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Motivation

Specification

e Operational Semantics
e Static Semantics (Typing)
e Derivability

Deductive System

e Judgments
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e Inference rules
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Motivation

T heorems we are interested in

e Type preservation
For all e<—wv and -+e: 7 then - Fv:T.
e Embedding of one type system in another
For all T Fe: 7 then [ F [e] : [7].
e Consistency

ForallTHFAand LA B thenl B
Proofs

e By structural induction

e Using inversion



Challenges

Automation

e Combinatorical explosion
Which rule to apply next?
e Non deterministic choice
Which assumption to consider cases over next?
e Level of abstraction

Which operators to offer?
Other proof techniques

e Logical relations

e Proof libraries



Our Contribution

Proof planning calculus P

e Recognizes unpromising states.
e Provides proof search guidance.

e Gives logical explanation to proof plans.

e Works with meta logic M. [Schiirmann]
e Defined for Logical Framework LF. [Harper et al.]
Intuition

e Approximates information contained in dependent types.
e Supports reasoning natural deduction style.

e Proof plans are natural deduction derivations.



Overview

Extended Example

Formal Treatment

e Logical Framework LF

e Meta logic M

e Proof term calculus P

e Approximation from MJ to P
e Meta theory of Pj‘



Formalization: Type preservation

Judgments as propositions

e Substitution lemma:

VIV Ve Ve Ve Ve Yrvr .append(T, (z, 7)), )
A of (I, e, ) Aof(I",v, 7)) Asubst(e, x,v,e”) D of(I,e" 1)
e Inductive arguments require induction principles

e Indirection: Logic of propositions

Judgments as types
e Powerful meta logical framework LF—I—M;"
e Higher-order representation technique

e Implicit treatment of substitution lemmas



Example: Mini-ML

Terms:

e i=ux|lam x.e | app eq e | fix x.e

Some typing rules: I Fe: T

[[Fey im0 —1 [Fex:m

of_a
rl—appel €e> . T1 PP
[,x:T1Fe:T £ 1 I_,:U:Tl—e:TOff_
rl—lam$.€:’7'1—>7'20_ m rfixxz.e: T -Tix

Some evaluation rules: e — v

/ /
e1 — lam zx.e en “— v vo/xler — v
1 1 €2 > [vp/z]ey ev app

app €1 €ep — v

[fix z.e/x]e — v

ev_lam ev_fix
lam z.e — lam zx.e fix x.e — v
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Example: Mini-ML (cont’d)

of : exp — tp — type.

of _lam : (MNx:exp. of x T1 — of (E x) T»)
— of (lam E) (arrow Tq1 To).

of _app : of Eo» To — of Eq1 (arrow To T7q)
— of (app E1 E») Tj4.

of_fix : (INMx:exp. of X T — of (E x) T)
— of (fix BE) T.

eval : exp — exp — type.

ev_lam : eval (lam E) (am E).

ev_app : eval (E{’ Vo) V — eval Eo Vo — eval E; (lam E{))
— eval (app E1 Eo) V.

ev_fix : eval (E (fix EBE)) V
— eval (fix E) V.



Meta logic M7

e First-order meta logic /\/ljj without propositional constants.
e Quantifiers range directly over canonical forms.

VE :exp.VV 1 exp.VT : tp
VD :eval EV.VYP:of ET.dQ :of VTI.T

e Inherits from LF: Substitution lemmas.
e Worlds: “Inductive’” types with negative occurrences.
e Proof states.

e Example:

E . exp,Vi.exp,T:tp,D:eval EV,P.:of ETFJdQ :of VTI. T

e How about proof automation?
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Historical Perspective

Combinatorical Explosion

e Uniform derivations [Miller et al., ...
e Permutability [Galmiche, ...]
e Focusing [Andreoli, ...
e Tactical theorem proving [Paulson, ...

Level of Abstraction

e Proof planning [Bundy et al., ...]
e Rippling [Hutter et al, Bundy et al., ...]

e Admissible/derived rules of inference

e ¢§ proofs [Melis et al.]
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Theorem Prover Operators

Splitti

[
Filling

ng

Case Analysis
Example: D :eval EV
Example: P:of ET

Problem: Non-determinism

Proof search for objects of given type
Example: Q :of VT

Provides witnhess objects
Lemma/Induction hypotheses application

Problem: Size of search space
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Central Insight

Exploit information contained in types.

Example: D :eval EV

D contains information about E and V.
written as
(eval E) and (eval V)

More general: If M : Txq : Aq....Nxm : Am. A then

M contains information about subterms in Ay ... Ay, and A.

Central Idea:

e Capture this information in form of propositions.
e Omit the rest.
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Example: Type Preservation

Recall: Proof state

E . exp,Vi.exp,T:tp,D:eval EV,P.:of ETFJdQ :of VTI. T

Result of approximation

(eval E) A (eval V), (of E) A(of T) = (of V) A (of T)

Observations:

e Is there a natural deduction derivation? No!
e Problem: Proof of (of V).

e Without Splitting: Filling will fail.

e With Splitting: Filling may succeed.
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Example: Type Preservation (cont'd)

Splitting D:
1. .,P:of lam E) T+3Q :of (lam E') T. T

2. ..,Dj:eval Ey (lam E}),Dy:eval Ex V,,D3 :eval (Ef V») V,
P :of (app E1 E») T,
ihy € vVt : tp.Vu : of £y t.3¢: of (lam EY) t. T,
iho, € Vt . tp.Vu : of E» t.dg:of Vo t. T,
ihs € Vt : tp.Vu : of (B} Vo) t.3g:of V £. T,
F3Q:of VT.T

3. ....,D:eval (E' (fix E")) V,P:of (fix E") T,
ih eVt i tp.Vp:of (E' (fix E')) t.3g:of V ¢t. T
—F3Q:of VT.T
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Example: Type Preservation (cont’d)

Approximation types:
1. (of E) A(of T) F (of E") A (of T')

2. (eval E') A (eval EY), (eval Ex) A (eval V3),
(eval E7) A (eval Vo) A (eval V'), (of Eq) A (of Ep) A (of T'),
Vt : tp. (of E1) A (of t) D (of E}) A (of t),
Vit : tp. (of E5) A (of t) D (of Vo) A (of t),
Vt : tp. (of E7) A (of Vo) A (of t) D (of V) A (of t)
F (of V) A (of T)

3. (eval E") A (eval E") A (eval V), (of E") A (of T)
vt i tp. (of E') A (of E) A (of t) D (of V) A (of t)
= (of V) A (of T)
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Proof Planning Calculus P

All cases are provable!

Pl is a first-order natural deduction calculus (A, D, V).

Algorithm.

e Apply splitting operators.

e Compute approximation states.

e Conduct proof search in 7?;".

e Success: Find different case splits.

e Failure: Attempt to finish a proof.

— Success: Pick new subgoal

— Failure: Apply further splits.



Proof Planning Calculus PF (cont'd)

Derived rules of inference in /\/ljj

e Constants as lemmas

of lam : (Mx:exp. of Xx T1 — of (E x) T»)
— of (lam E) (arrow T1 T5)

(of T1) AN (of E) A (of Tn) D (of E) A (of T1) A (of T»)
e Parameters as lemmas

P’ : Mx:exp. of Xx Tq1 — of (E x) T»5

Vx.(of £) A (of T7) D (of E) A (of ) A (of T5)

Future work: Splits on the outcome of lemmas.
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Overview

Extended Example

Formal Treatment

e Logical Framework LF

e Meta logic Mj’

e Proof term calculus 73;"

e Approximation from /\/lj' to PJ'
e Meta theory of PJ'



Part 1: Logical Framework LF

Definition: [Harper Honsell Plotkin'93]

Kinds K

type |[Mzx: A K|A— K

Types A = a|AM|Nx:A1.Ax | A1 — Ao
Terms M = x|c|Xx:A M| My My
Signature >~ = .| X,c:A|X,a: K

‘Context ' 1= -|lNz: A

Theorem: Every M can be converted into canonical form.
Judgments: ' M1 A, Tk ANTK, by K1 Kind.

Remark: Blocks and worlds omitted but work. [Schiirmann]
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Part 2: Meta logic M}

Judgment W -, P

WV is [ plus induction hypotheses.

PeWw

wH_Ttrue \UH—PImt
Vot AFP@) . WEVeiAP@) WEMAA
W Ve AP(z) W P(M)

WEMANA W P(M)
W dz : AP(x)

exl

Wi-3x: AP(x) W,z:A P(x)tP
WV - P’

exE”*
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Part 2: Meta logic M1 (cont’d)

Recursion:
W, PIi=P
WV =P

rec

e All uses of assumption P terminate.

Case Analysis:

Wik Plo] ... Wyt Plon)
WP

case

.\UZ'H—O'Z'G\U

e All cases are covered
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Part 3: Proof Plan Calculus P

Contexts: A 1= | A G

GEAaX
AFG AFT

true

A xzHEG " yeN AFVe. G
AFvz.G° A+ Gly/x]

allE

yeA AFGly/x] A3z G A,y,G[y/w]FG’e

ex]

XE
AF3z. G ARG

AFG AF A A
L G andI G1 A Go andE-q G1 /A Go andE-
AFG1 NGy AF+Gq AFGo

A G HFGy | AFGy DGy AI—GQi
AFG1 DGy AFGq

mpE
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Part 4: Approximation from M1 to P

Judgment: WFHFA~ G, VEP~G

Rules:
A is atomic G corresponds to A tatom
VHA~~G
\Ul—Alf\»Gl W’x:All_AQMGQtDi
WMz A1. Ao~ G1 D Vx.Go
WE T~ T e
VEA~GL Vo AFP~Gy  WEASGL Wzt ARP Gy
WHEVe: AP~ GLoOVe.Gs o WE3z: AP~ GiAJz. Go
U WV G U Gi1 Wk G
P11~ Gy Po ~ 2 4 ond P11~ Gy Po ~ 2 timp

W =P APy~ Gy AGo WV EPDPor~ G DGo
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Part 5: Meta Theory

In the paper

e Omitted cases.

e Approximation of contexts -+ W ~ A

Theorem If D :: WwWkEP
and D does not contain any applications to the case rule
and - =W~ A
and W P~ G
then A - G.

Proof by induction. All cases checked.
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Conclusion

Proof Planning Calculus P

e Clean logical foundation of proof planning.

e Scales to all of /\/l;" i.e. blocks and worlds.

e Technical report is forthcoming.
Implementation

e Underway.

e Projected Date: End of the year.
Future Work

e EXxploiting the proof plan for proof search.

e Interpretation of failure.
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For more information

http://www.cs.yale.edu/ carsten
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