 a
′) ∈ R(R).

3. If (t, t′) ∈ R(R) and for all (a, a′) ∈ R, (f(a), f ′(a′)) ∈
R(S), then(t ?1 f, t

′ ?2 f
′) ∈ R(S).

Let there now be given two realizationsΦ1 andΦ2 of Σ, and
for everye ∈ Σ, a relational actionRe for the monads denoted by
Φ1.e andΦ2.e. We can then show:

Proposition 3.4. Let ψ be a relation map forθ1, θ2 ∈ [[∆]], i.e.,
for all α ∈ ∆.ψ(α) ∈ ARel(θ1(α), θ2(α)). Then for every type
τ , with effect names fromΣ, andFTV (τ) ⊆ ∆, there exists a
relation (∼ψτ ) ∈ ARel([[τ [Φ1]]], [[τ [Φ2]]]) such that:

a ∼α a′ ⇔ (a, a′) ∈ ψ(α)

u ∼1 u
′ ⇔ true

p ∼τ1×τ2 p
′ ⇔ π1(p) ∼τ1 π1(p

′) ∧ π2(p) ∼τ2 π2(p
′)

s ∼τ1+τ2 s
′ ⇔ (∃a ∼τ1 a

′. s = inl(a) ∧ s′ = inl(a′)) ∨
(∃a ∼τ2 a

′. s = inr(a) ∧ s′ = inr(a′))

f ∼τ→σ f ′ ⇔ ∀a ∼τ a′.f a ∼σ f ′ a′

t ∼Teτ t
′ ⇔ (t, t′) ∈ Re(∼τ )

m ∼µα.τ m′ ⇔ φ−1
α.τ (m) ∼τ [µα.τ/α] φ

−1
α.τ (m

′)

(Sinceψ remains fixed, we have omitted it, to avoid clutter.)

Proof sketch.Again, the last clause prevents us from simplydefin-
ing the relation∼τ by induction onτ . Instead, existence and
uniqueness of the relation family must once more be argued from
the minimal-invariant property of the recursive-type interpretations
(Pitts 1996), exploiting the conditions on relational actions of ef-
fects (Filinski 2007).

We require that for observable typeso, a ∼o a′ ⇒ a = a′,
and that for any(c : τ) ∈ Σ0, [[c]]∅ ∼τ [[c]]∅; this is usually easily
checked. For the defined constants and effects, we take:

Definition 3.5. RealizationsΦ1,Φ2 : Σ are related by relational-
action family(Re)e∈Σ if for every (c~α : τ) ∈ Σ; θ1, θ2 ∈ [[~α]];
andψ ∈ ARel(θ1, θ2), [[Φ1.c]]θ1 ∼ψτ [[Φ2.c]]θ2 .

Theorem 3.6 (Fundamental Lemma).LetΦ1 andΦ2 be related
realizations, and for every(x : τ) ∈ Γ, ρ(x) ∼ψτ ρ′(x). Then for
everyΓ `Σ M : τ , [[M [Φ1]]]θ1ρ ∼ψτ [[M [Φ2]]]θ2ρ

′.

Proof. By induction onM , with most cases standard. For the case
µxσ.M ′ we use fixed-point induction, exploiting that the relation
∼σ is admissible and pointed; the cases forin andout are imme-
diate from the characterization of∼µα.τ ; and the ones forval and
let follow from the definition of relational actions.

In particular, if we can find a relational action for the monads
underlying two realizations of an effect-ADT, such that their oper-
ations are related, the two realizations are observationally indistin-
guishable. Candidate relational actions are often easy to construct:

Proposition 3.7. The following are valid principles for construct-
ing monadic relational actions:

1. Syntactic. If the effecte is defined by the same formal monad
(σT (·),Mη,M?) in bothΦ1 andΦ2, thenR(R) = (∼[α 7→R]

σT (α) )
is a relational action for the corresponding monads.

2. Inverse image. Ifι1 : T̄1 → T̄ ′1 and ι2 : T̄2 → T̄ ′2 are monad
morphisms, andR′ is a relational action forT̄ ′1 and T̄ ′2, then
R(R) = {(t1, t2) | (ι1 t1, ι2 t2) ∈ R′(R)} is a relational
action forT̄1 andT̄2.

3. Intersection. IfRj∈J are all relational actions forT̄1 and T̄2,
then so isR(R) =

T
j∈J Rj(R).

Proof. Each part follows easily:
1. R(R) is admissible by construction, and relates the denotations

of Mη andM∗ by the Fundamental Lemma.
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2. R(R) is admissible by being an inverse image by strict con-
tinuous functions of another admissible relation, and relates the
unit and bind functions because of the monad-morphism laws.

3. Straightforward.

4. Application: relating nondeterministic-search
monad transformers

As a practical example of using the techniques, we present two
instances of relating implementations of an abstract data type, in
the context of backtracking search. The first one is the well-known,
but surprisingly tricky to formalize, relationship between success-
stream and failure-continuation models of depth-first backtracking.
The second is about relating the higher-level abstraction of search
trees and traversal strategies to solution streams.

4.1 Relating streams and 2-continuations

4.1.1 The 2-continuation monad

In formal models of backtracking (notably for embedding Pro-
log in functional languages), a frequent alternative to the natural
solution-stream approach is a representation of computations with
success and failure continuations. This model can be seen as a stan-
dard continuation monad, but with the answer type itself being a
continuation-computation type. The “outer”, success continuation
is thus effectively itself written in continuation-passing style, and
is invoked on each solution and the “inner”, failure continuation.

(Sometimes the failure continuation is left implicit as the normal
call stack. A sequence of answers is then represented as a series of
calls to the success continuation, with the return values ignored.
Ultimately, such answers must therefore be recorded using some
computational effect, such as interactive I/O.)

When R is a computational type withe � R, we define the
formal R-continuation monad overe by

Cont(α) ≡ (α→ R)→ R

unitCont
α a ≡ λkα→R .k a

bindCont
α,α′ (t, f) ≡ λkα

′→R . t (λaα.f a k)

Note that whene � R, then alsoe � Cont(τ). Analogously, we
can fulfill the condition onR by takingR ≡ (1→S)→S for some
S with e � S. Since the failure continuation takes no meaningful
argument, we will actually simplify this to justR ≡ S → S.

The Haskell and ML representations of the general continuation
monad are shown in Figures 6–7.

4.1.2 Backtracking operations

In the presentation of Wand and Vaillancourt (2004), the abstract
effect ofbacktracking, BT, can be thought of as having a signature
with the following operations:

bfailα : TBTα

bdisjα : TBTα→TBTα→TBTα

answers : TBTo → Str (o)

bfail and bdisj represent failure and nondeterministic choice, re-
spectively.answers is the implicit operation turning a backtrack-
ing computation – however it is implemented – into an observable
stream of answers of some fixed observable typeo.

In the stream-based realizationΦBT
Str , we directly take

ΦBT
Str.BT ≡ (Str (·), unitStr , bindStr)

ΦBT
Str.bfail ≡ vnil

ΦBT
Str.bdisj s1 s2 ≡ append s1 s2

ΦBT
Str.answers s ≡ s

newtype MonAlg m r =>
ContT r m a = CT { rCT :: (a -> r ) -> r }

instance (Monad m, MonAlg m r) =>
MonAlg m (ContT r m a) where

t >>>= f = CT (t >>>= \a -> rCT (f a))

instance Monad m => Monad (ContT r m) where
return a = CT (\k -> k a)
m >>= f = CT (\k -> rCT m (\a -> rCT (f a) k))

instance (Monad m, MonAlg m r) => MonadT m (ContT r) where
lift m = m >>>= return

Figure 6. Continuations in Haskell

functor Cont (type r val glue_r : r glue) : MONAD =
struct

type ’a t = (’a -> r) -> r

fun unit a = fn k => k a
fun bind (t, f) = fn k => t (fn a => f a k)
fun glue t = glue_f glue_r t

end;

Figure 7. Continuations in SML

For the 2-continuation monad, we choose the “inner” answer
typeS asStr (o), i.e.,

R ≡ Str (o)→ Str (o)

We can then take

ΦBT
Cont.BT ≡ (Cont(·), unitCont , bindCont )

ΦBT
Cont.bfail ≡ λk.λc.c

ΦBT
Cont.bdisj u1 u2 ≡ λk.λc.u1 k (u2 k c)

ΦBT
Cont.answers u ≡ u (λa.λs. vcons (a, s)) vnil

(Note that only the last operation depends on the above choice of
the typeS).

The corresponding code is shown in Figures 8–9.
To relate the two realizations, we first define a functionstoc :

Str (A)→ Cont (A) by rigid induction;

stoc vnil k c = c (23)

stoc (vcons (h, t)) k c = k h (stoc t k c) (24)

(stoc is of course explicitly definable in the metalanguage, but we
do not rely on this.)

Lemma 4.1. stoc (append s1 s2) k c = stoc s1 k (stoc s2 k c).

Proof. Straightforward rigid induction ons1.

Lemma 4.2. stoc is a monad morphism from streams to continua-
tions.

Proof. Equation (5) follows directly from (23) and (24); (6) is
shown by rigid induction on the streamt, using Lemma 4.1.

Lemma 4.3. stoc s (λa.λs′.vcons (a, s′)) vnil = s, s ∈ Str (o) .

Proof. Straightforward rigid induction ons.
We now use the equations shown above to establish the rela-

tional correspondence.

Proposition 4.4. The realizationsΦBT
Str andΦBT

Cont are related, and
hence observationally equivalent in all well-typed contexts.

Proof. Since stoc is a monad morphism (Lemma 4.2), as is the
identity onCont (A), by Prop. 3.7(1,2), we can define the relational
action ofBT as an inverse image of the syntacticCont(α)-relation:

s ∼TBTα u
def⇐⇒ stoc s ∼Cont(α) u
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type Obs = String

class (Monad m) => BTT m t where
bfail :: t m a
bdisj :: t m a -> t m a -> t m a
answers :: t m Obs -> StreamT m Obs

instance (Monad m) => BTT m StreamT where
bfail = vnil
bdisj = append
answers s = s

type SAns m = StreamT m Obs -> StreamT m Obs

instance (Monad m) => BTT m (ContT (SAns m)) where
bfail = CT (\k -> \c -> c)
bdisj g1 g2 = CT (\k -> \c -> rCT g1 k (rCT g2 k c))
answers u = rCT u vcons vnil

Figure 8. Backtracking in Haskell

type obs = string

signature BT = sig
val bfail : unit ->(*bt*) ’a
val bdisj :

(unit ->(*bt*) ’a) -> (unit ->(*bt*) ’a) ->(*bt*) ’a
val answers : (unit -> (*bt*) obs) -> obs stream

end;

structure StreamBT : BT =
struct

structure SR = Represent(StreamM) open SR
fun bfail () = reflect vnil
fun bdisj t1 t2 = reflect (append (reify t1) (reify t2))
fun answers t = reify t

end;

type r = obs stream -> obs stream
val glue_r : r glue = glue_f glue_stream

structure ContM = Cont (type r = r val glue_r = glue_r);

structure ContBT : BT =
struct

structure CR = Represent(ContM) open CR
fun bfail () = reflect (fn k => fn c => c)
fun bdisj t1 t2 =

reflect (fn k => fn c => reify t1 k (reify t2 k c))
fun answers t = reify t (fn a => fn c => vcons(a,c)) vnil

end;

Figure 9. Backtracking in SML

We must now check that the constants are related. The case for
bfail is effectively a degenerate variant ofbdisj, so let us only
consider the latter. Looking at its type, and expanding the definition
of ∼ for function types (twice), supposestoc s1 ∼Cont(α) u1 and
stoc s2 ∼Cont(α) u2; we must show that

stoc ([[ΦBT
Str.bdisj]] s1 s2) ∼Cont(α) [[ΦBT

Cont.bdisj]]u1 u2 . (25)

But by Lemma 4.1 on the LHS,

stoc ([[ΦBT
Str.bdisj]] s1 s2) = stoc (append s1 s2)

= λk.λc.stoc s1 k (stoc s2 k c)
= [[ΦBT

Cont.bdisj]] (stoc s1) (stoc s2)

and hence (25) follows from the Fundamental Lemma for the term
ΦBT

Cont.bdisj. (Note that we did not even have to expand∼Cont(α).)
Finally, for answer extraction, supposes ∼TBTo u, i.e.,

stoc s ∼Cont(o) u; we must show that

[[ΦBT
Str.answers]] s ∼Str (o) [[ΦBT

Cont.answers]]u . (26)

Using Lemma 4.3 on the LHS,

dfpick :: (Monad m, MonadT m t, BTT m t) => [a] -> t m a
dfpick [] = bfail
dfpick (h:t) = bdisj (return h) (dfpick t)

instance MonAlg IO (IO a) where
(>>>=) = (>>=)

printStream :: StreamT IO String -> IO ()
printStream =

sfold (return ()) (\a -> \d -> putStr (a ++ "!\n") >> d)

evens :: StreamT IO Int -- or ContT (SAns IO) IO Int
evens =

do x1 <- dfpick [3,4,5]
() <- lift (putStr ("x1=" ++ show x1 ++ "? "))
x2 <- dfpick [5,6,7]
() <- lift (putStr ("x2=" ++ show x2 ++ "? "))
let v = x1 * x2
() <- if v ‘mod‘ 2 == 1 then bfail else return ()
return v

printevens :: IO ()
printevens =

printStream (answers (evens >>= (return . show)))

Figure 10. Tracing example in Haskell

open StreamBT; (* or ContBT *)

fun dfpick [] = bfail ()
| dfpick (h::t) = bdisj (fn () => h) (fn () => dfpick t)

fun printstream s =
sfold glue_m

(fn () => ())
(fn (s, d) => fn () => (print (s ^ "!\n"); d ()))
s ()

fun evens () =
let val x1 = dfpick [3,4,5]

val () = print ("x1=" ^ Int.toString x1 ^ "? ")
val x2 = dfpick [5,6,7]
val () = print ("x2=" ^ Int.toString x2 ^ "? ")
val v = x1 * x2
val () = if v mod 2 = 1 then bfail() else ()

in v end

fun printevens () =
printstream (answers (fn () => Int.toString (evens ())))

Figure 11. Tracing example in SML

x1=3? x2=5? x2=6? 18!
x2=7? x1=4? x2=5? 20!
x2=6? 24!
x2=7? 28!
x1=5? x2=5? x2=6? 30!
x2=7?

Figure 12. Output fromprintevens

[[ΦBT
Str.answers]] s = s = stoc s (λa.λs′.vcons (a, s′)) vnil
= [[ΦBT

Cont.answers]] (stoc s)

so (26) follows from Theorem 3.6 for the termΦBT
Cont.answers.

Note that the theorem also applies directly to backtracking lay-
ered above some other effect, such as I/O. Effectful operations
in the underlying monad are still represented in the stream, even
if they do not ultimately lead to solutions. For example, in Fig-
ures 10–12, we show how tracing output gets embedded in the an-
swer stream, so that when the latter is eventually printed, the output
elements are properly interleaved with the computations leading up
to them. The output is identical for the ML and Haskell versions,
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data Tree_ m a = Leaf a
| Node [TreeT m a]

newtype TreeT m a = TT { rTT :: m (Tree_ m a) }

instance Monad m => MonAlg m (TreeT m b) where
t >>>= f = TT (t >>= \a -> rTT (f a))

vleaf :: Monad m => a -> TreeT m a
vleaf a = TT (return (Leaf a))

vnode :: Monad m => [TreeT m a] -> TreeT m a
vnode l = TT (return (Node l))

tfold :: (Monad m, MonAlg m b) =>
(a -> b) -> ([b] -> b) -> TreeT m a -> b

tfold f n t =
rTT t >>>= \m -> case m of

Leaf a -> f a
Node l -> n (map (tfold f n) l)

instance Monad m => Monad (TreeT m) where
return a = vleaf a
t >>= f = tfold f vnode t

pick :: Monad m => [a] -> TreeT m a
pick l = vnode (map return l)

catstr :: Monad m => [StreamT m a] -> StreamT m a
catstr = foldr append vnil

ttos :: Monad m => TreeT m a -> StreamT m a
ttos = tfold return catstr

Figure 13. Trees in Haskell (SML version is analogous)

and for the stream-based and 2-continuation based implementations
of backtracking.

4.2 Relating trees and streams

We now consider a higher-level interface for backtracking, which
allows the programmer to define alternative search strategies. The
key concept is thetree monad transformerpresented next; it allows
one to construct potentially effectful search trees.

4.2.1 The tree monad transformer

Consider the metalanguage type

Tree(α0) ≡ Te(µα. α0 + List(Teα))

where List(α) = µα′. 1 + α × α′. For every cpoA, define
CA = [[µα. α0 + List(Teα)]][α0 7→A] and

Tree (A) = [[Tree(α0)]][α0 7→A] = T eCA .

ThenTree (A) is a domain of effectful, finitely-branching trees with
leaves fromA.

Also, let List (A) = [[List(α0)]][α0 7→A] and let i : A +
List (Tree (A)) → CA be the isomorphism associated withCA.
Then define constructorsvleaf ∈ A → Tree (A) and vnode ∈
List (Tree (A)) → Tree (A) by

vleaf a = ηe(i(inl a))

vnode l = ηe(i(inr l)) .

The typeTree(α0) has the formTe(µα.δ[Teα/α]) consid-
ered in Section 2.4, definingδ = α0 + List(α). Therefore, in
order to derive an induction principle for effectful trees (elements
of Tree (A)), we need to consider the definition of[[δ]]d.

First, the typeList(α) gives rise to a functor “inα”: let
List (f) = map f = [[List(α)]]d([α 7→ f ]). One can show that
List is in fact a finite list functor:List (X) is the cpo of finite lists
with elements fromX, andList (f) is indeed the familiar “map”
function that appliesf to each element of its argument.

Proposition 4.5. Let P be aT e-admissible subset ofTree (A).
Suppose thatP satisfies the following conditions:

1. For everya in A, the elementvleaf a belongs toP .
2. For every cpoE, continuous functiong : E → Tree (A) such

that the range ofg is a subset ofP , and l ∈ List (E), the
elementvnode(map g l) belongs toP .

ThenP is the entire setTree (A).

Proof. By Lemma 2.10 we obtain a functorF tree
A with F tree

A (X) =
[[δ]][α0 7→A,α 7→X] = A+ List (X) and

F tree
A (f) = [[δ]]d([α0 7→ idA, α 7→ f ]) = idA + List (f).

In order to apply Theorem 2.16 we must check thatP is F tree
A -

closed. But this is easily seen to be equivalent to the two conditions
onP above.

Remark. Using the fact thatList is a finite list functor, condition
(2) in the above proposition can be reformulated in a more natural-
looking way: For allt1, . . . , tn in P , the elementvnode[t1, . . . , tn]
belongs toP . One advantage of the formulation in the proposition
is that it generalizes to infinitely branching trees (see Section 4.4).

The principle for definition by induction given by Theorem 2.17 is:

Proposition 4.6. Let(D,�?) be aT e-algebra, letg1 : A→D, and
g2 : List (D)→D. Then the functiontfold�? g1 g2 : Tree (A)→D
defined by

tfold�? g1 g2

= fix

�
λf.λt. t�? λc.case i−1(c) of

�
inl a. g1(a)
inr l. g2(map f l)

��

is the uniquef : (Tree (A), ?e) ( (D,�?) such that

f(vleaf a) = g1(a)

f(vnode l) = g2(map f l) .

Like for streams, the functiontfold is definable by a term in our
metalanguage.

For example, we can define a functionttos flattening an effectful
tree to an effectful stream in depth-first order:

catstr = foldr append vnil ∈ List (Str (A))→ Str (A)

ttos = tfold?e ηStr catstr ∈ Tree (A)→ Str (A)

(Herefoldr is the familiar “fold right” function on lists.) A Haskell
implementation is shown in Figure 13; the SML implementation is
similar. However, the Haskell version actually implementsinfinitely
branchingeffectful trees; we return to this point in Section 4.4.

Monad structure We use Proposition 4.6 to define a monad struc-
ture(Tree, ηTree , ?Tree) on effectful trees, similarly to what we did
for effectful streams:

ηTree a = vleaf a

t ?Tree h = tfold?e h vnode t

Then?Tree is rigid (in its first argument) and satisfies

(vleaf a) ?Tree h = h a

(vnode l) ?Tree h = vnode(map (λt. t ?Tree h) l) .

Proposition 4.7. The families of continuous functionsηTree and
?Tree satisfy the three monad laws of Definition 2.1. Hence
(Tree, ηTree , ?Tree) is a monad.

Proof. Similar to the corresponding proof for streams, but simpler.
Equation (2) is a simple calculation, while Equations (3) and (4)
follow directly by rigid induction ont (Proposition 4.5), using one
of the functor laws forList : map (f ◦g) = (map f)◦ (map g).
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As for streams, Proposition 2.7 implies that the resulting tree
monad(Tree, ηTree , ?Tree) is layered overT̄ e. In Haskell termi-
nology, we have defined atree monad transformer. Since the tree
monad transformer can be layered on top of monad transformers
for state and exception effects, one can in particular use it to imple-
ment search strategies that terminate early after a certain number of
backtracking operations, or search strategies such as branch-and-
bound that depend on search-global state which isnot restored on
backtracking.

4.2.2 Search operations

We consider the signature of the abstract search effectND to
contain two operations:

pickα : List(α)→TNDα

collectα : TNDα→ Str (α)

The first one expresses a nondeterministic choice between the val-
ues in a list (with en empty list representing failure); the second
produces a stream of all successful answers from a nondeterminis-
tic computation. Note that, in general, it need not be the case that
pick [a] = η a: a choice point with only one alternative may be
observably different from a completely pure computation.

We can implement this abstract effect with two realizations: one
based on search trees, and one based on solution streams:

ΦND
Tree.ND ≡ (Tree(·), unitTree , bindTree)

ΦND
Tree.pick l ≡ vnode (map unitTree l)

ΦND
Tree.collect r ≡ ttos r

ΦND
Str .ND ≡ (Str (·), unitStr , bindStr)

ΦND
Str .pick l ≡ foldr vcons vnil l

ΦND
Str .collect s ≡ s

In the tree-based one, apick is represented as a choice node with
trivial computations in the branches; thecollect performs a depth-
first traversal of the tree. In the stream-based representation,pick
immediately converts the list of choices to a stream of answers,
makingcollect trivial. Although (as we will show), the observable
net effect is the same, the tree-based representation also makes
it possible forcollect to use traversals other thanttos, while the
stream-based one commits to depth-first already at the choice point.

Lemma 4.8. ttos is a monad morphism from trees to streams.

Proof. By rigid induction on trees (Proposition 4.5). One needs the
following lemma, which follows from Equation (22) by induction
on the finite listl: (catstr l)?S f = catstr (map (λs. s ?S f) l).

Lemma 4.9. For all l ∈ List (A),

ttos (vnode (map ηTree l)) = foldr vcons vnil l .

Proof. Straightforward verification, using the map/fold fusion laws
for finite lists.

Proposition 4.10. The realizationsΦND
Tree andΦND

Str are observation-
ally equivalent.

Proof. Like for streams, we define the relational action ofND as an
inverse image:t ∼TNDα s⇔ ttos t ∼Str (α) s. That the realizations
of pick are related follows from Lemma 4.9 and the Fundamental
Lemma forΦND

Str .pick; and the case forcollect follows directly from
the definition.

4.3 Breadth-first traversal

The Prolog-style depth-first search semantics embodied in the
stream and 2-continuation models of backtracking is not appro-
priate for all programming tasks. For a programmer, the main ad-

vantage of programming to theND API rather than theBT one, is
that the former retains the possibility of other tree traversal orders.

Here we consider the example of breadth-first search. In order
to implement breadth-first search using the search tree model we
simply need to construct a stream that represents a traversal of the
effectful search tree in breadth-first order. This can be done with
a standard algorithm that uses a queue of subtrees. Alternatively,
one can define breadth-first traversal compositionally, using the
generaltfold function derived from Proposition 4.6; the Haskell
code is shown in Figure 14. The resulting definition can actually be
seen as the refunctionalized counterpart (Danvy and Millikin 2007)
of the standard algorithm. The idea is to use a recursive type to
allow one to process all children of a node “in advance” when first
encountering them. Hofmann (1993) analyzes a variant due to Tofte
that uses a similar idea.

As an example of a programming task that admits a natural
solution by breadth-first backtracking, consider the problem of
constructing a stream of all untyped, closedλ-terms, up toα-
equivalence. The solution, in Haskell and SML, is shown in Fig-
ures 15 and 16; in both cases,terms contains the desired stream,
which can be inspected lazily.

4.4 Infinitely branching effectful trees

Strictly speaking (no pun intended), the Haskell implementation of
Trees in Figure 13 is not quite faithful to the metalanguage version,
because it is expressed using the native Haskell data type of (lazy)
lists, and thus more accurately corresponds toinfinitely branching
effectful trees.

It turns out that the development in the previous sections goes
through when substituting lazy lists for eager lists. Instead of
Tree(α0), consider the typeTree′(α0) = µα. α0 + Str (Teα).
In Section 2.8 it was shown that the functorial action ofStr (α)
is a “map” function on streams. Therefore, we obtain induction
principles forTree′ completely similar to those forTree (Propo-
sitions 4.5 and 4.6), except thatmap is now the map function on
streams instead of lists. Furthermore, if we take the effect in the def-
inition of Str (·) to be lifting, we obtain precisely the data type of
Haskell’s lazy lists. The development in the previous sections then
goes through mostly as before, using the fusion laws for streams
from Section 2.8. In effect, one uses rigid induction on streams
instead of structural induction on lists.

4.5 Other models of backtracking

There exist a number of other models of backtracking and search
strategies related to monads in the literature (Wand and Vaillan-
court 2004; Danvy et al. 2002; Hughes 1995; Hinze 2000; Kiselyov
et al. 2005). Spivey (2006) gives a general categorical account of
search strategies based on monads, including one based on finitely
branching trees analogous to ourTree, but without embedded ef-
fects. With the exception of the models of Wand and Vaillancourt
(2004), these models have not been investigated in terms of object
languages with formal semantics. We hope that the techniques pre-
sented in this article could be useful in such a formalization.

5. Conclusions
With a little care, the well-known induction principles for reasoning
about algebraic data types scale to settings where the data values
contain embedded computational effects, not necessarily limited
to partiality. Moreover, such reasoning extends smoothly to pro-
grams with higher-order and reflexive types: although the reasoning
framework will generally have to be relational, most concrete veri-
fications still boil down to familiar equational reasoning by induc-
tion. In particular, we have systematized and generalized the result
of Wand and Vaillancourt about relating the solution-stream and 2-
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data Rec m a = Fun { rFun :: [Rec m a] -> StreamT m a }

instance Monad m => MonAlg m (Rec m a) where
t >>>= f = Fun (t >>>= (rFun . f))

bfs_aux :: Monad m => [Rec m a] -> StreamT m a
bfs_aux [] = vnil
bfs_aux (Fun f : fs) = f fs

bfs :: Monad m => TreeT m a -> StreamT m a
bfs t = bfs_aux [f]

where f = tfold (\a -> Fun (\fs -> vcons a (bfs_aux fs)))
(\fs’ -> Fun (\fs -> bfs_aux (fs ++ fs’)))
t

Figure 14. Breadth-first search in Haskell (SML is analogous)

data Term = Var String
| App Term Term
| Lam String Term

deriving Show

genTerm :: (Monad m) => TreeT m Term
genTerm = gen [] where

gen vs = pick [do x <- pick vs; return (Var x),
do t1 <- gen vs; t2 <- gen vs;

return (App t1 t2),
let v = "x" ++ show (length vs) in

do t <- gen (v:vs); return (Lam v t)]
>>= id

terms :: Monad m => StreamT m Term
terms = bfs genTerm

Figure 15. Lambda-term generation in Haskell

datatype term = Var of string
| App of term * term
| Lam of string * term

structure N = Represent(TreeM);
fun rpick l = N.reflect (pick l)
fun rbfs t = bfs (N.reify t)

fun genTerm () =
let fun gen vs =

rpick [fn () => Var (rpick vs),
fn () => App (gen vs, gen vs),
fn () => let val v =

"x" ^ Int.toString (length vs)
in Lam(v, gen (v :: vs)) end] ()

in gen [] end

val terms : term stream = rbfs genTerm

Figure 16. Lambda-term generation in SML

continuation models of depth-first backtracking, and sketched how
more general search strategies can fit into the framework.

More broadly, we believe our results illustrate that the category-
theoretical foundations of monads and related concepts provide
a rich source of reasoning principles for effectful functional pro-
grams, whether the monadic structure is explicit as in Haskell,
or only implicit, as in most ML programs. Functional programs
shouldbe easy to reason about, and proofs by structural induction
on data types are even presented in most introductory functional-
programming texts. We hope to have shown that these reasoning
techniques remain valid and easy to use even in “imperative func-
tional” settings.

In the examples, we have concentrated on backtracking mod-
els atop some existing notion of computation, such as partiality or
I/O, which representspersistenteffects that should not be undone
or disappear on backtracking. An equally important technique is

to layer further monadic effects on top of backtracking, such as
state-based destructive unification, as found in most realistic Pro-
log implementations. Monadic layering allows us to separate con-
cerns, decoupling the underlying search strategy from higher-level
computations using choice as a black-box abstraction. This is cur-
rently work in progress, and we hope to report on it at a later time.
However, we believe the concept of rigid induction is a powerful
yet easy-to-use principle in its own right, and represents a useful
addition to the functional programmer’s toolbox.
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