Kripke Models over Recursively Defined Metric Worlds: Steps and Domains

Lars Birkedal
IT University of Copenhagen
birkedal@itu.dk

Abstract

We show that models of higher-order store phenomena
naturally can be given as Kripke models over worlds that
are recursively defined in a category of metric spaces. It
leads to a unification of methods based on classical do-
main theory and on step-indexed operational models. We
show that our metric approach covers a wide range of step-
indexed models, by demonstrating how it can be specialized
to Hobor et. al’s recent indirection theory, and by develop-
ing a new step-indexed model of separation logic for higher-
order store.

1 Introduction

Over the last decade, there has been a lot of research
on semantic models for reasoning about advanced program-
ming language features involving recursive structures aris-
ing from various forms of higher-order store, see, e.g. [12,
19, 23, 25, 29, 30]. Many proposed methods have been
based on either traditional domain theory or on more recent
step-indexed models [2—4, 8, 9]. In this paper, we argue
that the essence of these models is that they can be seen
as Kripke models over recursively defined sets of worlds.
Indeed, we show how to define such worlds using appropri-
ate recursively-defined metric spaces and, moreover, show
how this method applies both to domain-theoretic models
and to step-indexed models, thus achieving a unification of
methods. In earlier work, we have used solutions to re-
cursive metric-space equations in connection with domain-
theoretic models [18], so in this paper, we focus mostly on
step-indexed models. In particular, we show how our metric
approach can be specialized to Hobor et. al.’s recent abstract
description of step-indexed models [24] and argue why it is
useful to take the metric viewpoint we suggest. The latter is
done, in part, by presenting a step-indexed model of a sep-
aration logic for higher-order store [32], the soundness of
which involves the use of a recursively defined operation on
the recursively-defined set of worlds.
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Higher-order Store We use “higher-order store” loosely
to refer to programming language features that involve
some form of dynamic allocation of data whose type / spec-
ification depends on the types / specifications of already
stored data. Thus higher-order store can, e.g., describe
the ability to dynamically allocate heap storage and store
code directly in the heap; C function pointers; ML refer-
ences; but also dynamically allocated locks that protect re-
source invariants that depend on already allocated locks’ re-
source invariants. For expressiveness, type systems and log-
ics for higher-order store often involve some form of recur-
sive types / specifications, and also some form of universal
quantification over types (impredicative polymorphism) or
specifications. The semantic methods we present scale well
to these features (see, e.g., [18]), but they are not at the heart
of the challenge of modeling higher-order store, so we shall
not dwell too long on them in this paper, but just sketch how
the methods apply.

Semantic Models of What Semantic models of higher-
order store can, among other things, be used to show sound-
ness of type systems and logics for reasoning about pro-
grams. The latter can involve Hoare-style logics for reason-
ing about a single program or logics for relational reasoning
about equality of programs. Our methodology applies to all
of these, but relational reasoning involves a host of other
mostly orthogonal issues, so we focus on models for type
systems and logics for reasoning about a single program us-
ing unary predicates instead of relations, except for some
discussion in the related work section.

2 Introductory Example: ML references

By way of introduction of our general setup, let us con-
sider how to model a programming language with impred-
icative polymorphism and general ML-like references; i.e.,
an extension of the polymorphic lambda calculus with a
standard call-by-value operational semantics. We first de-
scribe the general idea at an intuitive level and then, in the
following two subsections, we explain how to realize the



general idea in a domain-theoretic setting (based on an ade-
quate denotational semantics of the programming langauge)
and in a step-indexed stetting (based purely on the opera-
tional semantics of the programming language).

Recall that for the polymorphic lambda calculus, without
general references, we can model types as predicates (sub-
sets) on some fixed set of values. But since our language
of interest now includes dynamic allocation, it is natural to
follow earlier work on models of languages with dynamic
allocation of simple integer cells (e.g., [11, 25]), and use a
Kripke-style possible-worlds model. Here, however, the set
of worlds W needs to be recursively defined since we con-
sider general references: Semantically, a world maps loca-
tions (modeled as natural numbers) to semantic types in 7,
and we thus arrive at the following recursive equations:

V= setof values, including locations
T = W— Pred(V)

With such a semantic model of types, one can give meaning
to types in 7, in particular, the meaning of a reference type
ref 7 can be defined roughly as

(refw={l | w(l) =1},

i.e, for a world w, it is the set of locations [ such that the
semantic type recorded in the world at [ is the same as 7.

Some readers might have expected that semantic types
would be monotone wrt. an extension ordering of worlds.
Indeed, it is often advantageous to build monotonicity into
the model of types, but since this issue is mostly orthogo-
nal to the point we are trying to make now, we will omit
discussion of monotonicity until Section 3.2.

Observe that the natural model of types here is a Kripke
model over a recursively-defined set of worlds. 1t is a
Kripke model because the semantic types are parameterized
over worlds. The problem is, of course, that, for cardinal-
ity reasons, there is no solution to the above equations in
the category of sets (unfolding the above equation we get
W =N —g, (W — Pred(V)) with W in a negative posi-
tion, see also [3]).

This observation leads Hobor et. al. [24] to propose that
we should give up solving the equation and instead use an
approximate solution, where the equations are not solved
up to isomorphism, but where one only finds a retraction
between two sets, equipped with some additional approxi-
mation information akin to the indices used in step-indexed
models. As Hobor et. al. show, this suffices for many step-
indexed models.

Instead, we here propose to solve the equation in a cer-
tain simple category of metric spaces. Our approach ap-
plies not only to step-indexed models but also to domain-
theoretic models; it can be specialized to Hobor et. al’s

indirection theory (see Section 3.1), and has a number of
other advantages that we shall explain in Section 3.2. In the
following two subsections we exemplify the approach in a
domain-theoretic setting and in step-indexed setting, but let
us first call to mind some facts about the metric spaces we
are going to use.

Recap of ultrametric spaces A 1-bounded ultrametric
space (X,d) is a metric space where the distance func-
tion d X x X — R takes values in the closed
interval [0,1] and satisfies the strong triangle inequality
d(z,y) < max{d(z,z),d(z,y)}, for z,y,z € X. An
(ultra-)metric space is complete if every Cauchy sequence
has a limit. A function f : X7 — X, between metric spaces
(X1,d1), (Xa,ds) is non-expansive if for all z,y € Xj,
dao(f(x), f(y)) < dy(z,y), i.e., if application does not in-
crease the distance between points. It is contractive if for
somed < 1,da(f(x), f(y)) < 0-di(z,y) forallz,y € Xi.

The complete, 1-bounded, non-empty, ultrametric spaces
and non-expansive functions between them form a Carte-
sian closed category CBUIt,.. Products in CBUIt, are
given by the set-theoretic product where the distance is
the maximum of the componentwise distances, and expo-
nentials are given by the non-expansive functions equipped
with the sup-metric. (i.e., the exponential (X;,d;) —
(X2,d2) has the set of non-expansive functions from
(X1,dy1) to (X2,ds) as underlying set, and distance func-
tion: dx,.x,(f,9) = sup{da(f(2),9(x)) | z € Xi}).
For any set S and space (X,d) € CBUIt,e, the set of fi-
nite partial functions S —f, X from S to X is again a
complete bounded ultrametric space with distance function
given by d(f, g) = 1, if the domain of f and g are not equal,
and d(f,g) = max{d(f(s),g(s)) | s € dom(f)}, if the
domain of f and g are equal.

A functor F' : CBUIt,.°? x CBUIt,e — CBUItp
is locally non-expansive if d(F(f,q),F(f',q")) <
max{d(f, f'),d(g,¢')} for all non-expansive f, [’ g,q’,
and it is locally contractive if d(F(f,g), F(f',q9")) < -
max{d(f, f'),d(g,¢')} for some § < 1. By multiplication
of the distances of (X, d) with a shrinking factor § < 1
one obtains a new ultrametric space, ¢ - (X,d) = (X,d’)
where d'(z,y) = 0 - d(x,y). By shrinking, a locally non-
expansive functor F' yields a locally contractive functor
(6 F)(X1,X2) =6 (F(Xy1,X5)). For a less condensed
introduction to ultrametric spaces we refer to [33].

It is well-known that one can solve recursive domain-
equations in CBUIt,., by an adaptation of the inverse-limit
method from classical domain theory:

Theorem 2.1 (America-Rutten [7]). Let F' : CBUIt,.°P x
CBUIt,e — CBUIt, be a locally contractive functor. Then
there exists a unique (up to isomorphism) (X, d) € CBUItpe
such that F'((X,d), (X,d)) = (X, d).



2.1 Domain-Theoretic Model

In [18] we gave a relationally parametric domain-
theoretic model of a call-by-value language with impredica-
tive polymorphism, general references, and recursive types.
We now explain how it fits the intuitive model from above.

The model is based on an adequate domain-theoretic
“untyped” model of the programming language that is de-
fined in a mostly standard way, using a recursively defined
predomain (complete partial order) V' of values. The pre-
domain V' comes equipped with a family of projections
m, ¢ V. — V|, satisfying the usual conditions for projec-
tions arising from solutions to recursive domain equations.
In particular, the minimal invariance property: the least up-
per bound of the projections | |, 7, is the identity on V.

For the modeling of types, we use not all predicates on
V, but only those that are complete (admissible), i.e., closed
under least upper bounds of chains, and uniform. A subset
P of V is uniform if it is closed under all the projections,
ie., if Yo € P¥n.m,(v) € P, . For subsets P and Q of V,
we write 7, : P — @ to mean that Vv € P.7,(v) € Q.
It is well-known from earlier work on interpreting recursive
types and impredicative polymorphism [1, 5, 6, 20, 26] that
the set CUPred(V') of all complete uniform predicates on
V form a complete 1-bounded ultrametric space. The dis-
tance function d is defined by
9- max{neN | 7, eP—-Q AN 71, €EQ—P }

d(P,Q){ ifP#Q

The distance is well-defined by properties of the projec-
tion functions, in particular the minimal invariance property.

It is easy to see that the functor X — N —5, %(X —
CUPred(V)) from CBUIt,.”” to CBUIt,. is locally con-
tractive and thus, by Theorem 2.1, there exists a complete
1-bounded ultrametric space WV satisfying:

W =N g, LW — CUPred(V))  in CBUltye.

Note that the rightmost function-space arrow in the display
above denotes the function space in CBUIt,e, i.e., the set of
non-expansive functions. The % is an example of a shrink-
ing factor and, technically, ensures that the functor is locally
contractive; it is a standard technique [7]. The intuitive rea-
son for why it is ok to use the % shrinking factor is that “it
takes a computation step to dereference a location” (in [18]
this is modelled via so-called semantic locations).

Having now succeeded in establishing the existence of
the recursively defined set of worlds VW, we can define se-
mantic types 7 to be the set of non-expansive functions
from W to CUPred (V). With this semantic model of types,
we can give an interpretation of all the types of the program-
ming language. (For recursive types, we employ Banach’s
fixed point theorem to find a solution as the fixed point of

0 ifP=0Q.

a contractive operator on 7.) Finally, we can define the
typed meaning of terms by proving the fundamental theo-
rem of logical relations wrt. the untyped semantics of terms.
See [18] for a detailed treatment.

2.2 Step-Indexed Model

Now suppose that we want to build a semantic model
over the operational semantics directly, without passing
through a domain-theoretic model of the programming lan-
guage. Then we can let V' be the set of closed syntactic val-
ues v used in the operational semantics (i.e., v can be a pair
of syntactic values v; and vs, a syntactic lambda abstrac-
tion, etc.), and, in keeping with the ideas of step-indexed
models [2, 3, 8, 9], we can model types as (world-indexed)
subsets of N x V' that are downwards-closed in the step (N)
component. More precisely, we define UPred(V) to be

{PCNxV | Y(kwv) e PVYj<k.(jv) e P}

We can define a distance function on UPred(V'), which
measures “up-to-what-level” two uniform predicates agree,

as follows: First, for P € UPred(V), let Pk denote

{(m,v) € P | m < k}, and then define distance func-

tion d by:

dP.Q) =4 2" ifP#Qandn=max{k !
’ 0 if P=Q.

Lemma 2.2. (UPred(V),d) is a well-defined object in
CBUlItpe.

Thus, by an application of Theorem 2.1, there exists a
complete 1-bounded ultrametric space WV satisfying

W =N =g, $(W — UPred(V)) in CBUlty,

and we can then define semantic types 7 to be the set of
non-expansive functions from W to UPred (V).

Thus by working in CBUIt,. we can indeed solve the
wished-for equations, even in a setting based on operational
semantics. With this semantic model of types, one can then
define an interpretation of all the types of the programming
language, with definitions similar to those used in existing
step-indexed models [3], but knowing that one has a so-
lution to the wished-for recursive equation of worlds. We
show how this can be done in Appendix A. Again, the intu-
itive reason for why it is ok to use the % shrinking factor is
that “it takes a computation step to dereference a location”.

We remark that it is not surprising that there is a connec-
tion between metric spaces and step-indexed models; this
was already pointed out in [8]. The point is that it is use-
ful not to forget this connection because it, e.g., allows us
to define solutions to recursive world equations such as the
one above. (See also the discussion in Section 3.2.)



We do not present a formal relationship to existing mod-
els for this particular example, but rather show, in the fol-
lowing section, how all the step-indexed models described
via the indirection theory of Hobor et. al. can be obtained
by a specialization of our general approach. In Section 3.2
we explain why it is useful to solve the world equation using
metric spaces, and in Section 4 we present a new applica-
tion.

3 The Essence of Step-Indexed Models
3.1 Specialization to Indirection Theory

Faced with a higher-order store recursive equation, Ho-
bor, Dockins and Appel [24] provide an approximative so-
lution. This is a section-retraction pair characterized by the
two axioms of indirection theory that elegantly capture the
approximative nature of the solution. Our approach is dif-
ferent, we solve the recursion proper in a certain category of
metric spaces. In both cases, however, the solution provides
a notion of worlds' to be used in Kripke models as exem-
plified amply in /oc.cit. and in the previous section. In this
section we shall argue that our approach is the more gen-
eral in the sense that, for the same recursive equation, one
may build the approximative solution of Hobor et. al. from
our solution — this is Theorem 3.6. A consequence is that,
somewhat indirectly, we have shown our method applicable
to all examples considered by Hobor et. al.

This specialization to indirection theory is not uncondi-
tional. The construction presented by Hobor et. al. is pa-
rameterized over a set-theoretic functor F' : Set — Set
but our approach deals in metric-space equations phrased in
terms of a locally non-expansive functor on CBUIt,e. So we
must have one of the latter corresponding to the former or,
more precisely, we must have a plain lift of F' : Set — Set,
as defined below, to apply the specialization. Fortunately,
in many cases such a lift exists; indeed it always holds for
functors on Set built with standard constructors as is made
precise in Proposition 3.7. In particular we have plain lifts
of the functors of all the examples of Hobor et. al.?

Definition 3.1. A functor F : CBUIt,e — CBUIt, is called
non-shrinking if for any object X and any morphism ¢ :
X — X of CBUIt,e and any m > 0 such that

Vae,y e X.oo=m y = ¢(x) = ¢(y)

we also have that

Va,y € F(X). 2 =y = F(p)(x) = F(p)(y).

IThere is a conflict of nomenclature, what we call worlds are known as
knots to Hobor et. al. Their worlds are pairs of knots and values.

2With the possible exception of [24, Example 2.7.]. The functor in that
example is complex and the presentation dense to it is a bit hard to tell.

Here © =, y is short for d(z,y) < 27™ where d is
the distance on X. Intuitively, elements of F(X ) contain
components from X . If closeness of two elements of £ (X)
implies similar closeness between the components, then F
is non-shrinking because a () applies ¢ to all components.
Note that the condition is required only to hold for m > 0;
the case m = 0 comes down to preserving constant func-

tions and that would preclude, e.g., constant functors.

Definition 3.2. A metric space is bisected if any non-zero
distance is of the form 27" for some m € N.

For bisected metric spaces we have the following propo-
sition which is useful for showing maps non-expansive:

Proposition 3.3. A map ¢ : X — X on a bisected metric
space X is non-expansive if and only if we have

VmeN.Va,y € X.x =pn y = o) =m 0(y).

Definition 3.4. We say that a functor ' : CBUlt,e —
CBUIt, is the lift of a functor F' : Set — Set if the fol-
lowing diagram commutes

CBUIt,. —-> CBUIlt,

Ul |v

Set F > Set7
where U : CBUIt,. — Set is the obvious forgetful functor.
Furthermore, we say that a functor ' : CBUIt,,e — CBUIt,.
is plain if it is non-shrinking, locally non-expansive and, on
objects, preserves the property of being bisected.

Theorem 3.5. Let F' : CBUIt,e — CBUItne be a locally
non-expansive functor and O a non-empty set. Then there
is a non-empty, complete, 1-bounded ultrametric space X
and an isometry

®: X = F ((X —pne UPred(0))).

This is an easy consequence of Theorem 2.1: Fis as-
sumed locally non-expansive and the functor 3((—) —p.
UPred(0O)) is a locally contractive contravariant functor on
CBUIt, and so is the composite of the two.

Envision now a functor F' : Set — Set, a non-empty
set O of values and a request for a solution to the recursive
equation K = F(K x O — 2). Indirection theory provides
an approximative such, the above theorem another and the
next theorem builds the former from the latter, thus demon-
strating the generality of our approach.

We deviate from indirection theory as introduced by Ho-
bor et. al. on two counts: We do not parameterize over the
set of truth values but stick to 2 = {0, 1}; the generaliza-
tion, while probably technically feasible, appears unmoti-
vated. More importantly, we build a solution that features



only hereditary maps from K x O to 2, see the definition be-
low. This is a direct consequence of the uniformity required
of members of UPred(O), lifting the latter constraint would
most likely remove the former too. But we regard it as a
strength, not a shortcoming, as we really would like to stay
hereditary all the way and now we know that ’unsquash-
ing a knot’ does not invalidate this wish — compare with the
discussion in the last paragraph of [24, Section 10].

Theorem 3.6. Let F' : Set — Set be a functor with a plain
lift £ CBUIt,e — CBUIt,e. We can, from the isometry
of Theorem 3.5, build a set K, a subset of hereditary maps
K X O —per 2 of the full function space K x O — 2 and
two maps

unsquash
K Z "N X F(K X O —per 2)
squash

with the following three properties:
1. squash o unsquash = 1.
2. (unsquash o squash)(m, v) = (m, F(approx,,)(v)) .
BVYeEKXO —-2.¢9eKXO —per 2y =01.

Here the level = fst o unsquash : K — N and the map
approx,, : (K X O —per 2) — (K X O —per 2) s
defined, for each m € N, by

approx,, (1) (k,0) = ¥(k,0) A level(k) < m.
And for ¢ € K x O — 2 we define (¢ € K x O — 2 by
(OY)(k,0) =Vle K. kA"l = ¢(l,0),

where A* is the reflexive, transitive closure of the relation
A on K defined, for any two k, [l € K, by

kAl < unsquash(k) = (m + 1,v) Al = squash(m,v).

Proposition 3.7. There is a plain lift of any functor built
from the identity, constant non-empty sets, products, sums
and (possibly finite and partial) maps from a constant set.

3.2 Advantages of Metric Solution Approach

Having proved that our metric-space approach special-
izes to the indirection theory of Hobor et. al. we now pro-
ceed to argue some advantages of our approach in general.

A first remark is this: We do not think of the operational
semantics based version of our metric-space approach as
more expressive than standard step-indexed models. Rather
we view it as a framework for doing step-indexing, a con-
ceptual guideline of sorts. This goes even if we disregard

higher-order store circularities. Consider, e.g., the interpre-
tation of recursive types in Section 2.2 above and in Ap-
pendix A below. The idea of ’stepping one down’ when in-
terpreting pov.7 seems natural to anyone familiar with step-
indexed models. But coming up with the correct criteria on
the interpretation function for this to work out properly, also
with nested recursive types, is not, a priori, so easy. If, how-
ever, we employ the metric approach, including Banach’s
fixed-point theorem, then writing down the requirements as
done in the appendix is straightforward. Another example
is the step-indexed model of Section 4, where we crucially
rely on the metric on the worlds to define the ® operator by
Banach’s fixed-point theorem. A similar construction could
possibly be pushed through either with hand-built approxi-
mate worlds as employed by Ahmed et. al. [4] or with the
indirection theory of Hobor et. al. [24]. But the precise
course of action is less immediate and we expect that one
could end up reinventing parts of metric theory on the way.

In direct comparison with the indirection theory in [24],
we believe that our alternative approach of solving recur-
sive metric equations has benefits. Both yield worlds to be
used in Kripke models. There is, however, already a body of
supporting theory for the metric-space approach that makes
available a far greater range of worlds. To illustrate this
point, let us focus on the step-indexed model of ML refer-
ences discussed in Section 2.2 above and in Sections 2.1, 4.1
and 5 of [24]. In the model provided by indirection theory,
types are arbitrary maps from worlds to values, modulo cur-
rying and nomenclature. But, as argued in [24, Section 5.1],
we really want types that are both hereditary and monotone.
In [24, Section 5.1] such types are elegantly identified using
modal operators, but this does not change the problem that
the types in a world may fail these criteria. This is recog-
nized in the last paragraph of [24, Section 10] where an al-
ternative, and less straightforward, model with only heredi-
tary types in the worlds is sketched. But that means starting
the model construction all over from scratch and does not
buy us monotonicity. On the other hand, to obtain heredi-
tary types with the metric approach we just use the unifor-
mity condition on UPred(V), verify Lemma 2.2 and apply
Theorem 2.1. And to work with monotone types we can ap-
ply a slightly stronger existence result, cf. Appendix A and
[17, Proposition 5.4] for pre-ordered metric spaces. A simi-
lar argument goes for the extension to mixed variance func-
tors discussed [24, Section 10]: it is already supported by
the metric-space approach. Indeed, in unpublished work we
have used mixed-variance functors to verify that the metric-
space approach scales to the elaborate worlds of [4].

Finally, we think that it is advantageous that the metric
approach applies both to models based on domain theory
and to models based on operational semantics.



4 Application: Step-Indexed Model of Sepa-
ration Logic for Nested Hoare Triples

We next turn to a new application of recursively-defined
sets of Kripke worlds: a step-indexed model of separation
logic for nested Hoare triples.

In recent work, Schwinghammer et al. [32] present a
domain-theoretic model of a variant of separation logic for
a language that allows code to be stored in the heap (a form
of “higher-order store”). The model is used to prove sound-
ness of rules for “recursion through the heap” as well as
soundness of higher-order frame rules that take stored code
into account. (Both kinds of rules will be explained in more
detail below.) The model is based on the solution of a re-
cursive world equation using complete uniform subsets of a
domain, akin to the situation in Section 2.1.

In this section we present a new, operational model of
the same logic, following the approach outlined in Sec-
tion 2.2. We do this for three reasons: first, to substan-
tiate the claim that the metric-space technique works for
both domain-theoretic and step-indexed models, and sec-
ond, to illustrate the use of obtaining a solution (rather than
an approximation of a solution) of a recursive equation for
“worlds,” and three, to obtain a simpler model than the one
in [32]. (We do not claim that the new model is sound for
more inference rules than the one in [32].)

The development in the rest of this section mostly fol-
lows the one in [32]; we shall highlight some key differ-
ences. The reader is assumed to be familiar with basic prop-
erties of separation logic [31].

4.1 Programming language

Figure 1 presents the language we consider [32]. It de-
viates from the “standard” core programming language of
separation logic [31] in two ways. First, stack variables are
immutable: only heap cells can be updated. Second, com-
mands are first-class values that can be stored in the heap:
there is a new form of expression called a quoted command,
written ‘C", and a new command for evaluating stored com-
mands, written eval [e]. Informally, if the value of e is an
integer n, and if the current heap contains the quoted com-
mand ‘C* at location n, then the command eval [e] executes
C as a subroutine.

We write fv(C') for the set of free variables of the com-
mand C, and similarly for expressions. Let V" be the set of
closed values of the language, and let H be the set of heaps,
i.e., finite maps from integers to closed values:

V =ZU{C | fv(C) = 0},
H=7—4, V.

For two heaps hy,ho € H we write hy#ho if they have
disjoint domains and hj - ho for their union if this is the

Expressions:

ex=z | ‘C'|n|e+e| ... (nez)

Commands:

C :=lei]i=ez | letz=[e]inC | eval [¢]
| letz =new(e)inC | freee
| skip | C1;C2 | if (e1 = e2) then C; else Cs

Figure 1. Programming language.

case. An environment is a finite map n from variables
to closed values. When C' is a command satisfying that
fv(C) C n, we let n(C) denote the result of applying 7 to
C as a capture-avoiding substitution. Given an expression e
and an environment 7 such that fv(e) C dom(n), we define
[e], € V as follows. When e is a quoted command ‘C* we
let [e], = ['C*],, = n(C). When e is an arithmetic expres-
sion, [[e}]?7 is defined in the expected way, except that arith-
metic operations on quoted commands are, for definiteness,
given the meaning 0. Thence we avoid the complications of
introducing undefined expressions in a Hoare-style logic.?

The operational semantics of the language is defined by a
small-step semantics, with configurations of the form (C, h)
or abort. Configurations of the form (skip, #) or abort are
terminal; An abort configuration indicates a memory fault
or a runtime “type error” due to confusion between inte-
gers and quoted commands. The semantics is standard, all
the reduction rules can be found in Appendix; here we just
present the reduction rule for eval [e]:

(eval [e], h) ~ (C, h) if [e] = n and h(n) = ‘C".

Example 4.1 (Iteration). The language does not include
any high-level constructs for iteration. One can encode a
“while” loop by means of “Landin’s knot” in the heap:

while [e] # 0 do C

Y ety = new(‘skip‘) in

(x] =“lety =[e]in
if (y = 0) then free z
else (C;eval [z]);
eval [z])

(Here x,y ¢ fv(e, C).) With that abbreviation, the follow-
ing rule is derivable in the logic we present below:

F'F{3y.e—y*xI(y) Ny#0}C{Ty.e—y=xI(y)}

'k {3y.e—y * I(y)}while [¢] # 0do C{e— 0 I(0)}

3 A more robust approach would be to introduce a simple type system
that distinguishes integers from quoted commands; for simplicity we do
not do so here.



4.2 Logic

The formulas of the logic [32] are called assertions and
are generated by the grammar:

P,Q = false | true | PAQ | PVQ | P=Q |
Ve.P | 3z.P | int(e) | e1 =e2 | e1 <e2 |
et—ey | emp | PxQ | P—=*Q
{Pref@} | PRQ | -

where the dots refer to atomic predicates and recursively

defined predicates of the form (ua(z).P)(e) with « in P
only occurring in “contractive” positions. (For space rea-
sons, we de not formalize recursively defined assertions
syntactically, but just treat them semantically, see below.)
Unlike in standard separation logic, assertions are used both
to describe predicates on heaps and to describe specifica-
tions of commands.

Indeed, the assertion {P}e{Q} means, intuitively, that
the value of e is a quoted command ‘C"* which satisfies the
Hoare triple with precondition P and postcondition () in
the usual sense of separation logic. Since Hoare triples are
assertions, they can appear in pre- and post-conditions of
other triples. Such nested triples are useful for reasoning
about stored code: the specification of a command C can
depend on the specification of other code in the heap, e.g.,

{P+*3y.x—y AN{P}{Q}}C{Q}. (1)

Here a part of the precondition of C' is that = points to a
command y satisfying { P’}y{Q’}. Presumably, the reason
is that C' contains one or more occurrences of eval [z].

The assertion P ® (Q should be thought of as “the as-
sertion P extended with the invariant )” and this asser-
tion form is used to codify higher-order frame rules [15].
See [32] for detailed discussion of soundness and unsound-
ness of variations higher-order frame rules in the presence
of higher-order store.

Proof Rules The proof rules include the standard rules for
intuitionistic predicate logic and the logic of bunched im-
plications [28]. Moreover, there are variations of standard
separation logic proof rules (for dereferencing, sequencing,
and so on). For brevity we only show the rule for derefer-
encing (the rest can be found in Appendix):

I,oF{P*e—x}C{Q}
I'F{3z. P xe—a}letz =[e] in C{Q}

(z ¢ fv(e, Q)

Here I ranges over finite sets of variables.

In addition to these standard rules, there are two kinds
of frame rules and a rule for executing stored code, see Fig-
ure 2. Rule (®-FRAME) is a deep frame rule in which
the invariant () intuitively is added to all pre- and post-
conditions inside P. The latter intuition is captured by the

I'EP

m (®-FRAME)
' {P}e{Q} = {P x R}e{Q * R} (+-FRAME)
[ k+ Rk = {P xe— R[_|}k{Q} (5vAL)

' {P xe— R[_]}‘eval [e]{Q}

Figure 2. Selected Proof Rules.

axioms in Figure 3. Rule (x-FRAME) is a shallow (first-
order) frame axiom. Finally, rule (EVAL) is the rule for
executing stored code. Here, e — R[_] is an abbreviation
of 3z.e— x A R[z] (for an x not free in R).

4.3 A step-indexed model

To model invariant extension P ® ), Schwinghammer
et. al. [32] models an assertion as a function that takes the
meaning of a second, arbitrary assertion (to be thought of
as the “invariant” that the first assertion is extended with)
and gives a predicate on heaps.* This approach introduces a
circularity, however, since such a function will in particular
be applicable to itself. In the next section we show how to
formalize and solve the circularity using metric spaces.

4.3.1 Semantic predicates

Following Section 2.2, we let UPred(H) be the set of sub-
sets of N x H that are downwards closed in the first com-
ponent:

{p SNxH | Y(k,h) € p.¥Vj < k.(j,h) € p}.

We give UPred(H) the same distance function as in
Section 2.2; the set then becomes a complete, bounded ul-
trametric space. Using Theorem 2.1 we obtain a unique
W € CBUIt,. satisfying

W= LW — UPred(H)). )

Define Pred = 3(W — UPred(H))andleti : Pred — W
be the isomorphism. We will model assertions as elements
of Pred.

Let the letters p and ¢ range over elements of Pred. We
order the elements of Pred pointwise:

p<q <= Ywe W.p(w) C q(w)

4This idea follows earlier work on invariant extension [15, 16], which
does not, however, deal with nested Hoare triples.



PoR ¥ (PeR) xR

(kz.P)® R <= rxz.(P®R)
(PPQ)®R < (PRR)® (Q®R)
P®R <= P
(POR)®R <= P®(RoR)

{P}e{Q}® R <= {PoR}e{Qo R}

(k €{V,3}, = ¢ tv(R))

(® e {=,A,V,*, =}

(P istrue, false, emp, e1 = e2, e1 — e, or int(e))
Pemp < P

Figure 3. Axioms for invariant extension.

Lemma 4.2. With the ordering above and the following op-
erations, Pred is a complete Bl-algebra [14]:
emp(w) = {(n,[]) | n € N}
(p*q)(w) ={(n,h) | 3ha,ho.h = hy - hy
A (n,h1) € p(w) A (n, he) € q(w)
(p = q)(w) ={(n,h) | Vm < n.

((m, 1') € p(w) A hgth') = (m, - b') € q(w)}

The fact that Pred is a complete BI algebra immediately
gives us a sound interpretation of most of the assertions in
the logic [14], but to interpret recursive predicates we also
need to know that the operations are non-expansive:

Lemma 4.3. The Bl-algebra operations on Pred given by
the previous lemma are non-expansive:

*, =k, —, A,V : Pred X Pred — Pred
Vi A : (I = Pred) — Pred.

(In the last two operations, the indexing set [ is given the
discrete metric.)

Proof. Easy verification. One first shows the analogous
property for UPred(H). To illustrate what follows, con-
sider *: UPred(H) x UPred(H) — UPred(H): It suf-
fices to show that if p = p’ and ¢ £ ¢/, then also (p *
q) = (p' * ¢'). The latter is equivalent to showing that
Ym < n.(m,h) € px q < (m,h) € p’ x ¢, which
follows easily by the assumption. O

4.3.2 Interpretation of invariant extension

To interpret invariant-extension assertions P ® (), we need
a operator ® on the set of semantic predicates Pred. The
most convenient way to specify ® is to give a certain re-
cursive equation that it must satisfy. Using the metric-space
setup we can then prove that there exists a unique operator
satisfying this specification, by an easy application of Ba-
nach’s fixed point theorem, as in [32].

Proposition 4.4. There exists a unique function ® : Pred x
W — Pred in CBUIt, satisfying

pR@w =\ plwow')
where o : W x W — W is given by

wy owy = i((i7Hwy) @ws) * i (ws)).

Observe that it is here that we exploit that we have ob-
tained a proper solution to the world equation (2) as a metric
space such that we can now easily establish the existence of
the recursively-defined ®-operation.

The basic properties of ® and o are conveniently sum-
marized as follows:

Proposition 4.5. 1. (W, 0,emp) is a monoid.

2. The operator ® is a monoid action of VW on Pred: for
all P € Pred and wy,ws € WWwehave P@emp = P
and (P ®@ w1) ® we = P ®@(wy 0 ws).

4.3.3 Interpretation of assertions

We next define a semantic interpretation of Hoare triples.
To this end we let Safe,,, be the set of configurations in the
operational semantics that are safe for m reduction steps,
that is, those configurations that do not reduce to abort in
m (or fewer) steps. We write ~», for the k-step reduction
relation of the operational semantics.

Now say that w =, (p,C,q) holds iff: For all r €
UPred, all m < n and all heaps h, if (m,h) € p(w) *
i~1(w)(emp) * r, then:

1. (C,h) € Safey,.

2. Forallk <mandall b’ € H,if (C,h) ~, (skip, h'),
then (m — k,h’) € g(w) * i~1(w)(emp) x r.

This definition is similar to the one in [32] with its use of
the invariant w and the baking-in of the first order frame
rule, i.e., the quantification over r. The difference is that the
meaning is now relative to the operational semantics (rather
than denotational) and that we use step-indexing to measure
to what extent pre- and post-conditions should hold.

The intention is, of course, that a Hoare-triple assertion
is interpreted using the above semantic construct. However,
to see that this interpretation gives a well-defined member
of Pred, we need to know that a semantic Hoare triple is
“non-expansive in w”:

Proposition 4.6. If w =, w' and w =, (p,C,q), then
w’ ':n/\(kfl) (p7 Ca q)

Proof. Easy verification, using the fact that the separating

conjunction * on UPred(V') is non-expansive (Lemma 4.3).
O



The interpretation of an assertion I' - P is now defined
to be an element [P], in Pred, for n an environment map-
ping the variables in the domain of I" to V. The definition
uses the complete Bl-algebra structure on Pred given ear-
lier to interpret the standard logical connectives, e.g.,

[P * Q,w = [P],w = [Q],w.

Invariant extension is interpreted as follows:

1PeQl,w = (IP1, ®i(Ql,)) w
and, finally, Hoare triples are interpreted like this:

[{P}e{Q}],w =
{{(n,m |w = (1P],, C.[Q1,) } i [e],, = C*

0 otherwise.

The concrete interpretation of all the logical connectives can
be found in Appendix. As in [32], recursively defined pred-
icates are interpreted via Banach’s fixed point theorem:

Proposition 4.7. Let I be a set and suppose that, for each
i € I, F; : Predl — Pred is a contractive function.
Then there exists a unique 7 = (p;)ie; € Pred’ such that
Fi(p) = p;, foralli € I.

4.3.4 Soundness of proof rules

We define semantic validity of (open) assertions as follows:
For an assertion P with free variables belonging to I', say
that ' = P iff: For all environments 7 with T' C dom(7)
and all w € W we have [P], w = N x H. This amounts to
saying that [P], is the top element of the BI algebra Pred.

Theorem 4.8. If '+ P, then I" = P.

Proof. By showing the stronger property that each proof
rule holds semantically, that is, with - replaced by |=. We
only include the proof case for eval [e] (the other interest-
ing cases are the ones for invariant extension; there one uses
Proposition 4.5). We must show: if ', z = R[z] = {P x
e— R[_]}2{Q},thenT = {P x e R[_]}‘eval [¢]'{Q}.

Let 1 be an environment with I' C dom(n), and let w
and n be arbitrary. We must show that

w f=n {[P * e R[_][n}'n(eval [e){[Q]n}.  (3)

Solet k < nand r € UPred and let (k,h) € [P =
e R[_]]n(w) * i~(w)(emp) * r. Then h = h; *
[ — w] * hy * hg, where (k,h1) € [P]n(w) and
[eln = ! and (k,[I — v]) € [R[z]In]z — v](w) and
(k,hs) € i~ (w)(emp) and (k,h3) € r. Using valid-
ity of the premise, we get that (k,[l — v]) € [{P *
e— R[z]}z{Q}]nlz — v](w), which means that v = ‘C*
for some C, and that w = {[P * e— R[2][n}C{[Q]n}.

Now, if k = 0, then conditions 1 and 2 in the definition of |=
are clearly satisfied (item 2 because (n(eval [e]), h) takes a
reduction step), so (3) holds, as required. If £ > 0 then, first
observe that by downwards closure we have (k — 1,h) €
[P % e— R[_]]n(w) * i~(w)(emp) * r. Therefore,
(C,h) € Safer_1, which implies that (n(eval [e]), h) €
Safey, so condition 1 in definition of = is satisfied. For
condition 2, we finally assume that (n(eval [e]),h) ~>,
(skip, h') for some k' and m < k. Then (C,h) ~>pn_1
(skip, h). Since m—1 < k—1, we then get ((k—1)—(m—
1),h') € [Q]n(w) * i~ (w)(emp) * r, as required. O

4.4 Discussion

In summa, we have developed a new step-indexed model
of separation logic with nested Hoare triples for reason-
ing about higher-order store. The new model is arguably
simpler than the one in [32], since it is phrased directly in
terms of the operational semantics without passing through
a domain-theoretic denotational semantics. A usual advan-
tage of using domain-theory is a more abstract semantics,
but in [32], it was in necessary to employ certain “step-like,”
rank functions, so in the end the model of loc.cit. was not
more abstract than the new one presented here.

5 Related and Future Work

Relational Reasoning We have focused on unary reason-
ing in this paper, but as mentioned in the introduction the
techniques developed here also apply to relational reason-
ing. Relational reasoning about higher-order store, e.g., log-
ical relations for reasoning about contextual equivalence of
programs, have been developed both based on domain the-
ory, e.g., [12, 18], and on step-indexed models, e.g., [4].
For such relational reasoning, the worlds are typically more
sophisticated than the worlds we have discussed so far, in
order to describe situations in which programs are contex-
tually equivalent even though they use local state in differ-
ent ways. The third author has recently phrased the state-
of-the-art world model from [4] as a recursive world equa-
tion over a domain-theoretic model. The reason for doing
S0 is to obtain more abstract reasoning principles when us-
ing the resulting model for proving actual program equiv-
alences, without having to reason about step-indices. As
an alternative, Dreyer et. al. [22] have shown how to ex-
tend the relational step-indexed model [4] to a model of
a modal logic for more abstract reasoning about program
equivalences. The latter modal logic has been derived from
the step-indexed model; we believe it is still a challenge
to develop relational step-indexed models of some existing
logics; e.g., for Hoare Type Theory [27]. Alternatively, one
might try to develop a new formulation of (the ideas of)
Hoare Type Theory based on a step-indexed model.



Formalization An often mentioned advantage of the tra-
ditional step-indexed approach is that it lends itself well to
formalization in theorem provers and, indeed, impressive
formalization work has been carried out in, e.g., Coq [10].
Thus, one may wonder, whether our proposed metric ap-
proach will hinder formalizations. We claim that it will not.
Indeed, Varming has recently formalized the solution of re-
cursive metric-space equations in Coq [34], following the
treatment in [17]. This formalization can be used in concert
with a formalization of operational semantics to yield, e.g.,
formalizations of the models in Sections 2.2 4, or with the
formalizations of Benton et. al. of domain theory [13] to
yield formalizations of models based on domain theory.

6 Conclusion and Acknowledgements

In conclusion, the key conceptual contributions of this
paper are (1) the realization that models of higher-order
store phenomena naturally can be given as Kripke mod-
els over worlds that are recursively defined in a category
of metric spaces; and (2) a unification of methods based
on classical domain theory and on step-indexed operational
models. Our technical contributions include that (1) we
have shown how to solve world equations for concrete step-
indexed models; (2) we have shown that our metric ap-
proach can be specialized to Hobor et. al.’s recent pro-
posal [24] (and argued that the metric approach has some
advantages); and (3) we have developed a new model of
separation logic with nested Hoare triples for reasoning
about higher-order store, a model which shows the utility of
the metric approach since it relies on a recursively defined
operator on worlds.

We would like to thank Aquinas Hobor, Robert Dockins,
Andrew W. Appel, Francois Pottier, and Carsten Varming
for helpful discussions and insightful comments.
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A Step-Indexed Model of References
A.1 Language

The language is as in [22] , except that we split the con-
text for type variables and term variables in two so that term
judgments take the form:

AT YM T

for A a context of type variables aq,...,a,, [' a context
of term variables 1 : 7y,..., %, : Tm, and X a context of
locations l1 : o1, ...,l; : ok.

Detailed typing judgments and operational semantics
can be found in the online appendix to [22].

A.2 Model

Let V denote the set of closed syntactic values and let
UPred (V') be the set

{PCNxV |V(kv)€PVj<k (jv) € P}

We can define a distance function on UPred(V'), which
measures “up-to-what-level” two uniform predicates agree,

as follows: First, for P € UPred(V), let ?k denote
{(m,v) € P | m < k}, and then define distance func-
tion d by:

(P =1 27" ifP#Qandn=maxk | P =0"
’ 0  iftP=0qQ.

Lemma A.1. (UPred(V),d) is a well-defined object in

CBUltpe.

In the same manner, we let £ denote the set of closed
syntactic expressions and define UPred(E) to the corre-
sponding set of uniform predicates on F.

Let PreCBUIt,. denote the category with objects (A, <)
where A an object of CBUIt, and < is a preorder on the
underlying set of A such that the following condition holds:
if (an )nen and (b, )nen are converging sequences in A with
a, < b, for all n, then also lim,,_,- a,, < lim,,— o bp,.
Morphisms are functions that are both monotone and non-
expansive. By Proposition 5.4 in [17] we then immediately
get:

Theorem A.2. There exists a preordered non-empty com-
plete bounded ultra-metric space W with an isomorphism

W =N —g, %(W —mon UPred(V))

in PreCBUlIt,e. One member of the right hand side is less
than another if the domain of the first is included in the do-
main of the second and they agree on the former.

11

Semantic value types will be modeled as elements of

T W —on UPred(V),

and the semantic computation types will be modeled as el-
ements of

Ty W — UPred(E).
For A a context of type variables, we use ¢ to range over
the product space 712! in CBUltp..

We now define the interpretation of types in context as a
function

VAR T -1

in CBUIt, (i.e., note that the function space consists of non-
expansive functions). The function is defined like this:

VIAF 1] = Aw. {(k,*) | k € N}
VIAF afp =¢(a)
VIAE 11— 1] = w. {(k,v) | Vo' > w.Vj < k.
Yoi.(4,v1) € V[A F 7 ]pw’
= (J,vv1) € E[A F m]pw'}
VIA F ref 7] = Aw. {(k,1) |
(1 € dom(w) Aw(l) 27 V[AF 7]p)}
VI[A F pa.t]e = fix(Ar. dw. {(k,foldv) | k> 0=
(k—1,v) e V[A,at 7]yla — rjw})
VI[A FVa.r]e = dw. {(k,v) | Vro € Type.Vr € T.
Yw' > w.Vj < k.
(J,v[m0]) € E[A, a b T]pla— rjw'})
E[AFT]o = w.{(k,e) | Vj < k.Vs,v,s"
((e,8) W (v,8") N sz w)
= (Fuw' >w.s o w A(k—j,v) € VIAF T]puw’)}

sy w <= VYj < k.dom(s) =dom(w)A
Vi € dom(w). (4, s(1)) € w(l)(w)

Remark A.3.

e Note that in the case for V[A |- ref 7], we use k-
equality in the space T'.

Lemma A.4. If w = w’ and wy > w then there exists w}
with
! l)
wh() =Y (
o) {w 0

n
and wy € W and wj = wo.

if | € dom(w’)
otherwise

Lemma A.5. If s :;, w and w =y w’ and k < n, then also
s w.

Proof. We are to show that Vj < k. dom(s) = dom(w’) A
Vi € dom(w'). (4,s(1)) € w'(l)(w’). It holds vacously if
k = 0,soassume k > 0. Thenalson > 0. Let 5 < k
be arbitrary. By the assumption that w =y w’, we get that



n—1

dom(w) = dom(w’) A VI € dom(w). Vwg. w(l)(wp)
w'(1)(wp). Since dom(s) = dom(w) by the assumption
that s :; w (using k& > 0), we get dom(s) = dom(w’), as
required. Moreover, we find that

w(l)(w) £ w(l)(w') "= w' (1) (w)

with the first equality since w(l) is non-expansive, and the
second equality by the assumption that w =y w’. Thus,
as (4, s(1)) € w(l)(w) by assumption, and since j < k <
n — 1, we also get (7, s(1)) € w'(I)(w'), as desired. O

Lemma A.6. V[A F 7] and E]A | 7] are well-defined. In
particular,

e V[A F 7] € T (so non-expansive and monotone),
e E£[A+ 7] € Tx (so non-expansive),
e V[A F 7] is a non-expansive map,

e The function r — Aw.{(k,foldv) | & > 0 =
(k—1,v) € V[A,aF 7]pla — r]w} is contractive
so the fixed point taken in V'[A F pa.7] exists (this
boils down to the use of & — 1).

We now define interpretations of contexts and the logical
relation interpretation of well-typed expressions:

D[A] : T4

D[] =0

D[A, o] ={plarr] |
o € D[A] AT €T}

GIAFT]: TIA — W — UPred(VIT)

GlAF =0

GIAFT z: ] = Aw. {(k,y[z — v]) |
(k,v) € G[Tpw A (k,v) € V[A F T]pw}

S[Z] ={(k,w) | V(:7)eX.
(k,1) € V][0 + ref ]0w}

AT S Feilosr «—
Jag, .0 A =ay,..
Vk > 0.Vp. Vy. Vuw.

(¢ € D[A] A (k,7) € GIAFTTpw A (k,w) € S[X])
= ((k,[al =T,

Sy AT, o T

Theorem A.7 (Fundamental Theorem of Logical Rela-

tions). If A;T; X Fe: 7, then A;T; X F e :1°8 7.

B Specialization
Three Proofs

to Indirection Theory,

Proof of Proposition 3.3. It is immediate that any non-
expansive ¢ has the stated property. Assume, on the other

= ] (v(e))) € E[A F r]pw)
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hand, that we need to show ¢ non-expansive. Let z,y € X,
we must show that d(p(z), ¢(y)) < d(z,y), where d is
the metric on X. We may without loss of generality as-
sume that d(x,y) # 0. But then there is m € N with
d(x,y) = 27™, in particular we have d(z,y) < 2~™ which
we usually write © =, y. From the assumption we get that
o(x) =m p(y), ie., that d(o(x), p(y)) < 2™ and we are
done. O

Proof of Theorem 3.6. Let X and ® be the result of apply-
ing Theorem 3.5 to F. Note initially that X must be bi-
sected. This is by definition the case for UPred(O) and
hence any two elements of X —,. UPred(O) have a
distance that is the supremum of a nonempty subset of
{0} U{2™™ | m € N}. But this set is closed under
nonempty suprema and so X —,. UPred(O) is bisected
too. Both of the functors %(—) and F' preserve the prop-
erty of being bisected, the former by construction and the
latter by assumption. And so X, which is isometric to
F (3(X —pe UPred(0))), must be bisected.

Without further ado, let us plunge into the construction.
For every m € N we know that =,,, is an equivalence rela-
tion on X, for z € X we denote by [z],,, the equivalence
class containing x. We let K be the sum of all but the first
of the sets of equivalence classes:

K = ZX/ =m

m>1

Furthermore we let K X O —pe, 2 consist of the set-
theoretic maps K x O — 2 such that for any
(m, [x]m) € K,any o € O and any 0 < n < m we have

P((m, [2]m), 0) = (1, [2]n), 0)-

To build squash and unsquash we need auxiliary maps:

H
3(X —ne UPred(0)) K X0 e ?
defined by
H(p) = A((m, [z]m),0) € K x O.¢p(x) > (m — 1,0)

respectively by

B(y) = Ax € X.{(m,0) [ ((m + 1, [2]m1), 0)}-

These are well-defined. To verify this for H take ¢ €
L(X —pe UPred(0)), (m,[z],,) € K and 0 € O. No-
tice initially that the choice of the representative = does
not matter for if x =,, y holds for two x,y € X we
have ¢(x) =, ¢(y) too, in particular (m — 1,0) € p(x)
if and only if (m — 1,0) € ¢(y). To prove H(p) €
K x O —per 2 we furthermore take 0 < n < m and as-
sume that H(¢)((m, [x]m), 0) holds, i.e., that (m — 1,0) €



(). Proving H(¢)((n, [x],), 0) comes down to showing
(n —1,0) € ¢(x) which is true by uniformity of ¢(x).

To verify that B is well-defined we take ¢ € K X
O —per 2. First we take z € X and must prove {(m, o) |
Y((m + 1,[z]my1),0)} uniform. So assume that we have
n <m € Nand o € O with ¢((m + 1, [];m+1),0), we
immediately get ¥((n + 1,[2]n41),0). Second we take
z,y € X with x =, y for some m € N, we must show that
B(¢)(x) = B(¥)(y), i.e., that for all n < m € N and all
o € O wehave 1/1((”+17 [:L']n+1)7 O) 1ff1/1((n+1, [y]n-i-l)v O)
but this is immediate since [x],+1 = [y]n+1. Here we used
Proposition 3.3 to prove non-expansiveness of B(1)).

Going back and forth with H and B gets you nowhere.
Fory € K x O —p, 2 we get that

H(B(¢)) = H(Az. {(m,0) | $((m + 1, [z]m+1),0)})
= A((m, [z]m), 0)- $((m, [£]m), 0)
=1

and for ¢ € (X —,. UPred(O)) we get

B(H(p)) = B(A((m, [z]m),0). ¢(x) 3 (m — 1,0))
= Az {(m,0) [ p(z) 3 (m,0)}
= (p.

Up until this point, the maps H and B have been
merely set-theoretic and not morphisms in CBUIt,, indeed,
K X O —per 2 is itself just a set. But now we equip it
with the metric induced by the bijection with %(X —ne
UPred(0)), i.e., the distance between to elements is the
distance between the images of these elements under appli-
cation of B. With this metric we obviously get an object of
CBUItpe and the maps H and B are morphisms of CBUIt,,
indeed, they are isometries. We need this to be able to apply
F to them.

Also we need, for each m € N, to define 7, on
(X —ne UPred(0)) by pointwise application of the re-
striction map, i.e., for ¢ € £(X —,. UPred(0)) we de-
fine

Tm () (@) = ©(2)|m-

We should verify that this is a non-expansive map. It
has been argued above that (X —,. UPred(O)) is bi-
sected so by Proposition 3.3 we take ¢q, 91 € %(X — e
UPred(0)), n € N, assume pg =, 1 and aim to prove
Tm(©0) =n Tm(p1). We may without loss of general-
ity assume n > 0. For x € X we get by assumption
that o (x) =,,—1 @1(x) which implies that ¢ ()|, =n—1
©1(x)|m too and we are done. Really we would like to talk
about the maps (approx,,,)men on K x O —pe, 2 but we
cannot since squash and unsquash have not been defined
yet; instead we deal in (7, ) men on 2 (X —,e UPred(O)).
We shall need and prove a close correspondence between
the two below.
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We are now ready to construct the promised set-theoretic
maps squash and unsquash. For (m, [z],,) € K we define

unsquash(m, [z],) = (m —1,(F(H) 0 F(m_1) o @)(w))

and for (m,v) € N x F(K x O —pe, 2) we set
squash(m, ») = (m + 1,[(@" 0 F(B)) (")t ) -

Our first aim is to verify that unsquash is indeed well-
defined, i.e., that the choice of the representative x does not
matter. For z,y € X with x =, y for some m > 0 we
get ®(z) =, ®(y) too. For any two pg, 1 € 3(X —pe
UPred(0O)) we get that if g =, 1 then for any z € X
we have po(z) =pm—1 ©1(2). But then

Tm—1(¢0)(2) = v0(2)[m-1
= 01(2)lm-1
= Tm—1(1)(2)

so we have 7,,_1(v0) = Tm-1(p1). As F was assumed
non-shrinking, we can now conclude that F'(m,,_,)(z) =
F(7m—1)(y) and we know that unsquash is well defined.
Before we go on, we need a quick comment on an easily
overlooked issue. The maps squash and unsquash are both
set-theoretic as desired but really they go between K and

N x U(F(K x O —per 2)) where U : CBUlt,e — Set is
the forgetful functor. But we assumed F’ a lift of F' so

U(F(K X O —her 2)) = F(U(K X O —per 2))

and the latter is what we usually just write F'(K X O — e
2). So the domain respectively codomain of squash and
unsquash really are what they are supposed to be.

With the issues of well-definedness taken care of, we
now pursue the promised equalities. For (m, [z],,) € K
we calculate as follows:

(squash o unsquash) (1, 2]
— squash (m 1L (F(H) o F(mp_1) o @)(x))
= (m, (@ 0 F(B) o F(H) 0 F (1) 0 ®)(2)])
= (m, [(®7" 0 F(mm_1) 0 ®)(x)]m).

A bit of reasoning remains to show that this is indeed
(m, [x],,). Notice first that we may rewrite z = (®~! o

F(l%(xﬁm uPred(0y)) © ®)(x). This means that if we can
prove

Tm—1 =m L1(X—,. UPred(0))

then we are done as £’ was assumed locally non-expansive.
So take ¢ € 1(X —, UPred(O)). Forany y € X we get
that

Tm-1(0)(¥) = (W) |m-1 =m—1 ¢(¥)



soin X —,. UPred(O) we have m,_1(y)
we are done because of the shrinking factor.
For (m,v) € Nx F(K X O —per 2) we get

=m-1 ® and

(unsquash o squash)(m, v)
= unsquash (m+ L[(®@ o

(
= (m, (F(H) o F(my) 0
(m, (F(H) o F(my) o

F(B)(#)]m+1)

“Lo F(B)(v))
( ))( ))-

To finish this we need to look into the relationship between
Tm and the map approx,,. Take ¥ € K X O —per 2, we
start from one end and get that

(T © B)(¥)
= Tm(Az. {(n,0) [ p((n + 1, [2]nt1),
Az.A{(n,0) [ Y((n+1, [2]nt1),
= Az. {(n,0) | approx,,(¥)((n + 1, [x]pn+1),
= (B oapprox,,)(¢))
where we remember that level(n + 1, [z],4+1)) = n since

level is the composite of the first projection and unsquash.
Summing up we have proved that

0)})

o) An < m}

o)}

(unsquash o squash)(m, v)
= (m, (F(H) o F(B) o F(approx,,))(v))
= (m, F(approx,, ) (v)

as desired — again we applied that Fis aliftof F.

We now consider the third property; we need to prove
that the subset K X O —p, 2 of the full function space
K x O — 2 coincides with the functions that are hered-
itary in the sense that they are fixed under application of
0. Take initially (m, [z],,) and (n, [y],) in K, we get that
(m, [z]m) A (n, [y],) holds iff we have

unsquash(m, [z]) = (I + 1,v) A (n, [y]n) = squash(l,v)
e (m—1,(FH) o F(mm_1)o®)(z)) = (I+1,v)A
(n, [yln) = (L+ 1L, [(@7" 0 F(B))(1)]i+1)
em=n+1A
[yl = (@' 0 F(B)

o F(H) o F(mp-1) 0 ®)(x)]
e m=n+1A[ylh = [z]n.
Here the last biimplication is a consequence of the fact that
= (Lo F(m,_1)o®)(z) by arguments used to prove
squash o unsquash = 1 above. It is immediate from this
that for the closure A* of A we have

(m, [&]m) A (n

We know by definition that for v» € K x O — 2 we have
¥ = O iff for all (m, [z],,,) € K and all 0 € O we have

w((m7 [x]m)vo) = (D ¢)((ma ['r]m)v 0)'

7[y]71) = m=2nA [y}n = [x]n
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But by our characterization of A* we have that the right
hand side again equals

[yln) € K. (m, [2]m) A% (n, [yln) = &((n, [yln), 0)
=VYn <m.¢¥((n,[z]n),0).

From this it is immediate that » = [t holds iff we have
that ¢ € K X O — ., 2 and we are done. O

Y(n

Proof of Proposition 3.7. We shall consider only three of
the cases.

Constant Non-empty Sets Let X be some fixed non-
empty set. Let I’ : Set — Set be the constant functor
mapping any set to X and any function to the identity map
1x. We need to come up with a plain lift F CBUlt,e —
CBUItpe of F. We naturally choose F to be the constant
functor mapping any object of CBUIt,. to X equipped with
the discrete metric d; and any morphism of CBUIt,. to
the identity map 1x. This easily constitutes a locally non-
expansive functor F CBUIt,e — CBUIt, and obviously
isaliftof F. Forany ¢ : (Y,d) — (Z, e) whatsoever we get
that for any m > 0 and any two z,y € F(Y,d) = (X, d;)
with z =,, y we have z = y, in particular we have that
F(o)(x) = 1x(z) = 1x(y) = F(¢)(y). Hence F' is non-
shrinking. Finally note that since (X, d;) is bisected we
have that F' maps all objects to bisected objects, in particu-
lar those that were bisected already.

Products Let us consider the case of products; we shall
work with binary products only but the construction gener-
alizes to any finite product. Take two functors F, G : Set —
Set and define H : Set — Set by mapping a set X to the
set F(X)xG(X)andamap g : X — Y to F(p) xG(y) :
F(X) x G(X) — F(Y) x G(Y). Under the assumption
that we have plain lifts £, G : CBUItye — CBUIt,e of F
and G, we have to build a plain lift Hof H.

For an object (X, d) € CBUItpe we write (Yye) =

F(X,d)and (Z, f) = G(X, d) and assign

H(X,d) = (Y x Z,e x f),

where the product metric e X f on Y x Z is defined by
(6 X f)((yOaZO)a (ylazl)> = maX(e(y07y1)a f(z07zl)) for
any two (yo,20), (y1,21) € Y x Z. For a morphism
¢ 1 (Xo,do) — (X1,d1) € CBUItne we write F'(p) =
(YanO) - (Yl,el) and G(Qp) - (ZoafO) - (Zlafl) and
assign

H(p) =

It is well known that this yields a well-defined and locally
non-expansive functor H : CBUIt,e — CBUItye. For the
action on objects, this is spelled out in Lemmas 1.24 and
1.28 of [21].

F(@)XG(@)ZYOXZO—>Yl><Z1.



We now proceed to prove that the functor H is indeed a
plain lift of H. First up is the property of being a lift, take
an object (X, d) of CBUIlty. We write (Y,e) = F(X,d)
and (Z, f) = G(X, d) and get that

UH(X,d)=U(Y x Z,e x f)

For a morphism ¢ : (Xo,dp) — (Xi,d1) € CBUItpe
we get the weirdly easy calculation U(H (p)) = H(yp)
F(p) x G(p) = F(p) x G(p) = H(yp) since the forgetful
functor has no action on morphisms.

Next up is proof that H is non-shrinking. Take a mor-
phism ¢ @ (Xo,do) — (X1,d1) € CBUIltye, we write
F(p) = (Yo,e0) — (Y1,e1) and G(p) = (Zo, fo) —
(Zy, f1). Assume that for some m > 0 we have that

Vo,y € Xo.x =n y = (p(:ﬂ) = @(y)

Now take (yo, 20), (Y1, 21) € Yo x Zj and assume that we
have (yo, z0) =m (y1,21). But then yo =, y1 and 29 =,
z1 by the definition of the metric eg X fo. And so we have

M@mmm:@wwc<0%¢w
= (F(£)w0), G(#)(20))
=( G(e)(=1))
= ( )(yl,zl)
= ()1, 2)

since both F' and G were assumed non-shrinking. Finally
we remark that H preserves the property of being bisected
since that holds by assumption for F and G and because the
product metric introduces no new distances.

Finite, Partial Maps from a Constant Set Now on to
finite, partial maps from a constant set. Take a set X and a
functor F' : Set — Set, define G : Set — Set by mapping a
set Y to the set X — ¢, F'(Y") of partial maps with a finite
domain. Amap ¢ : Y — Z is mapped to A\p : X — 4,
F(Y). F(p)o1. Under the assumption that we have a plain
lift £ : CBUIte — CBUIt, of F', we have to build a plain
lift G of G.

For an object (Y,d) € CBUlt,e we write (Z,¢)
F(Y,d) and assign

G(Y,d) = (X — fin Z, eXA\fin)7
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where €EX—tin Woﬂh) is maXgedom(p) 6(1/10(56),1/11 (l’))
for any two tg,%1 : X —y;, Z with identical domain,

otherwise the distance is 1. For a morphism ¢ : (Yy, dg) —
(Y1,d;) in CBUltne we write F'(¢) : (Zo,e0) — (Z1,e1)
and employ that Fisaliftof F to simply assign
G(p) = G(p) : (X —=fin Zo) = (X —fin Z1).

It is easily verifiable — if not exactly well known — that this
yields a well-defined and locally non-expansive functor G:
CBUIt,e — CBUItpe, a high level argument is given in the
proof of Proposition 22 of [18].

We now proceed to prove that the functor Gisa plain lift
of G. First we verify that it is a lift, take an object (Y, d) of
CBUltne. We write (Z,¢) = F(Y,d) and get that

UG(Y,d) = U(X —fin Z,ex
=X — fin U(F(K d))
— X — i F(U(Y, d))
= GU(Y, d).

fin)

The case of morphisms holds by definition.

Next up is proof that G is non-shrinking. Take a mor-
phism ¢ : (Yy,do) — (Y1,d1) € CBUItpe, we write
F (o) = (Zo,e0) — (Z1,e1). Assume that for some m > 0
we have that

Ve,y € Yo. o(y).

=m Yy = p(z) =
Now take 99,91, € X —fin Zp and assume that we have
Yo =m ¥1. We have dom(vg) = dom(¢1) and further-
more know that for all € dom(t)) we have ¥o(z) =,
Y1 (). We obviously have dom(G/(¢) (o)) = dom(3po) =
dom(¢1) = dom(G(p)(1ho)) and for any z in this domain
we get

Finally we remark that G preserves the property of being bi-
sected since that holds by assumption for F and because we
introduce no new distances by taking a maximum of finitely
many existing distances. O



Dz {P*xe—z}C{Q}
PE{3z. P xe—a}letz =[e] in C{Q}

(z ¢ fv(e, Q)

(DEREF)

Tk {e—_* P}e] i=eo'{erseo % P} (UPDATE)

Lz b {Pxz—e}C{Q}
'+ {P}let z = new(e) in C{Q}

(z ¢ tv(P,e,Q)) (NEW)

I+ {e—_x P}free e!{P} (FREE)

I + {P}'skip‘{P} (SKIP)

' {P}Ci{R} ' {R}C{Q}

IF (P}On o {Q) (8@

'+ {P Nel = 62}‘01‘{@} I'k+ {P N eq ;é 62}‘02‘{Q}

'+ {P}if (e1 = e2) then C; else C2{Q}
(1F)

P =P '-Q=q

7 7 (CONSEQ)
' {P}e{Q} = {P'}e{Q}
r+p
TFP2Q (®-FRAME)
I'-{P}e{Q} = {P * R}e{Q * R} (+-FRAME)
Tkt R[k] = {P % e— R[_]|}k{Q} (EVAL)

'+ {P xe— R[_]}‘eval [e]{Q}

Figure 5. Proof rules for Hoare triples.

C Step-Indexed Model of Separation Logic
for Nested Hoare Triples

In this section we include additional definitions and
proofs for the step-indexed model of separation logic for
nested Hoare triples.

The operational semantics is specified in Figure 4.

See Figure 5 for additional separation logic proof rules.

The interpretation of assertions is written out in full in
Figure 6.
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([e1] :=e2, h) ~ (skip, h[n — [e2]) if [e1] = nandn € dom(h)
(letz=[e]inC, h) ~ (Clv/z],h) if [e] = n and h(n) =
(eval [e], h) ~ (C,h) if [e] = n and h(n) = ‘C*
(letz =new(e)inC, h) ~ (Cln/z], h*[n+— [e]]) ifn ¢ dom(h)
(free e, h) ~» (skip,h’) if [e] =nand h = h' *[n — ]
(01702, ) s (01;02, h/) if (Chh)'\» (C{,]’L/)
(skip; C2, h)  ~+  (Ca,h)
(If (61 = 62) then Ch else 02, ) ~> (01, h) if [[61]] = [[62]]
(lf (61 = 62) then Ch else CQ, ) ~> (CQ, h) if [[61]] 74— [[62]]
([e1] =e2, h) ~» abort if [e1] = ‘C* or [e1] = n where n ¢ dom(h)
(letz=[e]inC, h) ~ abort if [e] = ‘C* or [e] = n where n ¢ dom(h)
(eval [e], h) ~» abort if [e] = ‘C* or [e¢] = n where n ¢ dom(h)
(eval [e], h) ~+ abort if [e] = n where h(n) = m
(freee, h) ~ abort if [e] = ‘C* or [e] = n where n ¢ dom(h)
(C1;Co, h) ~ abort if (C1, h) ~ abort
Figure 4. Operational semantics.
[false],w =0

[true],w =Nx H
[P AQNw=[Pl,wn[Q],w
[PvQl,w=[r],wulQ],w
[P = Ql,w={(nh)|Vm <n.(m,h) € [P],w=(m,h) € [Q],w
[V:p.P]]nw = ﬂvev[[Pﬂn[va]w
[Fz.P],w=U,cv [Pl nw

[int(e)], w = {@N < H
fer = e2]),,w = {

N x H
[ex gez]]nw—{

if [e],, = m for some m € Z

otherwise

if [er],, = [eI,

otherwise

0

Nx H
0

[er ez, w = {q{)(n m = feal,]) [ m € N}

[emp],w =N x {[]}
[P+ Q1w = [Pl,w « [Q],w
[P = Q] = [P],w = [Q],v
{PYel@],w— {{(n, h) | w i (IP],.C.1Q),) ) if[e], =C'

if [[61]]77 = ma and Hezﬂn = m2 where ma1 S mo

otherwise

if [e1], = m for some m € Z

otherwise

0 otherwise
[P®Ql,w = (171, ®i(Ql,)) w
[(ae)-P)(e)], 0 = ...
[ee)],w =

Figure 6. Interpretation of assertions.
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