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Abstract

We present a realizability model for a call-by-value, higher-order
programming language with parametric polymorphism, general first-
class references, and recursive types. The main novelty is a relational
interpretation of open types (as needed for parametricity reasoning)
that include general reference types. The interpretation uses a new
approach to modeling references.

The universe of semantic types consists of world-indexed families
of logical relations over a universal predomain. In order to model gen-
eral reference types, worlds are finite maps from locations to semantic
types: this introduces a circularity between semantic types and worlds
that precludes a direct definition of either. Our solution is to solve a re-
cursive equation in an appropriate category of metric spaces. In effect,
types are interpreted using a Kripke logical relation over a recursively
defined set of worlds.

We illustrate how the model can be used to prove simple equiva-
lences between different implementations of imperative abstract data

types.

1 Introduction

In this article we develop a semantic model of a call-by-value programming
language with impredicative and parametric polymorphism, general first-
class references, and recursive types. Motivations for conducting this study
include:

e Extending the approach to reasoning about abstract data types via re-
lational parametricity from pure languages to more realistic languages
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with effects, here general references. We discussed this point of view
extensively earlier [11].

e Investigating what semantic structures are needed in general models
for effects. Indeed, we see the present work as a pilot study for studying
general type theories and models of effects (e.g., [18, 24]), in which we
identify key ingredients needed for semantic modeling of general first-
class references.

e Paving the way for developing models of separation logic for ML-like
languages with reference types. Earlier such models of separation
logic [21] only treat so-called strong references, where the type on
the contents of a reference cell can vary: therefore proof rules cannot
take advantage of the strong invariants provided by ML-style reference

types.

We now give an overview of the conceptual development of the paper.
The development is centered around three recursively defined structures,
defined in three stages. In slogan form, there is one recursively defined
structure for each of the type constructors V, ref, and p alluded to in the
title.

First, since the language involves impredicative polymorphism, the se-
mantic model is based on a realizability interpretation [4] over a certain
recursively defined predomain V. Using this predomain we can give a deno-
tational semantics of an untyped version of the language. This part is mostly
standard, except for the fact that we model locations as pairs (I,n), with [ a
natural number corresponding to a standard location and n € NU {co} in-
dicating the “approximation stage” of the location [11]. These pairs, called
semantic locations, are needed for modeling reference types in stage three.
Intuitively, the problem with the more standard approach of modeling lo-
cations as natural numbers is that such “flat” locations contain no approx-
imation information that can be used to define relations by induction.

Second, to account for dynamic allocation of typed reference cells, we fol-
low earlier work on modeling simple integer references [8] and use a Kripke-
style possible worlds model. Here, however, the set of worlds needs to be
recursively defined since we treat general references. Semantically, a world
maps locations to semantic types, which, following the general realizability
idea, are certain world-indexed families of relations on V: this introduces a
circularity between semantic types and worlds that precludes a direct defi-
nition of either. Thus we need to solve recursive equations of approximately
the following form

w = No —fin T
T = W — CURel(V)



even in order to define the space in which types will be modeled. We formally
define the recursive equations in certain ultrametric spaces and show how
to solve them using known results from metric-space based semantics. The
employed metric on relations on V is well-known from work on interpreting
recursive types and impredicative polymorphism [1, 4, 5, 13, 19]; here we
extend its use to reference types (combined with these two other features).

Third, having now defined the space in which types should be modeled,
the actual semantics of types can be defined. For recursive types, that also
involves a recursive definition. Since the space 7 of semantic types is a
metric space we can employ Banach’s fixed point theorem to find a solution
as the fixed point of a contractive operator on 7.1 This involves interpreting
the various type constructors of the language as non-expansive operators.
For most type constructors doing so is straightforward, but for the reference-
type constructor it is not. That is the reason for introducing the semantic
locations mentioned above: using these, we can define a semantic reference-
type operator (and show that it is non-expansive).

Finally, having now defined semantics of types using a family of world-
indexed logical relations, we define the typed meaning of terms by proving
the fundamental theorem of logical relations wrt. the untyped semantics of
terms.

Limitations. In this article we do not consider operational semantics but
focus on presenting the model outlined above. We have earlier shown a
computational-adequacy result for a semantics similar to the untyped se-
mantics defined in stage one [11]: we expect that result to carry over to the
present setup.

The model we construct does not validate standard equivalences involv-
ing local state; indeed, it can only be used to equate computations that
allocate references essentially “in lockstep.” Furthermore, a certain tech-
nical requirement on the relations we consider (“uniformity”) seems to be
too restrictive. In recent work we have shown that both these problems
can be overcome: one can use the techniques presented here to construct a
more advanced (and more complicated) model that validates sophisticated
equivalences in the style of Ahmed et al. [3]. This work will be described
elsewhere. Here we rather aim to present the fundamental ideas behind
Kripke logical relations over recursively defined sets of worlds.

Overview of the rest of the article. The rest of the article is organized
as follows. In Section 2 we sketch the language we consider. In Section 3

!We remark that the fixed point could also be found using the technique of Pitts [23];
the proof techniques are very similar because of the particular way the requisite metrics are
defined. In this article we do in any case need the metric-space formulation, but not the
extra separation of positive and negative arguments in recursive definitions of relations,
and hence we define the meaning of recursive types via Banach’s fixed point theorem [4, 5].



we present the untyped semantics, corresponding to stage one in the outline
above. In Section 4 we present the typed semantics, corresponding to the
last two stages. In Section 5 we present a few examples of reasoning using
the model. Related work is discussed in Section 6.

2 Language

We consider a standard call-by-value language with universal types, iso-
recursive types, ML-style reference types, and a ground type of integers.
The language is sketched in Figure 1. Terms are not intrinsically typed; this
allows us to give a denotational semantics of untyped terms. The typing
rules are standard [22]. In the figure, = and I' range over contexts of type
variables and term variables, respectively. As we do not consider operational
semantics in this article, there is no need for location constants, and hence
no need for store typings.

3 Untyped semantics

We now give a denotational semantics for the untyped term language above.
As usual for models of untyped languages, the semantics is given by means of
a “universal” complete partial order (cpo) in which one can inject integers,
pairs, functions, etc. This universal cpo is obtained by solving a recursive
domain equation.

The only non-standard aspect of the semantics is the treatment of store
locations: locations are modeled as elements of the cpo Loc = Ny x @ where
is the “vertical natural numbers” cpo Loc = Ny X @ where w is the “vertical
natural numbers” cpo: 1 C2C ---C nC - C oo. (For notational reasons
it is convenient to call the least element 1 rather than 0.) The intuitive
idea is that locations can be approximated: the element (I,00) € Loc is
the “ideal” location numbered [, while the elements of the form (I,n) for
n < oo are its approximations. It is essential for the construction of the
typed semantics (in the next section) that these “approximate locations”
(I,n) are included.

3.1 Domain-theoretic preliminaries

We assume that the reader is familiar with basic denotational semantics,
as presented for example in Winskel [31], and with semantics in monadic
style [20]. Methods for solving recursive domain equations are used in a few
of the proofs, but not elsewhere in the article. Familiarity with methods for
proving the existence of invariant relations [23] should be useful, but is not
assumed.
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Figure 1: Programming language
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Let Cpo be the category of w-cpos and w-continuous functions. We
use the standard notation for products, sums, and function spaces in Cpo.
Injections into binary sums are written ¢1 and to. For any set M and any
cpo A, the cpo M —f, A has maps from finite subsets of M to A as
elements, and is ordered as follows: f T f’ if and only if f and f’ has the
same domain My and f(m) C f'(m) for all m € M.

A complete, pointed partial order (cppo) is a cpo containing a least
element. We use the notation 4; = {[a| | a € A} U {L} for the cppo
obtained by “lifting” a cpo A. The least fixed-point of a continuous function
f: D — D from a cppo D to itself is written fiz f. The cppo of strict,
continuous functions from a cpo A to a cppo D is written A — D.

We shall also need to work with partial, continuous functions; these
will be represented using the Kleisli category for the lifting monad (—).
Let pCpo be the Kleisli category for the lifting monad: objects are cpos,
while morphisms from A to B are continuous functions from A to B;. The
identity maps in pCpo are written id; they are given by lifting: id = \a.|a].
Composition in pCpo is written o:

_ fb, ifga=1b],
fog=Aa { 1, otherwise.

The semantics below is presented in monadic style [20], i.e., structured
using a monad that models the effects of the language. It is most convenient
to define this monad by means of a Kleisli triple: for every cpo S and every
cppo Ans, the continuation-and-state monad Ts 4ns : Cpo — Cpo over §
and Ans is given by

T ans A=(A— S — Ans) — S — Ans
naa=AkAs.kas
¢ xap f=MeAs.chaXs' . faks)s
where 4 : A — T ansA and x4 B : T ansA — (A — Ts ansB) — T's ansB.

In the following we omit the type subscripts on 7 and %. It is easy to verify
that (T's ans, 7, *) satisfies the three monad laws:

naxf=fa (1)
cxn=c (2)
(cxf)*xg=cx(Xa.faxg). (3)

(Continuations are included for a technical reason, namely to ensure chain-
completeness of the relations that will be used to model computations.)

3.2 Uniform cpos

The standard methods for solving recursive domain equations give solutions
that satisfy certain induction principles [23, 29]. One aspect of these induc-
tion principles is that, loosely speaking, one obtains as a solution not only



a cpo A, but also a family of “projection” functions w,, on A (one function
for each n € w) such that each element a of A is the limit of its projections
wo(a), wi(a), etc. These functions therefore provide a handle for proving
properties about A by induction on n.

Definition 3.1.

1. A uniform cpo (A, (wn)new) is a cpo A together with a family (@, )new
of continuous functions from A to A, satisfying

woCw E---Cw, E ... (4)

|_| wn = id s = \a.|a] (5)
new

Wm © Wp = Wy © Wm = Win(m,n) (6)

wo = Xe. L. (7)

2. A uniform cppo (D, (wwn)new) is a cppo D together with a family
(Wn)new of strict, continuous functions from D to itself, satisfying

woCw C- Cw, ... (8)

|_| w, = tdp 9)
new

Wm © Wn = Wn © Wm = Wmin(m,n) (10)

wy = Ae. L. (11)

Remark.

1. The projection functions w, will not be required to have finite range,
cf. Abadi and Plotkin [1]. With this requirement, a uniform cppo
would just be an SFP-domain together with a particular choice of
projection functions. In future work we plan to investigate practical
consequences of enforcing the finite-range requirement; this leads to
working with metric spaces that are compact (and not merely com-
plete) [1].

2. Uniform cppos are exactly the algebras for a certain monad on the
category of cppos and strict, continuous functions. The monad is given
by an obvious monoid structure on w: TyD = W ® D, nue = (00, €),
tu(m, (n,e)) = (min(m,n),e). Our locations are modeled using a free
algebra for this monad: Loc; 2w ® (Np) .

Uniform cppos are called rank-ordered cpos in earlier work by Baier and
Majster-Cederbaum [7]. Uniform cpos and uniform cppos are two instances
of a general construction on O-categories: see Birkedal et al. [9, Section 8§].



3.3 A universal uniform cpo

We are now ready to construct a uniform cpo (V, (7, )ney) such that V' is
a suitable “universal” cpo. The functions m, will be used in the definition
of the untyped semantics. Intuitively, if one for example looks up the ap-
proximate location (I, n+ 1) in a store s, one only obtains the approximate
element m,(s(l)) as a result.

The exact requirements on the functions m, are written down rather
verbosely in the proposition below. This is not only convenient for proofs of
properties about V: the functions m, are also used in the definition of the
untyped semantics. Intuitively, if one for example looks up the approximate
location (I, n 4+ 1) in a store s, one only obtains the approximate element
mn(s(l)) as a result.

Proposition 3.2. There exists a uniform cpo (V, (m,)new) satisfying the
following two properties:

1. The following isomorphism holds in Cpo:

V=2Z+Loc+1+(VxV)+(V+V)+V
+ TS,AnsV + (V - TS,AnsV) (12)

where
Ts ansV = (V— 8 — Ans) — S — Ans
S = No —fin Vv
Ans = (Z + Err) 1
and

Loc =Ng xw
Err=1.

2. Abbreviate TV = Tg 4psV and K =V — S — Ans. Define the
following injection functions corresponding to the summands on the
right-hand side of the isomorphism (12):

ing : L—V ng :V4+V -V
M : Loc —V in,: (V-TV)-V
mng:1—-V ing:V—V

my :VxV->V iy : TV =V

With that notation, the functions m, : V' — V| satisfy (and are deter-
mined by) the equations shown in Figure 2.



o = Av. (13)
Tn+1(inz(m)) = [in ( )] (14)
Tn+1(n1 (%)) = Lini(x)] (15)
Tnt1 (i Loc(l,00)) = |ingec(l,n 4+ 1) (16)
Tnt1 (1N Loc(I,m)) = |inpec(l, min(n 4+ 1,m))] (17)

Tnt1(inx (v1,v2)) { E_mx(vl,%” i)ftggrfl\);is:e 1] and m, vy = {03
(18)
s (in (1)) = { Linelue)) Hmv =100y ) )
M1 (iny ) = Liny(myq ¢)] (21)

T / : = |

Tnt1(in- f) = {mﬂ ()‘U { j_nﬂ S :)ft17::311"1\)7&71_seL : )J (22)

Here the functions 75 : S — S, and 7% : K — K and 7l : TV — TV are
defined as follows:

T = As. L = Ne. L e = Ae. L (23)

g [ S]] ifmos=A.[5()]

Te1(8) = { 1 otherwise (24)

kv's ifm,v=|v]and 7, s =|5]

K _ n n+1

M1 () = Av-As. { 1 otherwise (25)
T B c(nl k)s ifrm, s=¢

To41(¢) = Ak As. { 1 otherwise . (26)

Figure 2: Characterization of the projection functions m, : V. — V.



These two properties determine V' uniquely, up to isomorphism in Cpo.

Proof (sketch). One solves the predomain equation (12) as usual [29]; this
gives a uniform cpo (V, (wn)new) which is almost right, except that the
values of the w,, on locations are wrong:

TWn+1 (inLoc p) = 1N Loc P-

Now define the functions 7, (and 7! etc.) as in the proposition (by induction
on n). All the requirements in the definition of a uniform cpo except the
fact that U, m, = id are easy to show. To show that Ll,m, = id, one first
shows by induction on m that m, © w,, = w,, © 7, for all n, and that

(UnTn) O wm = o, -

The conclusion then follows from the fact that L,,w,, = id since (V, (o@)new)
is a uniform cpo. O

From here on, let V' and (7, )ne, be as in the proposition above. We
furthermore use the abbreviations, notation for injections, etc. introduced
in the proposition; in particular, TV = (V — S — Ans) — S — Ans. Ad-
ditionally, abbreviate A\; = inroc(l,00) and A} = inge(I,n). Let errora,s €
Ans be the “error answer” and let error € TV be the “error computation”:

errorans = |Lox*]
error = Ak.\s. errorsns -
We shall later need:
Proposition 3.3.
1. (S, (73)new) is a uniform cpo.
2. (K, (m5),e0) and (TV, (71),e.) are uniform cppos.

In order to model the three operations of the untyped language that
involve references, we define the three functions alloc, lookup, and assign in
Figure 3.

Lemma 3.4. The functions alloc, lookup, and assign are continuous.

Notice that it would not suffice to define, e.g., lookup(A\"1)(k)(s) = L
for [ € dom(s), and hence avoid mentioning the projection functions: lookup
would then not be continuous.

We are now ready to define the untyped semantics.

Definition 3.5. Let ¢ be a term and let X be a set of variables such that
FV(t) C X. The untyped semantics of t with respect to X is the continuous
function [t]y : VX — TV defined by induction on ¢ in Figure 4.
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alloc : V=TV, lookup :V — TV, assign:V —V —TV.

allocv = Ak Xs. k (Afree(s)) (8lfree(s) — v])
(where free(s) = min{n € Ny | n ¢ dom(s)})

ks(l)s ifv= X\ and ! € dom(s)

kv's if v = A", 1 € dom(s),
and 7, (s(1)) = |V']

L Ans if v =X 1 € dom(s),
and m,(s(l)) = L

errora,s otherwise

lookup v = Ak As.

k (inyx) (s[l — wva]) if v;1 = A and [ € dom(s)
k (in1%) (sl = vb]) if v1 = APt 1 € dom(s),

and 7, (ve) = |V}
assign vy vy = Ak As. (v2) = [v3)

L Ans if v = /\f'H, [ € dom(s),
and 7, (v2) = L
L erT0T Ans otherwise

Figure 3: Functions used for interpreting reference operations.

The semantics of a complete program, i.e., a term with no free term
variables or type variables, is defined by supplying an initial continuation
and the empty store:

Definition 3.6. Let ¢ be a term with no free term variables or type variables.
The program semantics of t is the element [t]” of Ans defined by

[t1° = [tlg O Kinit Sinat

where
o i
kit = v s, 4 Lamd i v = ina(m)
errorans oOtherwise

and where s;,;; € S is the empty store.

We emphasize that even though the above semantics is slightly non-
standard because of the use of the projection functions in lookup and as-
signment, we can still use it to reason about operational behaviour: as
mentioned in the introduction an earlier adequacy proof [11] should carry
over to the present setting.
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For every ¢t with FV(t) C X, define the continuous [t]y : VX — TV by
induction on t¢:

[z]x p = nlp(x))
[m]x p = n(inzm)
[tilx p if vo = inz 0
lifztotita] v p = [to] x p* Avo. 8 [t2] x p  if vo = ing m where m # 0
error  otherwise

n(ing(mi +ms))
if V1 = inZ mi
and vy = ing ms
error otherwise

[[tl :ttz]]Xp = [[tl]]Xp*)\Ul. [[tg]]Xp*)\’Ug.

[01x » = n(iny %)
[(t1, t2)]x p = [t1x p % Avr- [l o Ava. n(ins (v1, v2))

_ 17(1}1) ifv= inx(v177}2)
[fsttlx p = [t]x p * Av. { error otherwise

_ n(’UQ) ifv= inx (vh ’1)2)
[sndt]x p = [t]x px Av. { error otherwise

[void t] x p = [t] x p* Av. error
[inl €] o = [l 9% M- 0 (01 )
finrt]x p = [tlx p* Av.n(ing (2 v))

[t1]x 4, (plz1 — v]) if vo = iny(e1v)
[casety z1.t1 za-to] x p = [tol x p* Avo. ¢ [to]x ., (Plx2 = 0]) if vo = ing(e2v)
error otherwise

[Az.t] x p = n(in_.(Av. [t]x, (plz — v])))

_ gve fvy=in_g
[trte]x p = [ta]x px Avr- [ta] x px Ava. { error otherwise

ffix f-Aa-t] p = nin- (fie(hg" =Y . €. [l g, (f = in— g, @ = )
[foldt] x p = [t] x p* Av.n(in,v)

_ n(vo) if v = iny, vy
[unfold ]y p = [t] x p % Av. { error otherwise

[Ac.t] x p = n(iny ([t] x p))

_ c if v =1inyc
[tr]]x p=[t]x p*Av. { error otherwise

[reft] v p = [t] x p* Av. alloc v
['t] p = [t] x p* Av. lookup v
[t1 :=ta2] x p = [t1] x p* Avi. [t2] x p* Ava. assign vi va

Figure 4: Untyped semantics of terms.
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4 Typed semantics

In this section we present a “typed semantics”, i.e., an interpretation of types
and typed terms. As described in the introduction, types will be interpreted
as world-indexed families of binary relations on the universal cpo V. Since
worlds depend on semantic types, the space of semantic types is obtained
by solving a recursive metric-space equation, i.e., by finding a fixed-point of
a functor on metric spaces.

The rest of this section is structured as follows. Section 4.1 presents the
necessary material on metric spaces. In Section 4.2 we construct an appro-
priate space of semantic types. Then, in Section 4.3, we interpret each type
of the language as a semantic type. Based on that interpretation of types,
we introduce a notion of semantic relatedness of typed terms in Section 4.4.
We then show that all the term constructs of the language respect semantic
relatedness; as a corollary, we have a “fundamental lemma” stating that
every well-typed term is semantically related to itself. It follows that well-
typed terms do not denote “error”. More interestingly, well-typed terms of
polymorphic type satisfy a relational parametricity principle. In fact, all
well-typed terms satisfy a relational parametricity principle involving the
store: this principle results from Kripke-style quantification over all future
“semantic store typings”.

The reader is assumed to be familiar with basic properties of metric
spaces [28], although the relevant definitions are repeated below.

4.1 Ultrametric spaces

Let RT be the set of non-negative real numbers.

Definition 4.1. A metric space (X,d) is a set X together with a function
d: X x X — R satisfying the following three conditions:

(i) dlz,y) =0 <= z=y
(ii) d(z,y) = d(y, z)
(ili) d(z,z) <d(z,y)+ d(y, 2).

An wultrametric space is a metric space (X,d) that satisfies the stronger
ultrametric inequality instead of (iii):

(ii") d(, 2) < max(d(z, ), d(y, 2)).
A metric space (X, d) is 1-bounded if d(x,y) <1 for all x and y in X.

By a sequence in a metric space (X, d) we mean an w-indexed sequence
(zn)new of elements of X.

13



Definition 4.2.

1. A Cauchy sequence in a metric space (X,d) is a sequence (2 )new Of
elements of X such that for all € > 0, there exists an N € w such that
d(Tpm, ) < € for all m,n > N.

2. A limit of a sequence (xy,)ne, in a metric space (X, d) is an element
x of X such that for all ¢ > 0, there exists an N € w such that
d(xp,z) < eforalln > N.

3. A complete metric space is a metric space in which every Cauchy se-
quence has a limit.

In the following we shall consider complete, 1-bounded ultrametric spaces.
As a canonical example of such a metric space, consider the set N of infinite
sequences of natural numbers, with distance function d given by:

92— max{n€wVm<n. z(m)=y(m)} if © 7é Yy
st ={ its oy,

To avoid confusion, call the elements of N* strings instead of sequences.
Here the ultrametric inequality simply states that if x and y agree on the
first n “characters” and y and z also agree on the first n characters, then
x and z agree on the first n characters. A Cauchy sequence in N¥ is a
sequence of strings (zy)new in which the individual characters “stabilize”:
for all m, there exists N € w such that z,, (m) = xp,(m) for all ny,ne > N.
In other words, there is a number k such that z,(m) = k for almost all n,
i.e., all but finitely many n. The limit of the sequence (z,,)ne. is therefore
the string x defined by

x(m) =k where z,(m) = k for almost all n.

As illustrated by the above example, it might be helpful to think of
the function d of a complete, 1-bounded ultrametric space (X,d) not as a
measure of (euclidean) distance between elements, but rather as a measure
of the degree of similarity between elements.

Definition 4.3.

1. A function f : X7 — X5 from a metric space (X1, d;) to a metric space
(X2,da) is non-expansive if da(f(x), f(y)) < di(z,y) for all z and y
in Xl.

2. A function f : X; — X, from a metric space (X1, d;) to a metric space
(X2, d2) is contractive if there exists ¢ < 1 such that da(f(x), f(y)) <
c-dy(z,y) for all x and y in Xj.

14



Let CBUIt be the category with complete, 1-bounded ultrametric spaces
as objects and non-expansive functions as morphisms. This category is
cartesian closed [30]. Products are defined in the natural way: (Xi,d;) x
(Xg,dg) = (X1 X X2,dX1><X2) where

dx,xx, (71, 2), (y1,92)) = max(di (w1, 1), d2(22,y2)) -

The exponential (X1,d;) — (X2, d2) has the set of non-expansive maps from
(X1,d1) to (X2,d2) as the underlying set, and the “sup”-metric dx,_x, as
distance function:

dx,—x,(f,9) = sup{da(f(2), 9(z)) | # € X1}

For both products and exponentials, limits are pointwise.

Note that the category of (not necessarily ultra-) metric spaces and non-
expansive maps is not cartesian closed: the ultrametric inequality is required
in order for the evaluation maps (corresponding to the exponentials) to be
non-expansive [30].

If Xy is a subset of the underlying set X of a metric space (X, d), then
the restriction dy = d|x,xx, of d turns (Xo,dp) into a metric space. If Xy
is closed, then (Xj, dp) is complete:

Definition 4.4. Let (X, d) be a metric space. A subset Xy of X is closed
(with respect to d) if whenever (z;,)ne. is a sequence of elements of X with
limit x, the limit element x belongs to Xj.

Proposition 4.5. Let (X, d) be a complete, 1-bounded ultrametric space,
and let Xy be a closed subset of X. The restriction dy = d|x,xx, of d turns
(X0, dp) into a complete, 1-bounded ultrametric space.

4.1.1 Banach’s fixed-point theorem

We need the following classical result:

Theorem 4.6 (Banach’s fixed-point theorem). Let (X, d) be a non-empty,
complete metric space, and let f be a contractive function from (X,d) to
itself. There exists a unique fixed-point of f, i.e., a unique element x of X
such that f(z) = =.

For a given complete metric space, consider the function fix that maps
every contractive operator to its unique fixed-point. On complete ultramet-
ric spaces, fir is non-expansive in the following sense [4]:

Proposition 4.7. Let (X, d) be a non-empty, complete ultrametric space.
For all contractive functions f and g from (X,d) to itself, d(fix f, fir g) <

d(f,g)-
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Proof. Let ¢ < 1 be a non-negative number such that d(f(x), f(y)) <
¢-d(z,y) for all z and y in X. Now let z = fir f and y = firg. By
the ultrametric inequality,

d(z,y) = d(f(z),9(y))
< max(d(f(x), f(y)), d(f(y), 9(v))
< max(d(f(x), f(y)),d(f,9))
< max(c-d(z,y),d(f,q)) .

If max(c-d(x,y),d(f,g)) = c-d(x,y) we have d(z,y) < c¢-d(z,y), and hence
d(z,y) = 0 < d(f,g). Otherwise, max(c - d(z,y),d(f,g9)) = d(f,g), and
hence d(x,y) < d(f,g). O

4.1.2 Solving recursive metric-space equations

The inverse-limit method for solving recursive domain equations can be
adapted from Cpo to CBUIt [6, 25]. For a unified account, see Wagner [30];
here we sketch a less general variant which suffices for this article.

In CBUIt, one finds fixed points of locally contractive functors instead of
locally continuous functors.

Definition 4.8.
1. A functor F' : CBUIt®® x CBUIt — CBUIt is locally non-expansive if
d(F(f.9), F(f',g")) < max(d(f, f'),d(g,9"))

for all non-expansive functions f, f’, g, and ¢'.

2. A functor F' : CBUIt°? x CBUIt — CBUIt is locally contractive if there
exists ¢ < 1 such that

d(F(f,9), F(f'.g") < c-max(d(f, f'),d(g,9))
for all non-expansive functions f, f’, g, and ¢'.

One can obtain a locally contractive functor from a locally non-expansive
one by multiplying with a “shrinking” factor [6]:

Proposition 4.9. Let 0 < ¢ < 1.
1. Let (X,d) € CBUIt, and define ¢- (X, d) = (X, c-d) where c-d : X xX —
RT is given by (c- d)(x,y) = c¢-d(x,y). We have c¢- (X, d) € CBUIt.

2. Let F: CBUIt°? x CBUIt — CBUIt be a locally non-expansive functor.
The functor ¢ - F' given by

(¢ F)((X1,d1), (X2,d2)) = ¢ F((X1,d1), (X2,d2))
(c-F)(f,9) = F(f,9)

is locally contractive.
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The main theorem about existence and uniqueness of fixed points of lo-
cally contractive functors is actually most conveniently phrased in terms of
the category of non-empty, complete, 1-bounded ultrametric spaces. The
reason is the essential use of Banach’s fixed-point theorem in the proof.
Rather than considering this subcategory, we impose a technical requirement
on the given mixed-variance functor F' on CBUIt, namely that F(1,1) # 0
where 1 is the one-point metric space. It is not hard to see that this require-
ment holds if and only if F' restricts to the full subcategory of non-empty
metric spaces.

Theorem 4.10. Let F': CBUIt°? x CBUIt — CBUIt be a locally contractive
functor satisfying that F'(1,1) # (). There exists a unique (up to isomor-
phism) non-empty (X, d) € CBUIt such that F((X,d), (X,d)) = (X, d).

Proof (sketch). By a well-known adaptation of the inverse-limit method [6,
25, 30]. For a detailed proof of a more general theorem, see Birkedal et al. [9].
O

4.2 The space of semantic types

The space of semantic types is obtained by applying Theorem 4.10 above to
a functor that maps metric spaces to world-indexed binary relations on V.
First, some standard definitions:

Definition 4.11. For every cpo A, let Rel(A) be the set of binary relations
RC Ax Aon A

1. A relation R € Rel(A) is complete if for all chains (ay)ne,, and (a],)new
such that (an,a),) € R for all n, also (Uncwan,Unewal,) € R. Let

n

CRel(A) be the set of complete relations on A.

2. A relation R € Rel(D) on a cppo D is pointed if (L, 1) € R and
admissible if it is pointed and complete. Let ARel(D) be the set of
admissible relations on D.

3. For every cpo A and every relation R € Rel(A), define the relation
Ry € Rel(Ay) by Ri = {(L, L) }u{(la],|d]) | (a,ad') € R}.

4. For R € Rel(A) and S € Rel(B), let R — S be the set of con-
tinuous functions f from A to B satisfying that for all (a,d’) € R,

(fa,fa')e S.

On uniform cpos and uniform cppos, we furthermore define the set of
uniform binary relations [1, 4]. The key point is that a uniform and complete
relation on a uniform cppo (D, (wy)new) is completely determined by its
elements of the form (cw, e, wy, €').
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Definition 4.12.

1. Let (A, (@n)new) be a uniform cpo. A relation R € Rel(A) is uniform
with respect to (wp)new if wn, € R — R for all n. Let CURel(A, (wn)new)
be the set of binary relations on A that are uniform with respect to
(Wn)new and complete.

2. Let (D, (wpn)new) be a uniform cppo. A relation R € Rel(D) is
uniform with respect to (wn)new if w, € R — R for all n. Let
AURel(D, (wn)new) be the set of binary relations on D that are uni-
form with respect to (ty,)new and admissible.

Proposition 4.13. Let (D, (wy,)new) be a uniform cppo, and let R, S €
AURel(D, (wn)new)-

1. f w, € R — S, then @,y € R — S for all n/ < n.
2. If w, € R— S for all n, then R C S.

We now define a number of metric spaces that will be used in constructing
the universe of semantic types. After defining one of these metric spaces
(X,d), the “distance function” d will be fixed, so we usually omit it and
call X itself a metric space.

First, as in Amadio [4], we obtain:

Proposition 4.14. Let (D, (wy)new) be a uniform cppo. Then the set
AURel(D, (wn)new) is a complete, 1-bounded ultrametric space with the
distance function given by

2—max{ new | wn€R—S A wnes—}R} if R S
d(R’S)={O ifRiS.

Proof. First we show that the function d is well-defined: if R # S, then there
exists a greatest n in w such that w, € R — S and w, € S — R. Assume
that R # S. By (11) we always have wg € R — S and wy € S — R, so
there is at least one such n. Now assume that there are infinitely many such
n; then Proposition 4.13 implies that R C S and S C R, i.e., that R= 5, a
contradiction.

Proposition 4.13(1) implies the following property, which we shall need
below:

d(R,S) <2 " if and only if w,, €« R — S and w,, € S — R. (27)

It is easy to see that the function d defines a 1-bounded ultrametric. To
see that it is complete, let (R,)me, be a Cauchy sequence. Then for all n
there exists a number M,, such that d(R,,, R,) < 27" for all m,m' > M,
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For all m,m’ > M, (27) then implies that w, € R,, — R, . Therefore, for
alle,e € D,

(wne,wne) € Ry = ((wwn0wy) e, (wyowy)e) € Ry (by definition of d)
= (@wne,wn €/> € Ry, (by (10))

and the other way around by symmetry. This means that the set of related
elements of the form (w, e, @y, €’) is the same in the relations Ryy,, Rz, +1,
etc. Now define the relation R by

(e,e') € R < for all n, (w,e, wye') € Ry,

We first show that R is admissible and uniform, and then that R is the limit
of (Ry)mew- First, R is pointed by (11) and the fact that each R, is pointed.
R is complete since it is an intersection of inverse images of the continuous
functions w,, with respect to the complete relations Rz, . R is also uniform:
let (e,¢’) € R; then for all m and n, uniformity of Rz, and (10) imply
that (wy(com €), @wn(wm €')) = (wm(wn e), wm(wn €')) € Ra,, and hence
(wm e, wm€') € R.

It remains to show that R is the limit of (R,,)mew. It suffices to show:
for all n and all m > M,

wn, € R— R, and w, € R, — R.

First, let (e,e’) € R. Then (wye, wye') € Ry, by definition on R, and
hence (wy e, w,€') € Ry, since m > M,. Second, let (e,e¢’) € R,,. By
uniformity of R, also (w, e, w,€e') € Ry,. But then (w, e, @, €') belongs
to Ry, since m > M,,. It then follows easily from (10) and the definition of
R that (w, e, @, €') € R. O

Proposition 4.15. Let (X, d) be a complete, 1-bounded ultrametric space.
The set Ng —f, X of finite maps from natural numbers to elements of X is
a complete, 1-bounded ultrametric space with the distance function given by

(8, = { A0, 50 1€ dom(@)} T dom() = dom()

Proof (sketch). Standard. CBUIt has all products and sums. Then, the set
Np —4n, X can be viewed as a sum of products: ZLgﬁnNO XL and the dis-
tance function above reflects that fact. In general, two elements of different
summands are given the maximal possible distance 1. O

Definition 4.16. For every (X,d) € CBUIt, define an “extension” order-
ing < on Ny —g, X by

A < A" < dom(A) C dom(A") AVl € dom(A). A(l) = A'(l).
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Proposition 4.17. Let (X,d) € CBUIt, let (D, (wn)new) be a uniform
cppo, and let
(NO —fin X) —mon AUREZ(D, (wn)new)

be the set of functions v from Ng —z, X to AURel(D, (wp)new) that are
both non-expansive and monotone in the sense that A < A’ implies v(A) C
v(A’). This set is a complete, 1-bounded ultrametric space with the “sup”-
metric, given by

d'(v,V) = sup {d(v(A),V (A)) | A € Ng =54, X}.

Proof. The set (Ng —fn X) —mon AURel(D, (wp)new) is a subset of the
underlying set of the exponential (Ng —z, X) — AURel(D, (wy)new) in
CBUIt, namely the subset of monotone as well as non-expansive functions,
and the distance function d defined above is the same as for the larger set.
By Proposition 4.5 it therefore suffices to show that the set of monotone and
non-expansive functions is a closed subset of the (complete) metric space of
all non-expansive functions.

Let (Vm)mew be a sequence of monotone and non-expansive functions
from (Ng =5, X) to AURel(D, (@, )new) with limit v (for some function v
which is non-expansive). We must show that v is monotone. To that end,
let A and A’ be elements of Ny —f, X such that A < A’; we must show
that v(A) C v(A’). By Proposition 4.13(2) it suffices to show that w, €
v(A) — v(A') for all n. So let n be given. Since (Vp,)mew has limit v,
there exists an m such that d(v,v,) < 27". By definition of the metric
on exponentials, this implies that d(v(A), v, (A)) < 27", and hence that
wy € V(A) — vy (A) by Proposition 4.13(1). But vy, is assumed to be
monotone, so vy, (A) C v, (A’) and therefore @, € v(A) — vy, (A’). Since
also d(v(A"), v (A")) < 27" we have w, € vy, (A") — v(A'), and conclude
by (10) that w, € v(A) — v(A"). O

Propositions 4.14 and 4.17 and a little extra work give analogous results
for uniform cpos:

Proposition 4.18. Let (A, (wy)new) be a uniform cpo. Below, abbreviate
CURel(A) = CURel(A, (wn)new)-

1. The set CURel(A) is a complete, 1-bounded ultrametric space with
the distance function given by

9 —max{new | wn€ER—SL N wn€S—RL} if R+£S
d(R’S):{o ifRiS.

2. Let (X,d) € CBUIt, and let (Ng —fn, X) —mon CURel(A) be the
set of functions v from Ny —4, X to CURel(A) that are both non-
expansive and monotone in the sense that A < A’ implies v(A) C
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v(A’). This set is a complete, 1-bounded ultrametric space with the
“sup”-metric, given by

d'(v,V") = sup {d(v(A),V (A)) | A € Ng =5, D}.
Proof.

1: It is easy to see that the family of strict extensions wh A 1L — Ay of
the projection functions w, : A — A turns (A, (wL)new) into a uniform
cppo. Abbreviate AURel(A)) = AURel(AJ_,(w);)nEW). By definition of

uniform relations,
R € CURel(A) if and only if R, € AURel(A)) (28)

for all R in Rel(A). Furthermore, Proposition 4.14 gives a metric on the set
AURel(A]), and it is easy to see that the distance function on CURel(A)
defined in Part 1 above is induced by the lifting operator, i.e., d(R,S) =
d(R,,S1). Since the lifting operator is injective, this induced distance func-
tion turns CURel(A) into a 1-bounded ultrametric space.

However, not every S in AURel(A,) has the form R, for some R in
CURel(A): unless A is empty, some relations in AURel(A ) relate L to ele-
ments different from L. In other words, the lifting operator from CURel(A)
to AURel(A]) is not surjective. Therefore, completeness of AURel(A])
does not immediately imply completeness of CURel(A). What we need to
show is that the subset of AURel(A)) consisting of strict relations, i.e.,
relations S for which (a, 1) € S or (L,a) € S implies a = L, is a closed
subset of AURel(A, ). Proposition 4.5 then implies that the subset of strict
relations is a complete metric space, and (28) implies that it is isomorphic
to CURel(A), which is therefore also complete.

More generally, let (D, (@], )new) be a uniform cppo, and abbreviate
AURel(D) = AURel(D, (w],)new); we show that the subset SAURel(D) C
AURel(D) of strict relations is closed. So let (R, )mew be a sequence of strict
relations (elements of SAURel(D)) with limit R for some R € AURel(D).
We must show that R is strict. So let (L,e) € R: we show that e = L.
(The case where (e, L) € R is completely symmetric.) By (9) it suffices
to show that @/, e = L for all n. Given n, choose m large enough that
d(R,R,;,) < 27™. Then w) € R — R, by Proposition 4.13(1), and there-
fore (L, @), e) = (w), L, @) €) € Ry,. But this implies that w), e = L since
R,, is strict. In conclusion, R is strict.

2: In the proof of Part 1 we showed that CURel(A) is isomorphic to the
complete, 1-bounded metric space SAURel(A) of strict, uniform, and ad-
missible relations on A . The isomorphism is the lifting operator on rela-
tions, and this operator clearly preserves and reflects set-theoretic inclusion,

21



i.e., RC S if and only if R} C S, . It therefore suffices to show that the set
(No —fin X) —mon SAURel(A] ) of non-expansive and monotone functions
from Ng —4, X to SAURel(A| ) is a complete metric space with the “sup”
metric on functions:

d'(v,V") = sup {d(v(A),V'(A)) | A € Ng =5, D}.

By Proposition 4.5 it is enough to show that (Ng —fn, X) —mon SAURel(A])
is a closed subset of (Ng — g, X) —mon AURel(A ). But this follows imme-
diately from the fact that SAURel(A] ) is a closed subset of CURel(A] ), as
shown in Part 1, since limits with respect to the “sup” metric on functions
are pointwise. O

In the rest of this section we do not need the extra generality of uniform
cpos: recall that V is the cpo obtained from Proposition 3.2 and abbreviate
CURel(V') = CURel(V, (Tn)new)-

Proposition 4.19. The operation mapping each (X,d) € CBUIt to the
monotone function space (Ng —fn, X) —mon CURel(V) (as given by the

previous proposition) can be extended to a locally non-expansive functor
F : CBUIt®® — CBUIt in the natural way:

F(X, d) = (NO —fin X) —mon CUR@Z<V)
F(f) =M . AA.v(foA)

Proof. Let (X1,d;) and (X2, d2) be complete, 1-bounded ultrametric spaces.
For every non-expansive function f from X5 to X, the F(f) given above is
clearly a well-defined function from (Ng —g, X1) —mon CURel(V) to the
set of functions from (Ng —z, X2) to CURel(V). It is also easy to see that
F(f)(v) is monotone for every v in F(Xi,dp): let A, A" € (Ng —fn X2)
such that A < A’; then f o A < f o A’ by definition of <, and therefore

F(f)w)(A)=v(foA) Cv(fold')=F(f)r)(A)

since v is monotone.

We now show the following property: for all non-expansive functions f
and f’ from X5 to X1, all v and v/ in (Ng —fin, X1) —mon CURel(V), and
all A and A’ in (Ng =5, X2),

d(F(£)()(A), F(f)()(A") < max(d(f, f),d(v,v), d(A, AT)). - (29)

By definition, F(f)(v)(A) = v(f o A) and F(f)(V')(A") =/ (f o A’). By
the ultrametric inequality,

d(f oA, f o A') < max(d(fo A, f o A)d(f o A, f' o A"))
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But d(foA, f'oA) < d(f, f') by definition of the metric on (Ng — 4, X2) and
d(f'o A, f'oA") < d(A,A’) by the fact that f is non-expansive. Therefore,

d(fo A, f o) <max(d(f, f'),d(A,A)).
Then, by the ultrametric inequality and the fact that ¢/ is non-expansive,
d(v(f o D),V (f o A")) < max(d(v(f o A),v/(f o A)),d(V(f o A),V/(f o A")))

< max(d(v,),d(fo A, f o A))
< max(d(v, ), d(f, f),d(A,A")),
which shows (29).

Now, for all f and v, taking f' = f and v/ = v in (29) shows that
F(f)(v) is non-expansive. Similarly, taking f’ = f and A’ = A in (29)
shows that F'(f) is non-expansive. All in all, we have now shown that F'(f)
is a morphism from F(Xi,d;) to F(X2,d2) when f is a morphism from
(XQ, dQ) to (Xl, dl).

The functor laws are then easily verified:

F(idx) = A AA.v(idx o A) = A AA.v(A) = idp(x,q) -

(F(g) o F(F)(W) = (W AD.v(g o A)) o (v A (] o A))(»)
=AA. (MA v(foA))(goA))
=AM.v(fogoA)

_ F(fog)(A).

It remains to show that F' is locally non-expansive, i.e., that
d(F(f), F(f') < a(f. f)

for all parallel morphisms (non-expansive functions) f and f’. But that
follows from (29) by taking v/ = v and A’ = A'. O

Proposition 4.19, Proposition 4.9 (with ¢ = 1/2), and Theorem 4.10 now
immediately imply:

Theorem 4.20. There exists a complete, 1-bounded ultrametric space T
such that the isomorphism

T 2 L(No —pin T) —mon CUReL(V)) (30)
holds in CBUIt.

Remark 4.21. Since in general the underlying sets of 1/2- (X, d) and (X, d)
are the same, the theorem above gives a continuous, but not distance-
preserving, bijection

T = (No —fin T) —mon CUREl(V)).
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We implicitly use that bijection below. Notice that the function space
(No —fin T) —mon CURel(V) consists of non-expansive functions, so one
cannot simply forget about the metric, i.e., generalize to the category of sets
and functions and view 7 as a solution to an equation like (30) but without
the “1/2”. Likewise, one cannot view T as a solution to such an equation
in the category of metric spaces and continuous functions.

4.3 Interpretation of types

Let in the following T be a complete, 1-bounded ultrametric space satis-
fying (30), and let App : T — H(No —fin T) —mon CURel(V)) be an
isomorphism with inverse Lam : %((No —fin ’ZA') —mon CURel(V)) — T.
For convenience, we use the following abbreviations (where the names W
and 7 are intended to indicate “worlds” and “types”, respectively):

W = No —fin 'j\'
T =W —pmon CURel(V).

With that notation, (30) expresses that 7 is isomorphic to 37

We choose 7 as our space of semantic types: types of the language
will be interpreted as elements of 7, i.e., as certain world-indexed families
of relations on V. We additionally define families of relations on “states”
(elements of ), “continuations” (elements of K = V — S — Ans), and
“computations” (elements of T'V).

Definition 4.22. Abbreviate

AURel(TV) = AURel(TV, (1) new),
AURel(K) = AURel(K, (75),ec,), and
CURel(S) = CURel(S, (75 ) new) -

Let

Tr =W —mon AUREl(TV)
Tic =W —mon AURel(K)

be the complete, uniform 1-bounded ultrametric spaces given by Proposi-
tion 4.17. Furthermore, let

Ts =W — CURel(S)

be the complete, uniform 1-bounded ultrametric space obtained from Propo-
sitions 4.15 and 4.18 and the exponential in CBUIt. (The elements of 7g are
non-expansive but not necessarily monotone functions.)
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In all the ultrametric spaces we consider here, all non-zero distances
have the form 2™ for some m. For such ultrametric spaces, there is a
useful notion of n-approximated equality of elements:

Definition 4.23. For every complete, 1-bounded ultrametric space (D, d),
every natural number n > 0, and all elements z,y € D, the notation = =, y
means that d(z,y) < 27". When the distance function d is clear from the
context, we shall just write z = y for = =4 y.

(In general, such approximated equality relations can of course also be
defined for numbers not of the form 27".) The ultrametric inequality implies
that each relation =, is transitive, and therefore an equivalence relation:

Proposition 4.24. If z =, y and y =, z, then = =, z.

The fact that the evaluation map corresponding to a given exponential
is non-expansive can now be expressed as a congruence property for approx-
imated equality: for non-expansive maps f, f' : (D1,d1) — (D2,d2) and
elements x, 2’ € Dy,

fEf Ana=d = f(z)=f(). (31)

That property will be used frequently below.

To interpret types of the language as elements of 7, it remains to define
a number of operators on 7 (and 77 and 7k ) that will be used to interpret
the various type constructors of the language; these operators are shown in
the lower part of Figure 5. Notice that the operator ref is defined in terms
of n-approximated equality = on CURel(V), as defined above.

In order to interpret the fragment of the language without recursive
types, it suffices to verify that these operators are well-defined (e.g., ref
actually maps elements of 7 into 7.) In order to interpret recursive types,
however, we furthermore need to verify that the operators are non-expansive.

The proofs below depend on a number of lemmas that give more concrete
descriptions of the metric spaces involved; these lemmas can be found in
Appendix A. In particular, the factor 1/2 in (30) implies that worlds that
are “(n + 1)-equal” only contain “n-equal” semantic types.

Lemma 4.25. The function states from W to Rel(S) defined in the lower
part of Figure 5 is an element of 7g.

Proof. First, for every A € W, the relation states(A) is complete: this
follows from the fact that App (A(l)) (A) is complete for all [ € dom(A).
We now show that

AZ=N = 79 ¢ states(A) — states(A') |

for all A, A’ € W. From this implication, uniformity follows by taking A’ =
A and using Lemma A.2(1), and non-expansiveness of states follows from
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For every = I 7, define the non-expansive [7]z : 7= — 7 by induction on 7:

[e]= ¢ = ¢(e)
lintlzo = AA { (ing k,ing k) | k€ Z}
[z ¢ = AA. { (ing *,inq %) }
[ xmlze =[nlz¢ x [rlz¢
[0]= ¢ = AA.0
[+ 7lze=Inlz¢ +[nlzv¢
[ref ]z o = ref ([7]= )
Va.r]=z ¢ = AA.{ (inyc,iny ') | Vv € T. (¢,d) € comp([7]z , pla— v])(A) }
[pot]z ¢ = fix ()\1/. M A (ingy v, in, ') | (v,0') € [7]zq pla— v (A) })
(see Theorem 4.29)
[11 = 7z ¢ = ([nlz @) — (comp([r2]= ¢))

The following operators and elements are used above:

X:TxT—T comp : T — Ip
+: T xT—=T cont : T — Tk
ref : T —T states € Tg
— T xTr—T Rpns € CRel(Ans)
(11 % 1) (A) = { (i (01, v2), i (1], 00) | (01, 0]) € 11(A) A (v2,0)) € 1(A) }
(1 +12)(A) = { (in(c101), ing (1 v7)) | (v1,07) € 1(A) tU
{ (ing(e2v2), iny (12 03)) | (v2,v5) € v2(A) }
ref(V)(A) = { (A, \i) | 1 € dom(A) A VAL > AL App (A1) (A1) = v(Aq) F U
{OTLNTY [ 1€ dom(A) AVAL > AL App (A(D) (A1) 2 (A1) }
(v —&(A) = {(in— foin_ ') | VAL > AV(v,0") € v(A1) (fo, f0') € (A1) }
cont(v)(A) = { (k, k') | VAL > A.V(v,0") € v(Ay).

V(s,s') € states(Aq). (kvs, k' v's") € Rans }

comp(V)(A) = {(c,c) | VAL > A.V(k, k') € cont(v)(Ay).
V(s,s") € states(Aq). (cks,d k's') € Rans }

states(A) = { (s, s") | dom(s) = dom(s’) = dom(A)
A VI e dom(A). (s(1),s' (1)) € App (A(1)) (A) }

Rans = { (L, L) }U{([am], [am]) [m e Z}
Figure 5: Interpretation of types.
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Lemma A.2(1) and symmetry. So, let A = A’ and let (s, s") € states(A); we
must show that either 73 (s) = 75 (s') = L, or 73 (s) = [so] and 72 (s') =
|so] where (so,s() € states(A’). If n = 0 we are done by (23); assume
therefore that n > 0. Then dom(A) = dom(A’) by the definition of the

metric on W, and furthermore, for every | € dom(A),

App (A(D) (A) = App (A(D)) (A) (App (A(1)) non-expansive)
=1 App (A'(1)) (A). (Lemma A.1)

By transitivity (Proposition 4.24),

App (A1) (&) "= App (A1) (&),
and therefore Lemma A.2(1) gives that
-1 € App (A(1)) (A) — (App (A'(D)) (A")) -

Since the above holds for every | € dom(A), Equation (24) gives that either

73(s) = w5 (s') = L, and we are done, or 75 (s) = |so| and 73 (s') = | s} for

some sg and s;, such that (so(1), s4(1)) € App (A'(1)) (A') for all I € dom(A).
But the latter means exactly that (so, s() € states(A’). O

Lemma 4.26. Let A, A/, and A; be elements of W such that A = A’ and
A < Aj. There exists a A} such that Ay L Al and A" < Al

Proof. If n = 0 we can take A} = A’; in fact, any extension of A’ would
do. If n > 0 we have dom(A) = dom(A’) by definition of the metric on W.
Now define A} € W with dom(A]) = dom(A;) by

v A1) ifl € dom(A)
Ay(l) = { Aq(l) ifl € dom(Aq) \ dom(A).

Clearly A" < A] since dom(A) = dom(A’). Also, by definition of the
metric on W (as a maximum of the distances for each “I”), d(A;,A}) =
d(AA") < 27, O

Lemma 4.27. The operators x, +, ref, —, cont, and comp defined in the
lower part of Figure 5 are non-expansive.

Proof. We show that each operator maps into the appropriate codomain and
that it is non-expansive.

X:TxT—T:

It is easy to see that (11 x 9)(A) is complete for all A € W. To see
that 11 X v belongs to 7, it therefore suffices to verify the two condi-
tions of Lemma A.2(3). Condition (a), monotonicity, is immediate. As for
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Condition (b), we show a more general fact which furthermore implies non-
expansiveness of x: for all vy, v, V/f, and v4 in 7 and all A and A’ in
I\IO —fin 77

= AN vl AN AZA = 1, € (1 x)(A) — (V] x h)(A)] .

Condition (b) then follows by taking 11 = v and v = v4. Non-expansiveness
of x follows by taking A = A’ and using parts 1 and 2 of Lemma A.2 (and
symmetry).

So, assume that vy = v/} and vy = v, and A = A’ and let

(inx (v1,v2), inx (v],v5)) € (11 X 12)(A).

We must show that either (1) m,(iny(vi,v2)) = m,(ing(v],vh)) = L or
(2) m(iny(v1,v2)) = |w]| and 7, (ink (v],v5)) = |w'] for some w and w’
such that (w,w’) € (v] x v4)(A"). If n = 0 we are done by Equation (4);
assume therefore that n > 0. By definition of (v; x v2)(A) we know that
(v1,v]) € 11(A) and (ve,v)) € va(A). Since 11 and e are non-expansive
functions, (31) gives that

n(A) "= V(A) and  ma(A) "= (A

Therefore m,—1 € v1(A) — V{(A"), and m—1 € n(A) — V4H(A"), by
Lemma A.2(1). By definition of v;(A) — v/(A’), (for i = 1,2) there are
now two cases:

1. 7Tn_1(1)1) = 71'”_1(1)3) =1 or 7Tn_1(1)2) = ’/Tn_l(vé) =1.

(A) and (we, wh) € V4(A’) where m,—1(v1) =
| and m,—1(ve) = |we] and m,_1 (vh) = |wh].

—_

2. There exist (w1, w]) € v
|wi ] and 7,1 (V) = |w

—_

In case (1), (18) gives that m,(inx(v1,v2)) = m,(inx (v, v5)) = L and we
are done. In case (2), (18) gives that m,(inx (v1,v2)) = [inx(wi,ws2)| and
Tn (inx (U], v4)) = [ink (w],w))|. By definition of (1] x /4)(A’) we have that
(inx (w1, wa), inx (Wi, wh)) € (v] x V4)(A") and we are done.

ref : T —T:

First, ref (v)(A) is complete for all A: this follows from the general fact that
if RZ< S for all n € w, then d(R, S) =0 and hence R = S. It is also easy to
see that ref(v) is monotone. Similarly to the previous case, we then show
that ref (v) belongs to 7 and that ref is non-expansive by showing that

vV ANAZEN = 1, €ref(v)(A) — ref(V)(A) L

~

for all v and v/ in 7 and all A and A’ in Ny —p, 7.
So, assume that v £ v/ and A = A, and let (\/*, \I") € ref (v)(A). (The
case where (A, \;) € ref(v)(A) is completely similar, but slightly easier.) If
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n = 0 We are done by Equation (4). If n > 0, (17) gives that m,(\") =

min(n,m) min(n,m) \min(n,m)
A Al A

|, and it therefore remains to show that ( Py ) €
ref (V')(A'). To that end, let | € dom(A’) and A} > A' we must show that
App (A'(1)) (A)) mm(n:’m)_1 V'(AY). Lemma 4.26 gives a Ay > A such that
Ay £ Al Then:

App (A1) (A}) 2 App (') (A1) (App (A'(1)) non-expansive)
=" App (AD) (A1) (Lemma A.1)

"= u(A) (since (A", N*) € ref (V) (A))

N (Lemma A.2(2))

= J/(A). (v non-expansive)

mm(n m)—1

Hence by transitivity App (A'(1)) (A}) V(AY).

+:TxT —>1T:

It is easy to see that (11 +12)(A) is complete for all A € W, and that vy + 14
is monotone. It then suffices to show that

M= AN b AN AZA = 1, € (1 +)(A) — (V) + ) (AL

for all v, vo, 1], and 5 in 7 and all A and A" in Ny —g, T.
So, assume that v; = 1/} and vy = 4 and A = A/, and let

(iny (11 v),iny (110") € (11 + 12)(A) .

(The case with ¢y instead of ¢; is completely symmetric.) If n = 0 we
are done by Equation (4); assume therefore that n > 0. By definition of
(v1+v2)(A) we have (v,v') € v1(A). Then, since v; = v/ and A = A/ implies
vi(A) £ Vj(A"), there are two cases: either m,_1(v) = m,_1(v') = L, and
we are done, or m,—1(v) = |w] and m,—1(v") = [w'| where (w,w’) € V](A).
But then (19) gives that m,(in4(11v)) = |ing(vw)] and 7rn(m+(L1v ) =
Lins (1)) with (in (), iny () € (7 + 1) (A).

cont : T — Tk:
First, cont(v)(A) is admissible for each A € W since Raps is admissible.
Also, cont(v) is monotone. By Lemma A.3(3), it then suffices to show that

vEV ANAZAN = 7K ¢ cont(v)(A) — cont(V)(A)
for all v and ¢/ in 7 and all A and A’ in W. So, assume that v = v/ and

A Z A" and let (k, k') € cont(v)(A); we must show that (7X(k), 7K (k")) €
cont(V')(A"). If n = 0 this follows from (23) and the fact that cont(v')(A’)
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is pointed. Otherwise, let A} > A’ and (v,v") € V/(A)]) and (s,5') €
states(A]). We must show that (75 (k)vs, 7X(K')v's') € Raps. First,
Lemma 4.26 gives a A; > A such that A; = Al. By (31), v(Ay) L
V'(AY). Furthermore, the fact that states belongs to 7g, shown above, im-
plies that states(A1) = states(A}). Therefore, by (25), either 7 (k)vs =
7l (k") v s’ = 1, and we are done, or 75 (k)vs = kwsg and 75 (k') v' s =
K w's) where m,(v) = |w| and m,(v') = |w'| and 75 (s) = |so] and
73(s") = |sp] with (w,w’) € v(A1) and (s, s)) € states(A;). In the latter

(
case, (kw so, k' w' s)) € Raps since (k, k') € cont(v)(A) and A < Ay.

comp : T — Tp:

Completely similar to cont. First, comp(v)(A) is admissible for each A € W
since R 4ps is admissible. Also, comp(v) is monotone. By Lemma A.3(3), it
then suffices to show that

vE2J/ A AZEAN — 7777; € comp(v)(A) — Comp(yl)(A,)

for all ¥ and ¢/ in 7 and all A and A’ in W. So, assume that v = v/ and
A = A’ and let (¢,c) € comp(v)(A); we must show that (71(c), 7L (c')) €
comp(V')(A"). If n = 0 this follows from (23) and the fact that comp(v')(A’)
is pointed. Otherwise, let A} > A" and (k, k") € cont(v')(A)) and (s,s') €
states(A}). We must show that (71 (¢) ks, 71 (') k' s') € Rns. Lemma 4.26

gives a A1 > A such that A; = A. Since cont is non-expansive,
cont(v)(A1) £ cont(V') (A1) = cont(V)(A]).

Furthermore, the fact that states belongs to Tg implies that states(A;) =
states(A}). Therefore, by (26), either 7l (c) ks = 7L () k' s’ = L, and we
are done, or 7l (c) ks = c(rX(k)) so and 71 () k's' = ¢ (7K (K')) sf, where
73(s) = |so] and 7 (s') = |sp] with (7K (k), 7K (k")) € cont(v)(A1) and
(s0,5)) € states(A1). In the latter case, (¢ (X (k)) so, ¢ (7K (k")) sp) € Rans

since (¢, ) € comp(v)(A) and A < Ay.

—: T X TT — T

It is easy to see that (v — &)(A) is admissible for all A € W since & maps
worlds to admissible relations. Also, v — £ is obviously monotone. By
Lemma A.3(3), it then suffices to show that

VEV N ERE A ALN = me (v )(A) - (V) — €A
for all v and v/ in 7, all £ and & in 77, and all A and A’ in W. So, assume

that v = v/ and € = ¢ and A £ A’, and let (in_ f,in_f") € (v — &)(A).
If n = 0 we are done by Equation (4); assume therefore that n > 0. Define
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the two functions

' (fw) if v =|w|
g=Av. { 1 otherwise
T ! ! : ! /
b ad o (ffw') i mpog v = [W]
g = { 1 otherwise

By (22), it suffices to show that (in_(g),in—(g")) € (v — &)(A’). To that
end, let A} > A’ and let (v,v") € V/(A]); we must show that (g(v), ¢’ (v')) €
¢'(A}). Lemma 4.26 gives a A; > A such that A; = A). Then v(A) =
V'(AY), and there are therefore two cases: either m,_1v = m,—1v" = L,
and we are done, or m,—1v = |w| and 7,1 v = |[w'| for some w,w’ such
that (w,w’) € v(A7). In the latter case (f w, f'w’) € £&(Aq) since (f, f) €
(v — &)(A) and Ay > A. Then by (31), £(A1) £ ¢/(A)}), and therefore
(7T (fw), 7L (' w')) € ¢(A]). But this means exactly that (g(v), g’ (v')) €
£(a)). s

It is here, in order to show that ref is well-defined (and non-expansive),
that we need the approximate locations A}'. Suppose for the sake of argument
that locations were modeled simply using a flat cpo of natural numbers, i.e.,
suppose that Loc = Ny and that m1(ingecl) = [inge.l] for all I € Ny. The
definition of ref would then have the form ref (v)(A) = {(inrocl, inrocl) | 1 €
dom(A) A ... }. The function ref (v) from worlds to relations must be non-
expansive. But assume then that A =; A’; then ref (v)(A) =1 ref (v)(A') by
non-expansiveness, and hence ref (v)(A) = ref (v)(A’) since 7 is the (lifted)
identity on locations. In other words, ref (v) would only depend on the “first
approximation” of its argument world A: this can never be right, no matter
what the particular definition of ref is.? This observation generalizes to
variants where 7, (inpee 1) = |inLec []) for some arbitrary finite n.

For any finite set = of type variables, the set 7= of functions from =
to 7 is a metric space with the product metric:

d(¢,¢') = max{ d(p(a), ¢'() | a € T}
We are now ready to formulate the interpretation of types:

Definition 4.28. Let 7 be a type and let = be a type environment such
that = F 7. The relational interpretation of T with respect to = is the non-
expansive function [7]z : 7= — T defined by induction on 7 in Figure 5.
The interpretation of recursive types is by appeal to Banach’s fixed-point
theorem (see Theorem 4.29).

*In particular, the obvious definition of ref as ref(v)(A) = {(nrocl, inLocl) | I €
dom(A) AVAL > A. App (A(1)) (A1) = v(A1)} would not be well-defined, since it would
not be non-expansive in A.
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In more detail, well-definedness of [7]z must be argued together with
non-expansiveness, by induction on 7 (see below). This is similar to the
more familiar situation with the untyped semantics of terms presented in
Section 3: there, well-definedness must be argued together with continuity
because of the use of Kleene’s fixed-point theorem in the interpretation of
fix f. x.t.

Theorem 4.29. Let 7 be a type such that =+ 7.
1. The function [r]z : 75 — 7 defined in Figure 5 is non-expansive.

2. If 2 = =/, o then for all ¢/ € 75 we have that Av. AA. { (in, v, in, v') |
(v,0") € [T]z o ¢'la— V] A} is a contractive function from 7 to 7.
In particular, [ua.7] is well-defined.

Proof. First, generalize Part 2 above:

2. Ap AA A{ (iny v, in,v") | (v,0') € [Tz p A} is a contractive function
from 7= to 7.

By the definition of the product metric, 2’ implies 2.
We now show 1 and 2’ by simultaneous induction on n.

1: If 7isint, 1, or 0, then [7]z is a constant function and hence trivially
non-expansive. If 7 is a type variable «, then non-expansiveness of [7]=
follows directly from the definition of the product metric. In the cases where
Tis T X To, T1 + T9, Tef T/, or 7| — Ty, non-expansiveness follows directly
from Lemma 4.27 and the induction hypothesis.

It remains to consider the cases where 7 is pa.7’ or Va.7’. First, assume
that 7 is pa.7’ for some 7/ such that Z,a F 7. We know from 2’ and
the induction hypothesis that [ua.7']z is a (well-defined) function from 7=
to 7. To show that [ua.7']z is non-expansive, let ¢ £ ¢': we must show
that [ua.m’]z ¢ = [ua.m’]z¢'. By Proposition 4.7 it suffices to show that
the two contractive functions g,¢’ : 7 — 7 defined by

g =M. AAA (iny v, in, o' [[T]]_ [a— V] A}
g =M. A (iny v, in, v ) € [[7'/]]_ la—v]A}

satisfy that g = ¢/. So let v € T be given; we must show that gv = ¢’ v.
But this follows from 2’ and the induction hypothesis. Therefore, [uo.7']=
is non-expansive.

Now assume that 7 is Va.7' for some 7' such that =, + 7/. First,
[Va.7']= ¢ A is complete for all A € W since arbitrary intersections of com-
plete relations are complete. It is also easy to see that [Vo.7']z ¢ is monotone
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since comp([7']= , ¢l — v]) is monotone for all v € 7. By Lemma A.2(3),
it then suffices to show that

QDQQO/ N AZA = 7, € [[VCY~T/]]E<,0A—>([[VO&.T/]]EQO/A/)l

for all ¢ and ¢’ in 7= and all A and A’ in W. So, let (inyec,inyc) €
VarlzeA. If n = 0 we are done by Equation (4); assume therefore
that n > 0. By (21) it then suffices to show that (iny(7’ c), iny(7l ¢)) €
[Va.rz¢' A’ To this end, let A} > A’ and v € 7T; we must show
that (7l ¢, 7l ) 6 comp([7']z ., ¢ [a — v])A]. Lemma 4.26 gives a Ay >
A such that A; £ A}. Then (¢,¢) € comp([7']=, pla— v])A; since
(iny ¢, iny ') € Va7’ ]]E ¢ A. By the induction hypothesis, [7']=, is non-
expansive, and therefore 7

[[]]_ aHyg[[T]]_ "o = V]

by the definition of the product metric. The operator comp is non-expansive
by Lemma 4.27, and therefore

comp([7'] Za pla— v]) £ comp([r’ ]]_ o= v)).
Finally, by (31),
comp([[T']]E@ pla — V)AL = comp([7' ]]_ la— v])AL,

and we conclude that

T

(wl e, 7l ¢y € comp ([~ ]]_ oo — v]) A

by Lemma A.3(1) and the fact that (c,c') € comp([7']z, pla — V])A1.

2: Let G = A AA { (inyv,in, V") | (v,0') € [T]lz ¢ A}; we must show
that G is a contractive function from 7= to 7. First, it is easy to see
that G(¢) is monotone and that G(¢)(A) is admissible for all ¢ and A.
To show that G has codomain 7 it therefore remains to verify Condition
(b) of Lemma A.2(3). We show the following more general property which
furthermore implies that G is contractive: for all ¢ and ¢’ in 7= and all A
and A’ in W,

p=¢ ANAZA = m € Gp)(A) = G (A, .

Notice the n+1 on the right-hand side: the above property implies that G is
contractive with factor § = 1/2 (by taking A = A’ and using Lemma A.2(1)
and symmetry.)

So, let ¢ = ¢’ and A = A/, and let (in, v, in,v') € G(p)(A). We know
that (v,v") € [7]z ¢ A by definition of G. Part 1 gives that [7]< is non-
expansive, and therefore [7]z ¢ = [t]z¢’. By (31), [flzp A = [r]z ¢’ A,
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and there are therefore two cases: either 7, v = 7, v/ = L, in which case we
are done by (20), or there exists (w,w’) € [r]=z ¢’ A’ such that m, v = |w]|
and m,v" = |w']. But in the latter case, (20) gives that m,41(in,v) =
lin, w] and w41 (in, V') = [in, w'| where (in, w,in, w') € G(¢")(A).
Finally, to appeal to Banach’s fixed-point theorem and conclude that the
interpretation of recursive types is well-defined, we need to ensure that the
complete metric space 7 is non-empty. We have already observed that, e.g.,
the constant function AA.(), used to interpret the type 0, belongs to 7. [

We need the following weakening and substitution properties, easily
proved by induction on 7:

Proposition 4.30.

1. Let 7 be a type such that Z + 7, and let a ¢ =. For all ¢ in 7= and
veT,

(e = [7lsa ¢la 1.
2. Let 7 and 7/ be types such that Z, o - 7 and Z+ 7/. For all ¢ in 7=,
[rl7/ad]z e = 7]z, (elo = [7 ]z
Corollary 4.31. For Z, a7 and ¢ € T=,
[pa.r]= ¢ = AA. { (iny v, in, V') | (v,0") € [Tlpa.m/a]lzp A }.

4.4 Interpretation of terms

As for the interpretation of terms, we must show that the untyped meaning
of a typed term is related to itself at the appropriate type. We first show
that comp respects the operations of the monad T'.

Definition 4.32. For v € T and € € Ty and A € W, let v = € be the
binary relation on functions V' — TV defined by

v S E={(f.f) VAL > AV(v,v)) € (A1) (fo, f'v)) € E(A) }.
Proposition 4.33. Let v,v1,v5 € 7 and A € W.
1. If (v,v") € v(A), then (nv,nv’) € comp(v)(A).
2. If (¢, ') € comp(v1)(A) and (f, f') € v1 = comp(vs), then

(cx f, d x f') € comp(v)(A).
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Proof.

1: Assume that (v,v') € v(A). By definition, nv = Ak.As.kvs, and
similarly for nv'. To show that (nv,nv’) € comp(v)(A), let Ay > A
and (k,k') € cont(v)(A1) and (s,s") € states(A1); we must show that
((nv) ks, (nv')k's") € Raps, i.e., that (kvs, k' v's') € Rypns. But this fol-
lows directly from the definition of cont(v)(A1) since (v,v") € V(A) C v(A)
by monotonicity.

2:  Assume that (¢,¢) € comp(v1)(A) and (f, f) € 1 A comp(v2). By
definition, ¢ x f = Ak.As.c(Av.As1.fvksy)s, and similarly for ¢ x f. To
show that (exf, dxf’) € comp(v2)(A), let Ay > A and (k, k') € cont(v2)(A1)
and (s, s) € states(A1); we must show that ((cxf) ks, (*f') k' s") € Rans,
i.e., that

(c(WwAst.foksy)s, (WA f VK s))s") € Rans .

Since (¢, ) € comp(v1)(A) and Ay > A and (s, s') € states(Aq), it suffices
to show that (Av.Asi.fvksy, AW As|.f/v' K s)) € cont(vi)(A1). So, let
Ay > Ay and (v,v") € v1(Ag) and (s1,s)) € states(Az); we must show that
(foksy, ff'E' s)) € Raps. First, (fu, f/v') € comp(r2)(Ag) by assump-
tion on (f, f’). By monotonicity of cont(v) we have (k, k") € cont(v)(As),
and by assumption, (s1,s]) € states(Az). Therefore, it follows from the
definition of cont(v2)(Asg) that (fuvksi, f'v' k' s|) € Rans. O

Definition 4.34. For every term environment = + T', every ¢ € 7=, and
every A € W, let [I'|=z ¢ A be the binary relation on ydom(T) defined by

[Flze A = {(p.p) | Vo € dom(T'). (p(2), p'(x)) € [T'(2)[zp A}

Definition 4.35. Two typed terms = | T'F¢: 7 and Z | T ¢ : 7 of the
same type are semantically related, written Z | T' = ¢t ~ ' : 7, if for all
peT=allAeW,and all (p,p) € [Tz A,

([[t]] dom(T") P [[t/]] dom(T") p/> € comp( [[T]] = SD)(A) :

Theorem 4.36 (Fundamental Theorem). Every typed term is semantically
related to itself: f E | TH¢: 7, thenE | T Et~t: 7.

Proof. By showing the stronger property that semantic relatedness is pre-
served by all the term constructs. We use Proposition 4.33 to avoid tedious
reasoning about continuations and states for the term constructs that do
not directly involve references. Below are some illustrative cases.
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1. fT(z) =7,then 2| = o ~ x: 7. Indeed, let ¢ € T= and A € W
and (p,p') € [I']z ¢ A be given. Then (p(z), p'(z)) € [7]z ¢ A. Therefore,
by Proposition 4.33(1),

(lgom(r) 2 [2aom(r) ) = (p(@)), 1(0'@))) € comp([r]#)(A),

as required.

2. fZ|TEt~t:par, then Z| T = unfoldt ~ unfold ¢’ : 7[ua.7/a].
Indeed, let o € 7= and A € W and (p, p') € [I']= ¢ A be given. Recall that
[unfold ] qom(ry £ = [tlaom(ry £ * f and [unfold t'l4onry ' = [t'laomry P’ * f
where f:V — TV is given by

fo— n(vo) if v =in, vo
error otherwise.

By assumption, ([t[qom(ryPs [t'laom(r) #') € comp([pe.t]z¢)(A). There-
fore, by Proposition 4.33( ), it suffices to show that

(f, /) € [narlz ¢ 2 comp([rlpa.t/allz ).

To see this, let A1 > A and (v,?v") € [po.T]z ¢ A1 be given; we must show
that (fov, fv') € comp([r[pe.m/a]]z ¢)(A1). By Corollary 4.31, (v,v') =
(iny vo, iny vy) for some (v, vy) € [Tlpa.m/al]z ¢ Ar. But then by Propo-
sition 4.33(1),

(f v, f ") = (n(vo),n(vp)) € comp([r[ne.7/al]z ) (A1),

as required.

3. fZa|lEt~t:7and 2+ T, then 2 | T | Aa.t ~ Aa.t’ :
Va.r. Indeed, let ¢ € 7= and A € W and (p,p') € [I'=p A be given.
Recall that [Ac.t]jomry 2 = 1(iny([t]aomry ) and that [Ac.t'] ) ¢ =
n(iny ([t qomr) £')) We must therefore show that

(n(m\,([[t]] aom(ry P e ([t 4oy p’))) € comp([Vo.7]z ) (A).

By Proposition 4.33(1) it suffices to show that

(inv( [¢] dom(T") p), iny([[t'] dom(T) p')) € [Var]zp A.

We proceed according to the definition of [Va.7]z. Let v € 7 be given;
we must show that ([ som(ry £+ [¢laomr) #) € comp([rlz gla — VI)(A).
But this follows from the assumption that 2, | T' =t ~ ¢/ : 7 since
Proposition 4.30(1) (weakening) gives that (p, p') € [I']z , ¢la — v].

4. =2 | T Et ~t :Var and E F 71, then E|F):t[ | ~
t'[r1] : To[r1/c]. Indeed, let p € 7= and A € W and (p,p') € [I]zp A
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be given. Recall that [t [Tl]]]dom(r) p= [[t]]dom(l") p*gand [t [Tl]ﬂdom(f‘) o=
[[t,]]dom(r) p' x g where g : V — TV is given by

{c if v =1inyc

V= .
g error otherwise.

By assumption, ([t[qomr) 2s [t]aomry #) € comp([Vou7]z ¢)(A). There-
fore, by Proposition 4.33(2), it suffices to show that

(9,9) € VaT]z ¢ 4 comp([ro[mi/all=z @) -

To see this, let Ay > A and (v,v') € [Va.7]= ¢ A1 be given; we must show
that (gv,gv") € comp([ro[r1/a]lz ¢)(A1). By the definition of [Va.7o]=
we know that (v,v') = (inye, inyc) for some ¢ and ¢ satisfying that
(¢,d) € comp([ro]= , Pl — v])(Aq) for all v € T. Now choose v = [11]z ¢:
Proposition 4.30(2)’(substitution) gives that

(gv,9v") = (c,c) € comp([ro[r1/a][z ) (A1),
as required.
5 TEZ|TEt~t 7, then E| T |= reft ~ reft’ : ref7. Indeed,
let o € 75 and A € W and (p,p') € [[]=¢ A be given. Recall that
[ref tlaom(ry # = [tlaom(ry P * Av- allocv and [ref '] 4on ) 0" = [t']gom(ry ' *

Av.allocv. By assumption, ([t]gomryfs [t']aomm #') € comp([r]z ©)(A).
Therefore, by Proposition 4.33(2), it suffices to show that

(alloc, alloc) € [r]=¢ = comp([ref 7]= @) .

To see this, let Ay > A and (v,v’) € [7]z ¢ A1 be given; we must show
that (alloc v, alloc v') € comp([ref 7)< ¢)(A1). We proceed according to the
definition of comp. Let Ay > Ay and (k, k") € cont([ref 7]z ¢)(A2) and
(s,8) € states(Az) be given; we must show that

(alloc vk s, alloc V' k' s") € Rays . (32)

We know that dom(s) = dom(s’) = dom(Asz). Let Iy € Ny be the least
number such that lp ¢ dom(As); then

alloc vk s =k N\ (s[lo — v]) (33)
alloc V' K's' =K' N, (8'[lg — V']). (34)

We now aim to use the assumption that (k, k") € cont([ref 7]z ¢)(Az). De-
fine Ag = As[lp — Lam([7]z ¢)] (where Lam = App~! is the isomorphism
associated with the recursive metric-space equation.) Clearly Ag > A, since
lo ¢ dom(Az). Then (N, N,) € [ref 7]z ¢ Az = ref ([7]= ¢)(A3) since for
all Ay > A3z we have

App (A4(lo)) = App (Asz(lo)) = App(Lam([7]z ¢)) = [T]=z»-
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Furthermore, (s[ly — v], s'[lp — v']) € states(As): for I € dom(A3) we have

((s[lo = v])(1), ('[lo = V')(1)) = (s(1),8'(1)) € App (Aa(1)) (A2)
= App (A3(1)) (Az)
C App (As(l)) (A3z),

by monotonicity of App (Asz(l)) € W —mon CURel(V), and also,

((sllo = v])(lo), (5[l = v')(lo)) = (v, v) € [Tlzp A
Clrlz¢As,

N

by monotonicity of [7]z . All in all, (s{ly — v], §'[lg — v']) € states(Az).
Therefore, (33), (34), and the assumption that (k, k') € cont([ref 7]z ¢)(A2)
gives (32), as required.

6. HZ| T Et~t :refr, then 2| T E !t ~ I : 7. Indeed, let
pe€T=and A € Wand (p, p') € [I']z ¢ A be given. Using exactly the same
reasoning as in the previous case, we see that it suffices to show that

(lookup, lookup) € [ref 7]z ¢ Y comp([7]= ¢) .

Therefore, let Ay > A and (v,v") € [ref 7]z ¢ A1 be given; we must show
that (lookup v, lookup v') € comp([T]= ¢)(A1). According to the definition
of [ref 7]z ¢ = ref ([7]z ¢) there are two cases: either v = v’ = \; for some
I € dom(Ay), or v =0 = )\?H for some n € w and [ € dom(A;). Assume
that we are in the latter case; the former case in completely similar, but
easier.

We proceed according to the definition of comp. Let Ao > Ay and
(k, k') € cont([7]= ¢)(A2) and (s,s") € states(A2) be given; we must show
that

(lookup v k s, lookup v' k' s') € Raps - (35)

By the definition of ref we have v = v/ = A1 where App(A1(1))(A2) =
[7]z ¥ Ag. Since (s, s") € states(Az) we know that

(s(1),5'(1)) € App(A2(1))(Az).
Since [ € dom(A;) and Ay > Aj, we have
App(A2(1))(A2) = App(A1(1))(A2) = [rlz ¢ As.
There are therefore two cases: either m,(s(l)) = m,(s'(I)) = L, or else
(mn(s(1)), m(s'(1))) = (lvo], |vf]) where (vo,v)) € [T]= ¢ Aa. In the first

case, the definition of lookup gives

(lookup v k s, lookup v' k' s') = (L, 1) € Raps -
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and we are done. In the second case, the definition of lookup gives
(lookup vk s, lookup v' k' s') = (kvg s, k' v} ). (36)

By assumption, (k, k') € cont([7]z ¢)(A2). Therefore, by definition of cont,
we have (kvg s, k' v)s") € Rapns. From (36) we then conclude (35), and we
are done. O

Corollary 4.37.
L IfQ|OFt:7is aclosed term of type 7, then [t], 0 # error.
2. If 0|0+ ¢t:intis a closed term of type int, then [t]” # errorns.

Proof. 1. The theorem gives that ([t]y 0, [t]y0) € comp([7],0)(d). Now
let sinit € S be the empty store, and let kg € K be the continuation that
always gives the answer 0, ie., kpvs = ¢10 for all v and s. It follows
immediately from the definitions that (ko, ko) € cont([r];0)(0) and that
(Sinit, Sinit) € states(). Therefore, ([t]y D ko Sinit; [t]g D ko Sinit) € Rans- By
the definition of Rp,s we must then have [t]y0 ko sinit 7 errorans which
implies that [t]; 0 # error.

2. Recall that [t]” = [t] 0 kinit Sinie Where siny € S is the empty store
and where _ .

Fors = AUAS. { le1m] ifv= z‘nz(m)
errorans otherwise.

We claim that (Kinit, Kinie) € cont([int];0)(0). Indeed, let A € W and
(v,v") € ([int]y0)(A) and (s,s") € states(A) be given. Then v = v' =
inz(m) for some m € Z, and therefore

(kinit v 8, kinit V' 8') = ([tam], [t1m]) € Raps

as required. Furthermore, as already argued, (Sinit, Sinit) € states(().
The theorem gives that ([t],0, [t],0) € comp([ﬂ]@ 0)(0), which then
implies that

([L1°, [t1°) = ([t1p O Kinit Sinits [ty O Kinit Sinit) € Rans -

Therefore [t]” # errora,s by definition of R 4ps. O

5 Examples

The model can be used to prove the equivalences in Section 5 of our earlier
work [11]. More specifically, one can use the model to prove that some
equivalences between different functional implementations of abstract data
types are still valid in the presence of general references, and also prove some
simple equivalences involving imperative abstract data types. (See Section 6
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for more about extending the model to account properly for local state.)
Here we only sketch two of these examples, as well as a “non-example”: an
equivalence that cannot be shown because of the existence of approximated
locations in the model.

Example 5.1. We use the usual encoding of existential types by means of
universal types [14]: Ja.7 = V3.(Va. 7 — () — (. The type

Tm:ﬂa,(laa)x(a—>1)x(a—>int)

can then be used to model imperative counter modules: the idea is that a
value of type 7y, consists of some hidden type «, used to represent imperative
counters, as well as three operations for creating a new counter, incrementing
a counter, and reading the value of a counter, respectively.

Consider the following two module implementations, i.e., closed terms of
type Tm: J = AB.Ae. c[ref int]] and J' = AS.)\e. c[ref int]I’ where

I = (Azr.ref(0), Az.z:=lz+ 1, Az.x)
I' = (Az.ref(0), \x.xz:=lz -1, \x. —(2)).

By parametricity reasoning, i.e., by exploiting the universal quantification in
the interpretation of universal types, one can show that 0 | 0 = J ~ J' : 7.

Ezxample 5.2. One can alternatively implement an imperative counter mod-
ule by means of a local reference and two closures. Consider the type
mr=1—((1 - 1) x (1 — int)) and the two counter implementations

M=MXz:1.1letr = refOin (A\y: 1.7 :=lr+1, Ay:1.Ir)
M' =Xz :1.letr = ref0
in (Ay: 1.r :=lr—1, Ay: 1. —(Ir))

where the let...in construct is syntactic sugar for a S-redex in the usual
way. Both M and M’ are closed terms of type 7,. By “store parametric-
ity” reasoning, i.e., by exploiting the universal quantification over all larger
worlds in the definition of cont, one can show that § | ) = M ~ M’ : 7.

Ezxample 5.3. Consider the two terms K = Az.2 and K’ = A\z.3 of type
ref0 — int. Given a standard operational semantics for the language, a
simple bisimulation-style argument should suffice to show that K and K’
are contextually equivalent: no reference cell can ever contain a value of
type 0, and therefore neither function can ever be applied. However, the
equivalence () | ) E K ~ K’ : ref 0 — int does not hold. Briefly, the reason
is the existence of approximated locations in the model.

6 Related Work

As already mentioned, the metric-space structure on uniform relations over
universal domains is well-known [1, 4, 5, 13, 19]. The inverse-limit method
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for solving recursive domain equations was first adapted to metric spaces by
America and Rutten [6]; see also Rutten [25]. For a unified account covering
both domains and metric spaces, see Wagner [30].

Semantic (or “approximated”) locations were first introduced in our ear-
lier work [11]. That work contains an adequacy proof with respect to an
operational semantics and an entirely different, quasi-syntactic interpreta-
tion of open types. Here we instead present an in some ways more natural
interpretation that results from solving a recursive metric-space equation,
thus obtaining a proper universe of semantic types. Open types are then
interpreted in the expected way, i.e., as maps from environments of semantic
types to semantic types.

The technique of solving a metric-space equation in order to build a
Kripke-style model, as presented in this paper, has subsequently been used
by Schwinghammer et al. in their model of separation logic for a language
with higher-order store [26], and in a more recent extension [27] (with F. Pot-
tier) that includes an “anti-frame rule” for local reasoning about state. Fur-
thermore, the technique has been used by the authors, in ongoing work [10],
to construct an operational model of the logic of Schwinghammer et al. [26].
In other ongoing work, the two first authors and A. Buisse have used the
technique to construct an operational model of concurrent separation logic
for a language that allows locks to be stored in the heap (in the style of
Gotsman et al. [17]).

The fundamental circularity between worlds and types in realizability-
style possible-worlds models of polymorphism and general references was
observed by Ahmed [2, p. 62] in the setting of operational semantics (and
for unary relations). Rather than solve a recursive equation, her solution
is to stratify worlds and types into different levels, represented by natural
numbers. So-called step-indexing is used in the definition to ensure that a
stratified variant of the fundamental theorem holds. These stratified worlds
and types are somewhat analogous to the approximants of recursive-equation
solutions that are employed in the inverse-limit method. The main advan-
tage in “going to the limit” of the approximations and working with an
actual solution (as we do here) is that approximation information is then
not ubiquitous in definitions and proofs; by analogy, the only “approxima-
tion information” in our model is in the interpretation of references and in
the requirement that user-supplied relations are uniform.3

Ahmed et al. [3] have recently (and independently) proposed a step-
indexed model of a language very similar to ours, but in which worlds are
defined in a more complicated way: this allows for proofs of much more
advanced equivalences involving local state. As described in the introduc-
tion, we have recently shown that our approach extends to this style of
worlds. In future work we plan to investigate potential advantages of our

3In future work we plan to perform a more formal comparison.
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approach as compared to the one of Ahmed et al. [3]: one advantage could
be the removal of “approximation information” in definitions and equiva-
lence proofs.* We also plan to investigate local-state parameters in the style
of Bohr and Birkedal [12]. In the present paper, we instead hope to have
presented the fundamental ideas behind Kripke logical relations over recur-
sively defined sets of worlds as needed for semantic modeling of parametric
polymorphism, recursive types, and general references.

A Concrete descriptions of some metric spaces

Recall that the set 7 = W — 0, CURel(V) is a subset of the underlying
set of the exponential 7 = W — CURel(V) in CBUIt, and as such is given a
natural metric by Proposition 4.18. Call that metric d; below. In addition,
let d2 be the metric on T associated with the isomorphism App : T -1 /2-T
obtained from Theorem 4.20. The fact that App is an isomorphism then
implies that

dy(D,0") = 1/2 - dy(App D, App?') (37)

for all ¥ and 7' in 7.

Lemma A.1. For A, A’ € W, we have that A = A’ if and only if either (1)
n =20, or (2) n > 0 and dom(A) = dom(A’) and

App (A1) Ao =" App (A'(1)) A
for all | € dom(A) and all Ag € W.

(The “n—1" comes from the “1/2” on the right-hand side of the isomor-
phism (30).)

Proof. “Only if”: Assume that A = A’ and that n > 0; we must show
that dom(A) = dom(A’) and that App (A(1))Ag "=' App (A'(1))Aq for all
[ € dom(A) and all Ag e W. Since d(A,A’) < 27" < 1, the definition
of the metric on W implies that dom(A) = dom(A’) and that d(A,A’) =
max{da(A(l),A’(1)) | I € dom(A)}. Now let I € dom(A) and Ay € W.
First, da(A(l), A'(1)) < d(A,A’) <27, and (37) therefore gives that

di(App(A(1), App(A'(1)) = 2 da(A(1), A'(1) < 27"
Then by definition of the metric d; on 7 (Proposition 4.18),
A(App(A(1) A0, App(A'(1)(Ao)) < da(App(A(D), App(A'(1))) < 27D,

ie., App(A(1)Ay = App(A'(1))(Ap), and we are done.

4For a different approach to relational reasoning without such approximation informa-
tion, see other recent work [15, 16].
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“If”: The relation A 2 A’ holds for any A and A’ since W is 1-bounded.
So assume that n > 0, that dom(A) = dom(A'), and that App (A(1))Ao =
App (A'(1))Ag for all I € dom(A) and all Ag € W. Then for every | €
dom(A) we have dy (App (A(1)), App (A'(1))) < 2= by definition of di,
and hence

da(A(1), A'(1)) = 1/2 - di(App A(l), App A'(1)) < 27"
by (37). Therefore, d(A,A") < 27" ie., A= A O

Lemma A.2. Let (A, (twn)new) be a uniform cpo. Abbreviate CURel(A) =
CURel(A, (wn)new) and consider the metrics on CURel(A) and W —0n
CURel(A) given by Proposition 4.18.

1. For R, S € CURel(A), we have that R £ S if and only if @, € R — S
and w, € S — R.

2. For v,/ € W — 00 CURel(A), we have that v = v/ if and only if
v(Ag) = V' (Ag) for all Ag € W.

3. A function v from W to CRel(A) belongs to W —on CURel(A) if
and only if it satisfies the following two conditions for all A, A’ € W:

(a) If A < A/, then v(A) C v(AY).
(b) If A = A/, then w,, € v(A) — v(A)].

Lemma A.3. Let (D, (wy,)new) be a uniform cppo. Abbreviate AURel(D) =
AURel(D, (twn)new) and consider the metrics on AURel(D) and W —,0n
AURel(D) given by Propositions 4.14 and 4.15.

1. For R, S € AURel(D), we have that R = S if and only if w, € R — S
and w, € S — R.

2. For £,¢' € W —pon AURel(D), we have that ¢ = ¢ if and only if
£(Ag) = €'(A) for all Ag € W.

3. A function £ from W to ARel(D) belongs to W —,0n AURel(D) if
and only if it satisfies the following two conditions for all A, A’ € W:

(a) If A < A/, then £(A) C £(AY).
(b) If A = A/, then w, € £(A) — £(A).
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